Advanced Formal Object Modeling Techniques

• Polymorphism: Class Union and Free Types • Secondary Attributes • Object Containment • Application to programming language semantics (case study)

Polymorphism in Specification

• Polymorphic Object Reference:

if the class of an object reference is not uniquely determined. • Polymorphic Operation:

if an operation is defined for each object of a collection and has the same signature.

• Polymorphism and Inheritance Hierarchies a : ↓A

Examples of Polymorphism

Example: A Power Tool

Drill DrillState

::= still | drilling

mode : DrillState

DrillHole Δ(mode) mode^′ = drilling

Stop Δ(mode) mode^′ = still

Saw SawState

::= still | sawing

mode : SawState Cut Δ(mode) mode^′ = sawing

Stop Δ(mode) mode^′ = still

PowerTool

att : Drill or Saw power on : B

SwitchOn Δ(power on) ... SwitchOff Δ(power on) ... Change Δ(att) ... DrillHole ^= [att ∈ Drill] ∧ SwitchOn ∧ att.DrillHole

Cut ^= [att ∈ Saw] ∧ SwitchOn ∧ att.Cut

Stop ^= SwitchOff ∧ att.Stop

Example: Ginger Meggs

GingerMeggs

pocket : P (Marble or String)

Collect Δ(pocket) x ? : Marble or String

x ? ∉ pocket pocket^′ = pocket ∪ {x ?}

Discard Δ(pocket) x ! : Marble or String

x ! ∈ pocket pocket^′ = pocket − {x !}

SelectMarble m? : Marble

m? ∈ pocket

SelectString s? : String

s? ∈ pocket

PolishMarble ^= SelectMarble • m?.Polish KnotString ^= SelectString • s?.Knot

Class Union

• Universe O of Object Identities • If A and B are distinct classes in the system, A ⊆ O , B ⊆ O and A ∩ B = ∅.

• Class-union C ^= A ∪ B

Polymorphic Core and Extendibility

• Polymorphic Core

• Extending Class Unions – Rule:

a class-union type can be extended, without affecting existing specifications using that type, provided the extended type has the same polymorphic core as the original.

Examples Revisited

Power Tool Attachment ^= Drill ∪ Saw PowerTool att : Attachment ... ... Stop ^= SwitchOff ∧ att.Stop

Ginger Meggs Treasure ^= Marble ∪ String GingerMeggs pocket : P Treasure ...

Class Union and Inheritance Hierarchies

c : ↓C c : C ∪ X ∪ Y ∪ Z d : C ∪ X ∪ Y

Before Free Types (more standard Z functions)

[I , X ] disjoint : P (I → P X ) partitions : (I → P X ) ↔ P X

∀ S : I → P X ; T : P X • (disjoint S ⇔

(∀ i, j : dom S | i ≠ j • S(i) ∩ S(j ) = ∅)) ∧ (S partitions T ⇔ disjoint S ∧ ⋃ { i : dom S • S(i) } = T )

An indexed family of sets S is disjoint if and only if each pair of sets S(i) and S(j ) for i ≠ j have empty intersection. The family S partitions a set T if, in addition, the union of all the sets S(i) is T .

Free Types

Disjoint Union Value ::= bool⟨⟨B ⟩⟩ | int⟨⟨Z⟩⟩ | char⟨⟨C ⟩⟩ where the bool, int and char constructors are total injections from the sets B , Z and C to Value. For example, ‘3’, of Z (integers) corresponds to an element, ‘int(3)’, of Value; an element of Value, say ‘val’ which is in the range of int, corresponds to an element ‘int^∼(val)’ of Z.

Can be recurive:

LinkedList ::= nil | next⟨⟨Z × LinkedList⟩⟩ e.g. elements ‘nil’, ‘next(3, nil)’, ‘next(1, next(3, nil))’ etc are members of LinkedList.

[LinkedList]

nil : LinkedList next : (Z × LinkedList) ↣ LinkedList disjoint⟨{nil}, ran next⟩ ∀ W : P LinkedList •

{nil} ∪ next(| Z × W |) ⊆ W ⇒ LinkedList ⊆ W ? Doubly Linked List ?

Case Study: Currency Exchange Office

Free Type Representation:

Note_{ft} ::= franc⟨⟨N ⟩⟩ | dollar⟨⟨N ⟩⟩ × Let [FId] and [DId] represent the identities of franc and dollar bank notes.

Francs : FId → N Dollars : DId → N FtoD : R [the exchange rate from francs to dollars] BankNote_{ft} ::= franc⟨⟨Francs⟩⟩ | dollar⟨⟨Dollars⟩⟩ CEO_{ft} notes : P BankNote_{ft} TotalInDollars total! : R total! = ∑ n : (notes ∩ ran dollar) • second(dollar^∼(n))+ ∑ n : (notes ∩ ran franc) • (second(franc^∼(n)) ∗ FtoD)

Class Union Representation:

BankNote ^= Franc ∪ Dollar Franc face value : N dlr : R dlr = face value ∗ FtoD

Dollar face value : N dlr : R dlr = face value

CEO notes : P BankNote

TotalInDollars total! : R total! = ∑ n : notes • n.dlr

Extendibility (Adding Yen Currency) | YtoD : R , then in the free type representation we need to

• introduce

Yen : YId → N where YId represents all the serial numbers of Yen notes;

• extend the free type definition BankNote_{ft} to

BankNote_{ft} ::= franc⟨⟨Francs⟩⟩ | dollar⟨⟨Dollars⟩⟩ | yen⟨⟨Yen⟩⟩; • and modify the predicate part of the operation TotalInDollars as total! = ∑ n : (notes ∩ ran dollar) • second(dollar^∼(n))+ ∑ n : (notes ∩ ran franc) • (second(franc^∼(n)) ∗ FtoD)+ ∑ n : (notes ∩ ran yen) • (second(yen^∼(n)) ∗ YtoD)

However in the class-union representation, we need only • add the class: Yen face value : N dlr : R dlr = face value ∗ YtoD

• and extend the class-union BankNote to

BankNote ^= Franc ∪ Dollar ∪ Yen

Recursive Structures (BinaryTree and DoublyLikedList)

Free Type Representation:

Treenode_{ft} ::= nilnode | valnode⟨⟨Treenode_{ft} × Z × Treenode_{ft} ⟩⟩

OrderedTreenode == {t : Treenode_{ft} | ...}

Insert_{ft} : Z × OrderedTreenode → OrderedTreenode ∀(i, root) : Z × OrderedTreenode •

root = nilnode ⇒ Insert_{ft} (i, root) = valnode(nilnode, i, nilnode) ...

Class Union Representation:

Treenode ^= Nilnode ∪ Valnode Nilnode

Valnode

val : Z l, r : Treenode_© ...

Init {l, r} ⊆ Nilnode

ToLeft i? : Z ... ToRight i? : Z ... ChangeL Δ(l)... ChangeR Δ(r)... Insert ^= ToLeft • (ChangeL □ ([l ≻: Valnode] • l.Insert)) □ ToRight • (ChangeR □ ([r ≻: Valnode] • r.Insert))

Two Root Trees

Tree_{ft} root : OrderedTreenode Init ∃ i : Z • root =

valnode(nilnode, i, nilnode) Insert Δ(root) i? : Z root^′ = Insert_{ft} (i?, root)

Tree root : Valnode Init root.Init Insert ^= [i? : Z] • root.Insert

A Doubly Linked List

DLLnode ^= Nilnode ∪ DLLValuenode

DLLValuenode

val : Z next, prev : DLLnode

next ≻: DLLValuenode • next.prev = self prev ≻: DLLValuenode • prev.next = self

Init {next, prev} ⊆ Nilnode

[details of operations omitted]

Conclusions on Class Union

• Polymorphism restricted to inheritance hierarchies is cumbersome • Class-union:

– Widely applicable, Flexible, Extensible – Complement to the polymorphic inheritance hierarchies • Comparision to Free Types:

– The notion of the polymorphic core of a class-union supports the extendibility of system specifications.

– Free type and class-union are based on different views. The functional value point of view of free types cannot be applied to modelling recursive structures which involve cross referencing (sharing).

• Further Reading:

– J.S. Dong. Living with Free Type and Class Union. APSEC’95, IEEE Press, Dec 1995. – J.S. Dong & R. Duke. Class Union and Polymorphism. TOOLS12, Prentice-Hall, Nov 1993.

Secondary Attributes

Triangle_{SSS} a, b, c : R^+

Triangle_{SAS} a, B, c : R^+

Triangle_{ASA} A, b, C : R^+

Triangle a, b, c, A, B, C , area, perimeter : R^+

many dependencies, e.g. perimeter = a + b + c and^a_{sin(A)} =^b_{sin(B)} =^c_{sin(C )} .

Background, Goal and Outline

• Background:

– Rumbaugh – Duke & Rose • Goal:

– to investigate the roles of applying secondary attributes in formal object modelling – to exploit the implications of secondary attributes • Outline:

– Basic Usage (Hotel Management System) – Adding Clarity (Complex number variable) – Environmental Dependency: Object Sharing (Game Sharing) – Dependency Chain and Recursion (Simple Predicates)

Basic Usage (Hotel Management System)

HotelManagementSystem

rooms : P Room occupied : P Room Δ vacant : P Room

occupied ⊆ rooms vacant = rooms − occupied

CheckIn Δ(occupied) r? : Room

r? ∈ vacant occupied^′ = occupied ∪ {r?}

CheckOut Δ(occupied) r? : Room

r? ∈ occupied occupied^′ = occupied − {r?}

ListVacancy rooms! : P Room

rooms! = vacant

Clarity in Specification (Complex number variable)

ComplexNumVar

real, imag : R Δ modulus, argument : R

modulus = √ real^2 + imag^2 ∧ sin(argument) × modulus = imag cos(argument) × modulus = real

AddReal Δ(real) r? : R

real^′ = real + r?

AddImag Δ(imag) i? : R

imag^′ = imag + i?

Rotate Δ(real, imag) α? : R argument^′ = argument + α? modulus^′ = modulus

Extend Δ(real, imag) l? : R^+

modulus^′ = modulus + l? argument^′ = argument

Dependency on Environment: Object Sharing

Game ... Play ...

User

my games : P Game_© Δ other games : P Game

AddGame Δ(my games) g? : Game

g? ∉ my games my games^′ = my games ∪ {g?}

DelGame Δ(my games) g? : Game

g? ∈ my games my games^′ = my games − {g?}

Choose g? : Game

g? ∈ (my games ∪ other games)

Play ^= Choose • g?.Play

GameSharingGroup users : P Users ∀ u_1 : users • u_1.other games = ∪{u_2 : users | u_2 ≠ u_1 • u_2.my games}

Select u? : User u? ∈ users

SelectTwo u_1?, u_2? : User u_1? ≠ u_2?

{u_1?, u_2?} ⊆ users

Play ^= Select • u?.Play DiscardGame ^= Select • u?.DelGame NewGame ^= Select • u?.AddGame Transfer ^= SelectTwo • u_1?.DelGame ∧ u_2?.AddGame

Dependency Chain and Recursion

Predicate ^= LogicVar ∪ Conjunction ∪ Negation BasePredicate Δ value : B subs : P Predicate

LogicVar BasePredicate

name : Id content : B

value = content subs = ∅

Change Δ(content) value? : B

content^′ = value?

Conjunction BasePredicate

l, r : Predicate

value = l.value ∧ r.value subs = l.subs ∪ r.subs ∪ {l, r} self ∉ subs

Negation BasePredicate

p : Predicate

value = ¬ p.value subs = p.subs ∪ {p} self ∉ subs

PredStore preds : P Predicates Δ vars : P LogicVar vars = (∪{p : preds • p.subs} ∪ preds) ∩ LogicVar #{v : vars • v.name} = #vars

Output pred? : Predicate value! : B pred? ∈ preds ∧ value! = pred?.value Change ^= [var? : vars] • var?.Change

37

Conclusion on Secondary Attributes

Small case studies analyse and demonstrate the three different usages of secondary attributes in formal modelling, in summary:

• improving the clarity and simplicity of object-oriented system specifications in general;

• capturing a notion of object sharing; and • constructing recursive definitions. • Further Reading:

– J.S. Dong, G. Rose and R. Duke. The Role of Secondary Attributes in Formal Object Modelling. In the IEEE International Conference on Engineering Complex Computer Systems (ICECCS’95). IEEE Press, Nov 1995.

Object Containment

A Difference:

Customer account : Account ...

Car engine : Engine ...

Properties of Containment

(1) an object cannot be directly contained within two distinct objects; and (2) an object cannot directly or indirectly contain itself.

dcon : O ↔ O dcon^∼ ∈ O → O ∄ob : O • ob dcon^+ ob

Example: Russian Dolls

Doll ^= Solid ∪ Hollow Solid dolls : P Doll dolls = ∅

Hollow inside : Doll dolls : P Doll dolls = {inside} ∪ inside.dolls self ∉ dolls

Example: Terminal Location

Terminal ... Room ts : P Terminal

Building rs : P Room ∀ r_1, r_2 : rs • r_1 ≠ r_2 ⇒ r_1.ts ∩ r_2.ts = ∅

Campus bs : P Building ∀ b_1, b_2 : bs • b_1 ≠ b_2 ⇒ b_1.rs ∩ b_2.rs = ∅ ∀ r_1 : b_1.rs; r_2 : b_2.rs • r_1.ts ∩ r_2.ts = ∅

Capturing the Geometry of Containment

Suppose each class has an implicitly declared attribute

dcontain : P O

where the value of dcontain is the set of directly contained objects. The properties of the relation dcon (as stated earlier) imply invariant conditions on the system that need not be stated explicitly. In terms of the attribute dcontain these conditions are:

∀ ob_1, ob_2 : O • ob_1 ≠ ob_2 ⇒ ob_1.dcontain ∩ ob_2.dcontain = ∅

(i.e. no object is directly contained in two distinct objects)

∄s : seq O •

#s > 1 ∀ i : 1 . . #s − 1 • s(i + 1) ∈ s(i).dcontain s(1) = s(#s)

(i.e. no object directly or indirectly contains itself).

Russian Dolls

Solid dcontain = ∅

Hollow inside : Doll dcontain = {inside}

Terminal Location

Room ts : P Terminal dcontain = ts

Building rs : P Room dcontain = rs

Campus bs : P Building dcontain = bs

A Notational Simplification

Russian Dolls

Solid Hollow inside : Doll_©

Terminal Location Room ts : P Terminal_©

Building rs : P Room_©

Campus bs : P Building_©

Object Migration

Room ts : P Terminal_© Add Δ(ts) t? : Terminal t? ∉ ts ∧ ts^′ = ts ∪ {t?} Remove Δ(ts) t? : Terminal t? ∈ ts ∧ ts^′ = ts − {t?}

Building rs : P Room_©

SelectRoom r? : Room r? ∈ rs Select2Rooms r_1?, r_2? : Room r_1? ≠ r_2? ∧ {r_1?, r_2?} ⊆ rs Add ^= SelectRoom • r?.Add Remove ^= SelectRoom • r?.Remove Transfer ^= Select2Rooms •

r_1?.Remove ‖ r_2?.Add

Containment in Programming Language

Eiffel:

class Car feature w1, w2, w3, w4 :expanded class Wheel owner: Person ... C++:

class Car { Wheel w1,w2,w3,w4 Person *owner ... }

Object-Z: Car w1, w2, w3, w4 : Wheel_© owner : Person #{w1, w2, w3, w4} = 4 ...

48

Containment and Control

Account bal, lim : Z; owners : P Customer bal ≥ lim ∧ owner ≠ ∅ Deposit Δ(bal); n? : N bal^′ = bal + n?

Withdraw Δ(bal); n? : N bal^′ = bal − n?

ChangeLimit Δ(lim); n? : N lim^′ = n?

Bank accs : P Account_© ChangeLimit ^= [a : accs] • a.ChangeLimit

Customer accs : P Account ∀ a : accs • self ∈ a.owners Deposit ^= [a : accs] • a.Deposit Withdraw ^= [a : accs] • a.Withdraw

BankingSystem banks : P Bank customers : P Customer

∪{b : banks • b.accs} = ∪{c : customers • c.accs}

Deposit ^= [c : customers] • c.Deposit Withdraw ^= [c : customers] • c.Withdraw ChangeLimit ^= [b : banks] • b.ChangeLimit

51

Modelling Sharable Containment

sdcon, dcon, DC : O ↔ O

DC = dcon ∪ sdcon dcon^∼ ∈ O → O ∄ob : O • ob DC^+ ob dcon ∩ sdcon = ∅ ... sdcontain : P O ...

Examples:

Walls, Rooms and Buildings Wall ... Room ws : P Wall_Ⓢ ...

Building rs : P Room_© ws : P Wall_© ⋃ {r : rs • r.ws} ⊆ ws ... Buildings, Streets and Suburbs Building ... Street ...

Suburb bs : P Building_© ss : P Street_Ⓢ ...

Containment as an Abstraction

TreeNode[T ] value : T subtrees : P TreeNode[T ]_©

DAGnode[T ] value : T subgraph : P DAGnode[T ]_Ⓢ

Further Reading

J.S. Dong and R. Duke. The Geometry of Object Containment. Object-Oriented Systems (OOS) journal 2(1):41-63, Chapman & Hall, 1995.

An O-O Approach to the Semantics of PLs

Motivation

• Language Definition in VDM and Z.

[Bjorner,Jones, Hayes, Meyer ...] • The Traditional Approach:

– abstract syntax – static semantics – dynamic semantics • As Jones pointed out:

‘Experience with writing larger definitions has resulted in the move to an order in which — rather than follow a strict separation of the parts of the definition — the abstract syntax, context conditions, and semantics mapping are presented together.’

• The O-O Approach

Language Semantics in Object-Z

Concrete Syntax

Program → ‘Program’ Id ‘dec’ Declist Stmt Id → Letter | Letter Id Letter → ‘a’|‘b’. . .

Declist → ϵ | Declaration Declist Declaration → Var ‘:’ Type ‘;’

Var → Id Type → ‘integer’ | ‘boolean’ Stmt → AssignStmt | IfStmt | WhileStmt | SeqStmt AssignStmt → Var ‘:=’ Exp ‘;’

IfStmt → ‘if’ Exp ‘then’ Stmt ‘else’ Stmt WhileStmt → ‘while’ Exp ‘do’ Stmt Exp → Const | Var | Exp ‘+’ Exp | Exp ‘<’ Exp SeqStmt → ‘begin’ Stmtseq ‘end’ Stmtseq → ϵ | Stmt Stmtseq

Const → BoolConst | IntConst BoolConst → ‘true’ | ‘false’

IntConst → Digit | Digit IntConst Digit → ‘0’ | ‘1’ | ‘2’ | . . . ‘9’

Fundamental Types [Id] Scaltype ::= booltype | intype Scalval ::= boolval⟨⟨B ⟩⟩ | intval⟨⟨Z⟩⟩

type of : Scalval → Scaltype λ v : Scalval • if v ∈ ran boolval then booltype else intype

Constant and Variable Reference Const type : Scaltype val : Scalval type of (val) = type

OutVal val! : Scalval val! = val

Varloc Const Assign Δ(val) val? : Scalval val^′ = val?

Varef id : Id vl : Varloc Δ type : Scaltype val : Scalval type = vl.type val = vl.val

OutVal ^= vl.OutVal Assign ^= vl.Assign

Expressions

Exp ^= Const ∪ Varef ∪ PlusExp ∪ LessExp

BinaryExp type : Scaltype e_1, e_2 : Exp_Ⓢ Δ val : Scalval type of (val) = type

OutVal val! : Scalval val! = val

PlusExp BinaryExp

val = intval(intval^∼(e_1.val) + intval^∼(e_2.val)) type = intype e_1.type = intype e_2.type = intype

LessExp BinaryExp

val = boolval(intval^∼(e_1.val) < intval^∼(e_2.val)) ...

Statements

Stmt ^= AssignStmt ∪ IfStmt ∪ WhileStmt ∪ SeqStmt AssignStmt varef : Varef_Ⓢ exp : Exp_Ⓢ varef .type = exp.type Execute ^= exp.OutVal ‖ varef .Assign

IfStmt

test : Exp_Ⓢ then, else : Stmt_© test.type = bool

Execute ^= [boolval^∼(test.val)] ∧ then.Execute □ [¬ boolval^∼(test.val)] ∧ else.Execute

while statement

WhileStmt test : Exp_Ⓢ stmt : Stmt_© test.type = booltype Execute ^= ([boolval^∼(test.val)] ∧ stmt.Execute); Execute □ [¬ boolval^∼(test.val)]

statement sequence . . .

63

Program

A program is modelled as an object of the class Program.

Program decs : Id ↣ Varloc_© stmt : Stmt_© {vr : (Varef ∩ scontain) • vr.id → vr.vl} ⊆ decs Execute ^= stmt.Execute

Further Reading

J.S. Dong, R. Duke and G. Rose. An Object-Oriented Denotational Semantics of A Small Programming Language. Object-Oriented Systems (OOS) journal 4(1):29-52, Chapman & Hall, 1997.