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Abstract.  RNA moleculeswhose secondary structures contain similar substructures
often have similar functions. Therefore, an important task in the study of RNA is
to develop methods for discovering substructures in RNA secondary structures that
occur frequently (also referred to as motifs). In this paper, we consider the problem of
computing an optimal local alignment of two given labeled ordered forests F1 and F».
This problem asksfor a substructure of F; and a substructure of F, that exhibit a high
similarit y. Since an RNA molecule's secondary structure can be represened as a la-
beled ordered forest, the problem we study hasa direct application to nding potential
motifs. We generalizethe previously studied concept of a closed subforest to a gapped
subforest and presert the rst algorithm for computing the optimal local gapped sub-
forest alignment of F; and F,. We also show that our technique can improve the time
and spacecomplexity of the previously most e cien t algorithm for optimal local closed
subforest alignment. Furthermore, we provethat a special caseof our local gapped sub-
forest alignment problem is equivalent to a problem known in the literature asthe local
sequence-structurealignment problem (Issa), and modify our main algorithm to obtain
a much faster algorithm for Issathan the one previously proposed.An implementation
of our algorithm is available at http://www.c omp.nus.edu.sg/ bioinfo/LGSF Aligner/ .
Its running time is signi cantly faster than the original Issa program.

Key words: Local forest alignmert, gapped subforest, RNA secondarystructure, local
sequence-structuremotif, dynamic programming.

1 Intro duction

Many areasof computer scienceuse labeled ordered trees to represett hierarchically struc-
tured information. It is often necessaryto measurethe similarity betweentwo or more suc
trees or to identify parts of the trees that are similar, e.g., in software construction and
maintenance applications [4,21,26] or to nd structural changesbetweendierent versions
of electronic documerts for information managemen and data archiving purposes[6,22]. In
computational molecular biology, labeled ordered trees can represem RNA molecules' sec-
ondary structures [11,16,20]. By measuringand comparing the similarity of secondarystruc-
ture trees, researtierswho investigate structural or ewolutionary relationships betweenRNA
moleculesmay obtain additional clues[7,11,20]! Automated methods for nding shared
substructures in RNA secondarystructure trees are also of great value; an important task
in the study of RNA is to dewlop tools for discovering frequertly recurring patterns in their
secondarystructures (also known as motifs) which are helpful when investigating the various

? A preliminary version of this article appeared in Proceedings of the 15" Annual International
Symposium on Algorithms and Computation (ISAA C 2004), volume 3341 of Lecture Notes in
Computer Science, pages569{580, Springer-Verlag,2004.

1 This seemsespecially useful when the strings represerting the primary structures of the molecules
cannot be reliably aligned, asin the caseof pRNA and mrpRNA studied in [7]. In general, if the
RNA moleculesto be compared have evolved for a long time, methods that also take into accourt
secondary structure information are potentially more accurate than those that only rely upon the
primary structure [19].
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functions in the cell of di erent typesof RNA or when predicting the secondarystructure of
a newly found RNA molecule (see,e.g.,[2,11,16]).

Two ways to measurethe overall similarity betweentwo labeled orderedtreesare by using
the tree edit distance [21] or alignments of trees [15]. The problem of computing the optimal
alignment of two trees can be viewed as a special caseof the tree edit distance problem [15];
indeed, the fastestknown algorithms for optimal alignment betweentwo treeshave lower time
complexitiesthan the fastestknown algorithms for the tree edit distance, both for unordered
trees whose degreesare bounded by a constart [15,27] and for ordered trees whosedegrees
are much smaller than their depths [15,28]. However, alignments between trees as de ned
in [15] consider similarities on the glokal level only, in the sensethat every node in the
input trees must be paired o with either a node in the other tree or a space.Recerily,
[11] and [23] extendedthe conceptof a global alignment of treesto a local alignment of trees
by introducing problemsin which the objectiveis to nd two substructures of the two input
trees having the highest possiblesimilarity, where the similarity betweentwo substructures
is de ned using the maximum scoreof a global alignment betweenthem.

In this paper, we improve the time and spacecomplexities of the main algorithm preseried
in [11]. Moreover, we further extend the set of mathematical de nitions and notations for
local similarity in labeledforestsby generalizingthe conceptof a closedsubforestusedin [11]
to what we call a gapped subforest Based on this new concept, we de ne a computational
problem called the local gapped subforest alignment problem (Igsf) that can expresseven
more general patterns of local similarities in two labeled ordered forests than the problem
consideredin [11], and give an e cien t algorithm for solving it. We also prove that a special
caseof Igsf which we refer to aslgsf can be usedto expressthe local sequen@-structure
alignment problem (Issa) preseried in [2], implying that a slightly modi ed version of our
algorithm for Igsf can be applied to solve Issa much faster than the algorithm given in [2]
at the cost of a minor increasein spacecomplexity. Finally, we implement our improved
algorithms for local subforestalignment problems and apply them to nd structural motifs
of RNA secondarystructures. We apply a space-saing tabulation technique proposedin [11]
to reduce the amournt of memory used by the program, and perform experiments on real
RNA secondarystructures to investigate the results of our algorithms in reality.

2 Problem De nitions and the Motiv ation

2.1 Preliminaries

We rst introduce somebasic terminology and notations usedthroughout this paper.

Lab eled Forests, Closed Subforests, and Gapp ed Subforests

Let bea nite setof symbols. A rooted, orderedforest whosenodesare labeled by symbols
in is calleda -labeled forest (or in short, forest). For any forest F, jFj represetts the
number of nodesin F. To simplify the preseration below, from here on we will assumethat
the roots of the treesin any given forest sharean imaginary (and arbitrarily labeled) parert
node. The degree of F, denotedby deg(F), is the maximum number of children over all nodes
in F and the imaginary parert node of the roots of the treesin F.

Let u and v be nodesin a forest F. u and v are called siblings if and only if they have
the sameparent node. We let I(u) and r(u) denote the sibling immediately to the left and
to the right of u, respectively, and let e(u) denote the rightmost sibling of u. For technical
reasons,we usethe corvertion that r(l(u)) = u even when I(u) is unde ned (e.g., if u has
no left sibling). Furthermore, we let u. and ugr denote the leftmost and the rightmost child
of u. If u hasno children then wesetu, = ; andur = ;.

De ne the sibling interval u::v asfollows. If u=; orv =; then u:v = ;. Similarly, if u
and v have di erent parerts or if u is a right sibling of v then u::v = ;. Otherwise, u::v is the
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setcorntaining u, v, and all their siblings which areto the right of u and to the left of v. Denote
by S(F) the set of all sibling intervals of the forest F, i.e., S(F) = fuivju2 F;v 2 Fg.
Obsene that ; 2 S(F). Also obsene that the set S(F) contains O(jFj deg(F)) elemerns
since there are at most deg(F) nonempty sibling intervals of the form u::v for ead node u
in F. Finally, let F[u::v] be the (possibly empty) forest consisting of all subtreesof F rooted
at the nodesin u::v.

Next, we de ne two types of subforests: closedsubforests(originally introducedin [11])
and gapped subforests.We needto distinguish two particular kinds of gapped subforeststhat
we call - and -gapped subforests.

Deniton 1 (Closed Subforest). Let F and F° be two forests. F° is called a closed
subforestof F if there existstwo nodesu; v in F (possiblywith u = v) suchthat F°= F[u:v].
When u::v is not empty, the parent node of F°is de ned to be the common parent node of u
andvin F.

De niton 2 (Gapp ed Subforest). Let F and F° be two forests. F° is called a gapped
subforestof F if there exist two nodesu;v in F (possiblywith u = v) suchthat F° can be
obtained by removingfrom F[u::v] a set C of closeal subforestswhere no two closel subforests
belongingto C havethe sameparent node. In this case, F % is also called a gapped subforest
at F[u:v].

FOis called an -gapped subforestat F[u::v] if F%is a gapped subforestat F [u::v] and F°
can be obtained from F [u::v] without removing any closeal subforest of the form F[u:y].

Lastly, FOis called a -gapped subforestat F[u::v] if FCis a gapped subforest at F [u::v]
and F©can be obtained from F [u::v] without removingany closed subforest of the form F [x::y]
with Xy unv.

SeeFig. 1 for some examples. For any closed subforest F[u::v] of a forest F, we let
osf (F[u::v]) (alsowritten asgsf (F[u::v])) denotethe setof all gapped subforestsat F [u::v].
Similarly, gsf (F[u::v]) is the setof all -gapped subforestsat F [u::v], and gsf (F[u::v]) is
the set of all -gapped subforestsat F[u::v]. The next lemma relates gapped subforests,

-gapped subforests,and -gapped subforests.

Lemma 1. gsf (F[u:u9) = gsf (F[u:u9) S ([ woopuwogsf (F[r(u®9::ud))

Proof. Suppose F° is a gapped subforest at F[u::u9. If F°is nonempty and F° cortains
the node u then F%is an -gapped subforestat F[u::u9. If F%is nonempty and F° doesnot
cortain u then sinceF %is a gapped subforest,F °must bea -gapped subforestat F[r (u%::u9
for someu®2 u:l(u9. Finally, if F%is the empty forest then (by de nition) F%isa -gapped
subforestat F[r(u9::uY. Conversely every -gapped subforestat F[u::u9 and every -gapped
subforest at F[r(u®::u9 where u®2 u::u® must be a gapped subforest at F[u::u9. Thus,
lemma 1 follows. t

Global Alignmen t of Tw o Forests

Giventwo -labeledforestsF and G, one way to measuretheir similarity is by computing
the scoreof an optimal global alignment betweenthem, as de ned below. Global alignment
of forestswere rst consideredby Jiang, Wang, and Zhang in [15].

Let' 'beaspecialsymbol that doesnot belongto . An insert operation ona( [ fg )-
labeledforest F addsa new node u, labeledby ' ', in such a way that u becomesthe parent
of a consecutive subsequencef children? of an existing node v, and u becomesa child of v
(here, we allow v to be the imaginary parent node sharedby all the roots of the treesin F).

2 Observe that a consecutive subsequencecan consist of zero elemerts.
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Fig. 1. (a) is an example of a tree/forest F; (b) shows the closed subforest F[uz::us]; (c) shows
a gapped subforest at F[ui::ui] formed by excluding the closed subforests F[us::us], F[ug:iug],
F[uis::uis], and Fluig:iuig]. Note that the forestin (b) is an -gapped subforest at F[us::us] since
it only excludesF[us::us]; however, it is not a -gapped subforest at F[us::us]. Also note that (b)
and (c) are -gapped subforestsat F[us::us] and F[ui::u1], respectively.

(a,)

(b,a) (c,c) (d,-) (e, e)

(@) (b) ()

Fig. 2. Let = fa;b;c;d;eg and de ne the scoring function  as follows: for every x;y 2 with
x6y, let (x;x)=3; (x;y)= 1 and (x; )= ( ;x) = 2. Then the score of the global
alignment in (c) betweenthe two -labeled forests shown in (a) and (b) is 2.

Let F and G be two -labeled forests. A glolal alignment between F and G is any
( [fg ) ( [fg )-labeledforestthat canbeobtained by rst performing insert operations
onF and G sothat the two resulting forestsF °and G° are isomorphic when labelsare ignored,
and then overlaying F° on G% In addition, it is required that no node of the alignmert
corresponds to two nodesx 2 F%and y 2 G° which are both labeled by * '. An example
of a global alignment of two forests (in fact, two trees) is shavn in Fig. 2. The soore of an
alignmert is the sum of the scoresof all pairs of aligned nodes, where the score of a pair
of nodesis determined by a prespecied function denedon( [fg ) ( [ fg ). In
the following, whenewer we write  (u; ), etc., whereu is a node, we mean applied to the
symbol that labels node u.

An optimal glokal alignment between a pair of -labeled forests F and G is a global
alignment betweenthem achieving the highest possiblescore’. This scoreis also referred to
asthe similarity of F and G, and is denoted by sim(F; G).

% In [15], Jiang et al. de ned an optimal alignment as one with the lowest possible score.
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2.2 Problem De nitions

In general,the goalin alocal forest alignmert problem is to identify two subforestsF °and G°
of two given -labeled forests F and G sud that F° and G° conform to some speci ed
structural requiremerts and the value of their optimal global alignment scoresim (F% G9) is
maximized. Here we de ne three closely related local forest alignment problems which are
studied in this paper.

1. The local closel subforest alignment problem(lcsf): Find two closedsubforestsF ®and G°
of F and G, respectively, maximizing sim (F % G%. We have:

lesf (F; G) = maxfsim (F[u::u%; GlvivY) j uzu®2 S(F); vivP 2 S(G)g:

2. The local gapped subforest alignment problem (Igsf): Find two gapped subforests F°
and G°of F and G, respectively, maximizing sim (F % G9. We have:

lgsf (F;G) = maxfsim(F%G9 j F°2 gsf (F[u:u%); G°2 gsf (G[v:vY);
u:u®2 S(F); viv02 S(G)g:

3. The local -gapped subforestalignment problem(lgsf ): Find two -gapped subforestsF °
and G° of F and G, respectively, maximizing sim (F % G9. We have:

lgsf (F;G) = maxfsim(F®G%j FO2 gsf (F[u:u?); G2 gsf (G[v:vY);
u:u®2 S(F); viv02 S(G)g:

2.3 Previous Results

The rst algorithm for optimal glokal alignment of two given labeled ordered trees was
proposed by Jiang, Wang, and Zhang [15]. Their algorithm computes an optimal global
alignment betweentwo labeledorderedtrees T; and T, in O(jT1j jT2j (deg(Ty)+ deg(T,))?)
time. It was subsequetly extended without a ecting the asymptotic running time to the
problem of computing an optimal global alignment of two labeled ordered trees with gap
penaltiesby Wang and Zhao [24]. In [24], Wang and Zhao alsoshaved how to reducethe space
complexity of the resulting algorithm from O(jTyj jT2j (deg(Ty)+ dedq(T»))) to O(log(jT1j)

jToj (deg(T1)+ ded(T,)) deg(T:1)) by increasingthe running time to O(jT1j? jToj (deg(Ty)+

deg(T2))?). A modi cation to the algorithm of Jiang et al. which yields a lower running
time for similar trees was given by Janssonand Lingas in [12]. For someknown results on
computing the global tree edit distance betweentwo labeled orderedtrees, see[15,21,27,28].

As for computing optimal local alignments of labeled ordered trees, Hochsmann, Toller,
Giegerich, and Kurtz [11]gave an algorithm for lcsf (they termed it the local closel subforest
similarity problem) running in O(jFj jGj deg(F) degG) (deg(F) + deg(G))) time and
O(jFj jGj dedgF) dedG)) space.Backofenand Will [2] studied a problem which they called
the local sequen@-structure alignment problem (this problem is equivalert to our Igsf , as
will be shown in Section 3), and gave an algorithm for solving it that runs in O(jFj? jGj?
(jJFj+ jG))) time and O(jFj jGj) space.

A problem related to local alignments of labeled ordered trees is known as the similar
consensusproblem [23]. It asks for connected subgraphs T and T2 of two input labeled
ordered trees T; and T, maximizing the optimal global alignmert scorebetweenT{ and T
such that T is within a speci ed distanced of TS. The similar consensugproblem was shovn
to be solvablein O(d? jTij jToj (deg(T:) + deqT»))?) time by Wang and Zhang [23].

We remark that in this paper, we focus on labeled ordered forest comparison. However,
the secondarystructure of an RNA molecule can also be modeled as an annotated sequen@
(see,e.q., [8]). In the literature, there exist a number of results for problems involving con-
structing optimal global/lo cal alignments of or computing the edit distance of two given
annotated sequenceg1{3, 8{10,13,14,17,18]. Seealso Section 3 for a further discussionon
the relationship between -gapped subforestsand a special type of annotated sequence.
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The following table summarizesthe time and spacecomplexities of the previously most
e cien t algorithms for Icsf, Igsf, and Igsf .

|Problem [ Time complexity | Spacecomplexity |
lcsf O jFj jGj deg(F) degG) O jFj jGj degF) degG)
(See[11]) (deg(F) + dedG))

[gsf Not studied before Not studied before

Igsf O jFj* jGj* (Fi+ iGj) O jFj jGj

(See[2])

2.4 Our Results and Organization of the Paper

In Section 3, we prove that a special caseof Igsf is equivalent to the local sequence-
structure problem consideredin [2] and describe practical applications of Igsf related to
nding structural motifs in RNA molecules. In Section 4, we intro duce some additional
matrix notations and derive a number of recursive formulae which form the basis of our
main dynamic programming-basedalgorithm for Igsf , presened in Section4.4. Next, in Sec-
tions 5.1 and 5.2 we re ne our algorithm for Igsf to solvelgsf andlcsf moree cien tly. We
cortinue in Section 6 with the description of the implementation and experimental results
of the LGS F Aligner program. In this program, we implement our improved algorithms for
local subforest alignment problems and apply them to nd local structural motifs of RNA
secondarystructures. Finally, in Section 7, we discusspossiblefuture extensionsof our work.
The table belov summarizesthe time and spacecomplexities of our algorithms.

|Problem || Time complexity | Spacecomplexity

Icsf O jFj jGj O jFj jGj (deg(F) + degG))
(Section 5.2) (deg(F) + deg(G))?

Igsf O jFj jG] deg[F) degG) O jFj jG] degF) dedG)
(Section 4.4) (deg(F) + deg G))

| gsf O jFj jGj O jFj jG] (deg(F) + degG))
(Section 5.1) (deg(F) + deg(G))?

3 An Application to Finding Local RNA Sequence-Structure
Motifs

symbols from a nite alphabet and where P is a set of unordered pairs of positionsin S
referred to as arcs. The secondary structure of an RNA molecule can be described using
an annotated sequenceover the alphabet f A; C; G; Ug by represerting ead hydrogen bond
betweena basepair in the sequencewith an arc (see,e.g.,[2,8,9,14,18]). The majority of
all RNA secondarystructures sharethe characteristic that no two arcscross(i.e., there exist
no two arcs (i;j) and (i%j9 sud that i < i°< j < j9; an annotated sequencecortaining no
pair of crossingarcsis called nestel.

Researtiershave noticed that RNA moleculessharing similar local substructures (referred
to asmotifs) often have similar functions. This obsenation motivatesthe problem of comput-
ing the maximum common local substructure of two RNA molecules.A number of ways to
represen local substructures of an RNA molecule'ssecondarystructure have beenproposed.
Among them, the local sequene-structure motif [2] is one of the most e ectiv e. For example,
it can represen the putative SECIS-motif [25] whereasmany other methods fail (see[2]).
Given an RNA secondarystructure represened as a nested annotated sequence(S;P), the
annotated sequence(S% P9 is called a local sequen@-structure motif of (S;P) if and only if
the following three conditions hold:
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S%is a subsequencef S, and PCis the subsetof P induced from the subsequences®.
SCis arc-completefor (S;P), i.e. for every (i;j) 2 P, eitheri;j 2 S%ori;j 6230

Each exclusionof S hasan immediate successorwherean interval sy ::s; of S is called an
exclusionof SOif s;:::;s 625%but s 1;S+1 2 SO and where the immediate sumessor
of an exclusion sy::s, of Sis de ned asthe smallestarc (i;j) 2 POwith i < k< | < j.
Furthermore, no two exclusionsof S® have the sameimmediate successor.

latn Xate Xate

It is alsocommonto represet an RNA secondarystructure asa labeled orderedforest F
in which every leaf correspnds to a \free base" (i.e., a basethat does not pair with any
other base)in the sequenceand every internal node correspondsto an\arc" (i.e., two paired
basesand the bond betweenthem) in the secondarystructure, sud that:

{ For any two nodesu and v in F, v is a right sibling of u if and only if v correspondsto a
free baseor an arc that lies to the right of the free baseor the arc that u correspondsto.

{ For any two nodesu and v in F, v is the parert of u if and only if v corresponds to
the smallestarc enclosingthe free baseor the arc that u correspondsto. In other words,
v correspondsto the immediate successoiof the free baseor the arc that u corresponds
to.

See,e.g., Figures 6 and 7 in [11] for an example of this represenation.

The following lemma shaws that the local sequence-structuremotifs of any nestedanno-
tated sequencegS;P) and the -gapped subforestsof the forest represenation for (S;P) are
equivalent.

Lemma 2. Let (S;P) and (S%P9 be two nested annotated sequen@s, and let F and F° be
their respective forest representations. (S% P9 is a local sequen@-structure motif of (S;P) if
andonly if FOis a -gapped subfoest of F.

Proof. () ) Suppose(S% P9 is alocal sequence-structuremotif of (S;P). First note that eah
exclusion| of S%is also arc-completefor (S;P) (this is becauseif somearc in P connectsa
basein | and a basein S°then S°would not be arc-completefor (S;P), and if somearc in P
connectsa basein | and a basein someother exclusionJ of S°then (S;P) would not be
a nested annotated sequencejn both cases,a cortradiction). Hence,ead exclusion| of S°
correspondsto a closedsubforestF [x;::yi] of FC, i.e., FCis obtained by removing someset C
of closedsubforestsfrom some closedsubforest F[u::v] of F. Next, since no two exclusions
of S? have the sameimmediate successorwe concludethat all closedsubforestsin C have
di erent parent nodes,so Fis a gapped subforestof F. Finally, every exclusion of S° must
have an immediate successorjmplying that no closedsubforestcan be removed at the root
level in F2 Hence,FCis a -gapped subforestof F°.

(( ) SupposeFCis a -gapped subforest of F. Then F9is obtained by removing some
set C of closedsubforestsfrom someclosedsubforestF [u::v] of F. Each arc (i; j) in P, along
with the two basesat i and j, is represerted by an internal node in F, so there is no way
to delete just oneof i andj from S, i.e., the S° correspnding to F° must be arc-complete
for (S;P). Next, since F%is a -gapped subforest of F, no closedsubforest of F[u::v] has
beenremoved at the root level in F© which meansthat every closedsubforestbelongingto C
has a parert node in F9 soead corresponding exclusion of S° has an immediate successor
in P2 Lastly, all exclusionsof S° have di erent immediate successordecauseno two closed
subforestsin C have the sameparent node. Hence,(S% P9 is a local sequence-structuremotif
of (S;P). u

Theorem 1. Let (S1;P;) and (S;; P2) be two nestad annotated sequenesand let F; and F»
be their respective forest representations. The optimal local sequene-structure motif align-
ment of (Si1;P1) and (Sz; P2) (de ned in [2]) is equivalent to the optimal local -gapped
subforest alignment of F1 and F».

Proof. Fori 2 f1;2g, by LemmaZ2,it holdsthat ead local sequence-structurenotif of (S;; P;)
corresponds uniquely to a -gapped subforestof F;. t
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4 The Local Gapp ed Subforest Alignmen t Problem (Igsf)

This section presers an algorithm to solve the local gapped subforestalignmert problem.

4.1 Base Lemma
The following lemma acts as the basefor our algorithm.

Lemma 3. (Lemmalin [11]) Let F and G be two -labeled forestsand let A be a glotal
alignment of F and G. If F is an empty forestthen A and G are isomorphic when lakels are
ignored and each node in A is lakeled ( ;°), wher ~ is the label of the correspnding node
in G, and analogouslyif G is empty. If both of F and G are nonempty forestsand u and v
are the roots of the leftmost trees of F and G, respectively, then the root a of the leftmost
tree of A is lakela by either (x;y), (x; ), or ( ;y), where x is the lakel of u and y is the
label of v. There are three cases:

1. If ais lakeled by (x; y) then Afa_ ::ar] is an alignment of F[u, ::ug] and G|[v, ::vg], and
Alr(a)::e(a)] is an alignment of F[r(u)::e(u)] and GIr (v)::e(V)].

2. If ais labeled by (x; ) thenfor somev®02 I(v)::e(v), Afa, ::ar] is an alignment of F [u, ::ur]
and G[v::v%, and A[r(a)::e(a)] is an alignment of F[r(u)::e(u)] and G[r (v°9::e(v)].

3. If ais lakeled by ( ;y) thenfor someu®2 I(u)::e(u), Ala, ::ar] is an alignment of F [u::u®]
and G[v, ::vg], and A[r(a)::e(a)] is an alignment of F[r (u®::e(u)] and G[r(v)::e(V)].

4.2 Matrix Notations

In order to compute Igsf (F; G) for the two given -labeled forestsF and G, our algorithm
usesdynamic programming to Il in nine matrices corresponding to di erent typesof gapped
subforests.For every a;b 2 f ; ; g, we de ne one matrix D,  of sizejS(F)j jS(G)j as
follows:

De nition 3 (D-Matrix). For everya;b2 f ; ; g, u:zu®2 S(F), and v::v° 2 S(G), the
matrix elementD, p[u::uv::v9 is de ned as the maximum of all glokal alignment scres of
two subforests F° and G° where F°2 gsf,(F[u::u9) and G°2 gsf,(G[v::vI), i.e.,

Da bluzu®vivy = maxfsim(F%GY j FO2 gsfa(F[u:uY); G°2 gsfu(G[v::vI)g:
The next lemma shows that the valuesof Igsf and Igsf for F and G are given by the

maximum elemert in D and D , respectively. Thus, oncethe above matrices have been
computed, Igsf aswell aslgsf for F and G can be obtained directly.

Lemma 4. LetF and G betwo -labeldd forests. Then we have:

lgsf (F;G) = maxfD  [uzu%v:vYj uzu®2 S(F); vivP2 S(G)g;

lgsf (F;G) = maxfD  [u:u®viv9j u:u®2 S(F); vivP2 S(G)g:
Proof. By De nition 3 above, D  [u:zu®v:v9 = maxfsim(F%G% j F° 2 gsf (F[u:u9);
G2 gsf (G[v::v9)g. Sincelgsf (F;G) is equal to the maximum value of sim(F% G9 taken

over all possibleF°2 gsf (F[u::u9), G°2 gsf (G[v::vY), u:zu®2 S(F), and vi:vP 2 S(G)g, we
obtain the equality for Igsf . The equality for Igsf can be proved in the sameway. ti
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4.3 Recursiv e Form ulae

The next step is to derive recursive formulae for ead of the nine types of matrices. It is
straightforward to compute the matrix entries when at least one of the two sibling intervals
u::u®and v::v0 is empty, sobelow we assumethat both u::u®and v::v° are nonempty. First of
all, the generalmatrix D can be expressedusing the following lemma. The proof follows
directly from De nitions 2 and 3 together with Lemma 1.

Lemma 5 (General Matrix). ) [Uz:uC vy

w0 0q..
D [uzu®v:iv9 = max Jpax fD - [uzutr(v 9:vg

0Q..7,0 \/--
Ldmax fD [r(u®:u®vivdg

Also using De nitions 2 and 3 and Lemmall, it is simpleto derive formulae for computing
the matricesD ,D ,D ,andD

Lemma 6 (*-Matrix).  The recursive equations for D D ;D ,andD are:

{ D [u:u®viv) = max D [uzu®vivy, max fD  [u:u®r(v9y:v9g
Vo2 y:v 0

~

D [uzu%v:ivy = max D  [u:zu®vivy; Jnax fD o [r(u%:u®vivg
u u:u

—~

D [u:u®vivy = max D [u:u®vivy;, max fD  [uzu®r(v99:v9g
Vo2 vy 0

—~

D [uzu®vivy = max D [uzu®viv9; max fD  [r(u%::u®vivig
uou:u 0

Now we proceedto D , D , D ,andD . Theseformulae are basedon Lemma 3
and are slightly more complicated than the previous ones,so we give a proof for the D -
caseand illustrate it using Fig. 3.

Lemma 7 (%Ipha-Alpha-Matrix). D [uzulviv9 =
(U;v)+ D [uLiur;viivir]+ D [r(u):u®r(v):vg

(u; )+ voozw(%};(;;vof D [u zur;vivOi+ D [r(u):u®r(v9:vig
max (U )+ voozm(%};(;;vof D [u.iug;vivi+ D [r(u):ulr(v9:vig
( ;v)+ uoozrp(fl;};g:uofD [uzu®v vg]+ D [r(u99:u®r(v):vig
( ;v)+ uoozrp(fl;};g:uofD [uzu®v vg]+ D [r(u%:u®r(v):vig

Proof. Let F°2 gsf (F[u:u9) andG°2 gsf (G[v::vY) betwo -gappedsubforestsat F[u::uf|
and G[v::v that maximize the value of sim(F %G9, and let A be an optimal global align-
ment of F® and G° which attains this score.Let u , v , and a be the root of the leftmost
subtree of F% G° and A, respectively (i.e., u = u andv = v, but when we refer to u
and v , we mean the roots in F% and G° rather than the roots in F and G). In accordance
with Lemma 3, we considerthree cases:

{ Casel: When a = (u ;v ), by Lemma 3, Fqu, :ug] is aligned with G9v, ::vg], and
FYr(u )::e(u )] is aligned with G9r (v )::e(v )]. SeeFig. 3(a). SinceF°is an -gapped
subforestat F[u::u9, Fqu, ::ug] and F9r(u )::e(u )] are gapped subforestsat F[uL ::Ur]
and F[r(u)::u9, respectively. Similarly, G9v, ::vg] and G9r (v )::e(v )] are gapped sub-
forestsat G[v, ::vg] and G[r (v)::vY, respectively. Hence,the alignmert scoreof A equals

(V) + D [uLsug;veivr]+ D [r(u):ur(v):vY.

{ Case2: Whena= (u; ), by Lemma 3, there exists somev®2 I(v ):e(v ) sud that
Fu, =ug]is alignedwith G9v :v9, and F9r(u )::e(u )] is aligned with GIr (v°9::e(v )],
and wherer (v% is not a node that has beenexcludedfrom G. SinceFCis an -gapped
subforestat F[u::u9, Fqu, ::ug] and F9r(u )::e(u )] are gapped subforestsat F[u, ::Ug]
and F[r(u)::uY. Moreover, since G®is an -gapped subforestat G[v::v9 and r(v%y has
not beenexcludedfrom G°, at least one of the following two subcasesmust occur:
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ru™) ..e(@) . r(v™) ..e(W )
| |
ru) .. e@) VAR rvt) .oe(V')
| |
X..y
(b) Case 2a
ru*) .. e@) Ve r(v") .. e(W')
| |
X..y
(c) Case 2b

Fig. 3. Graphical illustration of Casesl, 2a, and 2b of in the proof of Lemma 7. The gures on
the left and right represert the gapped subforests F° and G° respectively. The gap (which may be
empty) in each gure corresponds to the sibling interval that is excluded from the original forest.
The separating lines show how F°and G° are aligned in each case.

Subcase2a: G9v ::v%] is a -gapped subforestat G[v::v®] and G9r (v%::e(v )] is an
-gapped subforestat G[r(v°::v9. SeeFig. 3(b). Then the alignmert scoreof A is
equalto (u; )+ maxyop y:vof D [uLiug;vived+ D [r(u)::ulr(v99:v9g.
Subcase2b: GYv ::v%] is an -gapped subforestat G[v::v®] and GYr (v®::e(v )] is a
-gapped subforestat G[r(v°y::v9. SeeFig. 3(c). Then the alignment scoreof A is
equalto (U; )+ maxyopiy:vof D [uLug;vivO+ D [r(u):ulr(v99:v9g.

{ Case3:Whena= ( ;v ), the proof is symmetric to the proof for Case2.

From the above three casesthe lemma follows. t

We can derive Lemmas8 and 9 below for computing D [uzu%v:v9, D [u:u®viv,
andD  [u:u%v:vY in the sameway asLemma 7.

Lemma 8 (Alpha-Beta-Matrix). D [u:u®viv9 =

8
% (;v)+ D [u sug;veiver]+ D [r(u)zu®r(v):v9

(uy )+ max fD  [u :ug;vivei+ D [r(u):u®r(v9y::v9g

max Vo002 (v):vO
( ;v)+ max fD  [uu®veovg]+ D [r(u%9:u®r(v):v9g
g u%2(u):uo
( ;v)+ max fD  [u:u®v ivgr]+ D [r(u99:u®r(v):v9g
u%2(u):uo

and analogouslyfor D [u::u%v::vO.
Lemma 9 (Beta-Beta-Matrix). D [u:u®vivg =
8
5 (U;v)+ D [uLiur;viivr]+ D [r(w)zu@r(v)av9
max (U )+ max fD  [uiiug;viv®+ D [r(u)zuCr(v99avdg

vOo2 [ (v):vO

( ;v)+ max fD  [uzu®vi zvg]+ D [r(u%::u®r(v):v9g
u%2(u):uo
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4.4 The Main Algorithm

For any -labeledforest F and u::u%v::v02 S(F), we write u::u® v:V0if either the set of
nodesin u::u® are descendets of somenode v®in v::vC or if u::u®is a subsetof v::v°. Note
that is a partial order.

Our algorithm Computedgsf for computing the value of Igsf (F; G) for two given -
labeledforestsF and G is shawn in Fig. 4. It usesLemmas5to 9to calculate D, p[u::u® v::vI
forall a;b2 f ; ; g and all sibling intervals u::u®2 S(F) and v::v®2 S(G) accordingto the
partial order , and then obtains Igsf (F; G) by applying Lemma 4.

Algorithm Compute-lgsf

Input: Two -labeled forests F and G.

Output:  Igsf (F; G).

1 Forall a;b2 f; ;g, initialize the base casesfor D, p[u:u®v:v9 (i.e., all
matrix entries with u:u®=; or viiv®= ;).

2 for ead u:u®2 S(F) according to the partial order do

2.1 for eac v::v°2 S(G) according to the partial order do

2.1.1 Compute D [uzu®viv9, D [uzu®viv9, D [uzu®vivY, and
D [u::u®v::vY by using the expressionsin Lemmas 7, 8, and 9.
2.1.2 Compute D [uzu%v:iv9, D [uzu®viv9, D [uzu®vivY, and
D [u:u%v:v9 by Lemma 6.
2.1.3 Compute D [u::u®%v:iv9 by Lemma 5.
endfor
endfor

3 Compute Igsf (F; G) by Lemma 4 and return it.
End Compute-lgsf

Fig. 4. The dynamic programming algorithm for computing Igsf (F; G).

The next lemma states the time and spacecomplexity of our algorithm.

Lemma 10. Compute-gsf runs in O(jFj jGj degF) degG) (deg(F)+ degG))) time
and O(jFj jGj deg(F) ded(G)) space.

Proof. Sincethere are O(1) matrices of the form D, , for a;b2 f ; ; g, ead of which uses
O(jS(F)j jS(G)j) space,and sincejS(F)j = O(jFj deg(F)) andjS(G)j = O(jGj degG)), the
total spacecomplexity is O(jFj jGj degF) deg(G)). Similarly, aswe needto Il in a total
of O(jS(F)j jS(G)j) matrix ertries and ead entry can be computed in O(deg(F) + deg(G))
time, the total time complexity is O(jFj jGj deg(F) deg(G) (deg(F) + degG))). ti

Having lled in all ertries of the nine D, p-matrices for a;b 2 f ; ; g, an optimal
alignment can be easily found using a standard tracebad technique. The complexity will
remain the same.

Theorem 2. Igsf can be solved in O(jFj jGj degF) degG) (deg(F) + deg(G))) time
and O(jFj jGj deg(F) ded(G)) space.

5 Algorithms for Two Variants of the Local Gapp ed Subforest
Alignmen t Problem

5.1 The Local -Gapp ed Subforest Alignmen t Problem (Igsf )

To improve the e ciency of the algorithm in Section 4.4 for Igsf when applied to Igsf , we
introduce a new matrix B of sizejFj jGj, de ned asfollows.
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Denition 4 (B-Matrix). For everynodeu in F andnodev in G, the matrix elementB[u; V]
is de ned by B[u;v] = maxfsim(F%G9 j F°2 gsf [u:u9; G°2 gsf [v:vT; u®2 F; v°2 Gg.

From the de nitions of B and D , we immediately obtain:

Lemma 11. Bu;v] = maxfD  [uzu®v:zvyju®2 F; vO2 Gg.
Togetherwith Lemma 4, we also have:

Lemma 12. Igsf (F;G) = maxftB[u;v]ju2F;v2 Gg.
The computation of the elemens of B can be recursively formulated as:

Lemma 13. Blu;v] =

(u;v) + D [uL:ugr; vy svr]+ maxf B[r(u); r(v)]; Og

max (U )+ Vooznlﬁ(z’ei(:vofD [uL z:ug; vive] + maxf B[r(u); r (v99]; Ogg
( ;v)+ max fD  [uzuvy vg]+ maxfB[r(u%;r(v)]; Ogg
u%2[(u):uo

Proof. The proof is similar to the proof of Lemma 7. Givenu 2 F andv 2 G, let F°®and
G® be two -gapped subforestsat F[u::u9 and G[v::vY, taken over all possible -gapped
subforestsat F[u:u% and G[v::v9 and all u®2 F and all v° 2 G, that maximize the value
of sim(F% G9. Let A be an optimal global alignmert of F°and G° which attains this score,
and let u , v , and a be the root of the leftmost subtree of F°, G° and A, respectively (i.e.,
u =uandv = v, but whenwereferto u andv , we meanthe roots in F°and G° rather
than the roots in F and G). In accordancewith Lemma 3, we considerthree cases:

{ Casel: When a = (u ;v ), by Lemma 3, Fqu, :ug] is aligned with G9v, ::vg], and
FIr(u )::e(u )] is aligned with G9r (v )::e(v )]. SinceF%and G%are -gapped subforests
at F[u:u9 and G[v::v9, it holds that F9u, ::ug] and GYv, ::vg] are gapped subforests
at F[u, ::ur] and G[v, ::vr], respectively, and F9r(u )::e(u )] and G9r(v )::e(v )] are

-gapped subforestsat F[r(u)::u9q and G[r(v)::vY, respectively. The score of the sub-
alignment A° of A between F9r(u )::e(u )] and GYr(v )::e(v )] equals B[r(u); r(v)] if
Blr(u);r(v)] O; otherwise, if B[r(u); r(v)] < 0 then by the optimality of A, we have
r(u):ze(u) = ; and r(v ):e(v ) = ; sothat the scoreof A° must be 0. Hence, the
alignment scoreof A equals (u;v)+ D  [up:ugr;vy:vr]+ maxfBJr(u); r(v)]; Og.

{ Case2: Whena= (u; ), by Lemma 3, there exists somev®2 |(v ):e(v ) sud that
Fu, =ug]is alignedwith G9v ::v%, and F9r (u )::e(u )] is aligned with GIr (v°9::e(v )].
SinceF%isa -gappedsubforestat F [u::u9, we havethat F9u, ::ug]is a gapped subforest
at F[ug ::ur], and F9r(u )::e(u )] isa -gapped subforestat F[r(u)::u9. The scoreof the
subalignment A°of A betweenF 9r(u )::e(u )] and GYr (v%9::e(v )] equalsB[r (u); r (v%9]
if B[r(u);r(v®]  O; otherwise, by the optimality of A, the score of A? must be 0.
Hence, the alignment scoreof A equals (u; ) + maxyop(yy.yof D [ul ur;vivey +
maxf B[r (u); r (v%9]; Ogg.

{ Case3:Whena= ( ;v ), the proof is symmetric to the proof for Case2.

From the above three casesthe lemma follows. t

Toobtain Igsf (F;G), wecomputeall ertries in B and then apply Lemma12. By inspect-
ing the recursive equationsin Lemma 13 and Lemmas5 { 9, we note that it is unnecessary
to Il in all ertries in Dy , for all a;b 2 f ; ; g to accomplish this. We just need to
Il in, forall a;b2 f ; ; g, the ertries of the form D, p[u:u®v::v9 where u® = e(u) or
v = g(v). This meansthat ead of the nine D, ,-matrices can be replaced by two smaller
matrices D2 , and D of sizejFj jS(G)j and jGj jS(F)j, respectively, de ned through

D? b[u;v::\?‘ﬂ = D, pluze(u); vivy and DO [uzu®% v] = Dy plusu®vie(v)].
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Theorem 3. Igsf can be solval in O(jFj jGj (deg(F) + deg(G))?) time and O(jFj jGj
(deg(F) + ded(G))) space.

Proof. First precomputeall D2 - and D% -matrices in the sameway asall D, p-matrices
were computed by Algorithm Computedgsf in the previous section, then Il in all entries
of B according to a bottom-up, right-to-left ordering of the nodes using Lemma 13, and
nally apply Lemma12to getthe solution to Igsf . Sincethere areonly O(jFj jS(G)j+ jGj

iS(F)j) = O(jFj jGj (deg(F)+ degG))) ertries of the form DY [u;v::v9 and D [u::u®v],
where u::u® 2 S(F) and v::v0 2 S(G), the total spacerequired is reducedto O(jFj jGj

(deg(F) + deg(G))). Each entry can be computed in O(deg(F) + deg(G)) time, sothe total
time complexity is O(jFj jGj (deg(F) + dedg(G))?). t

It follows from Theorem 1 and Theorem 3 that the local sequence-structurealignmert
problem (Issa) described in [2] for two given annotated sequencegS;; P;) and (S;; P,) can
be solved in O(jFj jGj (deg(F)+ deg(G))?) time and O(jFj jGj (deg(F) + deg(G)) space,
wherejFj = O(jS;j) and deg(F) = O(jS1)), jGj = O(jSj) and deg(G) = O(jSzj).

5.2 The Local Closed Subforest Alignmen t Problem (lcsf)

Herewe presen a faster and more space-e cent algorithm for Icsf than the onegivenin [11].
Using the sametechnique asin Section5.1, we de ne a matrix C of sizejFj jGj asfollows:

Denition 5 (C-Matrix). For everynodeu in F and nodev in G, the matrix elementC[u; V]
is de ned by C[u;v] = maxfsim (F[u::u9; G[v::v9) j u®2 F; v°2 Gg.

Then, we have the following lemma:
Lemma 14. lcsf(F;G) = maxfClu;vl]ju2 F;v2 Gg
For cornvenience,we also de ne a matrix E of sizejS(F)j jS(G)j:

De niton 6 (E-Matrix). For every u::u® 2 S(F) and v:v® 2 S(G), the matrix ele-
ment E [u::u®v:v9 is de ned by E[u::u®v::v9 = sim(F [u::u9; G[v::v9).

Now, the computation of the elemens of C may be expressedrecursively as:

Lemma 15. Clu;v] =
(u;v) + E[u :ug; v vg] + maxf C[r(u); r(v)]; Og
. - <y/-/0 . 04§1-
max (U )+ Voozrp(%i(::vofE[u._..uR,v..v 9+ maxf C[r(u); r(v%]; Ogg
( ;v)+ max fE[u:u®v ::vg]+ maxf Clr(u®; r(v)]; Ogg
u%21(u):uo
To solwe lcsf (F; G), rst construct C using Lemma 15 and then apply Lemma 14. To
obtain the ertries of C, we just needall ertries of E of the form E[u::u® v::v% whereu® = e(u)
or v0= (V). All of theseertries can be precomputed by the algorithm of Jiang et al. [15] in
O(jFj jGj (deg(F) + deg(G))?) time. Thus, we obtain:

Theorem 4. lcsf can be solved in O(jFj jGj (deg(F) + deg(G))?) time and O(jFj jGj
(deg(F) + ded(G))) space.

Proof. We compute O(jFj jGj) entries of the form C[u;v] and O(jFj jS(G)j+ jGj jS(F)j) =
O(jFj jGj (deg(F)+ dedgG))) ertries of the form E[u::u®v::v9, sothe total spacerequired
is O(jFj jGj (deg(F)+ dedg(G))). As for the time complexity, it takesa total of O(jF| jGj

(deg(F) + deg(G))?) time to rst run the algorithm of Jiang et al. [15]and then to Il in C
sinceead elemer in C can be computed in O(deg(F) + deg(G)) time using Lemma 15. t
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6 Experiments

6.1 Implemen tation

In the experiments, our main purposeis to apply the improved algorithms for local subforest
alignment problemsto compare RNA secondarystructures. We implemerted the algorithm
for Igsf presened in Section 4 and Section 5.1, and tested the program on real RNA
secondarystructures. As discussedin Section 3, our LGS F Aligner program has the same
function asthe Issa program implemented by [2].

LGSF Aligner takes as input two RNA secondarystructures in FASTA format, repre-
sens them aslabeled ordered forests, and computestheir optimal -gapped subforestalign-
mert. In the program, we follow the scoring function suggestedby Issa. Besides,we apply
the space-s&ing tabulation technique proposedby [11] as follows. To store the ertries of
the matrices D, p[u;Vv::v9 and D, p[u:u®v], wherea;b2 f ; ; gu;u®2 F;v;v°2 G, a
straightforward tabulation would use three-dimensional arrays, and it requires O(jFj jGj
max(deg(F); deg(G))) space.lt wastes spacebecausemax(deg(F);deg G)) may be much
bigger than the degreeof most of the nodesin F and G. A solution is to pad the ertries in
D, p by dening an array of f set as follows: of f set(root) = 1, of f set(u) = of f set(ug) +
nRSiblings(up), and refer to ead sibling interval u::u®by the index of f set(u)+ i 1, where:

root is an imaginary root whosechildren are roots of the maximal treesin the forest.
Uo is the immediately previous node of u in the preorder traversal of the forest.
nRSiblings(u) is the number of right siblings of u, including itself.

u®is the i-th right sibling of u.

In other words, of f set acts as an injective function from the set of sibling intervals in
the forest to the set of integers, i.e. ead sibling interval u::u®is indexed by a unique integer.
This tabulation technique doesnot reducethe worst casespacecomplexity, but in practice it
considerablyreducesthe spacerequired by the program. This is esgecially important because
it enablesthe algorithms to be run with long RNA molecules,in which casethe amourt of
memory usageincreasesrapidly.

6.2 Results

LGS F Aligner waswritten in Java, and wasrun with real RNA secondarystructures, mainly
taken from [5,25]. The running time and the spaceusageof LGSF Aligner were compared
with those of Issa program [2] written in C++. The experiments were conducted on Win-
dowsXP ervironment, the systemwasan Intel Pertium 4 running at 1.8GHz with 768MB of
RAM.

The rst experiment performed on secondarystructure elemens with putativ e seleno-
cysteine insertion function [25] shaved that LGSF Aligner correctly aligns their putativ e
SECIS-motifs (seeFig. 3 of [25]). These RNAs are short and thus both programs compute
their alignments in lessthan 1 second.The secondexperiment computed a number of RNase
P alignments of RNA secondarystructures takenfrom [5]. The running time of LGS F Aligner
is signi cantly faster than Issa; however LGS F Aligner consumesa considerableamourt of
memory: about 250MB are required to align two RNA secondarystructures, ead of which
has about 400 bases whereaslssa only usedabout 3MB of memory. The memory bottleneck
is due to two reasons:additional parametersin the forest represernation of RNAs and many
matrices required to store alignment scoresand tracebad information. The following table
shaws the comparisonof the running time (in seconds)of LGSF Aligner and Issa
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|Genera/Group [Organisms | LGSFAligner | Issa |
Bacteria/Purple Bacteria |[Agrobacterium & Caulobacter, 14 253
Bacteria/Gram-p ositive  ||Luteococcus& Terrabacter 11 19
Bacteria/Cy anobacteria |[Nostoc & Tolythrix 18 240
Bacteria/Chlam ydia Chlamydia & Chlamydiophila 14 114
Bacteria/Planctom ycetes ||Pirellula & Planctomyces 16 66
Bacteria/Deino cocci Deinococcus& Thermus 14 270
Archaea/Euryarchaea Haloferax & Thermococcus 12 298
Archaea/Crenarchaea Acidianus & Sulfolobus 12 52
Eukaryotes/Mito chondrion||Reclinomonas& Porphyra 14 147
Eukaryotes/Plastid Cyanophora & Nephroselmis 11 189

7 Concluding Remarks

In this paper, we have intro duced a new problem called the local gapped subforestalignmert
problem (lIgsf ) and provided an e cien t algorithm to solveit. Moreover, we have applied our
techniquesto the local closedsubforestalignmert problem (Icsf) de ned in [11]aswell asthe
problem of nding local RNA sequence-structuremotifs (Igsf ) consideredin [2], improving
on both the time and spacecomplexity neededby the algorithm in [11] and greatly improving
on the running time of the algorithm in [2] by taking advantage of the forest represenation of
RNA secondarystructures. Lastly, we have implemented the LGS F Aligner program which is
basedon our improved algorithms for Igsf to nd RNA structral motifs. We have performed
experiments on real RNA secondarystructures and investigated the practical issuesof our
algorithms thoroughly.

Our proposedproblem and solution motivate future developmerts in local alignments of
labeled ordered forests. One of the challengesis to nd even more e cien t algorithms for
thesetypesof problems. Any improvemen can have a vital impact on RNA comparisonand
structure prediction applications. Another interesting task is to further generalizeour local
gapped subforestalignment problem by allowing exclusionsof more than one closedsubforest
sharing the sameparent node. Lastly, new alignmen models could be proposedto improve
the accuracyfor RNA comparisonand structure prediction.
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