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Abstract

Constraint Logic Programming (CLP) has been used to
model programs and transition systems for the purpose of
verification problems. In particular, it has been used to
model Timed Safety Automata (TSA). In this paper, we start
with a systematic translation of TSA into CLP. The main
contribution is an expressive assertion language and a new
CLP inference method for proving assertions. A distinction
of the assertion language is that it can specify important
properties beyond traditional safety properties. We high-
light one important property: that a system of processes is
symmetric. The new inference mechanism is based upon
the well-known method of tabling in logic programming.
It is distinguished by its ability to use assertions that are
not yet proven, using a principle of coinduction. Apart
from given assertions, the proof mechanism can also prove
implicit assertions such as discovering a lower or upper
bound of a variable. Finally, we demonstrate significant
improvements over state-of-the-art systems using standard
TSA benchmark examples.

1 Introduction

Constraint Logic Programming (CLP) [12] has been
used to model programs and transition systems for the pur-
pose of verification problems. In particular, it has been used
to model Timed Safety Automata (TSA) [1, 9]. The main
advantage of using CLP pertain to expressiveness. For ex-
ample, [6] demonstrates the proof of some standard prop-
erties, as well as properties such as time bounds between
important events, on a CLP representation of TSA. No sys-
tematic algorithm, however, was presented.

The standard algorithms for reasoning about TSA are
based on time regions/zones and the generic method of
model-checking; see eg. the recent survey [3] which in-
cludes a description of the Uppaal system. Using a tabling
logic programming framework, the XMC/RT system [5, 16]
showed how a TSA represented in CLP can be comparable
in efficiency. Here the assertion language was based on the
p — calculus, and the fixpoint operators therein were real-
ized by the tabling mechanism without which termination

could not be assured. Importantly, all the standard algo-
rithms for verifying TSA are based on a finite representa-
tion, upon which their search-based algorithms depend for
termination.

In this paper, we start with a systematic translation of
TSA into CLP. The main contribution is an expressive as-
sertion language and and a new CLP inference method for
proving assertions. A distinction of the assertion language
is that it can specify important properties beyond traditional
safety properties. We highlight one important property: that
a system of processes is symmetric. We argue that many
other important properties can be similarly proved. A key
advantage of proving such assertions, apart from their own
truth, is to use them in the efficient proof of other assertions.

We present a new inference mechanism which is based
upon the well-known method of tabling in logic program-
ming. Our method is distinguished by its ability to use as-
sertions that are not yet proven, using a principle of coin-
duction. Not only does coinduction allow (like normal in-
duction) the consideration of infinite state systems, it does
not require the discovery of a well-founded measure nor a
base case, as is traditional. Apart from proving given asser-
tions, our proof method can also prove implicit assertions
such as discovering a lower or upper bound of a variable,
often useful in real-time systems.

The use of coinduction and the use of proven assertions
is then coupled with a (standard tabling) method of re-
dundancy, which eliminates further computation where it
is not needed. This coupling, we shall argue, is a signif-
icant implementation methodology for search-based algo-
rithms which can deal with infinite state problems. We fi-
nally provide empirical evidence by demonstrating signifi-
cant improvements over state-of-the-art systems using stan-
dard TSA benchmark examples

2 CLP moddling of Timed Safety Automata
21 CLPPreiminaries

We present some preliminary definitions about CLP [12].
The universe of discourse 9 of our CLP programs is a
set of terms, integers, and lists of integers. A constraint is



written using a language of functions and relations. They
are used in two ways, in the base programming language
to describe expressions and conditionals, and in user as-
sertions, defined below. In this paper, we will not define
the constraint language explicitly, but invent them on de-
mand in accordance with our examples. Thus the terms of
our CLP programs include the function symbols of the con-
straint language.

An atom, is as usual, of the form p(f) where p is a user-
defined predicate symbol and the f a tuple of terms. The
set {p(d)} where p ranges over the predicates and d ranges
over the tuples in D is called the domain base B of our CLP
programs. A rule is of the form A: - B, W where the atom A
is the head of the rule, and the sequence of atoms B and
the constraint W constitute the body of the rule. A goal has
exactly the same format as the body of a rule. We say that a
rule is a (constrained) fact if B is the empty sequence.

A ground instance of a constraint is obtained by instan-
tiating variables therein from 9. Such an instantiation is
called a grounding of the constraint, and the result is true or
false. Similarly, a ground instance of an atom or rule is ob-
tained by a grounding which instantiates variables therein
with values in B. The ground instances of a goal G, written
[G] is the set of ground atoms obtained by taking all the
true ground instances of G and then assembling the ground
atoms therein into a set. We write G1 |= G, to mean that for
all groundings 6 of G; and Gy, each ground atom in G416
appears in G26.

LetG=(By,---,Bn, W) and P denote a goal and program
respectively. LetR = A: -Cq,---,Cy, W1 denote a rule in P,
written so that none of its variables appear in G. Let the
equation A = B be shorthand for the pairwise equation of
the corresponding arguments of A and B. A reduct of G
using R is of the form

(Bla"' ,Bi—l,Cl,"' ,Cm,BH—l,"' ,Bn,Bi :A/\qJ/\qu)
provided the constraint B = AA WA W1 has a true ground
instance. The reduction is ground if G is ground, and the
reduct above is replaced by one of its ground instances. An
atom selection rule determined the choice of the atom B;
used for reduction above.

A derivation sequence is a possibly infinite sequence of
goals Gg, Gy, -- where Gj,i > 0 isareduct of G;_1. If there
is a last goal G, with no atoms, notationally (O,¥) and
called a terminal goal, we say that the derivation is suc-
cessful and that the answer constraint is W. A derivation is
ground if every reduction therein is ground.

Finally, consider the fixpoint operator Tp for P which
maps 9D into D as follows: a ground atom A is in T (S) if
there is a ground instance A: - B1,---,Bn of arule in P such
that {By,---,Bn} CS.

A basic theorem of CLP is that the least fixpoint of Tp
is the least model of P, and this is also equal to the set of
ground atoms, considered as a (solitary) goal, which have a

successful ground derivation.
2.2 Constraint Tracesfor TSA

Timed safety automata (TSA) [9] have been proposed for
the specification of real-time systems. In this subsection we
shall provide a brief introduction to TSAs and their parallel
composition as means of modelling real-time systems, and
define the constraint trace of a TSA, which is a CLP-based
semantics useful in reasoning about safety properties.

A TSA is a structure (X,Q,qo, C, B,A, I}, where X is the
input alphabet of events, or actions, Q is a finite set of lo-
cations, qo is the initial location, C is a finite set of clock
variables that range over positive real numbers, B is a lan-
guage of constraints over ¢, AC Q x  x Q x B x 2€ is the
transition relation, and | : Q — B is a mapping that asso-
ciates a location invariant to every location. We shall typ-
ically denote elements of the sets %, Q, C, and ‘B, by the
following, possibly subscripted symbols: s, g, ¢, and B, re-
spectively. We shall also denote sets of clock variables by
the letter C. Given a transition (q,s,q’,B,{c1,...,ck}),
represents the current location, s the event/action that trig-
gers the current transition, g’ is the next location, B is a
constraint over C that must hold when the transition occurs,
and {cy,...,ck} C C aset of clock variables to be reset dur-
ing the current transition. Given a TSA, a clock valuation is
a mapping from its set of clock variables C to positive real
numbers. On the set of valuations we define the following
partial order. Given two valuations v1,v2 : C — R, , we say
that vy < vz if vi(c) < va(c) for every clock variable c € C.
Given a set of clock variables ¢ ={cy,...,cx}, we say thata
clock valuation satisfies a clock constraint B if the result of
the substitution B[cy/v(c1),.-.,Ck/v(ck)] is a ground con-
straint that holds. For simplicity, we shall assume that the
location invariants are convex, i.e., given a location invari-
ant | and three clock valuations vy, vz, v3 : C — R, such that
V1 < V2 < V3, we have that v, satisfies | whenever v and vs
satisfy I.

A TSA operates in the following way. The automaton
starts off in its initial location go, with all the clock
variables set to zero. The clock variables are incremented
uniformly, and at the same rate, modelling the passage
of time. The TSA takes as input an infinite timed word,
that is, it responds to an infinite sequence of time-stamped
events (Si,t1)---(Sk,tk)---, where (sg,tk) € = x R and
tiz1 >t >0, for all i > 0. Assuming that the current
location of the TSA is g, the occurrence of a time-stamped
event (s,t) shall trigger a transition of the automaton into
location ¢’ if the following conditions hold:

a) There exists a transition (q,s,q’,B,{C1,...,Ck}) € A,
where k > 0.

b) B is satisfied by the values of the clock variables at
time t.
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Figure 1. TSA specification of a train crossing

c) 1(q) is satisfied by the values of the clock variables for
the entire duration of g being the current location of
the TSAL

The transition to the new location ¢’ is instantaneous,
and resets the clock variables cy,...,cx to zero. If, upon
the occurrence of a time-stamped event in the input se-
guence, no transition is possible, we say that the timed word
(s1,t1) -+ (Sk,tk) -+ - is not accepted by the TSA.

Several comments are now in order. The typical def-
inition of TSAs (e.g. [3]) uses either a Biichi or Muller
acceptance condition for a timed word; for the purpose of
this paper, however, a simpler acceptance condition is suf-
ficient. Therefore we shall only require that the timed word
“stays within” the automaton indefinitely. Other works pro-
vide TSA definitions that limit the language of clock con-
straints B to constraints of the form c®n, or ¢c; ® ¢co, where
® € {<,<,=,>,>}, and n is a positive integer. Also, [5]
discusses the possibility of extending a TSA with discrete
variables, i.e. non-clock variables taking values over finite
domains. Such limitations ensure the termination of the ver-
ification procedure, or its efficient execution. As it shall be
shown in subsequent sections, our work employs inductive
reasoning and tabling to achieve a finite verification proce-
dure; for this reason, we do not need to limit the clock con-
straint language, and can also accomodate non-clock vari-
ables that are not required to be discrete.

We continue with the definition of the parallel
composition of timed safety automata. Given a set
of TSAs {Ti,...,Tn}, where each Ty has the form
<zk,Qk,q|((),Ck7$kaAk,|k>y for all k, 1 <k < n, with
le N Qk2 =0, for all kg # ks and 1 < kg,kp < n,
the parallel composition of Ti,...,T, is the TSA

<U1§k§n Zka ﬂlgkgn Qk7 <q(:l-)7 [EES) q8>7 Ulgkgn Ck7 BaAa I)!
where

® B ={A1<k<nBk|Bk € By} ;

e A= {<<ql’ o ,qn>,s, <q€|_a . 7q;1>’/\1§k§n Bka
Ui<k<nCk) | if s € Z then (gk, s, dj, Bk, Ck) € A else

Ln fact, it is sufficient to check that 1(q) is satisfied at the beginning
and the end of the transition, due to the convexity of I.

Ok = G, Bk = true,Cx = 0} ;
o | M1<kenQk = B, 1({01,...,0k) = Algkgnlk(Qk) .

Denote by T the parallel composition of the timed safety
automata Ty, ..., Tn. Intuitively, each T; runs independently
inside T, responding only to events in %;. Since the alpha-
bets Z;, 1 <i < n are not necessarily disjoint, it is often the
case that an event triggers synchronous transitions in more
than one TSA,; such synchronous transitions are the means
by which the TSAs communicate with one another. Given
a time-stamped event (s,t), all TSAs whose alphabet con-
tains s must perform a transition upon the occurrence of this
event, or the current timed word shall not be accepted.

Figure 1 shows a train crossing specified as the parallel
composition of three TSAs: the train, the gate and the con-
troller. Figure 2 shows the TSA representing the parallel
composition of the three TSAs in Figure 1. We note that the
events approach and exit are in the alphabets of both the
train and the controller, while the events lower and raise are
in the alphabets of both the gate and the controller. All these
four symbols trigger synchronous transitions; for example,
the transition from location [1,0,1] to location [1,1,2] on
event lower in Figure 2 represents synchronous transitions
of both the gate and the controller.

We now introduce a CLP-based semantics
of timed safety automata. Consider a TSA
T = (Z,Q,00,{C1,---,Cn}, B,A 1), n > 0. Given a

transition T = (q,S,q’,B,Creset) € A, We denote by trans;
the CLP clause

trans(q,q’,[Cy,...,Cn],[C1,...,C/], Interval,s)
to_clp(B),C; = C{ + Interval,...,C/, = C} + Interval

where Cy,...,Cqand C},...,C}, are CLP variables that rep-
resent the values of the clock variables cy, ..., cp at the point
when the TSA transitions out of locations g and ¢, respec-
tively, Interval represents the duration between the two tran-
sitions, and to_clp(B) represents the translation into CLP
of the constraint B, such that the clock variables c4,...,cn
are replaced by the CLP variables Cy,...,Cn. Moreover,
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Figure 2. TSA Parallel Composition

the symbols C/", 1 <'i < n are placeholders for either 0, if
Ci € Creset, Or Cj, if Cj & Creset. We also define the set Transy
as {trans; |T € A}. Next, given a location invariant I(q), for
some g € Q, we denote by invg the CLP clause

inv(q,[Ca,...,Cn]) : —toclp(1(q))

and by Invy the set of clauses {invq|q € Q}. Finally, we
introduce the predicate cs, whose solution space represents
all the reachable configurations (g, v,t), where, q is a loca-
tion of T, v is a clock valuation over {cy,...,cn}, and t is
the point in time when the automaton transitions out of q.
To facilitate the process of reasoning about T, the predicate
cs has a trace of observables as one of its arguments. The
definition of cs is given by the following two CLP clauses:

Cs(q07 [Int’ [RX) Int]a 07 [])

cs(Q,Clocks, T, [(S,T)|Rest]) : —
inv(Q, Clocks),
trans(QPrev,Q, ClocksPrev, Clocks, Interval, S),
trans(QPrev, Q, ClocksPrev, ClocksTmp, 0, S),
inv(Q, ClocksTmp), Interval > 0,
cs(QPrev, ClocksPrev, T — Interval, Rest)

where the length of the list [Int,..., Int] is n. Intuitively, the
first argument represents the current state, clocks represent
the list of clock variables, T represents the current time, and
the last argument represents a list of timestamped events
pertaining to the trace.

We denote the least model of the two clauses above by
CSr.

Definition 1 (Constraint Trace) Given a time safety au-
tomaton T = (Z,Q, qo, C, B, A, 1), the constraint trace C7 7
of T is the set of clauses Transt U Invy UCS+.

Given a TSA T = (Z,Q,qo,{C1,.--,Cn}, B,A,l), con-
sider a a quadruple (q,v,t,w). It is rather straightforward
to prove that w is the reversed prefix of an acceptable timed
word that takes T through a sequence of transitions from
its initial location, to the location g € Q, at time t, with the
clock valuation v, if and only if cs(q, [v(c1),--.,v(Cn)],t,W)
is in the success set of predicate cs.

Figure 3 shows a simplified version of the constraint
trace of the train crossing automaton given in Figure 2. The
train crossing automaton has 1(q) = true for all locations
g in the three automata. For this reason, any call to the
i nv predicate succeeds, and for simplicity, we have par-
tially evaluated the CLP program in Figure 3 and removed
the i nv predicate completely.

Consider the safety condition that between two ap-
proaches there is a down before every in. We can verify
this by running the following CLP goal, and obtaining fail-
ure. Let W(L) be a constraint such that the list L has a prefix
Lo which (a) contains an in and only later in the list, a down,
and (b) does not contain any approach. Then we could run
the following goal, and expect failure:

?7— ¢s(., -, -, [(approach, )|Rest]), W(Rest)

Finally, consider proving that between every approach and
exit there will pass at most 5 seconds. Let W(L,T2) be a
constraint such that the list L has a prefix Lo which contains
no occurrence of approach and exit except at the end, and
the last element in Lo is (approach, T 2). Then we could run
the following goal, and expect failure:

7— ¢s(_,_, _, [(exit, T 1)|Rest]), W(Rest, T2),T2—T1 > 5.

3 Assertions

Definition 2 (Assertion) An assertion is of the form G |=
G’ where G is a nonterminal goal and G’ is a possibly ter-
minal goal.
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Figure 3. Constraint Trace Example

This assertion is neither just a safety assertion, nor just a
liveness assertion. It can be be used for both purposes, but

it has yet a unique interpretation.

First, it is clearly usable as a safety assertion by having
G’ as a terminal goal. For example, returning to the train
example described in section 2.2, the safety condition could

be expressed as the assertion:

cs(, -, -, [(approach, _)|Rest]), W(Rest) |= false

Now, the assertion is also usable to specify a kind of live-
ness property, or more precisely, a reachability property. An

assertion of the form

cs(X) =cs(Y),w

specifies that if there is an execution trace to a state cs(X),
then there is also a trace to a state of the form cs(Y ), W.

It is important to note, however, that our assertion does
not state temporal or trace-based properties, that is, it does
not say that a specific state follows from another.

We now present a key application of the assertion: the
specification of symmetry between processes. Intuitively, a
symmetry between goals is such that a valuation of a goal
can be transformed into an equivalent valuation of the sym-
metric goal.

Consider for example two processes, P1, which contains
a distinguished variable Xy, and similarly, P, with X. Sym-
metry may express that the runtime behavior of Py wrt X3
is isomorphic to that of P> wrt X5, eg. for every value of
X1 observed at a program point i in P4, so too is that value
observed in X, at program point i in P,. The extension of
this notion to more processes and/or more variables, is intu-
itively clear (though complicated to formalize).

A typical kind of symmetry of interest in this paper (but
not the only kind that our general method can handle) is as
follows. Suppose we have n > 0 processes Py, P»,--- ,P,and
there are n (proper) variables. Let p denote a permutation
of 1,2,---,n. To say that the list (P1,Pz,---,Py), n > 0, of
processes is symmetric wrt to the n variables, we shall use
an assertion of the form:

CS([A]-?'” 7A|'1]’ [le"' 7Xn]) ':
cs([Ap()s* s Apm)]s Xo()>+ s Xp(m)])

whose simplest instantiation is:

cs([A1,Az], [X1,X2]) [ es([Az, Aa], [X2, X1])

which states that the the runtime behavior of P; wrt Xz is
isomorphic to that of P, wrt Xz, A more complicated ex-
ample is the Fischer mutual exclusion example in Figure 7.
An example symmetry assertion we use, for the two-process
Fischer example below, is

CS([P(), Pl], [Xo,xl, K]) ': CS([Pl, Po], [Xl, Xo, KI]), Wy

where the constraint W constrains K to be in {—1,0,1} and
constrains K’ as follows:

-1 ifK=-1
K'=¢{ 0 ifK=1
1 ifK=0

and we shall illustrate a proof below. Adapting such
symmetry assertions to more than two processes is straight-
forward.

Note the important fact that symmetry is neither a safety
nor a liveness kind of property. That is, symmetry does not
describe a superset of states that covers a goal, nor does
it describe that any particular state eventually follows from



another state. In fact, our general assertion is able to state
structural properties about processes. Symmetry is used in
this paper as a driving example. In general, there are many
other kinds of properties that may be usefully specified.

In the literature, a well known approach to symmetry is
[11] who provided a sybtactic condition for a class of pro-
grams to be symmetric. Our approach, in contrast, is seman-
tic. Further, the assertions we use as examples of symmetry
properties are just that: examples. In general, our assertions
can specify a larger class of non-behavioral properties.

In this paper, we shall consider just one other application
of the assertion: (plain) safety. More specifically, these are
assertions in the form

GEWY
(or, equivalently, G,—W |= false). In the experiments
section below, we shall consider two standard benchmark
classes of programs, the Fischer benchmark for proving mu-
tual exclusion within a fixed number of processes, and a
bridge crossing benchmark for proving that a fixed number
of processes representing trains can safely cross a bridge.
In each case, we shall first prove symmetry assertions, and
then, using these as confirmed assertions, prove the safety
assertions.

4 CLP and Coinductive Tabling

Here we present an algorithm schema for proving asser-
tions. The essential idea is to start with the premise of the
assertion at hand as a goal G, and incrementally construct
a standard proof tree for G. Initially, the assertion is la-
belled as an “assumed” assertion, and is the only one. As the
proof tree is constructed, it is generally the case that more
assumed assertions emerge, and some assumed assertions
become proved. These new assumed assertions are each as-
sociated with a distinct node in the tree. We finally prove
the original assertion when the terminal nodes, interpreted
as a disjunction of goals, and using in some way the collec-
tion of (assumed and proved) assertions generated, imply
the conclusion of the assertion.

The key contribution is a method of limiting the size of
the proof tree. Firstly, we need to obtain a finite size, and
secondly, a “small” size. The method is a unification of two
concepts: coinduction and redundancy, and is capable of
dealing with infinite state problems. We next elaborate and
formalize this.

4.1 Proof Treesand Assertion Tables

A proof tree for a goal G is a tree of goals rooted at G.
Each node G in the the tree may be associated with an as-
sertion where G is the premise of the assertion. Each such
assertion is indicated as either assumed or confirmed. The

assertions associated with a proof tree, together with a num-
ber of confirmed assertions (probably arising from previous
proofs), are collectively known as the assertion table of the
tree. Initially, there is one assumed assertion to be con-
firmed, and the proof tree is simply the one node labelled
with the premise of this assertion.

A proof tree (and its assertion table) is incrementally
constructed, initially from the tree which contains just G,
by a number of proof tree extensions. Each such extension
is characterized by an operation on a leaf goal in the tree
which transforms this leaf goal into a tree. The result is a
generally bigger proof tree for G. These operations perform
one of the following: (a) transforms a leaf goal in a proof
tree into a (sub)tree of goals, (b) add a new assumed as-
sertion to the assertion table, and (c) reclassify an assumed
assertion into a confirmed one. The formal definition is now
given.

Definition 3 (Unfold) Let G be a leaf node in a proof tree,
associated with an assumed assertion G = G’. An unfold
operation on G results in a proof tree consisting of G at
the root, and all the reducts of G, say Gj, 1L <i<n, as
descendant nodes. Further, we now have a new assumed
assertion Gj |= G’ associated to the descendant node G; of
G,foreach1<i<n. []

In the transformation steps below, before a (confirmed or
assumed) assertion is chosen to be used, the assertion is first
renamed so that all the variables therein are fresh.

Let a goal renaming be a set of variable-variable equa-
tions. We shall consider such a set as a substitution 6 on
terms, and write GO to mean the goal obtained from G by
renaming the variables therein according to 0, and we as-
sume that the goals G and GB have no common variables.

Definition 4 (Applying Coinduction) Let G be a leaf node
in a proof tree, associated with the assertion G = G’. Sup-
pose there is a parent node associated with an assumed as-
sertion Go = G1. Also suppose that there is a goal renaming
0 and a constraint W, whose variables are limited to those
in Go and fresh variables, such that G |= Go® A W. Then we
may apply coinduction on G using this assertion, and the re-
sult is to replace G by a new node G160 A W. The associated
assertion of this new node is G10 AW =G’ []

A key point here is that the use of assumed assertions,
though unproven, can be used to confirm an assertion. Intu-
itively, when considering a node in the proof tree, using an
assumed assertion of a parent node is tantamount to the use
of “coinduction” (see eg. Appendix B of [15]). One there-
fore need not discover a well-founded measure (such as that
in the Hoare rule for termination [10]), nor a base case.

The next step, applying a confirmed assertion, is almost
identical, but a little simpler.



Definition 5 (Applying a Confirmed Assertion) Let G be
a leaf node in a proof tree, associated with the assertion
G =G/, and let Go |= G; be some confirmed assertion. Sup-
pose that there is a goal renaming 6 and a constraint W,
whose variables are limited to those in Gg and fresh vari-
ables, such that G = GoB A W. Then we may replace G by
a new node G186 A W. The associated assertion of this new
node is G16AW =G'.  []

Note that the above two steps may produce a new goal
G which is terminal. In such cases, further unfolding is not
possible, and the associated assertion associated with the
node will have to be proved directly.

The next transformation step is seemingly similar to the
above two steps, but is in fact typically used as a comple-
ment.

Definition 6 (Applying Redundancy) Let G be a leaf
node in a proof tree, associated with the assertion G |= G/,
and let there be another node associated with an assumed
assertion Go = Gi1. Suppose that there is a goal renam-
ing 6 and a constraint ¥, whose variables are limited to
those in G and fresh variables, such that G = G0 AW and
G106 AW = G'. Then we may apply redundancy on G by
simply replacing both G and its assocaited assertion with
the terminal goal true.  []

The use of redundancy here is key in obtaining a finite
proof tree, by avoiding recomputations, for example, loops.
In this regard, there is similarity with the standard tabling
method for logic programs (see eg. [4]) wherein a repeated
call to a predicate is delayed. However, standard tabling
serves to compute answers, and terminate when the set of
answers is complete. In this sense, it is a “bottom-up” com-
putation. In our case, the use of tabling is for detecting when
coinduction can be used, and also when a goal is redundant.
In this sense, our method is “top-down”.

The process of confirming assertions is discussed next.

4.2 Proving Assertions

Let G be a node in a proof tree, and G = G’ be the asso-
ciated assertion. We say that G is directly proved if one of
the following holds.

1. both G and G’ are terminal, ie they are both just con-
straints, and the constraint entailment G |= G’ can be
established by the underlying constraint solver;

2. G is of the form cs()(l),lvl and G’ is of the
form ¢s(X2),W,, and the constraint entailment X; =
Xo, W1 = W, can be established by the underlying con-
straint solver;

3. there is a reduct G” of G/, and there is a direct proof of
GEG"

Figure 4. Clock Boundedness Example

Only the third and recursive case 3 needs some explanation.
In principle, the implementation of this case is challenging,
for there is generally a large space of possible reducts of the
goal G'. In practice, however, it is often sufficient to limit
the possibilities in a simple way. For example, it is in fact
often sufficient not to consider any reducts at all (ie. the
recursive case is not needed), and sometime, it is sufficient
just to consider immediate reducts of G'.

We now come to the main result, that a proof tree con-
firms the assumed assertion associated to its root node if all
of its frontier nodes can be directly proved.

Theorem 1 (Proving an Assertion)

Let G be the root of a proof tree. Then its associated as-
sumed assertion is proved if all nodes in the frontier of the
tree can be directly proved. []

For example, consider the free-standing CLP program:

p(0).
p(X +2) - p(X).

Consider the proof tree below whose root node p(X) has the
assumed assertion p(X) = even(X), where even is a unary
constraint with the obvious meaning. Note that we depict
the node p(X) and its associated assertion in the form p(X) :
even(X).

Performing on unfold step produces two more nodes, the
first of which is directly proved: X =0 = even(X). Con-
sider the second node X = X’ +2,p(X’) and the goal re-
naming X — X’. Since p(X’) = p(X)6 and even(X)6 is
even(X'), we can apply coinduction using the assumed as-
sertion p(X) |= even(X) in order to replace this node by
X = X"+2,even(X’). Finally, it is straightforward to di-
rectly prove that this (terminal) goal implies even(X), and
thus the node is directly proved. Since both nodes in the
frontier have been directly proved, the original assertion
p(X) = even(X) is now proved.



X =0:even(X)

- coinduction

X =X'+2,even(X’):
even(X)

4.3 Proving Implicit Assertions

In addition to proving pre-specified assertions, the proof
tree also contains implicit information. That is:

if each node in the frontier implies some goal G,
then G holds.

In our considered application domain of TSA, a particularly
important kind of implicit information is that of a bound
for a variable. For example, it is useful (and sometimes
even critical) to know if a certain clock has a lower or upper
bound. That is, a worst or best case analysis of execution
time is a key application.

We thus now consider implicit information of the form
X > aor X < a, where a denotes a number, contained in
a proof tree for a goal G. By assuming the existence of
a projection mechanism in the underlying constraint solver
(and CLP(R) [13] has this feature), we can compute, for
each goal in the frontier, a lower or upper bound for a par-
ticular variable, or determine that no lower or upper bound
exists. These implicit bounds, made explicit by the projec-
tion mechanism of the constraint solver, thus can determine
if there is a lower or upper bound for a variable as a precon-
dition to the goal G.

Consider, for instance, the example in [14], shown in
Figure 4. The idea here is to discover that there is an up-
per bound for the clock X, and further, its value (in this
case, 6). Consider the goal cs(Loc,[X,Y],,.) EX <aon
the program in Figure 5, where a is a constant left unspec-
ified. The unfolding process shall bind the location vari-
able Loc to each of the four locations of the automaton. For
simplicity, we shall show the unfolding when Loc has al-
ready been bound to 2. The proof tree is shown in Figure
6. The left branch of the tree unfolds to location 3, and then
again to location 2, leading to redundant computation. By
using Definition 6, we can apply redundancy and replace the
cs(2,[X2,Y2],_,-) goal by true. The right branch unfolds
to location 1, and then to location 0, where the unfolding
stops. By projecting on variable X on both branches, we get

cs(2,[X,Y],,-)

— T

05(37 [XlaYl] ) *) CS(l, [X3,Y3] ) 7)
X =X1+Y X = X +YY <2
Y <2,¥Y1<2
cs(2,[X2,Y2],-,-) cs(0, [Xa,Ya], -, -)
Xa=T,Y4=T,
0<T,T<2

Figure 6. Proof Tree for Clock Boundedness
Example

a) K=-1

Figure 7. Fischer’s Algorithm

the constraints X < 2 from the left branch, and X < 6 from
the right branch, and thus we can infer that a = 6.

The proof tree in Figure 6 shows that we can use an im-
plicit assertion G = X < a, where a is a symbolic constant
whose value shall be inferred later. Though, formally speak-
ing, the proof is coinductive, we note that the constraint
X < a did not play a role in the proof, due to the fact that
both clock variabes X and Y are reset periodically in every
run of the TSA. In general, this need not be the case. In
the case of generalized TSAs, augmented with non-discrete
variables, we may need to infer a constraint W for a such
that the coinductive step holds. Then, the upper bound for
X shall be the minimal value of a such that W holds.

4.4 An Example Proof
We now prove symmetry for the two-process version of

the Fischer example. The constraint trace is shown in Figure
8. Recall that the symmetry assertion is

¢s([Po, P1], [X0,X1,K]) = cs([P1,Po], [X1, X0, K']), W



cs(0,[T,T],T,[]1) :- T>0,T<2
cs(L,[X Y], T,[(-,T)|Rest]) :- Y<2, Y1<2, X=Xl+Interval, Y=Interval, Interval >0, cs(0,[Xl,Y1], T-Interval, Rest).
cs(2,[X Y], T,[(-,T)|Rest]) :- Y<2, Y1<2, X=Xl+Interval, Y=Interval, Interval >0, cs(1,[Xl,Y1],T-Interval, Rest).
cs(3, [ X, Y], T,[(-,T)|Rest]) :- Y<2, Y1<2, X=Interval, Y=Yl+Interval, Interval >0, cs(2,[X1,Y1], T-Interval, Rest).
cs(2,[ X Y], T,[(-,T)|Rest]) :- Y<2, Y1<2, X=Xl+Interval, Y=Interval, Interval >0, cs(3,[Xl,Y1], T-Interval, Rest).
Figure 5. Constraint Trace for Boundedness
cs([0, 0], [X0, X1, -1]) :- Z >0, X0 =2, X1 =Z %init
cs([1, P1], [YO, Y1, L]) :- K=-1, Z> 0, YO = Z Y1 = Xl+Z cs([0, P1], [X0, X1, K]). % a(0)
cs([2, P1], [YO, Y1, L]) :- X0 <2, L=0, Z>0, YO =2, Y1 =X1+Z, cs([1, P1], [X0, X1, K). %Db(0)
cs([0, P1], [YO, Y1, K) :- X0 >4, K#0, Z>0, YO = X0+Z, Y1 = X1+Z, cs([2, P1], [X0, X1, K]). %c(0)
cs([3, P1], [Y0, Y1, K]) :- X0 > 4, K=0, Z> 0, YO = X0+Z, Y1 = X1+Z, cs([2, P1], [X0, X1, K]). %d(0)
cs([0, P1], [YO, Y1, L]) :- L=-1, Z> 0, YO = X0+Z, Y1 = X1+Z, cs([3, P1], [X0, X1, K]). %e(0)
cs([PO, 1], [YO, Y1, K]) :- K=-1, Z> 0, YO = X0+Z, YL = 2Z, cs([P0O, 0], [X0, X1, K]). %a(l)
cs([PO, 2], [YO, Y1, L]) :- X1 <2, L=1, Z>0, YO =X0+Z, Y1 =2, cs([PO, 1], [X0, X1, K]). %Db(1)
cs([PO, 0], [YO, Y1, K) :- X1 >4, K#1, Z >0, YO = X0+Z, Y1 = X1+Z, cs([P0O, 2], [X0, X1, K]). %c(1)
cs([PO, 3], [Y0, Y1, K]) :- XL >4, K=1, Z >0, YO = X0+Z, Y1 = X1+Z, cs([PO, 2], [X0, X1, K]). %d(1)
cs([PO, 0], [YO, Y1, L]) :- L=-1, Z >0, YO = X0+Z, Y1 = X1+Z, cs([PO, 3], [X0, X1, K]). %e(1)
Figure 8. Constraint Trace for Fischer’s Algorithm
where the constraint W constrains K to be in {—1,0,1} and Call this G. Now, observe that the goal

constrains K’ as follows:

-1 ifK=-1
K'={ 0 ifk=1
1 ifK=0

This can be formally stated more simply as three assertions:

cs([Po, P1], [Xo, X1, —1]) = cs([P1, Po], [X1,Xo, —1])
CS([PO’ Pl]’ [XO,XJ_,O]) 'Z CS([Plv PO]’ [Xl,XO, 1])
CS([PO’ Pl]’ [XO,Xl, 1]) 'Z CS([Plv PO]’ [Xl,Xo,OD

We shall illustrate briefly the proof of just the first assertion.

Consider unfolding the premise cs([Po, P1], [Xo, X1, —1]);
we obtain seven nodes, but focus on just one, that obtained
by using the CLP rule a( 0) . This node, illustrated together
with its assumed assertion, is

CS([O’ Pl]’ [Xé,Xi,—l]), Po= 1,Xi < X1,Xp < X1:
cs([Py, Po], [X1, X0, —1]).
Now apply coinduction to this and obtain

CS([PlaO]a [Xiaxéa _1])aP0 = l,Xi <X, Xp < Xp:

cs([P, Po], [X1, X0, —1]). @)

Consider now the conclusion cs([P1, Pol, [X1, X0, —1]) of the
assertion. Using the rule a( 1) , we obtain the reduct

cs([P1,0], (X7, X§, —1]),Po = 1,X{' < Xg,Xo < X1.

CS([Pl,O],[Xi,Xé,—lD,Po = 1,Xi < X3, Xp < X1 in (1)
implies G. By the (third) rule for direct proving above, this
proves the assertion as desired.

Returning now to the other six nodes obtained in unfold-
ing the premise of the assertion. These are obtained by
using the CLP rules ¢(0), e(0), a(l), c(1), e(1),
init. We informally outline these proofs for three cases
c(0), e(0), init.

CS([Z’Pl]’[X(I)’Xia_l])

Po=0,X] > 4,X0 > X{ Unfold premise

SR o ~1) by ¢(0)

cs([P1,2], X1, X, —1

Po=0,X5>4,X0 2 X ':\Fr)rr:rl%letr
cs([Py, Po], [X1, X0, —1]) 4 Y

cs([Py, 2], [X{, X9, —1]) Goal implies

Po=0,X{>4,%0> X = reduct of
cs([P1, 2], [X{', X9, —1]) conclusion by
Po=0,Xy >4,Xo>X{  ¢(1).

es([3, P, [X0, X1, K']) Unfold premise

Po =0:
by e(0).
¢s([P1, Po], [X1, X0, —1]) ye(0)
cs([Pg, 3], [X1, X4, —1
g e Apply
es([Pr, Pol, [X1, X0, —1]) symmetry.
CS([Plas]v [Xiax(l)a_l]), Goal |mpI|es
Po=0} reduct of
cs([P1,3], (X7, X§, —1]) conclusion by
Po=0 e(l).




The next three cases, for the rules a(1), c(1), e(1),
are similar and hence omitted. Finally, we deal with the
init rule. Here the proof proceeds slightly differently.
First, we constrain the variables of the premise using the
rule i nit as follows:

cs([Po, P41, [Xo, X1, —1]),Po = P1 = 0,Xg = X1,X0 > 0::
CS([Pla PO]’ [X17X07 _1])

We then apply the symmetry assertion to the goal, getting

CS([Pl’ Po], [XlaXO, _1]), Po=P1=0,X0=X1,X0>0:
¢s([P1, Po], [X1, X0, —1]).

As we can see, the goal immediately implies the conclusion.

5 Experimental Results

The purpose of this section is to demonstrate the feasibility
and promise of the general technique described above. We
consider both execution time as well as the size of the search
space. For execution time, we demonstrate that the tech-
nique is feasible. We implemented a prototype as a normal
CLP(R) [13] program. We thus did not implement impor-
tant special features such as an indexing mechanism, which
is important because assertion tables get very big. More im-
portantly, we consider the search space in order to demon-
strate scalability.

We run two standard benchmarks, and one program to
demonstrate the usage of circular symmetry. We compare to
two systems, a prototype of XMC/RT [16] and Uppaal Ver-
sion 3.4.6 [2]. We chose the former because it is based on
logic programming. It is implemented on top of XSB [17],
and thus utilizes a custom tabling mechanism. We chose the
latter because it is a state-of-the-art and well-known system
for timed automata. We remark that these two systems uti-
lize the technique of Difference Bound Matrices, thus lim-
iting the class of constraints.

Because we are not comparing systems here, we omit
comparison with other related systems such as HyTech [8],
Kronos [20], RED [18, 19], etc. In all these systems, the use
of data structures is central. While XMC/RT and Uppaal
use DBM’s, RED uses a BDD-like data-structure. These
structures have demonstrated significant performance.

We ran our experiments on Pentium 4 Xeon cluster node
with 2.0 GB RAM and minimum CPU clock speed set to
2.0 GHz.

Fischer’s Algorithm. See Figure 7 where i ranges over
the number of processes. We prove mutual exclusion, that
no two processes can be at state 3. We assume symmetry for
Fischer, and its general definition, where N is the number of

processes, is as follows:

CS([Po, ey PN_1], [Xo, e ,XN_j_, —1]) ':
CS([Po(0)s- -+ » Pon=1)]s [Xp(0)s - - - s Xpn=1), —1]),

CS([Po, ey PN_1], [Xo, . ,XN—la K]), K ;A -1 ':
CS([Pp(0)7 EEER) Pp(N—l)]a [Xp(O)a <+ 3 N\p(N-1)» p(K)Da

Bridge Crossing Problem. We adapted the bridge
crossing problem for N trains, in Figure 9, from the Up-
paal 3.4.6 package. The system consists of two kinds of
processes: a controller and a number of trains. We use
2N + 1 variables: Xi,...,Xn are clocks for each train, the
next N variables Posy,...,Posy represent the positions of
each train in the queue, and the last variable Len stores the
length of the train queue. From the original Uppaal model,
we translate the sequence of transitions that visit commit-
ted locations between both endpoints into single transition
without abstracting out the operations. The system’s state
space thus remains the same since committed locations are
not part of Uppaal’s state space. We verified that there is at
most one train in the crossing (state 2) at any given time.

The symmetry definition that we used for the Bridge
Crossing Problem is as follows:

CS([Ao,Al, e ,AN], [Xl, ..., XN, P0s1,. .. Posy, Len]) ':

CS([AoaAp(l)7 (X 7Ap(N)]7 [Xp(l)7 v 7Xp(N)7
Posy (1) -+ Posp(N)), Len]),

where Ag is the state label of the controller, and Ay, ...,An
are state labels of the trains. So here the state label of the
controller as well as the variable Len retains their value,
while other variables are permuted by some permutation p.
For instance, the symmetry definition for Bridge Crossing
Problem with 2 trains can be represented as follows:

cs([Ao,A1,A2],[X1,X2,Pos1,Posy, Len]) E
cs([Ao, A2,A1],[X2, X1, Posz, Posy, Len]).

Dining Philosophers with Timeout. We include this
example because its concerns “rotational” symmetry as op-
posed to “permutation” symmetry. Permutation symmetry
is addressable by syntactic means, this kind of symmetry is
implemented in a version of Uppaal and in RED.

See Figure 10, where the number N of processes is 3 or
more. The boolean F; indicate if fork i is used. Philoso-
pher i eats by first assigning F and F_ 1) to 1. To avoid
deadlock, a philosopher would reset F to O if it cannot set
Fi+1)%n in less than 2 time units. Consider N = 3, and the
assertion

CS([POa P17 P2]7 [FO, Fl, F27 X07 Xl’ XZ]) |:
CS([P07 P27 Pl]a [F07 F27 Fla XO: X27X1])-

The conclusion represents a swap of philosophers 1 and 2.
Under permutation symmetry, this assertion holds. But in
this case, it does not: suppose that Pg =2, P, =0, P, =0,



leave

2<Len<N
Posj =2
Pos =1 Pos ‘—
) . S =N+1
(Vk#£i,k#]:
Posg <N —
Posy := Posc— 1)
Posj =1
Pos :=N+1
Len:=Len+1
goj
appr stop;
1<Len<N
Len:=Len+1
Pos :=Len+1
Controller
leave

Train

Figure 9. Bridge Crossing Automata

Fo =1, F; =0, /, = 1. This is an instance of the premise
corresponding to philosopher 0 eating and holding both
forks. In contrast, the conclusion states that philosopher 0
is eating while only holding one fork!

We now consider “rotational” symmetry, and in fact the
following assertion is true:

¢s([Po, P1,P2], [Fo, F1,F2, X0, X1, X2]) |=
CS([P27 PO, Pl], [FZa FO, Fla XZ’ XO,Xl])-

In our experiments, we verify that the number of philoso-
phers in state 2 is never more than N /2.

Results. We summarize our results in Table 1. We ran
the examples with and without assistance of symmetry, and
we considered both time and state space. For the latter, the
numbers indicate nodes which are actually stored (the table
of assumed assertions), while the numbers in parentheses
depict the nodes visited, but not stored because of redun-
dancy. The state space is thus the sum of these two num-
bers.

Some of our timings are competitive with well known

Fi:=0
Fli+1)oen
=0

Fi+ywn =0
(i+1)0eN ‘=1

Figure 10. Real-Time Dining Philosophers

systems. In some problems, we are not so competitive. For
example, the RED system [18] ran up to 13 processes for
Fischer (without using symmetry). Indeed, Hendriks et al.
[71, exploiting symmetry along the lines of [11], ran a 100
process version of Fischer! This is certainly out of reach
of all the systems we have considered. However, the ap-
proaches in these examples are not readily applicable in the
general case. Similarly, the XMC/RT and Uppaal systems,
though considerably developed, do not have the generality
of our relative safety assertions.

The important metric in our experiments is the state
space. Our results show a promising level of scalability
as a result of using symmetry-like assertions. We believe
that there is a rich potential to go beyond these examples
and develop new non-behavioral properties than can further
reduce the state space.
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