
Combinatorial and Graph Algorithms October 7, 2014
National University of Singapore CS5234
Seth Gilbert Midterm Exam

Midterm Exam
• The midterm contains five problems (and one just for fun). You have 100 minutes to earn

100 points.

• The midterm contains 14 pages, including this one and 3 pages of scratch paper.

• The midterm is closed book. You may bring one double-sided sheet of A4 paper to the
midterm. (You may not bring any magnification equipment!) You may not use a calculator,
your mobile phone, or any other electronic device.

• Write your solutions in the space provided. If you need more space, please use the scratch
paper at the end of the midterm. Do not put part of the answer to one problem on a page
for another problem.

• Read through the problems before starting. Do not spend too much time on any one problem.

• Show your work. Partial credit will be given. You will be graded not only on the correctness
of your answer, but also on the clarity with which you express it. Be neat.

• You may use any algorithm given in class without restating it—simply give the name of the
algorithm and the running time. If you change the algorithm in any way, however, you must
provide complete details.

• You may assume, for any problem, that you have access for free to a polynomial-time LP
solver.

• Good luck!

Problem # Name Possible Points Achieved Points

1 Linear Programs 14

2 Drawing Pictures 18

3 Go with the Flow 18

4 Path Coverings 25

5 Triangles, Revisited 25

Total: 100

Name: Matric. Num.:
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Problem 1. Linear Programming [14 points]

For each of the following two illustrations, give a linear program whose feasible region is
exactly the dark region depicted and which is optimized at the point indicated by the arrow.
If no such linear program exists, indicate IMPOSSIBLE and succinctly explain why. (You
may assume that all the vertices on the pictures are supposed to be at integer coordinates.)

(a)

OPT

Answer:

Solution:

min(x)

y ≤ x + 1

y ≤ 6

y ≤ 13x

y ≥ (3/4)x4.5

y ≥ 4.5− (3/4)x
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(b)

OPTOPT

Answer:

Solution: Impossible, since the polygon is not convex. Linear programming can only be
used to optimize over convex spaces.
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Problem 2. Drawing Pictures [18 points]

(a) Find a vertex cover for this graph (representing Robbie the Robot), where each circle
represents a node and each line represents an edge. Indicate your vertex cover by clearly cir-
cling the nodes in your vertex cover. Your vertex cover should have the following properties:

• Your vertex cover is no more than twice the size of the minimum-sized vertex cover.

• If any node is removed from your vertex cover, then it is no longer a valid vertex cover.
(That is, there are no redundant nodes in the vertex cover.)

Solution: The nodes in the vertex cover are circled above. Notice that if any one is removed,
then some edge is uncovered. Also, it is easy to identify a matching of size 6, so the minimum
sized vertex cover is at least 6. Hence the solution has fewer than 12 nodes.
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(b) Illustrate what happens to the Fibonacci heap below when you delete ‘42’. (Recall
that you can delete a node by first decreasing its key to −∞, and then calling deleteMin.)
The dark circles are marked nodes, and the white circles are unmarked. For partial credit,
illustrate the delete step-by-step. (Use the blank pages at the end, if needed.)

minmin

15 933 5

8364 5535 26 2213

44 5732 34

42 61

52

Solution: The next several steps illustrate this process. First, the tree containing 42 is cut,
and 13, 32, and 42 are added to the root list (i.e., are promoted). Then, 42 (which is now
the minimum item at −∞) is removed. Finally, we proceed around in a circle consolidating
trees that have the same degree.
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Problem 3. (Go with the Flow) [18 points]

(a) Draw the residual graph R for the following flow network. (You may omit edges with
zero residual capacity.) Label your nodes clearly.

A

3/6 3/4

s B C t5/9
2/4

0/4

2/3

D 2/2

0/5

/
0/3
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Solution:

s B

A

C t

D

5	  

4	  
3	  

3	  

4	  

1	  
7	  

2	  

2	  
5	  

1	  

3	  
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(b) Execute one iteration of Fattest-Path Ford-Fulkerson on the flow network below.

The augmenting path is: (s, A, J, I, t)

The new value of the flow, after augmentation, is: 16

B

10/10 10/100/6

s
I

/

10/10 10/1010/20

/

A C

t
J H

0/3
0/510/10

0/60/10

F G
10/100/10

10/100/10 0/3 0/4

F G
10/10

10/10 0/1

E D
10/10
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Problem 4. (Edge-disjoint Path Covering) [25 points]

Assume you are given a connected graph G = (V,E) consisting of n nodes and m edges.
Prove the following fact:

There exists a set of at most bn/2c edge-disjoint paths P1, P2, P2, Pk, where k ≤
bn/2c, such that every edge in E appears in exactly one path Pj.

(Recall that two paths Pi and Pj are edge disjoint if they do not share any edges.) We say
that the graph G is covered by k edge-disjoint paths.

Hint: Imagine adding some fake edges, to be removed later, in order to create nodes with
even degree.

Solution: First, recall that graph G has an even node of nodes with odd degree. Assume
that G has 2k nodes with odd degree.

Second, match the nodes with odd degree, pairing each node vi ∈ V with another node
vj ∈ V . Add ‘fake’ edges that connect the odd degree nodes. In the resulting multi-graph,
every node has even degree. Since there were 2k nodes with odd degree, there are at most
k ≤ bn/2c fake edges.

Third, since every node has even degree, there is an Eulerian cycle in the multi-graph. Let
e1, e2, . . . , em be the edges traversed by the Eulerian cycle in this augmented multi-graph, in
order. Notice that some of these edges are real edges, and k of these edges are “fake” edges
added in the first step. Moreover, since the fake edges were part of a matching, no two fake
edges are consecutive. And since the edges form an Eulerian cycle, there are no repeated
edges. Thus, the fake edges divide the cycle into k edge-disjoint segments. Let each of these
k segments be a path.

(Notice there are some corner cases here. For example, consider the case where there are no
fake edges. In this case, there is a single cycle that covers everything, yielding a single cycle.
Or what if there is a loop in one of the paths? Is that still a path? Thus, the addendum
during the midterm that the paths can be cycles.)

We conclude that there are k ≤ bn/2c edge-disjoint paths that cover all the edges in the
original graph G.

13



CS5234 Midterm Exam Name:

Problem 5. (Triangles, Revisited) [25 points]

On a problem set, we considered the problem of removing the minimum number of edges
from a graph in order that it be triangle free. Now we consider the weighted version.

Assume you are given a weighted, undirected graph G = (V,E) where each edge e ∈ E is
assigned weight w(e) ≥ 0. The goal is to remove a set of edges D ⊆ E with minimum weight
such that the remaining graph G = (V,E \ D) has no triangles. Give a polynomial time
algorithm for solving this problem that is a 3-approximation of optimal, i.e., that returns
a set of edges D that weight at most 3-times the optimal set of edges needed to produce a
triangle-free graph.

(a) Explain your algorithm.

Solution: We solve this problem via an integer linear programming relaxation. First, we
define an ILP that solves the problem. Then, we relax it to get an LP, and then we round
the solution. First, the ILP is defined as follows, with m variables {xe : e ∈ E}, one for each
edge:

min
∑
e∈E

xe · w(e)

xei + xej + xek ≥ 1 ∀(ei, ej, ek) that form a triangle

xe ≥ 0 ∀e ∈ E

xe ≤ 1 ∀e ∈ E

xe ∈ {0, 1} ∀e ∈ E

Notice that we can compute this ILP in polynomial time, since if there are m edges, we can
enumerate all triples of edges in O(m3) time (and check if they form a triangle). Thus this
is an ILP with a polynomial number of variables and a polynomial number of constraints.
It is easy to see that any solution to this ILP results in a triangle-free graph, and conversely
that the optimal edge set D is a feasible solution to this ILP.

We relax the ILP to an LP by allowing xe to be an arbitrary real number between 0 and 1.
We then solve the LP using any polynomial-time LP solver. Finally, we round the solution
as follows: if xe ≥ 1/3, then we add edge e to the set D.
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(b) Show that your algorithm is correct, i.e., returns a set D such that the graph (V,E\D)
is triangle-free.

Solution: First, we argue that the resulting graph is triangle-free. Notice that in any
triangle (ei, ej, ek), the three variables xei +xej +xek must sum to at least 1, according to the
LP’s constraints, and hence at least one of the three variables must be at least 1/3. Thus,
no triangles remain after removing set D.

(c) Show that your algorithm is a 3-approximation of optimal.

Solution: Second, we argue that the result is a 3-approximation. Let OPT be the cost of
the optimal edge set to produce a triangle-free graph, i.e., OPT is the cost of the solution
found by the ILP. Let L be the cost of the solution found by the LP. We know that L ≤ OPT ,
since the LP is a relaxation of the ILP. We also know that by round the LP, we have only
increased the cost by a factor of 3, since we have effectively increased some variables xe from
values of at least 1/3 to 1. Thus, w(D) ≤ 3L ≤ 3OPT , and we conclude that our solution
is a 3-approximation.
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Problem 6. (Just for fun!) [0 points]

Last week, I received an anonymous invitation to a strange party at a secret location. I went
with my wife. There we met 4 other couples, who had also received anonymous invitations.
Thus were ten of us at the party, each of whom had come with a partner.

Luckily, some of us at the party already knew each other. We each shook hands with the
people we did not know. (People who already knew each other did not shake hands.) We
all were wondering why we were here. To gain some information, I asked each of the nine
other people in the room how many hands they had shook. Surprisingly, I got nine different
answers! Each person had shaken a different number of hands!

How many people at the party did my wife not know before the party?

16



CS5234 Midterm Exam Name:

Scratch Paper
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Scratch Paper
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Scratch Paper
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