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Abstract—A strong direct product theorem for a problem
in a given model of computation states that, in order to
compute k instances of the problem, if we provide resource
which is less than k& times the resource required for com-
puting one instance of the problem with constant success
probability, then the probability of correctly computing all
the %k instances together, is exponentially small in k. In
this paper, we consider the model of two-party bounded-
round public-coin randomized communication complexity.
We show a direct product theorem for the communication
complexity of any relation in this model. In particular,
our result implies a strong direct product theorem for
the two-party constant-message public-coin randomized
communication complexity of all relations. As an imme-
diate application of our result, we get a strong direct
product theorem for the pointer chasing problem. This
problem has been well studied for understanding round v/s
communication trade-offs in both classical and quantum
communication protocols [27], [18], [29], [20], [14]. Our
result generalizes the result of Jain [11] which can be
regarded as the special case when ¢ = 1. Our result can be
considered as an important progress towards settling the
strong direct product conjecture for the two-party public-
coin communication complexity, a major open question in
this area.

We show our result using information theoretic argu-
ments. Our arguments and techniques build on the ones
used in Jain [11]. One key tool used in our work and also
in Jain [11] is a message compression technique due to
Braverman and Rao [5], who used it to show a direct sum
theorem in the same model of communication complexity
as considered by us. Another important tool that we use
is a correlated sampling protocol, which for example, has
been used in Holenstein [9] for proving a parallel repetition
theorem for two-prover games.

Index Terms—Communication complexity, information
theory, direct product, bounded rounds.
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I. INTRODUCTION

A fundamental question in complexity theory is how
much resource is needed to solve k independent in-
stances of a problem compared to the resource required
to solve one instance. More specifically, suppose for
solving one instance of a problem with probability of
correctness p, we require ¢ units of some resource in a
given model of computation. A natural way to solve k
independent instances of the same problem is to solve
them independently, which needs k - ¢ units of resource
and the overall success probability is p*. A strong direct
product theorem for this problem would state that any
algorithm, which solves k independent instances of this
problem with o(k - ¢) units of the resource, can only
compute all the k instances correctly with probability at
most p*Q(k).

In this work, we are concerned with the model of
communication complexity which was introduced by
Yao [35]. In this model there are different parties who
wish to compute a joint relation of their inputs. They do
local computation, use public/private coins, and commu-
nicate between them to achieve this task. The resource
that is counted is the number of bits communicated.
The text by Kushilevitz and Nisan [23] is an excellent
reference for this model. Direct product questions and
the weaker direct sum questions have been extensively
investigated in different sub-models of communication
complexity. A direct sum theorem states that in order
to compute k independent instances of a problem, if
we provide resource less than % times the resource
required to compute one instance of the problem with
a constant success probability p < 1, then the success
probability for computing all the k instances correctly



is at most a constant ¢ < 1. Some examples of known
direct product theorems are: Parnafes, Raz and Wigder-
son’s [28] theorem for forests of communication proto-
cols; Shaltiel’s [32] theorem for the discrepancy bound
(which is a lower bound on the distributional commu-
nication complexity) under the uniform distribution; ex-
tended to arbitrary distributions by Lee, Shraibman and
Spalek [23]]; extended to the multiparty case by Viola and
Wigderson [34]; extended to the generalized discrepancy
bound by Sherstov [33]]; Jain, Klauck and Nayak’s [13]
theorem for the subdistribution bound; Klauck, §palek,
de Wolf’s [21]] theorem for the guantum communication
complexity of the set disjointness problem; Klauck’s [19]
theorem for the public-coin communication complexity
of the set-disjointness problem (which was re-proven
using very different arguments in Jain [11]); Ben-Aroya,
Regev, and de Wolf’s [4] theorem for the one-way quan-
tum communication complexity of the index function
problem; Jain’s [11] theorem for randomized one-way
communication complexity and Jain’s [11] theorem for
conditional relative min-entropy bound (which is a lower
bound on the public-coin communication complexity).
Direct sum theorems have been shown in the public-coin
one-way model [[15], public-coin simultaneous message
passing model [15]], entanglement-assisted quantum one-
way communication model [17], private-coin simulta-
neous message passing model [12] and constant-round
public-coin two-way model [S]. On the other hand,
strong direct product conjectures have been shown to be
false by Shaltiel [32] in some models of distributional
communication complexity (and of query complexity and
circuit complexity) under specific choices for the error
parameter.

Examples of direct product theorems in others models
of computation include Yao’s XOR lemma [36], Raz’s
[30] theorem for two-prover games; Shaltiel’s [32] theo-
rem for fair decision trees; Nisan, Rudich and Saks’ [26]
theorem for decision forests; Drucker’s [8] theorem
for randomized query complexity; Sherstov’s [33] the-
orem for approximated polynomial degree and Lee and
Roland’s [24] theorem for quantum query complexity.
Besides their inherent importance, direct product theo-
rems have had various important applications such as in
Probabilistically checkable proofs [30]; in circuit com-
plexity [36]] and in showing time-space tradeoffs [22],
(L], [19].

In this paper, we show a direct product theorem for
the two-party bounded-round public-coin randomized
communication complexity. In this model, for computing
a relation f C X x Y x Z (X,), Z are finite sets),
one party, say Alice, is given an input x € X and

the other party, say Bob, is given an input y € Y.
They are supposed to do local computations using pub-
lic coins shared between them, communicate a fixed
number of messages between them and at the end,
output an element z € Z. They are said to succeed if
(z,y,2) € f. For a natural number ¢ > 1 and € € (0,1),
let RYPUP(£) denote the two-party ¢-message public-
coin communication complexity of f with worst case
error €, that is the communication of the best public-
coin protocol between Alice and Bob with £ messages
exchanged between them, and the error (over the public
coins) on any input (x,y) being at most £. We show the
following.

Theorem L.1. Let X, ), Z be finite sets, f C X XY X Z
a relation, € > 0 and k,t > 1 be integers. There exists
a constant k > 0 such that,

(t),pub Kt

e-k
Rl*(l*E/Q)Q(ks2/t2) (fk) = (t ' <R§(€t)7pub(f) -

In particular, it implies a strong direct product theorem
for the two-party constant-message public-coin random-
ized communication complexity of all relations f|'| Our
result generalizes the result of Jain [[11] which can be
regarded as the special case when ¢t = 1. Our result can
be considered as an important progress towards settling
the strong direct product conjecture for the two-party
public-coin communication complexity, a major open
question in this area.

As a direct consequence of our result we get a direct
product theorem for the pointer chasing problem defined
as follows. Let n,t > 1 be integers. Alice and Bob are
given functions Fy : [n] — [n] and Fp : [n] — [n],
respectively. Let F* represent alternate composition of
F4 and Fp done t times, starting with F'4. The parties
are supposed to communicate and determine F(1). In
the bit version of the problem, the players are supposed
to output the least significant bit of F*(1). We refer to
the ¢-pointer chasing problem as F'P, and the bit version
as BP;. The pointer chasing problem naturally captures
the trade-off between number of messages exchanged
and the communication used. There is a straightforward
t-message deterministic protocol with ¢ - logn bits of
communication for both FP, and BP,. However if only
t — 1 messages are allowed to be exchanged between the
parties, exponentially more communication is required.
The communication complexity of this problem has been
very well studied both in the classical and quantum
models of communication complexity [27], [18], [29],
[20], [14]. Some tight lower bounds that we know so far

€

'When Rét)’pub( f) is a constant, a direct product result can be
shown via direct arguments as for example in [11].
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are as follows (below Q()(-) represents the ¢-message
quantum communication complexity).

Theorem L.2. For integer t > 1,

1 291 RY;DPP(EP) > Q(nlog" ™Y n);

R{7;VP(BP) > Q(n).

2) [ QY (FPy) > Q(nlog! " n).

As a consequence of Theorem [T we get strong
direct product results for this problem. Note that in the
descriptions of FP, and BPy, ¢ is a fixed constant, not
dependent on the input size.

Corollary L3. For integers t, k > 1,

t—1),pub B
D Rg—zf)fik/t%(FPf) >0 (% -nlog®Y n) ;
t—1 3 ub k
2) Ri_z_)sf(k/ﬂ)(BPt) > (ko).

Our techniques

We prove our direct product result using information
theoretic arguments. Information theory is a versatile
tool in communication complexity, especially in prov-
ing lower bounds and direct sum and direct product
theorems (6], [2, (150, (160, (171, (120, (31, 151, [L1].
The broad argument that we use is as follows. For a
given relation f, let the communication required for
computing one instance with ¢ messages and constant
success be c. Let us consider a protocol for computing f*
with ¢ messages and communication cost o(kc). Let us
condition on success on some ! coordinates. If the overall
success in these [ coordinates is already as small as we
want then we are done and stop. Otherwise we exhibit
another coordinate j outside of these [ coordinates such
that the success in the j-th coordinate, even conditioned
on the success in the [ coordinates, is bounded away
from 1. This way the overall success keeps going down
and becomes exponentially small (in k) eventually. We
do this argument in the distributional setting where one
is concerned with average error over the inputs coming
from a specified distribution rather than the worst case
error over all inputs. The distributional setting is then
related to the worst case setting by the well known Yao’s
principle [35].

More concretely, let ¢ be a distribution on X x ),
possibly non-product across X and ). Let ¢ be the
minimum communication required for computing f with
t-message protocols having error at most € averaged over
. Let us consider the inputs for f* drawn from the
distribution 4 (k independent copies of ;). Consider a
t-message protocol P for f* with communication o(kc)
and for the rest of the argument condition on success
on a set C' of coordinates. If the success probability of
this event is as small as we desire then we are done.

Otherwise we exhibit a new coordinate j ¢ C satisfying
the following conditions: the distribution of inputs X ;Y
(of Alice and Bob respectively) in the j-th coordinate is
quite close to 1 and the joint distribution X;Y; M (where
M is the message transcript of P) can be approximated
very well by Alice and Bob using a ¢ message protocol
for f, when they are given input according to p, using
communication less than c. This shows that success in
the j-th coordinate must be bounded away from one.

To simulate the transcript, we adopt the message
compression protocol due to Braverman and Rao [5],
where they used the protocol to show a direct sum
theorem for the same communication model we are
considering. Informally, the protocol can be stated as
follows.

Braverman-Rao protocol (informal). Given a
Markov chain X < Y < M, there exists a public-
coin protocol between Alice and Bob, with input X,Y,
respectively, with a single message from Alice to Bob of
O(I(X : M|Y)) bits, such that at the end of the protocol,
Alice and Bob both possess a random variable M', close
to M in ¢y distance.

Consider the situation after conditioning on the suc-
cess in the set C' as above, and let X;Y; represent
the input in the jth coordinate. The Braverman-Rao
compression protocol cannot be directly applied at this
stage. Take the first message M; sent by Alice, for
instance. It is easily seen that Y; X ; M is not necessarily
a Markov chain. However, we are able to show that
Y; X ;M is ‘close’ to being a Markov chain by further
conditioning on appropriate sub-events. We then use
a more ‘robust’” Braverman-Rao compression protocol
(along the lines of the original), where by being ‘robust’,
we mean that the communication cost and the error
does not vary much even for XY M which is close
to being a Markov chain (similar arguments were used
in Jain [11]). We then apply such a robust message
compression protocol to each successive message. We
accumulate some errors for each of these messages. Thus
in order to keep the overall error bounded, we are able to
make our argument for protocols with a bounded number
of message exchanges.

Another difficulty that is faced in this argument is that
since ;. may be a non-product distribution, Alice and
Bob may obtain information about each other’s input in
the j-th coordinate via their inputs in other coordinates.
This is overcome by splitting the distribution g into
a convex combination of several product distributions.
This idea of splitting a non-product distribution into
convex combination of product distributions has been



used in several previous works to handle non-product
distributions in different settings [311], [30], [2], [9], [3],
[Sl], [L1]]. This splitting of non-product distribution leads
us to use another important tool namely the correlated
sampling protocol, that was also used for example by
Holenstein [9] while arguing a strong direct product
result for the two-prover one-round games.

As mentioned previously, we build on the arguments
used in Jain [[11]. Jain shows a new characterization
of the two-party one-way public-coin communication
complexity and uses it to show a strong direct product
result for all relations in this model. We are unable to
arrive at such a characterization for protocols with more
than one message and use a more direct approach, as
outlined above, to arrive at our direct product result.

Organization: The rest of the paper is organized as
follows. In Section we present some background
on information theory and communication complexity.
In Section we prove our main result Theorem
starting with some lemmas that are helpful in building
the proof. Some proofs are deferred to Appendix [A]

II. PRELIMINARIES

Information theory

For integer m > 1, let [n] represent the set
{1,2,...,n}. Let X, ) be finite sets and k be a natural
number. Let X'* be the set X' x - - - x X, the cross product
of X, k times. Let u be a (probability) distribution
on X. Let p(z) represent the probability of z € X
according to u. Let X be a random variable distributed
according to u, which we denote by X ~ u. We use
the same symbol to represent a random variable and
its distribution whenever it is clear from the context.
The expectation value of function f on & is denoted as
E,ex[f(@)] ¥ 5 cx Pr[X =a] - f(x). The entropy
of X is defined as H(X) Lf _ > . i(x) - log pu(x). For
two distributions p, A on X, the distribution p ® A
is defined as (p ® A)(z1,22) o w(ze) - A(z2). Let
u def B - @ p, k times. The ¢; distance between
p and A is defined to be half of the ¢; norm of
po— A that is, [IA — pls = 53, IN@) — p(x)| =
maxscxy |As — ps|, where Ag def > wes Ax). We say
that \ is e-close to g if ||[A — |1 < e. The relative
entropy between distributions X and Y on X is defined

def I X=x
as S(X||Y) ¥R, [1og E,r@(:w”

. The relative min-

entropy between them is defined as S, (X|Y) def

maxgey 4 log 1;%5::]] } . Itis easy to see that (X ||Y) <
Seo (X]|Y). Let X,Y, Z be jointly distributed random

variables. Let Y, denote the distribution of Y condi-

tioned on X = x. The conditional entropy of ¥ condi-

tioned on X is defined as H(Y'|X) def E,  x[H(Y.)] =

H(XY)—H(X). The mutual information between X and

Y is defined as: I(X : V) & H(X)+H(Y)-H(XY) =

Eyey [S(Xy|X)] =E, x[S(Yz]|Y)]. It is easily seen
that I(X :Y) = S(XY|| X ®Y). We say that X and
Y are independent iff T(X : Y) = 0. The conditional
mutual information between X and Y, conditioned on Z,
is defined as: (X : Y|Z) & E,, JI(X:Y|Z=2)]=
H(X|Z)+H(Y|Z)—H(XY|Z). The following chain
rule for mutual information is easily seen: (X : Y Z) =
I(X:2)+I(X :Y|Z). Let X, X',Y, Z be jointly dis-
tributed random variables. We define the joint distribu-
tion of (X'Z)(Y|X) by: Pr[(X'Z)(Y|X) =z, 2,y] %
Pr[X' = 2,Z = 2] - Pr[Y = y|X = z]. We say that
X, Y, Z is a Markov chain iff XYZ = (XY)(Z]Y)
and we denote it by X < Y <« Z. It is easy to
see that X, Y, Z is a Markov chain if and only if
I(X:Z|Y) = 0. Ibinson, Linden and Winter [10]
showed that if I(X : Y'|Z) is small then XY Z is close
to being a Markov chain.

Lemma II.1 ([10]). For any random variables X, Y
and Z, it holds that

X : Z|]Y)=min{S(XYZ|X'Y'Z): X <Y & 2'}.

The minimum is achieved by distribution X'Y'Z' =
(XY)(Z]Y).

We will need the following basic facts. A very good
text for reference on information theory is [7].

Fact II.2. Relative entropy is jointly convex in its
arguments. That is, for distributions g, u', \, A\! € X
and p € [0,1]: S(pu+ (1 —p)ut[[A+ (1 —p)A!) <
p-S(ulA) + (1 —p)-S(u|AT).

Fact I1.3. Relative entropy satisfies the following chain
rule. Let XY and X'Y' be random variables on
X x Y. It holds that: S(X'Y?!|XY) = S(X'||X) +
E,.x1 [S(Y}]|Yz)]. In particular, using Fact
S(XTWHX®Y) =S(X|X)+E, 1 [S(VE|Y)] =
S(X1|X) +S(¥V1y).

Fact IL4. Let XY and X'Y! be random variables on
X x Y. It holds that

SX'WHX®Y) > X'V X' @Y =1(X":Y").
Fact IL.5. For distributions A and p:
VS(Allp).

Fact I1.6. Let A and p be distributions on X. For any

subset S C X, it holds that: 3°, g A(x)-log 42} > —1.

0< A—pl; <

€S



Fact I1.7. The ¢, distance and relative entropy are mono-
tone non-increasing when subsystems are considered.
Let XY and X'Y! be random variables on X x Y,
then

Iy = X[ =[x = X

S(XY|X'Y!) > s(x||x").
Fact IL.8. For function f X xR — Y and
random variables X, X; on X and R on R, such

that R is independent of (XX;), it holds that:
[Xf(X,R) = X1 f(X1, R)[l; = | X = Xul; -

and

The following definition was introduced by Holen-
stein [9]. It plays a critical role in his proof of a parallel
repetition theorem for two-prover games.

Definition IL.9 ([9]). For two distributions (X(Y5) and
(X15Y1T), we say that (Xo, Yp) is (1 — €)-embeddable
in (X1.5,Y1T) if there exists a probability distribution
R over a set R, which is independent of XY, and
functions f4 : XY xR — S, fg : Y xR — T, such that

[ XoYofa(Xo,R)fB(Yo, R) — X1 V15T, <e.

The following lemma was shown by Holenstein [9]
using a correlated sampling protocol.

Lemma I1.10 ([9]). For random variables S, X and Y,
if
[ XYS — (XY)(S|X)||, <e and
[XYS = (XY)(SY)[, <e,
then (X,Y) is (1 — 4¢e)-embeddable in (X S,Y S).

We will need the following generalization of the
previous lemma. Its proof appears in Appendix [A]

Lemma IL.11. For joint random variables (A’, B',C")
and (A, B), satisfying

S(A'B'||AB) < e. (1)
E(a,c)eA/,C' [S (B;,c||Ba)] < g, (2)
Ewe)n',c’ [S (AZ,C Ab)} <eg, 3)

it holds that (A,B) is (1— 5y/e)-embeddable in
(A'C',B'C").

Communication complexity

Let f C X x Y x Z be a relation, ¢t > 1 be an integer
and € € (0,1). In this work we only consider complete
relations, that is for every (z,y) € X x ), there is some
z € Z such that (z,y, z) € f. In the two-party t-message
public-coin model of communication, Alice with input
z € X and Bob with input y € ), do local computation

using public coins shared between them and exchange
t messages, with Alice sending the first message. At
the end of their protocol the party receiving the ¢-th
message outputs some z € Z. The output is declared
correct if (z,y,z) € f and wrong otherwise. Let
RS”"“b( f) represent the two-party ¢-message public-
coin communication complexity of f with worst case
error &, i.e., the communication of the best two-party ¢-
message public-coin protocol for f with error for each
input (x,y) being at most €. We similarly consider two-
party t-message deterministic protocols where there are
no public coins used by Alice and Bob. Let 4 € X' x) be
a distribution. We let D (f) represent the two-party
t-message distributional communication complexity of f
under p with expected error ¢, i.e., the communication of
the best two-party ¢-message deterministic protocol for
f, with distributional error (average error over the inputs)
at most ¢ under u. The following is a consequence
of the min-max theorem in game theory, see e.g., [23,
Theorem 3.20, page 36].

Lemma IL12 (Yao’s principle, [35]). R (f) =
max,, Dgt)"“(f).

The following fact about communication protocols can
be verified easily.

Fact IL.13. Let there be ¢ messages Mi,...,M; in
a deterministic communication protocol between Alice
and Bob with inputs X, Y respectively where X and Y
are independent. Then for any s € [t], X and Y are
independent even conditioned on M1, ..., M.

Let ¥ C X% xY* x Z* be defined to be cross product
of f with itself k times. In a protocol for computing f*,
Alice will receive input in X'*, Bob will receive input in
V¥ and the output of the protocol will be in Z k,

II1I. PROOF OF THEOREM [L]]

We start by showing a few lemmas which are helpful
in the proof of the main result. The following lemma
was shown in Jain [11]] and follows primarily from a
message compression argument due to Braverman and
Rao [5]].

Theorem IIL.1. Ler 6 > 0,c > 0. Let X', Y' N be
random variables for whichY' < X' < N is a Markov
chain and the following holds,

Pr[N =m|X' =
. 1[N = m| X’ = 1]

<.
emyex v N [ Pr[N = m|Y’ = y] B

“)
There exists a public-coin protocol between Alice and

Bob, with inputs X' Y’ respectively, with a single mes-
sage from Alice to Bob of c+O(log(1/0)) bits, such that

>c



at the end of the protocol, both Alice and Bob possess a
random variable M satisfying || X'Y'N — X'Y'M ||, <
26.

Remark IIL2. In [3], the condition I(X’ : N|Y’) < ¢
is used instead of (@). It is changed to the current one
in Jain [11]. By Markov’s inequality, I( X’ : N|Y') < ¢
implies

Pr[N = m|X’' = z]

c+1
P <4
amyxry N0 Pr[N = m|[Y =y

5| =
This modification is essential in our arguments since
the condition () is robust when the underlying joint
distribution is perturbed slightly, while I(X’': N|Y”)
may change a lot with such a perturbation.

As mentioned in Section 1, we will have to work with
approximate Markov chains in our arguments for the
direct product. The following lemma makes Theorem
more robust to deal with approximate Markov chains. Its
proof appears in the Appendix [A]

Lemma IIL3. Let ¢ > 0,1 > ¢ > 0,/ > 0. Let
X'Y', M’ be random variables for which the following
holds,

(X' :M|Y)<cand I(Y': M'|X") <e.

There exists a public-coin protocol between Alice and
Bob, with inputs X')Y' respectively, with a single
message from Alice to Bob of 0:,5 + O(log %) bits,
such that at the end of the protocol, both Alice
and Bob possess a random variable M satisfying

XYM — X'Y'M||, < 3% + 6¢'.

The following lemma generalizes the lemma above to
deal with multiple messages, as needed for our purposes.
Its proof appears in the Appendix [A]

Lemma IIL4. Let t > 1 be an integer. Let £ > 0,
cs > 0,1 > e > 0 for each 1 < s < t. Let
R, X' Y' Mj,..., M|, be random variables for which

the following holds (below M. def My M]_y),

I(X’ : M;|Y’R'M’<S) <eg, Y MS/\X’R'MQS) < g,
)
for odd s, and

Y’ : M| X'R'ML,) < ¢, X' : M/|Y'R'ML,) < e,

for even s.

There exists a public-coin t-message protocol Py
between Alice, with input X'R/, and Bob, with input
Y'R!, with Alice sending the first message. The total
communication of Py is M—&—(’) (t log %) ,and at

end of the protocol, both Alice and Bob possess random
variables My, ..., My, satisfying: |R'X'Y'M; - - My —
RX'Y'M{-- M|y <3%\_, /&5 +6¢'t.

In the lemma above, Alice and Bob shared an input
R’ (potentially correlated with X'Y”). Eventually we
will need Alice and Bob to generate this shared part
themselves using correlated sampling. The following
lemma, obtained from the lemma above, is the one that
we will finally use in the proof of our main result. Its
proof appears in the Appendix

Lemma IIL.5. Let random variables
R.X"Y' M{,...,M] and numbers €' cs,es satisfy
all the conditions in Lemma Let 7 > 0 and let
random variables (X,Y) be (1 — 7)-embeddable in
(X'R',)Y'R’). There exists a public-coin t-message
protocol Q. between Alice, with input X, and Bob,
with input Y, with Alice {sending the first message, and
total communication w + O(t log é) bits,
such that at the end Alice possesses R M --- M;
and Bob possesses RpMi---M;, such that:
IXYRsRgM;y---My — X'Y'R'R'M|---M|; <
T3, VEs + 6t

We are now ready to prove our main result, Theo-
rem We restate it here for convenience.

Theorem Let X, Y, Z be finite sets, f CX XY X Z
a relation, € > 0 and k,t > 1 be integers. There exists
a constant k > 0 such that,

(= (55 (rove ) -

R(t%pub Kt

1_(1_8/2)(2(k52/t2) c

Proof of Theorem Let § < ﬁ and
0p = 3000;- From Yao’s principle, L.,em.ma.I.IZ
it suffices to prove that for any distribution u

k
on X x Y, Dgt_)’(’i_e/mwj(fk) > b1ke , where

c def Dgt)’“(f) — ’%2, for constant < to be chosen later.
Let XY ~ pu*. Let Q be a t-message deterministic
protocol between Alice, with input X, and Bob, with
input Y, that computes f*, with Alice sending the first
message and total communication d; kc bits. We assume
t is odd for the rest of the argument and Bob makes the
final output (the case when ¢ is even follows similarly).
The following Claim implies that the success of Q
is at most (1 —¢/2)L%%] and this shows the desired. [J

Claim IIL.6. For each i € [k], define a binary random
variable T; € {0, 1}, which represents the success of Q
(that is Bob’s output being correct) on the ¢-th instance.
That is, T; = 1 if the protocol Q computes the i-th

)



instance of f correctly, and T; = 0 otherwise. Let &’ def
|0k]. There exist k' coordinates {iq, ..., } such that
foreach1 <r <k —1,

either Pr {T(T) = 1] <(1- 6/2)k/ or

Pr [TiT+1

- 1’T(’“) - 1} <1-¢/2,

where T() 4f H T
j=1
Proof of Claim [IL6} For s ¢ [] denote the s-th

message of Q by M. Define MY M1 - M. In the
following we assume 1 < 7 < k’, however same argu-
ments also work when r = 0, that is for identifying the
first coordinate, which we skip for the sake of avoiding
repetition. Suppose we have already identified r coordi-
nates 41,...,4, satisfying that Pr[T;, = 1] < 1 —¢/2
and Pr[T;,,, = 1|TW =1] <1-¢/2for1 < j <r—1L.
If Pr [T(T) =1] <(1- £/2)*', we are done. So from
now on, assume Pr[T() =1] > (1 —¢/2)¥ > 270,
Let D be a random variable uniformly distributed in
{0,1}* and independent of XY Let U; = X if D; = 0,
and U; = Y, if D; = 1. For any random variable L,
let us introduce the notation: L! %< (LT = 1).
For example, X'y! = (XY|T") = 1). If L =
Ly Ly, define L_; * Ly L, Liyi - Ly, and
L def Ly---L;—;. Random variable L<; is defined

analogously. Let C def {i1,...,4r}. Define R; &

D_;U_;Xcuji—11Yeouji—1) for i € [k]. We denote an
element from the range of R; by 7;. E|
To prove the claim, we will show that there exists a

coordinate j ¢ C such that,
1) (X;Y;) can be embedded well in (XIRJl,leRl)
(with appropriate parameters as required in Lemma

(LT}

2) Random variables R, X}, le, Mll7 oo, M} sat-
isfy the conditions of Lemma with appropri-
ate parameters.

2We justify here the composition of R;. Random variables
D_;U_; are useful since conditioning on them makes the distribution
of inputs product across Alice and Bob (for fixed values of X;Y;) and
is helpful in our arguments later. Random variables X oY are helpful
since conditioning on them ensures that the inputs become product even
conditioned on success on C. Random variables Xp; 1)Y]; 1) are
helpful since the following chain rule is used to draw a new coordinate

outside C' with low information content:
(XY : M) = I(X;Yi: M|X;_1)Yj_q)) -

2

The following calculations are helpful for achieving

condition (T) of Lemma [[.11}
5k > Soo (XY XY) = S(XV! XY)
> s(xv Xy, (6)
i¢C

where first inequality follows from the assumption that
Pr [T =1] > 27%, and the last inequality follows
from Fact [[1.3] The following calculations are helpful
for achieving conditions (2) and (3) of Lemma [IT.T1]

5k > Soo (X'Y'D'UY|| XY DU)

>S(X'Y'D'UY| XY DU)

Z E [S ((lel)d,u,wayc

(du,zc,yc)
1 1 1 1
«~D" U X¢g, Yo

=2

igC

(XY guzeme )|
(7

(d,u,xcui—1],Ycufi—1])
DDLU X e Youu—

[s<(X V) awsouy | (XY amecu ]N ®)

ycu[L 1] Ycouli—-1]

— Z (ds,uwi,rs) (X Y )d“u1 Ti MXiY;)dz‘,ui,m”
o HDL{ (11)1 LRl
©))
1
= 21¢ZC (rix; )ERI X! |:S<(Yvi1),”7gc1 (Y;)Ez)} +
1

Iy E [s ((X})wi

2 i Lyl
1$C (Tzayiy_Rle

(X),,)]- (10

Above, Eq. (7) and Eq. (8) follow from Fact[[.3} Eq. (0)
is from the definition of R;. Eq. (I0) follows since D;}
is independent of R} and with probability half D} is 0,
in which case U! = X! and with probability half D} is
1 in which case U} = Y;!.

The following calculations are useful for achieving
partly the conditions in (3) exhibiting that the informa-
tion carried by messages about sender’s input is small.

Sick > |MY > 1(X'Y! : MY D'UTXEYY)
= ZI(Xilyil : M ‘DlUlXéu[ifl]Ycl‘U[ifl])
i¢C

t
=S > (xivt

i¢C s=1

t
=Y 31X}V M} DU R ML)

i¢C s=1

[¢71]Yclu[i71]Mis)

(1)



S (PoFS o) BRI ATR)
i¢C sodd s even

;z (S u(x) MR L)
i¢C s odd
Z 1Y : M}|RIX]ML,)).
seven
Above we have used the chain rule for mutual infor-
mation several times. Last inequality follows since D} is
independent of (X!V;! R} M) and with probability half
D} is 0, in which case U} = X} and with probability
half D} is 1 in which case U} =
The following calculations are useful for achieving
partly the conditions in (3 exhibiting that the informa-
tion carried by messages about receiver’s input is very
small. Here we are only able to argue round by round
and hence pay a factor proportional to the number of
messages in the final result. Let s € [t] be odd.

5k > Soo (D'U'X'Y' ML || DUXY M)
>S(DW'X'Y'T ML, || DUXY M<,)

12)

2 Eguweyeme.) DUt XEYE ML,
[S ((XlYl)d u,rC,Yco ,M<s (XY)d,uyfrcyyc,mgs)}

=2

i¢C

(dulc*u[l 1]7ycu[1 1],M<s)
«~Dh Ut Xcu[l 1> Ycuh 1]7M§s

du yLCuli—1]s

[S ((X v
Ycouli—1],M<s

=2 (dius,

g C

(X3Y5) d,u,zcu[i1]’> }

Youli—1],M<s

”‘1 m<b
+D} U R ML,

[S((X Y )d Ui, T, M <

32

igC

32

igC

(Xiyi)di,ui,"'thS) ]

((}/;l)r1,7ri,mgs (Y;)wi,,n,mgs )]

13)

>

(L,Tum< )
X! R, ML,

[S((Y)arrime.

(4,74 7n< ) (}/;;)wiﬂ"i,m<s):|
X}, Rl ML,
(14)
1
5Z]E(Imm,m@)eXil,R},Més
i¢gC
|:S ((YilMsl)xi,m,nL<s
1
=

i¢C

(Yi>$i77'i7m<s ® (M;)xumm@) ]

E [I((Y;l):u,m,m@ : (Msl)xi,m,m@)}

(zi,rimes)
N
—x! R} ML,

(15)
5 Z (16)

1¢C

Y MIXIRIML,).

Above we have used Fact [[[.3] several times. Eq. (I3)
follows from the definition of R;; Eq. (]E) follows
from the fact that Y < X;R,M., < M, for any i,
whenever s is odd; Eq. (]E]) follows from Fact From
a symmetric argument, we can show that when s € [t] is
even, %Zich(Xz‘l : M| YR} ML,) < 6k. This and
Eq. (T6) together imply

SOOI MHRIX!I ML) +

i¢C s odd

> OI(x): MHRIYML,)) < 25kt.

S even

Combining Equations @)(T0)(T2)(T7), and making
standard use of Markov’s inequality, we can get a

coordinate j ¢ C' such that

A7)

SEVHY;) < 126 s

1
(TJ'IEEIJ') [S<(Y] )ijmj (YJ)%)} < 120, (19)
<—R]1.,X;
1
5, 50050, [0, )] < s, o
«R;Y}!
DTG s My|RYI ML) +
s odd
> I(Y) : MY RIXIML,) < 1201c, (21)
S even
SOOIV MY RIXIML) +
s odd
> OI(X) s MYRY] ML) <126t (22)
s even
Set &/ &f 157> and

aef JI(Y}: MYRIXIML,) s € [t] odd,
° I(X] : M}|RjY}ML,) s € [t] even.

def I(le : M§|R}X;Més) s € [t] even,
Cs = 1. 71| ply iyl
I(X}: MM RIYV}ML,) se[t] odd

By [22), Zizl\/a < V126t. From Equations
(T8)(M9)(20) and Lemma [[LI1] we can infer that

(X;Y;) is (1 — 10v/30)-embeddable in (X! R} Y} R}).
This, combined with Equations (2I){22) ‘and Lemma
(take €’,e5,¢s in the lemma to be as defined
above and take XY X'Y'R'M/---M] in the lemma
to be XijX}leR}Mll'~Mt1) imply the following
(for appropriate constant x). There exists a public-
coin t-message protocol Q! between Alice, with in-
put X;, and Bob, with input Y;, with Alice sending
the first message and total communication, w +



O(tlog %) < Dg)’“(f), such that at the end Alice pos-
sesses R4 M --- M, and Bob possesses RgM; - - - M,
satisfying

| X;Y;RaRpM, - My — X;Y; RiR; M, - M|,
< 10V38 + 3V126t + 6e't < €/2.

Assume for contradiction that Pr [Tj = 1|T(’“) = 1] >

1 — ¢/2. Consider a protocol Q? (with no
communication) for f between Alice, with
input X ]1 le- Mi---M}, and Bob, with input

leR}Mll ---M}, as follows. Bob generates the
rest of the random variables present in Y'! (not present
in his input) himself since, conditioned on his input,
those other random variables are independent of Alice’s
input (here we use Fact [I.13). Bob then generates the
output for the j-th coordinate in Q, and makes it the
output of Q2. This ensures that the success probability
of Bob in Q% is Pr[T; =1|T" =1] > 1 — ¢/2.
Now consider protocol Q3 for f, with Alice’s input
X; and Bob’s input Y}, which is a composition of ol
followed by Q2. This ensures, using Fact [[I.8] that
success probability of Bob (averaged over public coins
and the inputs X;Y;) in Q3 is larger than 1 — . Finally
by fixing the public coins of Q3, we get a deterministic
protocol Q* for f with Alice’s input X; and Bob’s
input Y; such that the communication of Q* is less than
Dg)’“ (f) and Bob’s success probability (averaged over
the inputs X;Y;) in Q* is larger than 1 — e. This is a
contradiction to the definition of Dgt)’” (f) (recall that
X;Y; are distributed according to ). Hence it must be
that Pr[T; = 1|T") = 1] < 1 — ¢/2. The claim now
follows by setting 4,11 = j. O

Open problems

Some natural questions that arise from this work are:

1) Can the dependence on t in our direct product
theorem be improved?

2) Can these techniques be extended to show di-
rect product theorems for bounded-round quantum
communication complexity?
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APPENDIX

Proof of Lemma [II.1T} Using the definition of the
relative entropy, we have the following.

! !/ !
[S (Ba,CHBa)] o (a,c) A" ,C" [S (Ba,cHBa)]
Pr[B' =b|A’ = d]
°® Pr[B =b|A = q
> 0.

(a,c)+A",C’

E
(a,b,c)«A",B",C’

E_[S(B]1B.)

This means that

B ||B’ )

(G,C)<—A’,C’ [S( (L,CH LL)] ( 3)
!
= (a,c)«A",C’ [S (BavCHBaﬂ <e. 24)
Then

B ||B’
(G"C)HA,,C, [S( CL,CH a)]
=S(A'C'B'||(A'C") (B'|A")) (25)
=S(A'B'C'||(A'B") (C"]A")) (26)
> |AB'C— (AB) (A @D

Above, Eq. @) follows from the chain rule for the rel-
ative entropy, Eq. (26) follows because (A'C") (B’|A’)
and (A'B’)(C'|A’) are identically distributed, and
Eq. 27) follows from Fact [[I.3] Now from Equations
and (24) we get

|A'B'C" — (A'B") (C"|A")]]; < Ve.
By similar arguments we get
|A'B'C — (A'B') (C'B)], < V.

The inequalities above and Lemma [[I.T0] imply that
(A’, B") is (1 — 44/¢)-embeddable in (A'C", B'C"). Fur-
thermore from Fact and S(A’'B’||AB) < e we get

|A'B' — AB||, < Ve

Finally using the inequality above, Fact [IL.8] and the
triangle inequality for the ¢; norm, we get that (A, B)
is (1 — 5y/¢)-embeddable in (A’C’, B'C"). O

Proof of Lemma [[II.3: Let us introduce a new radn;
dom variable N with joint distribution X'Y'N =



(X'Y")(M'|X"). Note that Y’ +» X’ <+ N is a Markov
chain. Using Lemma [[T.T] we have

S(X/YIM,”X/Y,N) :I(Y/ . M/|X/) S c.

Applying Fact [IL5] we get | X'Y'M' — X'Y'N||, <
Ve. Theorem and the following claim together
imply that there exists a public-coin protocol between
Alice and Bob, with input X’ )Y’ respectively,
with a single message from Alice to Bob of
5+ O(log %) bits, at the end of which both
Alice and Bob possess a random variable N’ satisfying
|X'Y'N'— X'Y'N||; < 2y/e+ 6¢'. Finally using the
triangle inequality for the ¢; norm we conclude the
desired. O

(28)

Claim A.l.

Pr[N = m|X' = z]

o c+5
SPIN=m[Y' =y = &

Pr
(m,z,y)+N,X",Y’

Proof: For any m, x, y it holds that

Pr[N =m|Y’ = y]
~log Pr[N =m|X' =2, =y]
PriM'=m|X' =z,Y" =y
Pr[M' =m|X' =z,Y’ =1y
Pr[M' =m|Y’" = y]
Pr[M' =m, Y’ = y]
Pr[N=m,Y' =y] "

+ log

+ log (29)

From union bound and above we get (recall 1 > ¢ > 0),

P 1
(m,xr,y) |:Og PI‘[N = m|Y/ = y] - ¢
M XY

> } < 3¢’ ++/e.
+

PriN=m[X'=2,Y' =y] _ c+5
= Pr log >
(m,z,y) Pr[N =m|Y’ = y] o
M XY’

Pr[N =m|X' =2,Y" =y]

PriM=m|X'=2,Y' =y] — ¢

>€+1

Pr[M' = m|X' =2,V = 1
v Pr |log r| m| x, Y] s et
(m,z,y) PI'[M/ = le’ = y] e’
~M' XY’
PriM' = Y' = 1
+ Pr log il 1, ] > et .
(m,z,y) Pr[N =m,Y’ =y] g
~M' XY

(30)

We bound each term above separately. For the first one,
let us define the set

def PriN=m|X'=2,Y'=y] _c+1
G, L« 1 .
1 {(m,w,y) OgPr[M/:m|X/:.T,Y/:y] = g’
Consider,
0> — E S M,/. N,
- (m,y)<—X/7y/[ ( »Ly” xy)}

Pr[N =m|X' =z,Y' = y]
E log
(m,z,y)«M" X"Y' PT[M/ = m|X’ =z, = y]

(1)
= 2

(m,z,y)€G1

(Pr[M' =m, X' =2,Y' =y

Pr[N =m|X' =z, =y] )
PriM'=m|X' =x,Y" =y]
(Pr[M’:m,X’:a:,Y/:y}-

log
(m,z,y)¢G1

log

Pr[N =m|X' =z,Y' =y )
Pr[M'=m|X' =2,V =y]
R i

(m,z,y)€G1

o Pr[N =m|X' =2,Y' =y] )
gPI"[M’ =m|X' =2z, =y]

1
LPH(M, X, YY) ¢ Gh] -

_ :

(m,z,y)¢Gr

1

(32)

(Pr[M' =m, X' =2,Y' =y

PrM' =m|X' =z,Y' =y
log )
Pr[N =m|X'=2,Y' =y
—S(M'X'Y'||[NX'Y")
e+1

5/

FPL[(ML, X, Y') ¢ Gl - (33)

e+1

> 1 - e+ P, XY ¢ G S

(34)

Above, Eq. (31)) and Eq. (33) follow from the definition
of the relative entropy, and Eq. (32) follows from the
definition of G1. To get Eq. (34), we use Fact [I.6] and
Eq. (28). Eq. (34) implies that Pr[(M’, X', Y") ¢ G4] <
e

To upper bound the second term let us define

PriM'=m|X'=2,Y'=y] c+1
Pr[M’' =m|Y" =] e f

G def {(m,x,y) : log



Consider,

c>I(M : X'|Y) (35)
r r_ ’
_ E {OgPr[M =m|X' =z, =y
(moz,y)eM' XY PriM’ = m|Y" = y]
(36)
(37)
= Z Pr[M':m,X'::v,Y':y]-
(m,z,y)EG2
log Pr[M' =m|X' =2,V = y])
Pr[M’' =m|Y' = y]
+ Z (Pr[M/:m,X/:x,Y/:y]-
(m,z,y)¢G2
log PrM'=m|X'=z,Y' = y])
Pr[M’' =m|Y’ = y]
c+1 / ARV
—— Pr[(M,X"Y') ¢ Go] — 1. (38)

i
Above Eq. (33) is one of the assumptions in the lemma;
Eq. (36) follows from the definition of the conditional mutual
information; Eq. (38) follows from the definition of G2 and
Fact [I1.6] Eq. (38) implies that Pr[(M’', X', Y') ¢ Go] < &'

To bound the last term define

def Pr[M' =m,Y' = e+1
G3 = {(m,x,y) : 10g PI‘[[N — m,’Y’ — ;J]] e } .

Consider,
e>S(X'Y'M'|X'Y'N)
>S(Y'M'|Y'N) (39

’r_ ’r_
E {logpr[M =m,Y —y}]
(m,z,y)«M" X" )Y’ PI‘[N =m, Y = y]

= Y (M =mx =Y =y
(m,z,y)€G3

log

Pr[M' =m,Y’ :y])
Pr[N =m,Y’ = y]
+ Z (Pr[M/:m,X/:x,YIZy]~

(m,z,y)¢G3s

log

Pr[M' =m,Y’ = y])
Pr[N =m,Y’ = y]

> 14 Pr[(M X Y') ¢ Gs] - S0 L

6/

(40)

Above Eq. (39) follows from Fact [[I.7] and Eq. @0) follows

from definition of G'3. This implies Pr[(M’, X', Y") ¢ G3] <
/

e

Combining the bounds for the three terms we get

Pr[N=m|X'=z] _ c+5 /
P 1 > < 3e.
(m,z,y)e]&’,X’,Y’ |:Og PI‘[N = m|Y’ = y] - e’ - 3¢

Using || X'Y'M' — X'Y'N|, < /e (as was shown previ-

ously), we finally have,

o Pr[N = m|X' = z]
& PrIN=m|Y'=y] = ¢

c+5

Pr
(m,z,y)+N, X", Y’

> ] < 36’ /e

[ ]
Proof of Lemma [[IT.4 We prove the lemma by induc-
tion on t. For the base case ¢t = 1, note that

I(X'R : M{|[Y'R)=1(X": M{|Y'R) < ¢;
and
I(Y'R : M{|X'R)=1(Y': M]|X'R’) < é&;.

Lemma implies (by taking X', Y, M’ in Lemma
tobe X'R',Y'R’, M/ respectively) that Alice, with
input X’R’, and Bob, with input Y’ R’, can run a public-
coin protocol with a single message from Alice to Bob

of
c1+5

5/

1
€
bits and generate a new random variable M satisfying
|R'X'Y'M] — RX'Y'M||; <31 +6¢.

Now let ¢ > 1. Assume ¢ is odd, for even ¢ a similar
argument will follow. From the induction hypothesis
there exists a public-coin ¢ — 1 message protocol P;_1
between Alice, with input X’R’, and Bob, with input
Y'R’, with Alice sending the first message, and total
communication

Siics+5(t—1)
'

+0 ((t — 1) log ;) . @D

such that at the end both Alice and Bob possess random
variables M, ..., M;_; satisfying

IRX'Y'My - M1 — RX'Y' M, M|

t—1
<3 Ve +6(t—1). (42)
s=1
Note that
I(Y’R’M’<t : M]|X'R'ML,)
=1(Y": M[|X’R’M’<t) <
and

I(X'R'M., : M]|Y'R'M.,)

—I(X': M]|Y'R'M.,) <.
Therefore Lemma [IIL.3| implies (by taking X', Y, M’
in Lemma [IIL.3[to be X'R'M_,,Y'R'M_,, M| respec-
tively) that Alice, with input X’ R’'M”,, and Bob, with
input Y’ R'M_,, can run a public coin protocol P with
a single message from Alice to Bob of

Ct + 5 1
o + @) <10g 5/)

(43)
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bits and generate a new random variable M, satisfying
||R’X’Y’M{ <M M] - RX'Y'M]--- Mt’flMt”H1
< 3y/er + 6¢. (44)
Fact [[T.8] and Eq. @2) imply that Alice, on input
X'R'M . and Bob on input Y'R'M_,, on running the
same protocol P will generate a new random variable
M, satisfying

|IR'X'Y'My - My 1My — RX'Y'M] - M]_ M|,
=|RX'Y'My---My_ 1 — RX'Y' M- M]_{|1

t—1
<3 Ve 6 (t—1). (45)

s=1

Therefore by composing protocol P;_1 and protocol P,
using Equations (@1), @3), @4), @3) and the triangle
inequality for the ¢; norm, we get a public-coin ¢-
message protocol P; between Alice, with input X'R/,
and Bob, with input Y'R/, with Alice sending the first
message, and total communication

t
s +5¢t 1
728:1 C/ + + O (t log ,) )
e g

such that at the end Alice and Bob both possess random
variables Mj, ..., M, satisfying

|R'X'Y'My---M, — RX'Y'M,--- M|
t
<3 Ve +6e't.
s=1
O

Proof of Lemma [[IL5} In Q;, Alice and Bob, using pub-
lic coins and no communication first generate R4, Rp
such that | XYRaRp — X'Y'R'R'||; < 7. They can
do this from the Definition [[1.9) of embedding. Now they
will run protocol P; (as in Lemma [[IT.4) with Alice’s
input being X R4 and Bob’s input being Y R and at the
end both possess Mj,..., M;. From Lemma [[IL4] the
communication of Q; is as desired. Now from Fact [[L.8]
Lemma [[II.4] and the triangle inequality for the ¢; norm,

| XY RARpM; -+ My — X'Y'R'R'M{ - M{|:

t
<TH+3Y e+ 6t
s=1
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