CS5238 Combinatorial methods in bioinformatics 2002/2003 Semester 1

Lecture 9: Phylogeny Comparison -November 01, 2003

Lecturer: Wing-Kin Sung Scribe: Kenny Chua, Lin Li, Wong Swee Seong

9.1 Introduction

9.1.1 Phylogenetic Tree

Phylogeny, or an evolutionary tree, is a model of the evolutionary history
for a set of species. In the previous two lectures, we have learned a number
of methods to construct phylogeny for the same set of species, which is one
of fundamental tasks of computational molecular biology. This is because
the evolutionary relationship of species provides a great deal of information
about their function.

9.1.2 Phylogenetic Tree Comparison

However, in practice, different phylogenetic trees are reconstructed in differ-
ent situation. Below discuss 3 main reasons:

e Different Kind of Data
The data used to represent the same species for tree reconstruction is
not always the same, which will definitely lead to different result. For
example, different segments of the genomes are used as the input to
the tree reconstruction algorithm.

e Different Kind of Model
Every phylogenetic tree reconstruction algorithm is based on some
models ( or assumptions), such as: Cavender-Felsenstein Model, Jukes-
Cantor Model etc. There is no consensus which model is the best.

e Different Kind of Algorithm
We use different kind of reconstruction algorithm for a set of species.
It is not surprising that various algorithms do not always give the same
answer on the same input.

Surely, the resulting trees may agree in some parts and differ on others. Tree
comparison helps us to gain the similarity and dissimilarity information from
multiple trees.
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9.1.3 Tree Comparison Type

In this lecture, we will discuss two types of comparison and the corresponding
techniques.

e Similarity Measurement: The similarity measurement determines
the common structure among the given trees. One popular similarity
measurement is Maximum Agreement Subtree (MAST). Since informa-
tion extracted is agreed among the trees, the information is trustable
to a certain extend.

e Dissimilarity Measurement: The dissimilarity measurement deter-
mines the difference/distance among the given trees. There are three
popular dissimilarity measurement: Robinson-Founds distance, nearest
neighbor interchange (NNI) and subtree transfer distance (STT).

9.2 Maximum Agreement Subtree

9.2.1 Restricted Subtree

A restricted subtree of a tree is its subtree formed by restricting the leaves of
the subtree to a subset of the leaves of the tree. To derive a restricted subtree
from a tree, remove all the leaves that are not restricted on and remove all
internal nodes with a single child. Figure 9.1 illustrates this process.
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Figure 9.1: Formation of a Restricted Subtree
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9.2.2 Maximum Agreement Subtree

Definition 9.1 Given two trees Ty and T,, an agreement subtree of Ty and
T, is a common restricted subtree derived from both trees. A maximum agree-
ment subtree (MAST) of two trees is the agreement subtree of the two trees
with the largest possible number of leaves.[1].

Since an agreeement subtree reflects common information agreed by both
trees, the evolution information represented by the agreement subtree is more
reliable. Refer to Figure 9.2 for an illustration.
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Figure 9.2: Agreement Subtree

9.2.3 Computing MAST by Dynamic Programming

Here, we give an algorithm to compute the MAST of two binary rooted trees
using dynamic programming:

Denote the number of leaves in the MAST of two binary rooted trees T}
and Ty to be MAST(T}, T5). For a tree T and a node u, define T* to be the
subtree of T rooted at u.
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Using dynamic programming, the MAST of 77 and 73 is computed using

the following recurrence formula:

( MAST(T®,TS) + M AST(T?, Tg)

MAST ,Tg) + MAST(T®, T¢)
Y o MAST )
MAST(TY, T3) = max | 3 "y o T, 1Y)
MAST(T®,T)
MAST(T*, T%)

Figure 9.3 illustrates the details.
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Figure 9.3: Six Cases for MAST

MAST(T¢, T¢)+ MAST(T?, T¢): The species appear in both subtrees
of T} and T5, and we try to match the left subtree of 77 with the left
subtree of Ty, match the right subtree of 77 with the right subtree of
Ts. In this case, u and v match.

MAST(T¢, T¢)+ MAST(T}?, T§): The species appear in both subtrees
of T1 and T3, and we try to match the left subtree of T} with the right
subtree of T, match the right subtree of 77 with the left subtree of T5.
In this case, u and v match.

MAST(T{,T5): All the species appears in the left subtree of 7, and
we try to match left subtree of 77 with the tree T5.

MAST(TP,T¥): All the species appears in the right subtree of T}, and
we try to match right subtree of 77 with the tree T5.
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e MAST(Ty,T5): All the species appears in the left subtree of T, and
we try to match left subtree of T, with the tree Tj.

e MAST(T},Tg): All the species appears in the right subtree of T, and
we try to match right subtree of T3 with the tree 7.

Now we analyze the time complexity of the algorithm. Suppose 77 and
T, are rooted phylogenies for n species. We have to compute MAST (T, T3)
for every w in T} and v in T5.Thus, we need to fill in n? entries. Each entry
can be computed in O(1) time. In total, the time complexity is O(n?).

In fact, we can compute MAST of two degree-d rooted trees 77 and T,
with n leaves in O(vdnlog(Z)) time (Journal of Algorithm 2001). We will
not discuss this algorithm here.

9.2.4 MAST for Unrooted Trees

In real life, we normally want to compute MAST for unrooted trees. While
the set of evolutionary trees may be large in practice, the trees usually have
very small degrees, typically no larger than three. For unrooted degree-3
trees U; and Uy, MAST(Uy, Us) can be computed in O(nlogn) time (STOC
97) [4]. For general unrooted trees U; and Uy, MAST(U;, Us) can be com-
puted in O(n'5logn) time (SIAM J. of Comp 2000) [1]. We will not cover
algorithms for unrooted trees here. However, we will dicuss the MAST rela-
tionship between unrooted trees and rooted trees.

For any unrooted tree U, for any edge e in U, we denote U® is as the rooted
tree rooted at the edge e. Figure 9.4 illustrates an example for converting an
unrooted tree U to a specified rooted tree U®.

rooted at
edge e

Figure 9.4: Converting an Unrooted Tree U to a Rooted Tree U® at edge e

Lemma 9.2 For any edge e of Uy, MAST(Uy,Us) = max{ MAST(UE,U{) |
f is the an edge of Us}.
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Proof: The proof of this lemma is left as an exercise. ]

The above lemma gives the relation from unrooted trees to rooted trees.
Using this lemma with dynamic programming algorithm for finding MAST
of two rooted trees, we can compute the MAST of two unrooted trees.

9.3 Robinson-Foulds Distance

In previous section, we covered how to compute the similarity of two phy-
logenetic trees, including both unrooted and rooted trees. Now we discuss
how to compute the dissimilarity of two phylogenetic trees. One intuitive
way to define the dissimilarity is based on the number of edges that are not
agreed by two trees, which is called the Robinson-Foulds distance [5].The
Robinson-Foulds distance metric d defines the distance, d(T},7T2) between
any two trees T} and T3 as the smallest number of transformations required
to obtain the topology of 75 from the topology of 77. The metric d has the
following properties:

1. d(Ty,Ty) > 0 if Ty is not identical to T5
2. d(T1,Ty) = 0 if T} is identical to T

3. d(T1,Ty) = d(T>, T1)

4. d(Ty,Ts) < d(Th,Tz) + d(Ts, T3)

There are several opreations that can be performed on phylogenetice trees,
in the following section, we shall describe their definitions in detail.

9.3.1 Definitions

e Partition of a tree: Each edge of a tree can partition the species
into two subsets. This definition tells us that if we take away an edge
from the phylogenetic tree, the species in the tree is partitioned into
two disjoint set of species. Figure 9.5 shows an example.

¢ Good and bad edge: Consider two unrooted trees T' and 7", an edge
z in T is called a good edge if there exists an edge z' in 7" such that
both of them form the same partitions. Similarly, z’ is also called a
good edge. Otherwise, the edge = is called a bad edge. Figure 9.6
illustrates an example.
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Figure 9.5: The red edge partitions the species into two sets {a,b,c} and

{d,e}.
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Figure 9.6: z partitions the species of T into {a,b,c} and {d,e}. z' also

partitions the species of T" into {a,b,c} and {d,e}. Thus, z and z’ form the
same partition and we call z and z’ the good edges.
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e Lemma 9.3 Leaf edges are always good.

Proof: As a leaf edge always divides a tree into two parts, one is a
single leaf node and the other is a set of rest nodes. Then in the other
tree, there must also be another edge which makes the same partition.

An example is given in Figure 9.7. |
C 5 a
T d T 5% e
X
a € b <
b C

Figure 9.7: z in T and z’ in T" are also good edges

9.3.2 Robinson-Foulds (RF) Distance

Robinson-Foulds Distance is defined as follows.

Given two phylogeny trees T' and T’, the RF distance between these two
trees is: RF distance = (number of bad edges in T' with respect to 7" +
number of bad edges in 7" with respect to T') /2.

From this definition, we can have the criteria for measuring the similarity
of two phylogeny trees. We say the two trees are similar when RF distance
between T and 7" is small. This is because the RF distance is based on the
number of bad edges. If this distance is small, it implies that the majority
of edges between each other is good edge, which means the two trees are
similar. In order to have a clear knowledge of this definition, Figure 9.8 gives
an example: In this example, there is only 1 bad edge in each phylogeny
tree. According to the definition, the RF distance is (1 + 1)/2 = 1. Since
this value is small, it implies that these two trees are similar.

When the phylogenies are of degree 3, we have the following property for
RF distance.

Lemma 9.4 When both T and T' are of degree-3, the number of bad edges
in T with respect to T' = the number of bad edges in T with regard to T'.

Proof: As both trees are of degree 3, we know that they have the same
number of edges. Also we know that the number of good edges in T" with
respect to 7" is equal to the number of good edges in T" with respect to 7.
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Since the number of bad edge is equal to the number of total edges minus
the number of good edges, the lemma follows. ]
Here we present a brute-force algorithm to compute the RF distance.

For every edge e in T, if the partition formed by e is the same as
the partition formed by some edge €' in T”, e is a good edge.

This is a general algorithm for finding the set of good edges. We just do an
exhaustive search for all the edges of T" and T". After finishing the search, a
set of good edges in T with respect to 7" is found.

For the time analysis, Note that for every edge e in T, the algorithm
checks every edge €' in T to determine whether e and €' form the same
partition of species. Such checking takes O(n) time. Since there are n edges
in T, the algorithm takes O(n?) time.

As a phylogeny tree can be quite huge, such time complexity is far beyond
acceptable. Then we need some faster algorithm to solve this problem.

9.4 Day’s algorithm

As described in the previous section, the brute-force algorithm to find the
set of good edges takes O(n?) time. In 1985, W. H. E. Day proposed an
algorithm which can find the set of good edges in T" with respect to 7" with
using O(n) time[6].

9.4.1 Problem description

e Input: Two unrooted phylogenies 77 and 75 for the same set of species.

e Output: The set of good edges in T with respect to T5.

a = b d
b Bad edges ke

Figure 9.8: The computation of RF distance between 7" and 7"
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The idea of Day’s algorithm is to build a special data structure which enables
constant time checking whether a particular partition of leaves exists in 77.

9.4.2 Day’s algorithm

e Step 1: Root 71, T, at the leaf species with number n
Figure 9.9 shows the two trees 77 and 75, and Figure 9.10 shows the
procedure to label trees 77 and 75. Time complexity for this step:

O(n).

Figure 9.9: Step 1: Two degree-3 T} and T5

e Step 2: Relabel the leaves of the trees
Relabel the leaves of T} in increasing order. And change the labels of
T, correspondingly. Then for every internal node x of 71, the set of leaf
labels in the subtree of x form an interval [i..j]. Figures 9.11 and 9.12
show the relabelled trees 77 and 7,. Time complexity for this step is
O(n).

e Step 3: Create a hash table to store the intervals
For every node z in T;, we store the corresponding interval [i;..j,] in
Hliy] or Hl[j,]
— Store [iz..j¢] in H[j,] if x is the leftmost child of its parent in T7;
— Otherwise, store the interval [i,..j,] in the entry H|[i,].

Figure 9.13 shows the hash table for the given example. It takes O(n)
to construct this hash table.
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Figure 9.10: Example for Step 1: Label all leaves of T} and T3
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Figure 9.11: Step 2: Relabel all leaves of 7} in incresing order.
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5
Tl/i\ TZ A\
31 2 4

1 2 3 4

Relabel the leaves of
T, in increasing order

5 5
[2..3]
1 2 3 4 2 3 1 4

Figure 9.12: Example for Step 2: Relabel all leaves of T in incresing order.

k [H(k) 5 5
1 T, T,
2 [[2.3]
3 [[1.3]
4 [[1.4]
1 2 3 4 2 3 1 4

Figure 9.13: Example for Step 3: Hash table to store the intervals for the
internal nodes in T7.
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The problem is that whether we will store two intervals in the same
entry H[i] in the hash table H. If we use the method stated above,
below lemma implies that collision is impossible.

Lemma 9.5 If we store the intervals according to the rules stated above,
we will store at most one interval in each entry in H.

Proof:

— By contrary, suppose H[i] contains two intervals which are repre-
sented by internal nodes x and y.

— By definition, ¢ should be the endpoints of the intervals repre-
sented by x and y. Thus, x and y should satisfy the ancestor-
descendent relationship. WLOG, assume x is the ancestor of y.
Then, y’s interval should be the subinterval of z’s interval.

— So, we can have either

1 . z’s interval = [j..i] and y’s interval = [j'..7] for j < j; or

*x This means that both z and y are the leftmost children
of their parents.

* The right endpoint of z’s interval should not be 4!
* So we get a contradiction!

2 . z’s interval = [i..j] and y’s interval = [i..j'] for j > j'. Similar

to the above case, we can arrive at a contradiction.

— In conclusion, we can store at most one interval in each entry in
H.

Figure 9.14: Example for Step 2: Relabel all leaves of T in incresing order.
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Given the hash table H, we can check whether an interval [i..j] exists
in 77 by checking H[i] and H[j]. If one of them euqals to [i..j], then
the interval [i..j] does exist in T3.

e Step 4: Traverse tree T3 to find the good edges

— For T,, by traversing the tree, for each internal node u in 7,
we can find (1)the minimum(min,,) and the maximum(maz,) leaf
labels, and (2)the number of leaves(size,) in the subtree rooted
at u.

— If(max, — min, + 1 = size,), then we can know that the leaves
labels in the subtree of node u form an interval [min,..maz,].
then we check whether H[min,] or H[max,| equals [min,..maz,).
If yes, (u,v) is a good edge where v is the parent of u in T5.

Figure 9.15 shows the results of computing the min,, maz,, and size,.
Time complexity for this step is O(n).

min, | max, |size, | max,-min,+1 5
x| 1| 3| 3 3 T, .
yl 1 3 2 P
y
Note: size, =max,-min,+1
Also, H[3]=[1..3] 2 3 1 4

Thus, (X, 2) is a good edge!

Figure 9.15: Example for Step 4: Compute the minimum, the maximum leaf
labels, and the number of leaves.

Time complexity ananlysis: All 4 steps can correctly recover the good
edges, and they can be computed in O(n) time. So the total time complexity
is O(n).

9.5 Nearest Neighbor Interchange Distance
(NINI)

Given two unrooted binary trees 77 and T5, the distance NNI(Ty,T3) be-
tween those trees is the smallest number of nearest neighbor interchanges
(NNT) required to transform one tree into another [13].

Definition 9.6 Below defines the NNI operation and the NNI distance.
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e NNI Operation: A Nearest Neighbor Interchange (NNI) is the inter-
changing of two of the subtrees incident to an internal edge (=branch)
i a binary tree. Two such interchanges are possible for each internal
edge. Figure 9.16 gives an example of the two possible NNI operations
across an edge. Nodes x and y are adjacent to edge e, nodes a and
b are incident to node x, and nodes ¢ and d are incident to node y.
Interchanging nodes b and c results in the top tree and interchanging
nodes b and d results in the bottom tree.

Figure 9.16: NNI Operation Example

e NNI Distance: Given two unrooted, degree-3 tree Ty and T, the NNI
Distance is defined as the minimum number of NNI operations required
to convert Ty to Ty, which is notated as NNI-dist(Ty,Ts). Figure 9.17
shows an exmaple.

Below shows some properties of NNI-dist.
Lemma 9.7 NNI-dist(Ty,Ty) = NNI-dist(T», T})

Proof: Since the nearest neighbor interchange (NNT) distance measures the
minimum number of NNIs required to change 7; into 7. If one NNI is
required to convert 77 to T,, then obviously one NNI is required to convert
T, to T1, hence, the lemma follows. [ ]

Lemma 9.8 NNI-dist(Ty, Ta) > number of bad edges in Ty with respect to
T

Proof: To remove one bad edge, we required at least one NNI-operation. m
Computing NNI-dist is NP-hard. However, there exists a polynomial time

O(log n)-approximation algorithm. This approximation algorithm makes use

of certain merge-sort technique, which will not be discussed in this lecture.
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9.6 Subtree Transfer Distance (STT)

Definition 9.9 Below defines the STT operation and the STT distance.

e STT Operation: Given an unrooted, degree-3 tree T', a subtree trans-
fer operation is the operation of detaching a subtree and reattaching
it to the middle of another edge. There are a few different methods to
charge the STT operation. In this lecture, the STT operation is charged
by the number of nodes the subtree is transferred. Figure 9.18 gives an
example of STT operation.

e STT Distance: Given two unrooted, degree-3 tree Ty and Ty, the STT
Distance is defined as the minimum cost of STT operations required to
transfer Ty to Ty, which is notated as STT-dist(T, Ts).

Below we show a property of STT distance.
Lemma 9.10 STT—d’LSt(Tl,Tz) S NNI—d’LSt(Tl,TQ)
Proof:

e STT-dist(7},T2) < NNI-dist(73,T,) because each NNI operation is an
STT operation.

o STT-dist(7T1,T2) < NNI-dist(77,T>) because each STT operation of
cost k£ can be simulated by k£ NNI-operations.

|

Based on the previous property of SST-dist, the SST distance equals NNI
distance. Therefore, computing STT-dist(77,T5) is also a NP-hard problem.
However, there also exists a polynomial time O(logn) approximation algo-
rithm to compute STT-dist(77,T3).

As we can see from the definition of STT distance, the STT approach of
phylogenetic tree comparison mainly depends on the cost mechanism of STT
operation. According to our current cost methanism, we have the property
that STT distance equals to NNI distance. If we use different cost mechanism,
this property may not hold. This is also the reason that we need both NNI
and STT approach.
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Figure 9.17: The NNI Distance of T} and 75 is 2.

Figure 9.18: The cost of the above STT Operation is 2
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