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Active Shape

Active Shape

Active Shape [3, 4] is astatistical model.

It represents a model as a distribution of points.
So, it is also known asPoint Distribution Model .

It applies Principal Component Analysis (PCA) to identify m ajor
dimensions.
So, it is also known asEigenshape Model.

Basic steps:
1 Collect a set of training samples.
2 Identify corresponding landmark points in each sample.
3 Perform spatial alignment (i.e., normalization).
4 Apply Principal Component Analysis identify major dimensi ons.
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Active Shape

Example: Human body shape [11].

Let s0
i denote the n points in the i th sample shape:

s0
i = ( x0

i 0; y0
i 0; x0

i 1; y0
i 1; : : : ; x0

in ; y0
in )> (1)

where (x0
ij ; y0

ij ) is the j th point in the i th sample.
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Active Shape

Perform spatial alignment of samples, e.g.,

translate centroids of samples to the same point

scale the samples to the same size

rotate the samples to the same orientation
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Active Shape

Let si denote the vector of thei th aligned shapes.

Apply PCA to identify major dimensions.

Let q1; : : : ; qk denote the �rst k eigenvectors. Then, thei th shape ei in
the eigen-subspace is given by

ei = Q> (si � s) (2)

where Q = [ q1 : : : qk ] is the model, s is the mean vector.

The original aligned shapesi is related to ei by

si = s + Q e i : (3)

Changing shape parametere produces a di�erent deformed shapes:

s = s + Q e : (4)
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Active Shape

Examples: From [11].

varying e1 (�rst shape parameter)
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Active Shape

varying e2 (second shape parameter)

varying e3 (third shape parameter)
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Active Shape

The model Q can be used for

shape detection:
identify the presence of known shape

shape matching:
compute the similarity between input shape and known shape

shape registration:
locate the di�erent parts of a known shape in the input image

All involve matching model shape with image features.

To perform model matching, need to

deform, rotate, scale, translate the model shape

extract features in the image for matching

compute matching error
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Active Shape

Example: Match Control Points to Edge Points

The deformed shapes is related to the deformation parameterse by

s = s + Q e

where Q is the shape model.

Now, rotate, scale, and translate the deformed shape.

Let x i denote a control point of s, and x0
i the corresponding point of

the transformed shapes0. Then,

x0
i = sR x i + T (5)

where s is the scaling factor, andR and T are the rotation and
translation matrices.
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Active Shape

Let y i be the edge point closest to the control pointx0
i in shapes0.

Then, the error can be de�ned as

E =
nX

i =1

ky i � x0
i k

2 (6)

Besides matching edge points in images, can also match
edge direction
intensity maxima
etc.

Other di�erence measures commonly used:
Hausdor� distance
Chamfer distance:

Use optimization method, such as gradient descent, to determine
best parameter values fors, R , T , e.

For other optimization methods, refer to [3, 4, 11].
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Active Appearance

Active Appearance

Similar idea can be applied to modeling appearance [2]:

The objects' shapess should be normalized.

The objects' grey-level valuesg should be normalized.

Shape and gray-level values can be combined as follows [2].
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Active Appearance

Perform PCA on shape and grey-level value vectors separately:

s = s + Qs es ; g = g + Qg eg : (7)

Combine shape and grey-level eigen parameters:

e =

"
W e s

eg

#

: (8)

W is a diagonal matrix of weights for shape parameters.
es and eg may have di�erent ranges of values.
W makes the ranges of values similar.

Apply another PCA on e to obtain:

e = Q c (9)

where Q contains the eigenvectors andc contains the appearance
parameters.
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Active Appearance

Examples: From [2].

(a) First 2 modes of shape variation.
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Active Appearance

(b) First 2 modes of grey-level variation.
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Active Appearance

(c) First 2 modes of appearance variation.
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Active Appearance

Notes

Somee values may produce unwanted deformations.

To overcome the problem, use training samples to determine the range
of acceptable shape parameter values.

Example: Measure probability of shape.

Let ei be the eigenshapes of training samplessi . Then, the mean
eigenshape� is

� =
1
N

NX

i =1

ei : (10)

The covariance matrix � is

� =
1
N

NX

i =1

(ei � � )(ei � � )> : (11)
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Active Appearance

Assume Gaussian distribution of training samples. Then, the
probability of a shape e being in the same distribution is

P(e) =
1

p
(2� )n j� j

exp
�
�

1
2

(e � � )> � � 1(e � � )
�

: (12)

Acceptance Criterion: Accept a shapee if P(e) is large enough.

Alternative:

Compute Mahalanobis distance betweene and � .

Accept e if the distance is small enough.
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Multimodal Distribution

Multimodal Distribution

The previous method of controlling e is ok if the training samples
are well clustered, i.e., the distribution of the samples has a single
peak location (unimodal).

If the distribution is multimodal , i.e., has many peaks, then have
to cluster them properly and derive the multiple peak locations.
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Multimodal Distribution

(a) (b)

(a) Single cluster may capture unwanted shapes (white parts) and
miss desired shapes (black dots).

(b) Multiple clusters solve the problem.
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Multimodal Distribution Gaussian Mixture

Gaussian Mixture

A mixture of k Gaussians:

G(x) =
kX

i =1

wi gi (x ; � i ; � i ) (13)

where � i and � i are the mean vector and covariance matrix, andwi

are the mixture proportions that satisfy

kX

i =1

wi = 1 (14)

The standard method of estimating wi , � i , and � i is Expectation
Maximization.
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Multimodal Distribution Expectation Maximization

Expectation Maximization

Introduce an new variable calledunobservable datazij .

Then, iterate the following steps:

E-Step: For i = 1 ; : : : ; m, j = 1 ; : : : ; n,

z(k)
ij =

w(k)
i gi (y j ; � (k)

i )

G(y j ; � (k) )
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Multimodal Distribution Expectation Maximization

M-Step: For i = 1 ; : : : ; m,

w(k+1)
i =

1
n

nX

j =1

z(k)
ij

� (k+1)
i =

nX

j =1

z(k)
ij y j

nX

j =1

z(k)
ij

� (k+1)
i =

nX

j =1

z(k)
ij (y j � � (k+1)

i )(y j � � (k+1)
i )>

nX

j =1

z(k)
ij

For details, read Appendix B.

Leow Wee Kheng (CS6240) Non-Rigid Registration II 22 / 47



Multimodal Distribution Expectation Maximization

Initialization of EM

What are the initial values � (0) ?

If the initial guess is poor, EM will take a long time to converge or may
even diverge.

A possible initialization method:

Cluster the observed datay j into m clusters.

Use the samples in clusteri to estimate � i and � i .

Use the number of samples in each cluster to estimatewi .

Further Readings:

Appendix B: Expectation Maximization.

Other model-based methods: atlas-based [5, 6]
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Dual-Bootstrap ICP

Dual-Bootstrap ICP

Dual-Bootstrap ICP registers two images.

Suppose there is one known correspondence between two images [13]:

junctions: detected landmarks, circle: correspondence.
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Dual-Bootstrap ICP

(a) (b)

(a) Initial alignment is accurate in small region around landmark
point.

(b) Registration of entire image using ICP produces poor alignment
due to mismatch in the upper region.
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Dual-Bootstrap ICP

Solution idea [13]:

Start from initial transformation that is accurate only in a small
region called thebootstrap region.

Iteratively expand bootstrap region and re�ne transformat ion.

De�ne a set of 2D transformations M on image locationp with respect
to center of bootstrap region p0 with increasing order:

Similarity (4 DOF)

p0 =
�

� 11 � 12 � 13 0 0 0
� 21 � � 13 � 12 0 0 0

�
X (p � p0) (15)

A�ne (6 DOF)

p0 =
�

� 11 � 12 � 13 0 0 0
� 21 � 22 � 23 0 0 0

�
X (p � p0) (16)
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Dual-Bootstrap ICP

Reduced Quadratic (6 DOF)

p0 =
�

� 11 � 12 � 13 � 14 0 � 14

� 21 � � 13 � 12 � 24 0 � 24

�
X (p � p0) (17)

Quadratic (12 DOF)

p0 =
�

� 11 � 12 � 13 � 14 � 15 � 16

� 21 � 22 � 23 � 24 � 25 � 26

�
X (p � p0) (18)

where

X (p � p0) = (1 ; x � x0; y� y0; (x � x0)2; (x � x0)(y� y0); (y� y0)2)> : (19)
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Dual-Bootstrap ICP

Algorithm
1 Extract features from imagesI 1 and I 2 and establish initial

correspondences.
2 For each initial correspondence

1 Start with lowest order transformation.
2 Repeat until convergence

Estimate transformation parameters using robust ICP.
Bootstrap transformation:
Use statistical model selection technique to select appropriate
transformation and estimate parameters.
Bootstrap region:
Expand the region based on uncertainty of transformation.

3 If transformation is su�ciently accurate, terminate with successful
registration.

3 When no more initial estimates are available, terminate with
failure to register.
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Dual-Bootstrap ICP

Matching Error

E(Rt ; M t ; � t ) =
X

p2 F \ R t

�
�

d(M t (� t ; p); I 2)
�

�
(20)

Rt is the bootstrap region at time t.

M t is the transformation at time t.

� t are the parameters of the transformation at time t.

F are the extracted feature set.

� (u) is a robust loss function [7, 12], monotonically nondecreasing
as a function of juj.

d(M t (� t ; p); I 2) is the distance between the transformation ofp in
I 1 and the closest point in I 2.

� is the error scale, which is the (robust) standard deviationof the
error distances.
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Dual-Bootstrap ICP

Bootstrapping Transformation

Use statistical model selection technique [1, 14] to selectappropriate
transformation.

Choose the model that optimizes a tradeo� between the �tting
accuracy of high-order models and the stability of low-order
models.
Stability is measured in terms of the covariance matrix of the
parameters:

Covariance matrix with larger eigenvalues is more stable.
Covariance matrices of higher-order transformations generally have
smaller eigenvalues then those of lower-order transformations.
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Dual-Bootstrap ICP

Dual-Bootstrap ICP uses the following criteria:

C =
d
2

log 2� �
X

i

wi r 2
i +

1
2

log det(� t ) (21)

d is the degrees of freedom of the transformation.

2nd term is the sum of weighted alignment error.

3rd term is the determinant of covariance matrix of the
parameters.

Transformation with a larger C is selected.
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Dual-Bootstrap ICP

Bootstrapping Region

Expand the region based on uncertainty of transformation.
Region expansion is controlled by the uncertainty in the
transformation estimate:

Uncertain transformations lead to uncertain mapping of feature
points and uncertain matching.
Dual-Bootstrap ICP tries to avoid errors in matching resulting from
errors in transformation.

Uncertainty in mapping is computed from covariance of
transformation parameter estimate ([8], Chap. 4)

Let p0
i = M (� ; p i ). The uncertainty is measured in terms of the

covariance matrix of mapped pointsp0
i , which can be estimated as

� p 0
i

=

 
@M(� ; p)

@�

�
�
�
�
p i

!

� t

 
@M(� ; p)

@�

�
�
�
�
p i

! >

(22)
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Dual-Bootstrap ICP

The growth of the bootstrap region is achieved by pushing point p i

along the normal direction � i of the side of the regionR.

Let � 0
i denote the corresponding normal direction inI 2.
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Dual-Bootstrap ICP

Then, the outward growth is

� p i = �
p>

i � i

max(1; � 0T
i � p 0

i
� 0

i )
� i : (23)

The growth is proportional to the distance p>
i � i .

It is inversely proportional to the transfer error (i.e., un certainty)
in the normal direction.

� is the growth rate.

This is done for each of the four sides ofR.
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Dual-Bootstrap ICP

Example: Registration of retinal images. Square region is bootstrap
region [13].
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Dual-Bootstrap ICP
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Dual-Bootstrap ICP

As the bootstrap region expands, higher-order transformation is used
to obtain more accurate registration.

Further Readings:

Details of dual-bootstrap ICP: [13]

Robust parameter estimation: [12]
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Dual-Bootstrap ICP Generalized Dual-Bootstrap ICP

Generalized Dual-Bootstrap ICP

Generalized to registration of general images under varying lighting
conditions [15].

Initialization:
Find matching keypoints that are invariant to linear scaling of
intensity and linear transformation.
Use Lowe's SIFT descriptor [9]:
Local maximum of the magnitude of the Laplacian-of-Gaussian
operator in both spatial and scale dimensions.
Can also use scale and a�ne invariant keypoints [10].

Features:
Use feature points with 1D variation (face points) and 2D
variation (corner points). Computed based on eigenvalues of outer
product of intensity gradient in small neighborhood.
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Dual-Bootstrap ICP Generalized Dual-Bootstrap ICP

Matching:
Use bidirectional matching: �nd matching points from I 1 to I 2 and
from I 2 to I 1.

Model Selection:
Use modi�ed version of Akaike Information Criteria.

Decision Criteria:
Combine measures of accuracy, randomness, and stability to
determine if two images are well aligned.
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Dual-Bootstrap ICP Generalized Dual-Bootstrap ICP

Example: Registration of natural images with di�erent inte nsity and
contrast [15].

Input images:
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Dual-Bootstrap ICP Generalized Dual-Bootstrap ICP

Registered result (visualized as checkerboard image):

For details, read [15].
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Summary

Summary

problem/model corresp. transform. algorithm

curve warping known parametric linear least square
image warping known parametric constrained opti-

mization
medial axis �tting unknown non-

parametric
gradient descent

snake unknown non-
parametric

energy minimization

level set unknown non-
parametric

implicit surface
propagation

active shape unknown linear PCA
Dual-Bootstrap ICP unknown linear,

quadratic
Dual-Bootstrap ICP
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