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Abstract. Simulink has been used widely as an industry tool to model
and simulate embedded systems. With increasing usage of embedded sys-
tems in real-time safety-critical situations, Simulink is deficient to cope
with the requirements of high-level assurance and timing analysis. In this
paper, we present a systematic approach to translate Simulink diagrams
to Timed Interval Calculus (TIC), a notation extending Z to support
real-time system specification and verification. This work is based on
the same angle chosen by Simulink and TIC where they model systems
in terms of continuous time. Translated TIC specifications preserve the
functional and timing aspects of the diagrams, and cover a wide range of
Simulink blocks. After the translation, we can increase the design space
by specifying important requirements, especially timing constraints ex-
actly on the system or its components. Moreover, we can take advantage
of TIC reasoning rules to formally verify systems with requirements, and
hence elevate the design quality of Simulink.
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1 Introduction

Simulink [18] is a graphical environment used widely for modelling and simulat-
ing embedded systems. A Simulink diagram is formed by connecting blocks with
wires to represent a set of mathematical functions that model system behavior
over time. Simulink adopts continuous-time semantics [12] to support discrete
(multi-rate), continuous and hybrid systems. Its simulation facility assists de-
signers to analyze system behavior visually under specific parameters, initial
conditions and simulation period.

With increasing usage of embedded systems in real-time safety-critical situa-
tions, high-level assurance is required and timing analysis becomes necessary [21].
Simulink is deficient to cope with the complexity by two factors: one is that each
simulation in Simulink reflects system behavior under a particular circumstance,
and hence it is infeasible to examine the behavior of infinite values of parame-
ters or an infinite simulation period; the other is that Simulink is difficult in
specifying and analyzing timing constraints, since it adopts an idealized timing
model for block execution and communication. Recently, formal methods receive



more attention to complement Simulink by their rigorous semantics and formal
verification capability [25]. We propose to apply a real-time formal notation,
i.e. Timed Interval Calculus (TIC) [8] to model Simulink diagrams, and thus to
complement Simulink by TIC formal verification capability.

TIC [8] is set-theory based and extends the work of Mahony and Hayes [14].
It makes use of the continuous functions of time to model system, and defines
interval brackets to concisely express properties in terms of intervals. TIC reuses
Z [26] mathematical and schema notations. It has been applied to a number
of real-time systems, including a mine-shaft pump system [14, 24], a speedome-
ter [8] and a controller for barometric altimeter [6]. Dawson and Goré [5] have
formalized TIC reasoning rules using generic theorem prover Isabelle [20] for
machine-assisted proof. The similar formalism that can handle real-time sys-
tems is Duration Calculus (DC) [28]. It uses the integration of Boolean-valued
states over closed and bounded intervals to specify critical duration constraints.
Its extensions, Mean Value Calculus [27] adopts the mean value of states to ex-
press properties in point intervals, and Extended Duration Calculus [29] defines
two functions to give the values of state at the endpoints of an interval. Because
they describe system behavior without the explicit references to absolute time,
they are limited to represent the constraints which restrict the values of the
interval endpoints for specific intervals.

The approach is based on the same angle adopted by Simulink and TIC when
modelling systems in terms of continuous time. It can cover a wide range of
Simulink blocks of different categories. The behavior of Simulink library blocks
is described informally in [17], so we focuses on capturing their denotational
semantics, i.e. the mathematical functions between their inputs and outputs over
time. We thus define a set of TIC library functions to model the library blocks.
Based on the TIC library, we develop a strategy to translate Simulink diagrams
into TIC specifications by modelling the components and connections of the
diagrams. The strategy can derive and keep the sample time of elementary blocks
during the translation. Furthermore, Simulink conditionally executed subsystems
are taken into account as well. Hence, the generated TIC specifications preserve
the functional and timing aspects of the diagrams. A tool has been implemented
using JAVA to experiment our strategy. After the translation, we can precisely
and easily express important requirements such as timing related safety and
liveness on a system or one of its components. Verification is a deduction to
show that the system satisfies requirements with the use of TIC reasoning rules.
Our approach even allows the analysis of open systems which are not checkable
by simulation in Simulink. Therefore, using TIC can increase the design space
and elevate the design quality of Simulink.

Recently, there are a number of work on translating Simulink into other
formal notations or programming languages. Arthan et al [2], Adams and Clay-
ton [1] translate Simulink diagrams into Z by capturing the functional behavior
of one cycle. Cavalcanti et al [4] extend the work by using Circus to capture the
functionality and concurrency of Simulink diagrams. Their approaches aim to
verify that Simulink diagrams are correctly implemented in programming lan-



guage Ada, and that is different from ours. Our goal is to validate that Simulink
diagrams satisfy different requirements. Moreover, they consider only single-rate
discrete systems, and timing information is missing. Similarly, Caspi et al [3]
focus on only discrete Simulink blocks though it supports multi-rate systems.
Other approaches [22,23, 9] take Simulink/ Stateflow ! Models (SSMs) into ac-
count. Sims et al [22] verify SSMs with an invariant checker, and the translation
from SSMs to the input language of the checker is performed by hand. Tiwari
et al [23] reduce certain accuracy grade by discretizing differential equations
represented by Simulink diagrams into difference equations denoting discrete
transition systems. Gupta et al [9] develop a tool CheckMate that can automat-
ically verify customized SSMs, but the type of constraints supported is limited
to the linear inequality that allows one variable only. Jersak et al [13] report
on translating Simulink diagrams to SPI models for timing analysis. However,
the communication in SPI models is represented by FIFO queues, and that is
different from wires in Simulink. In short, our approach covers more types of
Simulink blocks and supports more complex requirements.

The rest of the paper is organized as follows. Section 2 introduces Simulink
and TIC. Section 3 defines the set of TIC library functions for Simulink library
blocks. Section 4 presents the translation strategy. Section 5 shows that the TIC
verification capability can complement Simulink. Section 6 concludes the paper
with possible future work.

2 Background

2.1 Simulink

A Simulink diagrams is formed by connecting blocks with wires to represent a set
of mathematical functions which specify system behavior over time. Elementary
blocks are units. Each denotes a primitive mathematical relationship over its in-
puts and outputs, for example, a summation of two inputs. An elementary block
is an instance of a Simulink library block using parameterization technique, i.e.,
generated by assigning specific values to the parameters of the library block.
Hence, given different values of parameters, a library block can create the ele-
mentary blocks with different functionalities. To support hierarchical modelling,
a Simulink block can be a Simulink diagram as well to represent a subsystem. A
wire is a directed edge to indicate dependency relationships between connected
blocks. Namely, the source block (destination block) can write (read) the value
to (from) the wire according to its sample time.

Every Simulink elementary block is assigned a sample time as the rate at
which the block executes in simulation. A sample time of a block can be de-
termined by parameter SampleTime, by sample time propagation rules, or by
block type (e.g. blocks from continuous library always have a continuous sample
time). Simulink supports various systems such as continuous, discrete and hybrid

! Stateflow [16] combines flow diagrams and statecharts for control logic and can be
integrated into Simulink.



systems. It adopts continuous-time semantics as a unifying domain. Hence the
discrete systems behave piecewise-constant continuously. Simulink also supports
conditionally executed subsystems whose executions depend on the value of an
input, i.e. control signal. For instances, an enabled subsystem is active when
the control signal is positive, and a triggered subsystem is active when a trigger
event in the control signal occurs.

FEzample 1. We introduce a water tank system as a running example to ex-
plain and illustrate our main ideas and results. The system consists of a tank, a
drainage outlet, a gate, a detector sensing water volume every 1 second, and a
controller for the gate based on the value from the detector. Initially, the tank
is full of water as represented by value 4 and the gate is closed. When the gate
closes, the water flow rate (denoted by flow) is —1 < flow < 0 where the nega-
tive sign indicates that the water volume decreases. When the gate opens, water
flows into the tank with the range 0 < flow < 1. The objective is to prevent
the tank from overflow or being empty. The Simulink diagram for the system
with constant water flow rates is shown in Figure 1. In the diagram, each box
is a Simulink block. Subsystems are used to provide a hierarchical structure of
the system. Each ellipse inside a subsystem block represents an interface. To
be specific, subsystem plant outputs different water flow rate (denoted by flow)
according to the value from the input (denoted by gate); subsystem detector
continuously integrates the water flow rate, as well as samples and holds the
result every 1 second; subsystem controller implements the logic to control the
gate. Namely, it opens the gate by outputting value 1 when the water volume
(denoted by water) is not greater than value 1, and closes the gate by yielding
value 0 when the water volume is not less than value 3.
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Fig. 1. The water tank system with its subsystems in Simulink



A Simulink diagram is stored in a structured ASCII file which is called model
file. The file describes the Simulink diagram by keywords and parameter-value
pairs. The parameter-value pairs capture the contents of the Simulink diagram
by assigning values to relevant parameters. The use of keywords followed by a
pair of brackets arranges contents in the same hierarchical order of the Simulink
diagram. For example, part of the contents of the block integration in the sub-
system detector is given below.

System { Name "detector"
Block { BlockType Integrator
Name "integration"

InitialCondition  "4" } }

In the above example, the parameter-value pair “BlockType Integrator” indicates
that the block named integration executes an integration function. Note that
the exact mathematical expression, i.e. the integration is not shown directly. As
the contents of the block is within the pair of brackets following the keyword
System, it shows that the block is a component of the system detector. Moreover,
the model file contains more information which is not expressed graphically, for
example, the initial value 4 is not shown in Figure 1. Thus, the model file is the
input of our translation from Simulink to Timed Interval Calculus.

2.2 Timed Interval Calculus

TIC is set-theory based and reuses the Z mathematical and schema notations.
It adopts total functions of time to model system behavior, and defines interval
brackets to concisely express properties in terms of intervals.

Time domain T is nonnegative real numbers, i.e., Ry U {0}. An interval is
a contiguous range of time points. There are four types based on whether the
endpoints are included, namely, left-open (€), left-closed (), right-open (3) and
right-closed (). For example, a left-closed, right-open interval is defined below.

‘ L...):TxT—PT

‘ Ve,y:Refz...p9={z2:T|z <2<y}

Note that a point interval can be depicted by a left-closed, right-closed interval,
and the empty set is not an interval. Symbol I denotes the set of all nonempty
intervals. Operators «,w and § return the infimum, supremum and length of an
interval respectively.

TIC defines each system variable as a total function of time. For example, a
water height can be represented by the function height : T — R.

A TIC expression denotes a set of intervals during which a predicate holds
everywhere. A predicate is a function from time to Boolean (B ::= true | false).
Since the operators o, w and § which are the functions of intervals can be applied
in a predicate, the predicate is evaluated with respect to time points and intervals
simultaneously by applying the lifting function [15]. The lifting function (1) can



generalize operators of simple type to complex type. For example, the predicate,
height(a) < height, would be lifted to a lambda abstraction which assigns a time
point and an interval to the appropriate place in the predicate at the same time.

(height(a) < height) T8T= XA :T; t : T e height(a(A)) < height(t)

The following specification defines a set of left-closed, right-open intervals of the
predicate TP : T — B with the use of lifting function. Note that there are other
three types of sets of intervals and they can be defined in the similar way.

‘ [):(T—B)+1I

VTP :T—Be
tTPy= {2,y :T|Vt:fr...0) @« TP LT (fz... ), t) o Fz...y )}

For example, applying the brackets to previous predicate, fheight(a) < height),
it returns all the left-closed, right-open intervals during which the water height
is not less then the height at the beginning of the interval as expanded below.

f height(a) < height y={z,y: T |Vi:fz...y)e
(height(a) < height) 1T (Fa...y),t) efx...y )}

In general, a set of intervals with unspecified endpoints is defined:
‘ ():(T—B)-1I
| VTP :T —BeRkTPI=¢TP)UETPIUFTP)UFTP]

Since TIC is based on the set theory, the set operators such as union (U) and
intersection (N) can be used to construct new sets of intervals. In addition, to
capture the sequences of behaviors, a concatenation operator () is defined to
connect consecutive intervals end-to-end.

‘ _n_:IxIT-+1

VX,Y:TeX Y =
{z:X;y:Y;2:0|z=2UyA Vtl:z; 12:yetl <t2)ez}

A TIC predicate is formed from the TIC expressions with logical operators (= ,V
and so on). We transform system logical properties into real-time properties.
Namely, they can be represented by constraints on different sets of intervals. For
example, the timing constraint, “within any closed interval which starts from a
multiple of 5 seconds and lasts for 1 second, the critical property P must hold.”,
can be specified by the TIC predicate [3k : Nea =5xk A J=1] C }P].

To manage predicates in a structured way, we utilize the Z schema to group
a list of variables in the declaration part and constrain the relationships among
the variables in the predicate part. For example, a timing liveness property, that
when the water height exceeds the maximum for more than 10 time units an
alarm should be on and last till the end, can be modelled below.



— AlarmON
height : T — R; maximum : R;

3

alarm : T — B

theight > mazimum A 6 > 10y C Fruel ~ [falarm)

In the above predicate part, the expression theight > mazimum A § > 10)
represents the intervals in which the variable height exceeds the constant maxi-
mum and whose length exceeds 10 time units; while another expression ftrue) ~
[falarm) denotes the intervals in which the variable alarm remains true from some
time 2. The relation between these two sets of intervals is hence constrained by
the set comparison operator C. The specification is called a TIC schema which
extends the conventional Z schema to support the TIC-defined operators. Hence
in TIC, a system is modelled by a collection of TIC schemas.

TIC provides a rich set of reasoning rules [8,6,24]. They are derived from
the set theory to capture the properties of sets of intervals and the interval
concatenations. A typical verification is a deduction to show that system design
implies requirements where they are specified in TIC. Due to the page limit, we
list below some rules used in our later verification. Symbols P, @ and R denote
predicates; S, T, S’ and T’ represent sets of intervals .

Rule 1: If the predicate that P implies ) holds all the time, then
(Vt:TeP1Tt= Q1T t) = [PY C Q. A derivative is: [P A Q) C [P

Rule 2: Transitivity on sets of intervals :
(EPA C Q) A (EQA C ERY) = P C kR

Rule 3: Monotonicity on concatenation:
(SCYNTCT)=(S~ATCSAT)

Rule 4: Concatenate duration: If a, w and § do not occur in P, and r, s are
positive values of type T, thenfP Ad=r+sI=FP Ad=rI P N d = s

3 TIC Library Functions for Simulink Library Blocks

Simulink library blocks act as templates to produce elementary blocks by the pa-
rameterization technique. Simulink elementary blocks are the units to construct
Simulink diagrams. In this section, we firstly describe the general structure of
TIC schema for the elementary blocks, and then construct a set of TIC library
functions for the library blocks.

3.1 TIC schemas for Simulink elementary blocks

An elementary block denotes a mathematical function between its inputs and
outputs at all points in time. In general, it can be characterized by a tuple
{Ins, Out, Ps, F} where Ins is a set of inputs, Out is an output, Ps is a set of
parameters and F is the mathematical function. The function computes output
based on its inputs and parameters, i.e. F : (Ins X Ps) — Out.

2 Htrue) denotes any nonempty interval in the form of [_)]



We translate each elementary block to a TIC schema. The schema declares
each input and output as a total function from time to real numbers. The as-
sumption of the range type of the function is acceptable since different data
types in Simulink only affect simulation efficiency. Furthermore, in a Simulink
diagram, each elementary block is assigned a specific sample time value as the
rate at which it is executed during simulation. To capture this timing aspect, a
schema variable st : T is declared in the translated schema. The basic schema
structure of an elementary block can be modelled as below.

BasicBlk
Ins :P(T = R); Out : T —R; Ps:PR
F:P(T—-R)xPR)— (T—R); st:T

Blocks having sample time value 0 are said to have continuous sample times. Such
a block executes its function at every time point. Its output depends on its inputs
either at current time point or through a period, for example, an integration
requires calculation over an interval. Hence the block behavior is modelled in
terms of intervals instead of time points by a TIC predicate I = [F(Ins, Ps) =
Out). The schema structure for a continuous block can be represented as below.

FEleBlk_C = [BasicBlk | st = 0 A 1= F(Ins, Ps) = Out]]

Blocks having positive sample time values are said to have discrete sample times.
As Simulink adopts the continuous-time semantics, a discrete system behaves
piecewise constantly continuously. Namely, blocks execute their functions only
at sample time points, and remain constant between the sample time points. To
capture this timing behavior, we decompose the time domain into a sequence of
left-closed, right-open intervals, where the length is the sample time value. This
feature is represented by the expression [Fk : Nea=kxst Aw = (k+1)* st)
where N includes the value 0. Moreover, the update of the function is modelled
by the expression [F (Ins, Ps)(a) = Out). The expression restricts that all values
of the output over an interval relies on the values of the inputs at the beginning
of the interval. Hence, the schema structure for a discrete block can be defined
as below.

FEleBlk_D = [BasicBlk | st >0AN 3k :Nea=kxst A\w=(k+1)*st)=
EF(Ins, Ps)(a) = Out)]

Every elementary block is either discrete or continuous and thus can be modelled
by the following schema: EleBik = FEleBlk_C V EleBlk_D.

3.2 Construction of TIC library

Parameterization technique is the key for Simulink library blocks to create ele-
mentary blocks. As we focus on the mathematical function, the parameters for
block visual appearance or simulation efficiency are deliberately ignored. For ex-
ample, the parameter about a block font size is omitted. According to the effect



to the mathematical function, the remaining parameters are classified into three
groups: operand parameters, sample times and operator parameters.

A library block is represented by a TIC library function. The function accepts
a set of arguments which correspond to the operand parameters or sample time
of the library block, and returns the TIC schema which specifies the behavior of
generated elementary block. Based on the general structure of the TIC schemas
of elementary blocks defined in the previous section, we model the general struc-
ture of the TIC library functions as follows.

— A continuous library block has the sample time value 0. The structure of
its TIC function can be depicted by the function function Lib_C : PR —
P EleBlk_C that considers only the values of relevant operand parameters.

— A discrete library block has positive sample time values. The structure of its
TIC library function can be depicted by the function Lib_D : (T x PR) —
P EleBlk_D that takes into account both the sample time and the operand
parameters of the block.

— Other library blocks can produce either discrete or continuous elementary
blocks. Thus, their structure of the TIC library function can be depicted by
the following function which covers both kinds of behavior with correspond-
ing sample time constraint.

‘ Lib_I : (T x PR) — PP EleBlk

Vit:T; ps:PRe (¢t =0= Lib_I(t,ps) = Lib_C(ps))
A (t>0= Lib_I(t,ps) = Lib_D(t, ps))

With the expressive power, TIC supports a wide range of library blocks. One
advantage is that we can handle continuous library blocks. For example, the
continuous library block Integrator adds an initial value and the integral of its
input from time 0 to current time point. In the TIC library function Integrator
shown below, the variables In; and Out relate to the input and the output
respectively, as well as the variable IniVal for the initial value. The parameter
of the function denote the initial value from the Simulink when creating an
elementary block. The product of the function is the TIC schema that specifies
the behavior of the elementary block in terms of a higher level, i.e. intervals
instead of time points. Note that the operator [ is defined in [7].

Integrator : R — P[Iny, Out : T — R; IniVal : R; st : T]

Vinit : R e Integrator(init) = [Iny, Out : T — R; IniVal : R; st : T |
st =0 A IniVal = init A Out(0) = IniVal A
I = [Out(w) = Out(a) + [ InyY]

Another advantage is that the timing feature, i.e., the sample times of the ele-
mentary blocks can be preserved in the generated TIC schemas. For example,
the discrete library block Zero Order Hold samples and holds its input for a spec-
ified sample time. As the TIC library function ZOH shown below, the returned
schema which stores the sample time value by the variable st, and captures the
discrete behavior by the TIC expression fOut = Inj(«)).



‘ ZOH : T — P[Iny, Out : T — R; st : T

Vi:TeZOH(t)=[In;,Out : T —R; st:T|st>0Ast=1A
[Bk:Nea=kxst A\w=(k+1)x*st) =FOut = Iny())]

We have demonstrated how TIC library functions deal with the operand pa-
rameters and the sample times. Next we consider the analysis of the operator
parameters. This kind of parameters is special since it allows a library block
to generate elementary blocks with different functionalities. One example is the
library block Sum which adds two inputs by default. While it can produce el-
ementary blocks that can either execute a subtraction or an addition of three
inputs according to the value of its parameter Inputs. To cope with the com-
plexity, we adopt the overloading technique. Namely, we define multiple TIC
library functions for a single type of library block, and each function models one
kind of functionality of the library block. Regarding the previous example, three
TIC library functions capture three different functions of the library block Sum
respectively.

In this section, we showed the general structure of TIC schemas for Simulink
elementary blocks and TIC library functions for Simulink library blocks. The
arguments of a library function correspond to the operand parameters or the
sample time of a library block. Overloading technique is applied to handle the
operator parameters. The TIC library serves as a foundation for automatic trans-
lation. Currently, we formally defined 50 TIC library functions 2 for 25 often used
library blocks from 8 categories including continuous, discrete and discontinu-
ities libraries. We also identified that the library blocks from the Ports and
Subsystems category are not suitable to be specified in this phase. They are usu-
ally used to construct subsystems. Hence, their functionalities are unpredictable
until they are instantiated in specific Simulink diagrams. We will discuss their
solution in the next section.

4 Translating Simulink Diagrams to TIC Specifications

A Simulink diagram represents a set of mathematical functions over time. In
this section we will show how the translation from Simulink diagrams to TIC
specifications can preserve the functional and timing aspects. As Simulink mod-
els systems in a hierarchical way, we illustrate the translation in the bottom-up
order, namely, from elementary blocks, wires to diagrams. A discussion for han-
dling conditionally executed subsystems is provided in the end.

4.1 Translating Elementary Blocks

A Simulink elementary block denotes a primitive mathematical function in a
diagram. It is produced by a library block using the parameterization technique.

3 They can be found at www.comp.nus.edu.sg/~chenchun/TIC_Lib/ and Appendix A
shows part of them used for the water tank system.



Similarly, an elementary block is translated into a TIC schema by applying an
appropriate TIC library function to relevant Simulink parameters. Two impor-
tant factors are taken into account in the translation.

One is the criteria to choose a suitable TIC library function that produces a
TTIC schema to correctly model the functional behavior of the elementary block.
The primary criterion is the parameter BlockType which indicates the mathemat-
ical function implicitly. Recalling the integration example given in Section 2.1,
the value Integrator of the parameter BlockType denotes that the block performs
an integration function. Furthermore, some library blocks can generate different
functionalities of their instances by different values assigned of their operator
parameters. Thus, these relevant operator parameters are additional criteria as
well. Taking the library block Sum example from 3.2, parameters BlockType and
Inputs compose the criteria to select an appropriate TIC library function.

The other is the sample time which represents the rate at which a block
is executed. A block sample time can be assigned explicitly by the parameter
SampleTime with positive value; or implied by the type of its library block, for
example, a continuous block always has sample time value 0; or derived from
sample time propagation, which is a process to calculate the sample time of a
block from the sample times of the inputs of the block. A method is developed
below to derive the sample time of an elementary block based on the instructions
n [18]. We assume that the sample time values of the block inputs (each is a
function of time and denoted by Blk_In == T — R) are known and represented
by the function InST : Blk_In — T.

1. If all inputs have the same sample time values, then the value is assigned
to the sample time of the block. The following function returns the desired
sample time value if it exists, value 0 otherwise.

| AllEq: P Blk_In — T

Vins : PBlk_In e Jres:T e
AllEq(ins) = IfVin : ins  InST (in) = res Then res Else 0

2. Otherwise, if a sample time value of an input is the common integer divisor of
other sample time values, then the value is the result. The following function
specifies the computation and returns value 0 if no such a sample time exists.

FExiFast : P Blk_In — T

Vins : P Blk_In e res : T o FxiFast(ins) =
If Jinl :ins e Vin2 :ins | inl # in2 e
Ik :N|k>1eInST(in2) = InST(inl) x k A InST (inl) = res
Then res Else 0

3. Otherwise, if the Simulink variable-step solver * is used, then the block is
assigned the continuous sample time; if the Simulink fized-step solver is used,

4 Variable-step solvers vary the simulation step size in simulation, while fixed-step
solvers keep the simulation step size constant.



and the greatest common integer divisor (GCD) of the sample time values
of all inputs can be derived, then GCD is the result, otherwise, it is value
0. In the following function STP, Solver == {Fized_Step, Variable_Step},
and the function CalGCD returns GCD if it exists, otherwise value 0. The
function STP checks whether any of the previous two conditions holds before
it computes the sample time based on the solver type. Note that the previous
two conditions are mutually exclusive.

‘ STP : P Blk_In x Solver — T

Vins : P Blk_In; s : Solver @ STP(ins, s) =
If AllEq(ins) # 0V ExiFast(ins) # 0 Then AllEq(ins) + ExiFast(ins)
Else (If s = Variable_Step Then 0 Else CalGCD(ins))

Hence, after the translation, the functional aspect of an elementary block is
captured by a TIC schema, and the timing information, i.e. the sample time
value, is calculated and kept in the schema.

Taking the elementary block less in Figure 1 as an example, the selection
criteria consists of the parameters BlockType and Operator, so their respective
values RelationalOperator and “<” determine that the proper library function is
Relation_l shown in Appendix A. In addition, the sample time value is 0, which
is derived by the sample time propagation method as the block maximum has
the continuous sample time. Thus, the block is translated into the TIC schema:
tank_controller_less = Relation_1(0). We adopt a conventional naming manner
to capture the hierarchical structure of the Simulink diagram. To be specific, a
TIC schema name of a block is formed by appending the names of the block and
systems along the structure path of the diagram using the symbol “_”. Hence, the
schema name tank_controller_less indicates that the block less is the component
of the system controller which is the subsystem of the system tank.

4.2 Translating Wires

In Simulink, wires represent input and output relations between connected blocks.
They have values at all points in time. Source (Destination) block writes (reads)
value to (from) a wire according to its sample time. Hence, it supports the com-
munication between blocks which have different sample time values. We convert
a wire into an equation which consists of two variables denoting the output of
the source block and the input of the destination block respectively. The equiv-
alence remains the Simulink communication feature, i.e. the destination block
receiving the same value that is produced by the source block at the same time.
The general structure can thus be modelled in the schema.

Line = [src,dst : T — R | sre = dst]

4.3 Translating Diagrams

A Simulink diagram is formed by connecting Simulink blocks with wires. Hence
the formal specification of a diagram should capture the components and con-
nection. Our method is similar to the way presented in [2]. A diagram into a TIC



schema after translating its components into corresponding TIC schemas. The
schema declares each component to be a schema variable which is an instance of
the TIC schema of the component. It hence depicts the connection by translat-
ing each wire into an equation using the variables in the declaration part. The
structure of the schema can be modelled by the following mutually recursive free
type definition [11].

Diagram ::= System(([InS, OutS : P(T — R); Blks : P, Block; Ls : P, Line]))
&
Block ::= Subsystem(([subsys : Diagram])) | LibBlk{([blk : EleBIk]))

The above definition indicates that a Simulink block can be either an elementary
block or a subsystem which is a diagram as well. Moreover, it restricts that a
Simulink diagram must have at least one wire to connect two components.

4.4 Additional Translation Issues

As mentioned at the end of Section 3, the library blocks from the Ports and
Subsystems category would be analyzed during the translation. As they are
mainly used to construct subsystems, we demonstrate the solution by considering
the plain subsystems and conditionally executed subsystems below.

A plain subsystem reduces virtually the number of blocks displayed in a
Simulink diagram without changing the system behavior. Hence, it is treated
in the same way translating diagrams. In particular, the instances generated by
the library blocks Inport and Outport are represented by functions from time to
real numbers as they represent the interface of the subsystems.

A conditionally executed subsystem restricts its execution within special pe-
riods. Namely, the execution depends on the value of the control signal. In our
approach, such a subsystem is translated into a TIC schema in the similar way
for a plain subsystem, besides two additional TIC predicates constraining the re-
lationship between the execution and the control signal in terms of intervals. To
be specific, each predicate contains two TIC expressions. One expression (TE1)
specifies the intervals when the system is (or is not) executable, the other expres-
sion (TE2) depicts the corresponding behavior. Hence, the predicate is generally
in the format TE1 C TE2. As the execution of subsystems can be arbitrary, it
is hard to predict the contents of the expression TE2, and we thus focus on the
way to construct the expression TE! for two prominent conditionally executed
subsystems respectively.

— An enabled subsystem is executed when the control signal is positive. The
control signal is defined by the function enabled : T — R. The set of intervals
when the subsystem is enabled is thus expressed by the expression [fenabled >
0j, while the expression [tenabled < 0) represents the set of intervals when
the subsystem is disabled.

— A triggered subsystem is executed when a trigger event in the control signal
occurs. That is to say, it is active at single time points. The control signal



is defined by the function triggered : T — B which returns true when an
event occurs, and false otherwise. Thus, the set of intervals when the subsys-
tem is active is specified by the expression ftriggered], while the expression
¢~ triggered) denotes the set of intervals when the system is inactive.

We experiment our strategy by translating the water tank system displayed in
Figure 1 into corresponding TIC schemas shown in Appendix B. For simplicity,
we choose the subsystem detector which is plain as the example.

The subsystem contains four elementary blocks. Two of them, integration
and sampling are translated to two TIC schemas below which capture the initial
value and the sample time of the blocks respectively.

tank_detector_integration = Integrator(4)
tank_detector_sampling = ZOH (1)

Other blocks, in and out denote the interface of the subsystem. They are declared
as functions over time in the following TIC schema tank_detector. The schema
models the subsystem by declaring its components as instances of the translated
TIC schemas, and confining the connections by three equations.

—tank_detector
m T — R; sampling : tank_detector_sampling
integration : tank_detector_integration; out : T — R

sampling. Out = out A in = integration.Iny
integration.Out = sampling.In,

We remark that in the subsystem controller, there is an algebraic loop made up
by the blocks switch and IC. In practical, solving an algebraic loop is difficult,
and unnecessary if it is not involved in analysis. Thus, in our approach, the
structure of the loop, i.e. the components and the connections, is preserved
after the translation, so the loop can be retrieved by relevant TIC schemas and
equations when needed.

In this section, we presented a strategy to translate Simulink diagrams into
TIC specifications in the bottom-up manner. The translation preserves the func-
tional and timing aspect. We also discussed the solution to handle conditionally
executed subsystems. Currently we have been implementing the strategy using
JAVA so the translation can be accomplished automatically, for example, the
TIC specifications of the water tank system are generated successfully by the
translator.

5 Simulink Diagrams Verification in TIC

In TIC, verification is a deduction to show that a system implies requirements.
This section will firstly describe the way to specify requirements based on the
translated TIC specifications, and then show the benefits from utilizing the TIC
verification capability by analyzing the water tank system.



5.1 Specification of Requirements

TIC models system behavior in terms of intervals. It supports various require-
ments specifications represented as TIC predicates. For example, a safety re-
quirement that a predicate P holds always can be expressed in the TIC pred-
icate I = [fP) that restricts the requirement in a higher level, i.e., in any non-
empty level. With the TIC-defined operators on interval endpoints and length,
timing constraints that are difficult to be supported in Simulink, can be repre-
sented precisely and concisely in TIC. For example, a timing liveness require-
ment that for any interval lasting more than K time units and during which
a predicate P holds, then a predicate @ should hold within K time units and
last till the end of the interval, can be specified by the following TIC predicate
kP Ao > K Clo < K~ QI

In our approach, requirements are formed based on the TIC schemas trans-
lated from Simulink diagrams. We can specify them over the whole system or
some of its components. For example, in the water tank system, the requirement
of the subsystem detector is “for any period lasting more than 1 second and dur-
ing which the water volume in a tank is not greater than 1, then the gate must
open within 1 second (including 1) till the end.”. From the translated TIC spec-
ifications shown in Appendix B, the variable gate of the schema tank_controller
denotes the gate status, and the output of the schema tank_detector_sampling
represents the water volume sensed in the tank. Moreover, the requirement is
about timing-related liveness, so it can be specified easily in the similar format
of the previous TIC predicate. Namely, the requirement is modelled as below:

V sys : tank e Fsys.detector.sampling.Out <1 AN J > 1) C
F6 < 1) ~ Esys.controller.gate = 1)

We remark that Simulink Verification and Validation [19] provides a function to
link requirements documents (e.g. a Word or Excel file) with Simulink compo-
nents. The function aims to assists users to quickly look over requirements in
the modelling phase, and it is different from ours in that we can formally verify
systems against requirements directly.

5.2 Checking beyond Simulink

As Simulink diagrams are constructed in a hierarchical manner, we adopt a
common approach [10] to analyze system behavior in a bottom-up order. We
start with checking requirements of subsystems, so the proved requirements act
as lemmas for the analysis of higher-level system. During the verification, the
translated TIC specifications serve as assumptions to depict the blocks behavior
and the connections in the diagram. Each deductive step is reached by formally
applying assumptions, reasoning rules, common mathematical theories, or lem-
mas. We take the verification of the requirement mentioned above as an example
and give manually developed deduction outlines by necessity:



1. Start with the premise fsys.detector.sampling.Out < 1 A 6 > 13. Let r =
1>0and s = —1 > 0, and based on rule 4 and rule 3, we can obtain a
concatenation of two sets of intervals. Two sets are named by EI and E2.

Esys.detector.sampling.Out <1 A J > 1)
= tsys.detector.sampling.Out <1 A5 =1y [E1]
~ Fsys.detector.sampling. Out < 1) [E2]

2. In F1, since 6 =1 = 0 < 1, we applied rule 1 and rule 2 in turn to obtain
ElCk=DHCp <D

3. As sampling. Out = out in the schema tank_detector, and in the schema tank,
detector.out = controller.water, after two substitutions of the equations in
turn, we have

E2 = Fsys.detector.out < 1)
= Fsys.controller.water < 1)

4. A proved requirement of the controller subsystem is used as a lemma below:
Lemma : V con : tank_controller e [tcon.water < 1J C [con.gate = 13. It
states that whenever the controller detects that the input water volume is
not lager then 1, it opens the gate. Thus, after applying rule 1 and 2 several
times, we have:

E2 C Esys.controller.gate = 1)
5. From step 2 and 4, after applying rule 3, we can conclude that

Esys.detector.sampling.Out <1 A § > 1)
C Fd < 1) ~ Esys.controller.gate = 1) O

Besides the above proof, we have successfully shown that the water tank sys-
tem satisfied other important requirements ® including the safety requirement
that the tank would be neither empty nor overflow always. In the verification,
mathematical analysis, e.g. integral calculus, is applied freely in the TIC logic,
and hence it provides a flexible interface to conventional control theory. Further-
more, one advantage is that open systems can be analyzed if certain constraints
of their input functions are given. Simulink can only simulate closed systems,
and it is often impractical to know the exact input functions. This limitation
can be solved in our approach by specifying the constraints in TIC and treating
them as assumptions in the verification.

The proof so far is achieved by hand. The calculations however are simple
and stereotypic, so there is a reasonable hope for machine-assisted proof. Cur-
rently we are exploring the way to reuse the existent work [5] which formalized
several reasoning rules in the generic theorem prover Isabelle [20]. Based on the
real numbers and set theories available in Isabelle/HOL, intervals can be imple-
mented as connected sets of real numbers, and TIC specifications can be encoded
into Isabelle theorems to be checked by the validated reasoning rules.

5 Details of other requirements verification are available in the technical report at
Wwww.comp.nus.edu.sg/~chenchun/water_tank/



6 Conclusion

In this paper, we propose to apply Timed Interval Calculus (TIC), a set-theoretic
notation, to formally model and verify Simulink diagrams. The work is based
on the same angle adopted by Simulink and TIC where they specify systems in
terms of continuous time. We defined a set of TIC library functions to model
Simulink library blocks and cover a wide range of categories such as continu-
ous, discrete and discontinuous libraries. Moreover, the TIC schemas produced
by their library functions can capture the functional behavior over time of the
Simulink elementary blocks.

We presented a strategy to translate Simulink diagrams to TIC specifica-
tions in the bottom-up order. The timing information can be derived and kept
in the generated TIC schemas. Hence, the translation preserves the functional
and timing aspects of the diagrams. Moreover, we discussed the way to handle
conditionally executed subsystems, such as enabled and triggered subsystems. A
translator has been implemented in JAVA to experiment our strategy.

With the expressive power of TIC, we can precisely and concisely specify
requirements, especially the timing constraints, over a system or its components
after the translation. This way yields a larger design space. Using TIC reasoning
rules, we can formally verify systems against requirements beyond Simulink, for
example, a safety requirement needs a possible infinite simulation period. During
the verification, mathematical analysis, e.g., control theory, can be applied freely
in TIC logic. Furthermore, open systems which are not checkable by simulation
in Simulink can be analyzed in our approach. Thus, using TIC can elevate the
design quality in Simulink.

We are enhancing the capability of the translator with more complex Simulink
diagrams. In the future, we plan to extend the TIC library functions to support
Stateflow. Embedding TIC into Isabelle/HOL for machine-assisted proof is one
of our goals as well.
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TIC library functions of the

water tank system

ZOH : T — P[Iny, Out : T — R; st : T]

Vit:TeZOH(t) =[In1,Out: T —R; st:T|
st >0 A st=1tAFOut =Ini(a)) =
[Hk:Nea=*kLxst ANw=(k+1)x* st

Integrator : R —

PlIny, Out : T — R; IniVal : R; st : T

Vinit : R @ Integrator(init) =
[In1,Out : T —R; IniVal : R; st: T|st=0A
init = IniVal A Out(0) = IniVal A
I = fOut(w) = Out(a) + f: Inq3)]

Switch : (T x R) — P[TH : R; st:T;
Inyi, Ing, Ing, Out : T — R]

Vt:T; th:Re

(t =0 = Switch(t,th) = [TH : R; st :T;
Iny, Ing, Ing, Out : T — R |
st =0Ath=THA
€Ine > THY = [fOut = In1) A
fIne < THY = fOut = Inzj]) A

(t > 0 = Switch(t,th) = [TH : R; st :T;
Iny, Ing, Ing, Out : T — R |
t=stANst>0Ath=THA
[Hk:Nea=Fkxst ANw=(k+1)xst)=
f(In2(a) > TH = Out = Ini(a)) A

(Inz(o) < TH = Out = Ing(a)))])

Sum_PM : T —
PlIny, Ins, Out : T — R; st : T

Vt:Te (t=0= Sum_PM(t) =
[Iny, Ing, Out : T — R; st : T |
st =0AI=[Out =Ini — InaJ]) A
(t > 0= Sum_PM(t) =
[Iny, Ing, Out : T — R; st : T |
t=stANst>0A
FOut = Iny () — Ina(a)) =
[Hk:Nea=kxst ANw=(k+1)x*st)])

Relation_l: T — PlIny, Iny : T — R;
Out : T — {0,1}; st : T

Vt:Te

(t = 0 = Relation_I(t) = [Ing, Iny :
Out : T — {0,1}; st : T|st=0A
(FIn1 < Ino) = [fOut = 1)) A
(EIna > Ina) = EOut = 03)]) A

(t > 0 = Relation_I(t) = [In1, Iny : T — R;
Out : T — {0,1}; st : T |
t=stANst>0AN

T — R;

[Hk:Nea=kxstAw=(k+1)*st)=
f(Ini(a) < Ing(a) = Out =1) A
(Iny (@) > Ing(a) = Out = 0)))])

Relation_g : T — P[Iny, Iny : T — R;
Out : T — {0,1}; st : T

Vt:Te
(t =0 = Relation_g(t) = [Iny, Inz : T — R;
Out : T — {0,1}; st : T|st=0A
(EIni > Ing) = fOut = 13) A
(EIn1 < In2j = fOut = 03)]) A
(t > 0 = Relation_g(t) = [In1, Ing : T — R;
Out : T — {0,1}; st: T |
t=stAst>0A
[Hk:Nea=kxst ANw=(k+1)x*st)=
f(Ini(a) > Ing(a) = Out = 1) A
(Inq () < Ina(ar) = Out = 0))])

InitCond : (T X R) —
PlIny, Out : T — R; IniVal : R; st : T)

Vit:T; init :R e
(t =0 = InitCond(t, init) =
[Iny, Out : T — R; IniVal : R; st : T |
init = IniVal A Out(0) = IniVal A
st =0 A [0 < aj = [Out = IniJ]) A
(t > 0 = InitCond(t, init) =
[In1, Out : T — R; IniVal : R; st : T |
t = st A Out(0) = IniVal A
st > 0 A init = IniVal A
fa =0 A w = st) =FOut = IniVal) A
FOut = Ini(a)) =
[3k:Nyea=kFkxst ANw=(k+1)=*st)))



Constant : R — P[Out : T — R; IniVal : R] — tank_detector
in:T—R

Vcv : R e Constant(cv) =
[Out : T — R; IniVal : R |
cv = IniVal A1 = [fOut = IniValj]

integration : tank_detector_integration
sampling : tank_detector_sampling

out : T— R

sampling. Out = out A in = integration.In,

integration. Out = sampling.Iny

B TIC specifications of the water

. . . Plant Subsystem:
tank Simulink diagram

tank_plant_switch = Switch(0, 0)
tank_plant_Open z Constant(1)
tank_plant_Close = Constant(—1)

Controller Subsystem:

tank_controller_mazimum = Constant(3)

tank_controller_less = Relation_l (0)

tank_controller_minimum = Constant(1) — tank_plant
tank_controller_greater = Relation_g(0) gate : T — R
tank_controller_inverse — Sum_PM (0) switch : tank_plant_switch
tank_controller_switch - Switch(0,0) Open : tank_plant_Open
tank_controller_IC = InitCond(0, 0) Close : tank_plant_Close
tank_controller_constant — Constant(1) flow : T —R

Open.Out = switch.Iny N gate = switch.Ing
_ tank_controller Close.Out = switch.Inz N switch.Out = flow

water : T — R

mazimum : tank_controller_mazimum Water Tank System:

minimum : tank_controller_minimum
—tank

less : tank_controller_less

lant : tank_plant
greater : tank_controller_greater P P
detector : tank_detector
constant : tank_controller_constant
. . controller : tank_controller
inverse : tank_controller_inverse

switch : tank_controller_switch plant.flow = detector.in
IC : tank_controller _IC detector.out = controller.water
gate : T — R controller.gate = plant.gate

water = less.Iny N inverse. Out = switch.Ing
constant.Out = tnverse.In; A IC.Out = gate
less.Out = switch.Ini N\ water = greater.Iny
switch.Out = IC.Iny A IC.Out = switch.Ino
greater.Out = inverse.Ing
mazximum.Out = less.Iny

minimum.Out = greater.Ing

Detector Subsystem:

tank_detector_integration —= Integrator(4)

tank_detector_sampling = ZOH (1)



