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Introduction

Multiple 3D scene points can project onto to the same 2D image point.

P
P1

P2

N
C (04

With two or more views, actual 3D scene point can be recovered.
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Introduction

Perspective camera projection is given by the equation:
px=KRX+T) (1)

o X =[X,Y,Z]": coordinates of 3D point P in world coordinate
frame.

% = [z,y,1]": homogeneous coordinates of 2-D image point of P.

®

®

p: parameter related to Z.

o K: camera’s intrinsic parameter matrix,

fr s ¢
K=|0 f, ¢ |. (2)
o 0 1

®

R, T: rotation and translation matrices that describe the world
coordinate frame in camera coordinate frame.
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Introduction

Let X’ denote the coordinates of P in camera coordinate frame.
Then,
X'=RX +T. (3)

From the view point of the world frame,

X=R'X'-R7IT. (4)

o R~!: rotation matrix describing camera frame in world frame,
i.e., orientation of camera in world frame.

e C = —R!T: position of camera center (X’ = 0) in world frame.
Then,

px=K(RX - RC) = KR(X - C). (5)
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Related Problems

]

Homography: (CS4243, CS5240, Appendix C)

Recover projective transformation between two image frames from
corresponding image points Xg;.

Absolute Orientation:

Recover rigid transformation R, T between two coordinate
systems from corresponding coordinates X; and X/ of 3D points.

Camera Orientation:

Recover camera’s orientation R™! and position C from
corresponding scene points X; and image points x;.

Camera Calibration: (CS4243, Appendix D)

Recover camera’s intrinsic parameters K from corresponding scene
points X; and image points x; in different views k.

Recovering 3D Structure:
Recover 3D scene points X; from corresponding image points xj;.
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Absolute Orientation

Absolute Orientation

Recover rigid transformation R, T between two coordinate systems.

Known: Corresponding coordinates X; and X/ of 3D scene points in
the two coordinate systems.

Po P

(CS6240)
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Two forms of rigid transformation:

o Transform an object within a coordinate frame.

@ Transform a coordinate frame to align with another frame.
Both forms can be described by the same equation:
X' =RX +T. (6)

The difference is the meaning of R and T.
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Absolute Orientation

Rotating a point by R is equivalent to rotating the frame by R™!.
Y Y,Y
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Absolute Orientation

Translating a point by T is equivalent to translating the frame by —T.

Y

<
<
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Absolute Orientation

Similarity Transformation

Similarity transformation includes scaling s:
X' = sRX + T. (7)

We look at an algorithm for computing the best fitting s, R and T
given n pairs of corresponding points X; and X;.
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Absolute Orientation Computing Similarity Transformation

Computing Similarity Transformation

Algorithm for computing similarity transformation is given in
[HHNS8S].

Step 1: Remove translation by moving object’s centroid to origin of
coordinate system:

n=X,-X, rj=X/-X (8)
where
_ 1 " — 1 " ’
X:nZEX"’ X :nZ;X (9)
1= 1=

Now, r; and r) are bundles of vectors.
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Computing Similarity Transformation

Step 2: Determine scaling factor by comparing mean vector length:
n
2
> Il
82 _ 17211
>l
i=1

(10)

For rigid transformation, s = 1, so this step can be skipped.
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Absolute Orientation Computing Similarity Transformation

Step 3: Compute rotation matrix as follows:

Form matrix M from sum of outer product:

n
M = Z rir] .
i=1
The rotation matrix R is given by
R =MQ /2
where Q = M M.

Perform eigen decomposition of Q to obtain
Q = )\1V1V1r =+ AQVQV;— =+ )\3V3V:;r

where v; and \; are the eigenvectors and eigenvalues.

The inverse square root of Q can be easily computed as

1 1 1
Q2= —viv{ + ——=vavy + ——=v3v; .

2 2 VA3
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Absolute Orientation Computing Similarity Transformation

Eq. 13 can also be written as

Q=VAV' (15)
where
V =[vivavs], A=diag(A1, A2, A3). (16)
Then,
1 1 1
Q /2 = V diag ( , , > v’ 17
N VRV ()
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Computing Similarity Transformation

Step 4: Given s and R, we can now compute T.
T=X -sRX. (18)

The s, R, and T obtained are the best-fit solutions.
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AT TN OISt Eigen Decomposition

Eigen Decomposition

Figenvalue equation has this form
Av = )\v (19)

A is a matrix.

v is a column vector called eigenvector.

A is a scalar called eigenvalue of A corresponding to v.

If A is nxn matrix, then there are n eigenvectors and eigenvalues.

Solving for the n v; and A; is called eigen decomposition.

e © 6 ¢ ¢ ¢

There are standard algorithms for eigen decomposition.
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AT TN OISt Eigen Decomposition

Useful Properties

The eigenvectors v; are orthonormal vectors

ViVi = { 0 otherwise. (20)
Trace of A is .
tr(A) = A (21)
i=1
Determinant of A is .
det(A) =[] A (22)
i=1

Eigenvalues of A* are AF,... Ak,
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Camera Orientation

Camera Orientation

Recover camera’s orientation R™! and position C.

Known: Camera parameters K, 3D scene points X; and corresponding
2D image points Xx;.
Need only single view.

(CS6240)
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Camera Orientation

Main Ideas [LCHOS8]

Compute the projection line I; through image point.

(2

Ideally, scene point X; should lie on projection line [;.

In practice, there is an error: X; is a distance from ;.

e © ¢

So, find the rotation R and camera center C that minimize the
error.

o Apply iterative algorithm to iteratively refine R and C.

Start with camera projection equation:

pix; = K(RX; — RC) (23)

]T

where X; = [x;, y;, 1,
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(OF:35: IS EMOISTI AT NI Camera Orientation Algorithm

Camera Orientation Algorithm

Initialize R = I and C = 0.
Repeat until convergence:

(1) Compute 3D points in camera coordinate frame:
X =R (X; - C). (24)

(2) Compute projection lines:

1, = K !x,. (25)
(3) Compute ideal position Q; of X:
Ideal position Q; = p;1; lies on 1;, i.e., Q; = p;1; for some p;.
p; can be obtained by substituting Eq. 24 and 25 into Eq. 23:
X
1

@ p;l; is the projection of X} on l;. Eq. 26 is the best-fit solution.

pili =X, pi=

(26)

(CS6240)
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(OF:35: IS EMOISTI AT NI Camera Orientation Algorithm

Mean distance of X/ to 1; is:

1 n
Fo ==Y 1Qi— X (27)
=1

(4) Compute best-fitting rotation matrix R that maps X; to Q; using
absolute orientation algorithm.

(5) Compute new camera center C
by substituting the means of the point sets into Eq. 24:

C=X-R!'Q (28)

where X and Q are the means of X; and Q;.
Note:

@ This algorithm iteratively moves X/ onto 1;, thereby minimizing
the error, and yielding the best-fit R and C.

@ Another algorithm is given in [SS01].
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Triangulation

Triangulation

Recover 3D scene points X; by triangulation.

Known: Camera parameters Ky, orientation Ry and centers Cy, and
corresponding image points Xg;.

Idea: Project from image points and compute intersection of projection
lines.

C:
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Triangulation

Perspective projection equation gives

prXr = K (RpX — R Cy) (29)
where Xj, = [zr, yx,1]T, k = 1,...,m, for m camera views. So,
peRK 1%, = X — Cy. (30)

° R;lKglik is the projection line.
Let
O RK'xg
Sl ym— pa—
IR, Ky x|

Then, vi is a unit vector along the projection line.

Vi (31)

Let di denote the distance of point P from camera center C} along the
projection line. Then,
dek =X - Ck (32)

That is,

dp = vi - (X — Cp). (33)

(CS6240) Multiple-View Methods 24 / 65




In practice, can’t find exact intersection point due to numerical error
and noise.

So, compute closest point to the lines,
i.e., mid-point of the shortest line between projection lines.

Shortest line is perpendicular to projection lines.
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Triangulation

Projection line passes through @y instead of P.
Qr = Cp+dpvy
= Cp+vi(vi (X = Cy)) (34)
= Ci+ (viv] )(X — Cy).

Distance e; between P and @) is

ey, = | X—Cp— (vivi)(X—Cp)

35
— - vev] )X - Gl (35)

Then, the optimal X is the one that minimizes the sum-squared error

E=3"d =3 |0-viv))(X-Cpl. (36)
k k
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Triangulation

So, find solution of 0E/0X = 0.

OF

x =220 v (v (X - € =0
That is,

> MIMX =Y M M;Cy,
k k
where
M,=1- vkv,;r.

Then,

-1
X = [Z M{Mk] ZM;Mkck.
k k

(CS6240) Multiple-View Methods
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Epipolar Geometry

Epipolar Geometry

The views in two cameras have interesting properties.

@ 3D scene point P projects onto image points x1, Xs.
o P, x1, x9, C'1, (5 fall on the same plane, epipolar plane.

o Line (15 intersects image planes IIy, Iy at epipoles eq, es.
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Epipolar Geometry

o Lines I, lo are epipolar lines.

o All scene points on the epipolar plane project onto the
corresponding epipolar lines.

Without loss of generality,

@ Set world coordinate frame at C'; and aligned with camera frame 1,
i.e., Cl = 0, R1 =1L

o Camera frame 1 is related to camera frame 2 by R and T.
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1DjSicYIES eI teisn Al Calibrated Cameras

Calibrated Cameras

Let’s consider the case where camera parameters Kj are known.
Then, given image points Xj, can obtain normalized image points X by

%, = K; '%y,. (41)
So, can regard II; and Iy as normalized image planes (Appendix B).

Let X1 and X5 denote the coordinate vectors of P in camera frame 1
and camera frame 2. Then,

pxo =X =RX;4+T= R(plil) + T. (42)
Multiply both side by cross product with T gives
2T xXo=p1 T x RX; (43)

since T x T = 0 for any vector T.
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1DjSicYIES eI teisn Al Calibrated Cameras

Writing vector cross product in matrix multiplication form (Exercise):

p2[T]xx2 = p1[T]xRxy

where
0 Ty Ty
=Ty Tx 0

Taking dot product with X2 yields

plig[T]XRil = pg)z;—[T]X)ZQ = 0.

Exercise: Show that x' [T]xx = 0 for any x.

(CS6240) Multiple-View Methods
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1DjSicYIES eI teisn Al Calibrated Cameras

Denoting [T]xR by E yields the epipolar constraint:
iy
xy Ex; =0. (47)

E is called the essential matrix.
@ X is on the epipolar line 1. So, XJ 1o = 0 (see Eq. 68).
o So, Ex; =1,
o Essential matrix E maps a point X; in image 1 into epipolar line 1o
in image 2.

@ The converse is also true: ETxy = 1;.

For any scalar s,
%, (sE)X; = 0. (48)

That is, sE is also a valid essential matrix describing the two points.
So, essential matrix is defined only up to scale.
The actual scale is unknown.
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1Dj SIS et tcisn Al Uncalibrated Cameras

Uncalibrated Cameras

When the camera parameters Kj are unknown, can’t convert to
normalized image points.

From Eq. 47, we have

Ex; = 0
S (49)
K, EK{'%xy = 0
where K=T = (K—1)T.
Denoting K5 E Kl_1 by F yields the constraint:
%) Fx; =0. (50)

F is called the fundamental matrix.
Structure from motion in this case is much more complex.
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Estimation of Essential Matrix

Estimation of Essential Matrix

Known: Camera parameters K, Ko and n pairs of corresponding
image points x1; and x9;, t = 1,...,n.

From image points xj;, form homogeneous coordinates
< T
Xki = [‘Tkiuykiv 1] ) k= 152

Then, the normalized image points can be computed as X; = K;liki.

Let E be

el ez €13
E=| ey exn e |. (51)

€31 €32 €33
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Estimation of Essential Matrix

Expanding Eq. 47 gives

Ti1iToie11 + YriToie12 + Toie3 +
TiiY2ie21 + YiiY2ie22 + Yoe23 +
Tiie3 + Yries2 + ez3 = 0

where Zy; and ¥x; are the components of Xg;.
With n points, can form a system of linear equations (Exercise):
Ae=0.
@ A is a matrix that contains the products of x1; and xo;.

@ e is a vector that contains the e;; parameters.

So, can solve for e using linear least square method.

Need at least 8 corresponding points, called 8-Point Algorithm.
Why 87

(CS6240) Multiple-View Methods
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Estimation of Essential Matrix Improved 8-Point Algorithm

Improved 8-Point Algorithm

Improve accuracy of 8-point algorithm [Har97].
All scaled versions of A can satisfy Eq. 53.

To avoid trivial solution of e = 0, add a constraint:
Option 1: e33 = 1. Solve in the same way as before.

Option 2: Require |le|| = 1.

With noise and measurement error, Ae cannot be exactly 0.
So, find e that minimizes ||Ae||* subject to the constraint ||e||* = 1.

This is equivalent to minimizing
C = || Ael® + A1 — [le]?) (54)

This is called Lagrange multiplier method, A is the Lagrange multiplier.

(CS6240) Multiple-View Methods 36 / 65



Estimation of Essential Matrix Improved 8-Point Algorithm

To minimize C, find solution of dC'/de = 0.

gg —2ATAe —2\e = 0. (55)
That is

A'Ae = )e. (56)

The eigenvector e of ATA with the smallest eigenvalue A minimizes C
(Eq. 54).
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Estimation of Essential Matrix Improved 8-Point Algorithm

Other Properties of E

o E is singular, i.e., E has no inverse, it’s determinant is 0.

@ Of the 3 singular values of E, the smallest is 0.

Methods of estimating E discussed don’t guarantee that E is singular.

To enforce singularity constraint, replace E by singular E’ such that
|E — E'|p is minimized.

@ For a mxn matrix M, the Frobenius norm ||M||r is

IMIE =D my . (57)

i=1 j=1

The minimization method required is singular value decomposition

(SVD).
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Improved 8-Point Algorithm

Apply SVD on E to obtain

E = Udiag(si, s2,53) V'
with S1 2 S92 Z S3.
Then, required E’ is given by

E' = Udiag(s1, s2,0) v

Multiple-View Methods
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Estimation of Essential Matrix Improved 8-Point Algorithm

Summary of Improved 8-Point Algorithm

(1) Given image points x;, k = 1,2, form homogeneous coordinates
Xki

Compute normalized image points Xz; = K;liki.

Form matrix A as in Eq. 53.

(2)
(3)
(4) Find eigenvector e of ATA with the smallest eigenvalue.
(5) Reassemble e into E according to Eq. 53.

(6)

Perform SVD on E and obtain singular E’ that minimizes
IE —E||p.

The final estimated essential matrix is E’.

Fundamental matrix F can be estimated in the same way.
o Skip Steps 1 and 2.

o Form matrix A from image points Xg;.
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IO AT s M DEEIINA LI MY ENRsbl Singular Value Decomposition

Singular Value Decomposition

The singular value decomposition of a m xn real matrix M is
M=UXV' (60)

U = [u; - - uy,] is a mxm matrix.

9 7 o
u;’s are left singular vectors and are orthonormal
V = [vy - Vvy] is a nxXn matrix.
v;’s are right singular vectors and are orthonormal.
3 is a diagonal matrix.

Diagonal values of 3 are singular values sorted in decreasing order.

¢ © & © ¢ ¢ ¢

A mxn matrix M has at least 1 and at most p = min(m,n)
distinct singular values.

@ There are standard algorithms for SVD.
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Two-frame Structure From Motion

Two-frame Structure From Motion

Recover scene points X; from image points xg; in two views.

Known: Camera parameters Ky, corresponding image points X,
k=1,2,i=1,...,n.

Py

N\
Ci C,

(CS6240)
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Two-frame Structure From Motion

Without loss of generality,

o Set world coordinate frame at C'; and aligned with camera frame 1,
i.e., Cl = 0, R1 =1

o Camera frame 1 is related to camera frame 2 by R and T.

Basic steps in recovering 3D scene points:
o Estimate essential matrix E from corresponding image points xp;.
o Estimate rotation R and translation T from E.

@ Recover 3D scene points X using triangulation or other methods.
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MRVIE SR RS A qitaal il D Y lelate il stimation of Rotation and Translation

Estimation of Rotation and Translation

Essential matrix E is singular. Perform SVD on E:

1 00 vi
E=USV'=[w w uw||[010]||v]]|. (61
000 2

®

In noise-free case, smallest singular value is 0. Otherwise, non-zero.

(2

In general, the other two singular values are not 1 because E is
computed up to unknown scale.

®

u3 gives the direction of translation t = T/||T||.

®

Absolute distance ||'T|| cannot be estimated because E is
computed up to unknown scale.

So, can only recover E = [t]«R instead of [T|«R.
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MRVIE SR RS A qitaal il D Y lelate il stimation of Rotation and Translation

The vectors uy, us, ug =t are orthonormal, and t = u; X us.
The cross product operator [t]x can be expanded as (Exercise):

1 00 0 -1 0 u/
[t = [w uw t]][0 10 1 0 0| u

62
0 00 0 0 1 t! (62)
= UZRgU'.
[t]x projects a vector onto orthonormal basis vectors (uy, ug, t),
zeros out the t component (X), and rotates ug, uz by 90° (Rooe).
From Eq. 61 and 62, we get
E=[t]yR=UZRy U R=UZV'". (63)
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MRVIE SR RS A qitaal il D Y lelate il stimation of Rotation and Translation

So,

Ropo U R=V"'

and

R =URy.V'.
The correct signs of E, t, U and V are not known.
So, have to generate all 4 possible matrices
R =+UR V'
and keep the two whose determinants |R| = 1.

To determine the final rotation matrix,
@ pair the two with both signs of translation +t,

@ select the combination for which the largest number of

reconstructed 3D points is seen in front of both cameras.

(CS6240) Multiple-View Methods
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Summary

Summary

We have learned some useful methods for solving problems:

]
]
]
]

Linear least square: triangulation

Eigen-decomposition: absolute orientation, camera orientation,
estimating essential matrix

Iterative algorithm: camera orientation
Lagrange multiplier method: estimating essential matrix
Singular value decomposition: estimating essential matrix

All the above: two-frame structure from motion

Multiple-View Methods
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Exercise

(1) Let a = [a1, a2, a3]" and b = [by, by, b3] " be vectors, and

0 —as a9
[a]x = as 0 —a
—a al 0

Show that cross product a x b is equal to the matrix product [a]«b.
(2) Show that x'[T]xx = 0 for any vector x.

(3) Assemble the epipolar constraint equation (Eq. 47, 52) for n points
into a system of linear equations of the form given in Eq. 53.

(4) Expand the cross product operator [t]x into Eq. 62.
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Further Reading

Further Reading

o
[~
o
o
]
o
[~
]

Representation of 2D lines, 3D planes, and 3D lines (Appendix A).
Camera model:

Absolute orientation: Jain [JKS95], Section 12.7.

Camera orientation: [LCHO8|, Szeliski [Szel0] Section 6.2.
Triangulation: Szeliski [Szel0], Section 7.1.

Epipolar geometry: Szeliski [Szel0], Section 7.2.

Two-frame structure from motion: Szeliski [Szel0], Section 7.2.

Camera calibration: Zhang [Zha00], Bouguet [Bou]
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NIl A.1 2D Lines

A.1 2D Lines

First, let’s look at how to represent lines and planes mathematically.

A 2D line [ in (z,y) coordinate frame is given by the equation

ar + by +c= 0.

(67)
o Let 1 denote the homogeneous coordinate vector [a, b, ] .
o Let X denote the homogeneous coordinate vector [z, 7, 1]"
Then, the line [ can be represented as
x-1=0. (68)

o 1is called line equation vector.

(CS6240)
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NIl A.1 2D Lines

Using homogeneous coordinates, the intersection x of two 2D lines L
and Iy is simply their cross product (Exercise):

x=1 x 1. (69)

Similarly, the joining of two points x; and X5 forms a line 1 given by
the cross product (Exercise):

1=% x %». (70)
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NIl A .2 3D Planes

A.2 3D Planes

A 3D plane IT in (z,y, z) coordinate frame is given by the equation
ar + by +cz+d=0. (71)

o Let m denote the homogeneous coordinate vector [a,b,c,d]".
o Let X denote the homogeneous coordinate vector [z,v,z,1]".
Then, the plane II can be represented as

x-m=0. (72)

@ m is called plane equation vector.
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NSNS A.2 3D Planes
Let x = [z,y,2]", a=[a,b,c]".
Then, the plane equation becomes
a-x+d=0. (73)
Suppose x; and xo are two points on the plane. Then,

a-x31+d = 0

a-xo+d = 0. (74)

That is,
a- (Xl — XQ) = 0. (75)

Since the vector x; — X2 is on the plane, a must be normal to the plane.
Then, the plane can also be represented by the unit normal vector
u = a/||al| of the plane.
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NIl A .2 3D Planes

Let p be a general 3D point and x be its normal projection on II.

Then, the perpendicular distance D of p from II is
D = p-u—x-u
p-a—x-a a-p+d (76)

Formulae of unit normal vector and perpendicular distance apply to 2D
lines also.
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NIl A.3 3D Lines

A.3 3D Lines

There is no elegant representation of lines in 3D.
One possible representation is

p+ Au (77)

where p is a point on the line, u is the unit direction vector of the line,
and A is a parameter.
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NIl A.3 3D Lines

A 3D line [ that passes through the origin O can be represented as Au.
p

@)

Projection of 3D point p on the line is p - u.
Then, the normal vector from line [ to any 3D point p is

p—(p-wu = p-u(u-p)
= p—(uu’)p (78)
= (I—uu')p.

Perpendicular distance from p to [ is

1T~ uu")p]. (79)
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Appendix B Normalized Image

B Normalized Image

Recall perspective projection equation:
px = KX. (80)
Let’s define another perspective project K’ = I such that
px=KX=IX=X. (81)
This is the same as the pinhole camera model. So,

px = KX =KIX =pKx, (82)
K 'x. (83)
@ Image plane containing X is normalized image plane.

@ Can think of X as projecting first to the normalized image plane,
then to the real image plane.

il

@ Can derive normalized image from real image if K is known.
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O Eemegnply
C Homography

Homography is a transformation between projective planes that maps
straight lines to straight lines.

C C

o Also known as projective transformation.

o If camera motion is pure rotation, then the two images are related
by a homography.
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C Homography
Let x;[zi,yi] " and x| = [z},9/]", i = 1,...,n, denote the corresponding
points in the two images.

e T o / / T T
Let X; = [zi, i, 1] and X, = [w;x}, wiyl, wi] ' = [ui, v, w;] ', for any
w; # 0, denote their homogeneous coordinates.

Then,
U hi1 hi2 his x;
v | =%, =Hx;= | ha ha ha Yi |- (84)
w; hs1 hsa  hs3 1

Affine transformation is a special case of homography with
h31 = h3z =0, h3z = 1.
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G Homography
Scaling H by a constant s preserves Eq. 84:

(sH)X; = sX, = X,

So, homography is defined only up to an unspecified scale.
So, can set hsg = 1.

Expanding Eq. 84 with hss = 1 gives

hi1z; + hioyi + his — ha1zw; — hgoyiry, =,

ho12; + hooyi + hog — ha1my — haoyiyh = v,

(CS6240) Multiple-View Methods
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G Homography
Assembling Eq. 86 and 87 over all points yields

SR
rr y1 1 0 0 0 —xz] —wyiz) hi2 2

. h13
Tn Yo 1 0 0 0 —:cnxfl —ynxfl hot | _ fffn (88)
0 0 0 a1y 1 —myy —wyyy || he2 vi

: h23
L0 0 0 @ oy 1 —auyh —yayl, | | P | Yn

L h32 |

This is a system of linear equations which can be solved for least
square solution.
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Nojeleteibll D Camera Calibration

D Camera Calibration

Recover camera’s intrinsic parameters K from corresponding scene
points X; and image points xy; in different views k.

Some algorithms also compute lens distortion parameters 1, Ko.

Software is available:

@ Zhang’s method [Zha00]:

Use a single plane checkerboard pattern.

Website: research.microsoft.com/en-us/um/people/zhang/calib/
@ Bouguet’s toolbox [Boul]:

Based on Zhang’s method.

Website: www.vision.caltech.edu/bouguetj/calib_doc/
C version is available in OpenCV library.
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Nojeleteibll D Camera Calibration

Show different views of a calibration image in front of camera.

Click some points in images as required by the program.
Then, program works out the camera parameters.
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