
Combinatorial and Graph Algorithms October 8, 2013
National University of Singapore CS5234
Seth Gilbert Midterm Exam

Midterm Exam
• Do not open the exam until you are directed to do so.

• Read all the instructions first.

• The quiz contains four problems. You have 120 minutes to earn 100 points.

• The quiz contains 18 pages, including this one and 4 pages of scratch paper.

• The quiz is closed book. You may bring two double-sided sheet of A4 paper to the quiz. (You
may not bring any magnification equipment!) You may not use a calculator, your mobile
phone, or any other electronic device.

• Write your solutions in the space provided. If you need more space, please use the scratch
paper at the end of the midterm. Do not put part of the answer to one problem on a page
for another problem.

• Read through the problems before starting. Do not spend too much time on any one problem.

• Show your work. Partial credit will be given. You will be graded not only on the correctness
of your answer, but also on the clarity with which you express it. Be neat.

• You may use any algorithm given in class without restating it—simply give the name of the
algorithm and the running time. If you change the algorithm in any way, however, you must
provide complete details.

• Good luck!

Problem # Name Possible Points Achieved Points

1 Drawing Pictures 12

2 Flow Networks 32

3 Routing Packets from N to M 16

4 Visiting Singapore 40

Total: 100

Name: Matric. Num.:
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Problem 1. Drawing Pictures [12 points]

For each problem part, draw a graph with the specified properties, and explain why your
graph satisfies the requirements.

Part 1.a. Draw a graph G with 6 nodes that contains an Eulerian path from node X to
node Y , but which contains no Eulerian tour. (Recall that an Eulerian path is a path that
crosses every edge exactly once.) Prove that your graph has this property.
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Part 1.b. Let ATSP be the 2-approximation algorithm for finding a travelling salesman
tour in a general graph, with repeats. Draw a graph G in which the route produced by ATSP

is no better than an 8/5 approximation of optimal. Show this property by drawing the tour
produced by ATSP and the optimal TSP tour.
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Problem 2. Flow Networks [32 points]

Part 2.a. Draw (neatly) the residual graph associated with the following network flow.
(Recall that an edge with the label x/y has flow x and capacity y.)
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Part 2.b. Find the minimum st-cut in the following graph. (Clearly indicate which nodes
are in which part of the cut.) What is the cost of the cut? Prove that the cut you have
demonstrated is minimum. (The label on each edge is the cost of the edge.)
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Part 2.c. On the following graph, execute one iteration of Ford-Fulkerson, using the
fattest path heuristic. Indicate clearly the augmenting path, and the value of the flow on
each edge before and after the augmentation. (Recall that an edge with the label x/y has
flow x and capacity y.)
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Part 2.d. On the following graph, execute three iterations of Push-Relabel. Indicate for
each iteration what type of operation was performed (i.e., push or relabel), and the values
of the flows/heights before and after the operation. (Recall that an edge with the label x/y
has flow x and capacity y. The label h = x next to a node indicates the current height of a
node.)
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Problem 3. Routing Packets from N to M [16 points]

There are a set of computers N here at NUS, and a set of computers M at MIT (in the
USA). Connecting the computers in N and the computers in M is a network. We want to
know how many different routes there are to send packets from N to M , so that we can
reliable send data from here to MIT, even if some of the links have been compromised by an
attacker.

Formally, you are a given a graph G = (V,E) with a designated subset N ⊆ V and M ⊆ V ,
where N and M are disjoint. We say that a path is a NM -path if it starts at a node in N
and ends at a node in M . Two NM -paths p1 and p2 are said to be edge disjoint if there is
no edge e ∈ E that is in both path p1 and path p2.

Give an efficient algorithm to find a maximum-sized set of edge disjoint paths from N to M .
(The output of the algorithm should be a set of edge disjoint paths.) Give the running time
of your algorithm, prove that your algorithm is correct, and show that it finds the maximum
number of such paths. Hint: Remember the flow decomposition lemma.
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Problem 4. Visiting Singapore [40 points]

You have been hired by the Singapore Tourism Board to develop a good itinerary for visitors
to Singapore. The goal of the itinerary is to enable visitors to see all the sights of Singapore
as quickly as possible. However, tourists are in a rush and do not have time to actually visit
every sight; it is good enough for a tourist to see every sight, i.e., to get close enough to
every sight. Formally, we model the problem as follows:

Travelling Tourist Problem: We model the city as a graph G = (V,E) where each
node v ∈ V represents a tourist site, and each edge e ∈ E represents a (short) road.
We say that a visitor sees a site v ∈ V if (s)he visits either v or any neighbor of v in the
graph. A tour is a cycle C in G (possibly including repeated nodes) where for every
node v ∈ V , either: (i) v ∈ C, or (ii) there exists some u ∈ C such that (u, v) ∈ E. An
optimal tour is one of minimum length.

For the purpose of this problem, we assume that each edge is of length exactly 1 (i.e., if w(.)
represents the length of each edge, than w(e) = 1).

The goal of this problem is to develop an O(log n)-approximation algorithm for the travelling
tourist problem. To accomplish that, we will proceed through several steps. Along the way,
we will rely on the following definitions:

Dominating Set: Given a graph G = (V,E), a dominating set D ⊆ V is a subset
of the nodes such that every node is either in D or has a neighbor in D, i.e., for all
v ∈ V , either: (i) v ∈ D, or (ii) there exists some u ∈ D such that (u, v) ∈ E. A
minimum dominating set is one that contains the smallest number of nodes, i.e., that
minimizes |D|.

Connected Dominating Set: Given a graph G = (V,E) with weights w(.), a con-
nected dominating set S = (Vs, Es) is a subgraph of G where: (i) the graph S is
connected, and (ii) the nodes Vs form a dominating set. The cost of a connected dom-
inating set is equal to the sum of the costs of the edges:

∑
e∈Es

w(e). The minimum
connected dominating set is a connected dominating set of minimum cost.

Again, throughout this problem, you may assume that every edge has weight 1, i.e., w(e) = 1.
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Examples:

A travelling tourist tour. The arrows indicate the path of the tour. Notice that every
node in the graph is either included in the tour, or is a neighbor of some node on the tour.

A dominating set. The darkened nodes indicate the dominators. Notice that every node
is either in the dominating set, or has a neighbor in the dominating set.

A connected dominating set. The darkened nodes indicate the dominators, and the
darker edges indicate the edges in the connected dominating set. Notice that every node is
either in the dominating set, or has a neighbor in the dominating set. Also, notice that the
dominating set is connected.
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Part 4.a. Consider the following greedy algorithm for finding a dominating set:

On input G = (V,E):

• Let D = ∅.

• While V 6= ∅:

a. Let u be a node in V .

b. Add u to D.

c. Remove u from V .

d. Remove every neighbor of u from V .

• Return D.

Prove that the resulting set is a dominating set, but that it is not a log n-approximation of
the minimum dominating set. (For partial credit, show that it is not a k-approximation, for
some constant k.)
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Part 4.b. It turns out that there is a close connection between the problem of finding a
dominating set and the problem of finding a set cover. Show that if algorithm A is an effi-
cient k-approximation algorithm for set cover, then there exists an efficient k-approximation
algorithm for finding a minimum dominating set. (Be careful to provide all the necessary
components of such a proof.)
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Part 4.c. Assume we have a k-approximation algorithm for set cover, and that you have
already found a correct solution for part (b). Assume that all the edges in the graph have
weight 1. Give an efficient algorithm for finding a connected dominating set in a graph that
produces a 6k-approximation of the minimum connected dominating set. (Note that the
constant 6 may not be tight.) Hint: Think about Steiner trees.

Prove that your algorithm is correct (i.e,. produces a connected dominating set), and that
it is a 6k-approximation of optimal.
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Part 4.d. Assume you are given graph G = (V,E), where every edge has length 1. Give
an efficient algorithm for solving the travelling tourist problem on graph G that finds a tour
which is an O(log n)-approximation of the minimum length tour. Prove that your algorithm
is correct, and that it is an O(log n)-approximation. (You may assume that you have already
found a correct solution to all the preceding parts to this problem.)
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Scratch Paper
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Scratch Paper
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Scratch Paper

17



CS5234 Midterm Exam Name:

Scratch Paper
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