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Spaces of continuous functions

Let X be a Tychonov space.
Define C(X) = {f : X — R : f is continuous} C RX.

Endow RX with the product topology.
We denote C(X) as a subspace of RX by C,(X).

Co(X) CRX is a
— topological space.
— topological vector space (linear space).

— topological ring.



Functional Equivalences

Let X and Y be spaces
— If C,(X) and C,(Y') are homeomorphic, then
X and Y are defined to be t-equivalent. Notation X Ly
— If Cp(X) and C,(Y) are linearly homeomorphic, then
X and Y are defined to be /-equivalent. Notation X Ly

Fact: Wehave X~ Y= XL Y=XLy

Theorem: [Nagata, 1949]
If topological rings Co(X) and C,(Y') are topologically isomorphic,

then X and Y are homeomorphic.



Functional Equivalences

Theorem: [Dobrowolski, Gul'ko & Mogilski, 1990]

All metrizable countable non-discrete spaces are t-equivalent.

Theorem: [Arkhangelsk'ii, 1982]

If X and Y are I-equivalent, then X is compact iff Y is compact.
Corollary: Q and w + 1 are t-equivalent but not /-equivalent.
Corollary: X LY = X L V.
Examples:

— w+1and w? + 1 are /-equivalent and

— w? and w* are /-equivalent.

Corollary: X L Y = X ~ Y.



Linear invariant properties

Define a topological property P to be /-invariant if for /-equivalent

spaces X and Y we have X has property P iff Y has property P.

Some examples

1. For Tychonov spaces:
— Compact, pseudocompact (Arkhangel’skii, 1982)
— Lindelof (Velichko, 1998)
— Dimension (Gul'ko, 1993)

2. For metric spaces:
— Locally compact, scattered (Baars & de Groot, 1992)
— Cech complete (Baars, de Groot & Pelant 1993)

3. Open problem for countably compactness



Classification of function spaces

General question:
What are the common properties that two spaces need to have to

be /-equivalent (or t-equivalent)?

They need to have the same cardinality.

If |X| = |Y| = n, then Co(X) ~ Co(Y) ~ R".

For countably infinite spaces the situation is not clear, but

partial results are found

For X countable, since C,(X) C RX we have C,(X) is

metrizable even X is not.



Countably infinite spaces

Theorem: [Dobrowolski, Marciszewski & Mogilski, 1991]
All countable non-discrete spaces X for which Cy(X) is Fs are

t-equivalent.

In particular this holds for all metrizable countable non-discrete
spaces. For /-equivalent spaces the situation is quite different.
For linear equivalence, a complete classification has been found for
— Countable compact metrizable spaces.
— Countable locally compact metrizable spaces.

— Countable metrizable spaces of scattered height < w.



Countably infinite spaces with only one non-isolated point

Let A= {X:|X|=wA only one x € X is not isolated}.

Let F be a free filter on w and define wr = w U {c0}, where
— Each element of w is isolated
- {FU{oo}: F € F} is a neighborhood base for co

Then X € A iff there is F € F such that X ~ wr.
We assume A= {wr: F € F}

Let B={wr € A: F is a free ultrafilter on w} C A
Then X € B iff there is u € w* = fw \ w such that
X~ w, =wU{u}.

We assume B = {w, : u € w*}



Filters and ultrafilters on w

A={wr:FeF}, B={w,:uew*}and BC A

Question: Let X, Y € A be /-equivalent spaces. Are X and Y

homeomorphic?

Theorem: [Gul'ko, 1990]

If X,Y € B are /-equivalent spaces, then X ~ Y.

Other claims by Gul'ko
1. If X, Y € A are I-equivalent spaces, then X € B iff Y € B.
2. If X € Band n,m € w, then C,(X)" and C,(X)™ are linearly

homeomorphic iff n = m.

Unclear hint of a proof for (1) and the proof of (2) was not correct.



Some observations

Observation 1:

Let X1, X> € A. Then X; & X5 has two non-isolated points.
Define Y to be the quotient space of X1 & X> by identifying the
non-isolated points of X3 and X,.

Then Y € Aand X; & X L Y.

Observation 2:

Let X € A\ B and let co be the only non-isolated point.

Then X = Y1 U Y2, where Y1 N Y2 = {oo} and oo is non-isolated
in Y1 and Y5.

We have Y1, Yo € Aand X L Vi @ Y.



Generalisations of Gul’ko’s result

Theorem 1:
If X =B, Xi and Y =@, Y are l-equivalent spaces with
each X; € B and each Y; € A, then

— m < nand if m=n, then each Y; € B.
Theorem 2:

If X =6, Xi and Y = @7, Y; are l-equivalent spaces with

each X;, Y; € B, then there is a permutation
m:{L,---,n} = {1,---, n} such that each X; ~ Y,
In particular X and Y are homeomorphic.

Corollary: Gul'ko’s claims follow from Theorem 1.



The support function

Let L(X) = {F : Co(X) = R: F is a linear functional}.
For x € X define & : Cp(X) — R by &«(f) = f(x).
Then {{x : x € X} is a Hamel basis for L(X).

Let ¢ : Co(X) — Cp(Y') be a continuous linear function.

For y € Y define ¥, € L(X) by 9, (f) = ¢(f)(y).
There are x1,- -+ ,xp € X and A1, -+, A, € R\ {0} such that

¢y = Z?:l )‘l{Xi'
Then for every f € C,(X) we have

P(F)(y) = 2ol Aif ().
We define the support of y by supp,(y) = {x1, -+, Xa}.



Properties of the support function

L. If f = g on suppy(y), then &(f)(y) = ¢(g)(y)-
2. Let ¢ : Cp(X) — Cp(Y) be a continuous linear homeorphism.
For y € Y we have y € supp,-1(suppy(y))-
Hence there is x € supp,(y) such that y € supp,-1(x).
Proof of (2):
Suppose y ¢ supp,-1(supp,(y)). Find g € Cp(Y') such that
g(y) = 1 and g(suppy-1(suppy(y))) = 0.
Let f € Cp(X) be such that ¢(f) = g.
Then g = 0 on supp,-1(supp,(y))-
Hence by (1), ¢~*(g) = f = 0 on suppy(y).
Again by (1), ¢(f)(y) = g(y) = 0. Contradiction.



The 0 function

Let ¢ : Co(X) = Cp(Y') be a linear homeorphism.
Define 04(y) = {x € supp,(y) : y € suppy-1(x)}.

Then 04(y) # 0.
Note that x € O4(y) iff y € 045-1(x).

The following lemma is generalized version of a result by Gul'ko.

Main Lemma: Let X and Y be spaces and let

¢ Cp(X) = Cp(Y) be a linear homeomorphism. Let B be a
countable discrete clopen subset of X and let A be a countable
subset of Y such that for every y € A, 845(y) N B # 0. Then A is

closed and discrete in Y .



A property of the 6 function

Lemma:
Let X and Y be spaces and let ¢ : Cp(X) — Cp(Y') be a linear

homeomorphism. Then for every y € Y we have

SN 2 € 04(y)} = 1.

Proof:
Let g € Cp(Y) be such that g(y) =1 and

g(suppy-1(suppy(y)) \ {y}) = 0. Then
1= g(y) = Z{)\y¢ HVAS Suppd)( )}
= Z{)&z’uwg(w) 1z € suppy(y) A w € suppy-1(2)}

= D Nz €050}



Theorem 1: Sketch of a proof for n =1

Let X = wy € B and U the corresponding ultrafilter.

Let Y, Z € A be with one non-isolated point.

Assume ¢ : Cp(X) = Cp(Y & Z) is a linear homeomorphism.

For x € X, let T(x) = 04(6,-1(x)).

Claim: U={xecw:|T(x)|=1} €U.

Proof: For y € 6,-1(x) we have x € 04(y), hence x € T(x).
Suppose U ¢ U. Then V ={x cw:|T(x)| > 1} € U.

For x € V, pick o(x),&(x) € T(x) with o(x) # &£(x).

Let C ={o(x) :x€ V}and D ={{(x):x e V}.

Pick 7(x) € Y @© Z such that 7(x) € 0,-1(x) and o(x) € O4(7(x))
Pick r(x) € Y @ Z such that x(x) € 04-1(x) and £(x) € O4(r(x))



Theorem 1: Sketch of a proof for n =1

Let A={7(x): x € V}

By the main lemma, A is not closed and discrete.

Since C = {o(x) : 7(x) € A}, by the main lemma C € U.

Define 7 : w — w by m(o(x)) = &(x) and 7(x) # x elsewhere.
Then 7 has no fixed points. By a result of Katetov,
w=2,UZUZ with 7(Z)) N Z; = 0.

Assume Z3 € U. Then E = CNZ; € U and hence w(E) ¢ U.

Let B = {k(x) : 0(x) € E} and D = {£(x) : k(x) € B}.

By the main lemma B is not closed and discrete and D € U.

For £(x) € D, we have o(x) € E, hence D C 7(E). Contradiction.

This proves the claim.



Theorem 1: Sketch of a proof for n =1

We conclude that U ={x e w : |T(x)| =1} e U

Let V={x€cw:0s1(x)NY # 0} and
W={xecw:0;1(x)NZ#0}.

By the main lemma, V € U and W € U.

Hence UNV NW e lU.

Pick xe UNV N W and let Q =6,-1(x). Then [Q| > 2.
For every y € Q we have 0,(y) = {x}.

For every y € @ we have Y {\Ju? : z € Oy(y)} = Ml =
We also have 1 =Y {Xu} : y € Q} > 2. Contradiction.



Theorem 2: Sketch of a proof

For i < n, let wy,,w,, € B with U;,V; the corresponding ultrafilters.
Assume ¢ : Cp(B7_qwy,) = Cp(D_wy,) is a linear
homeomorphism.

Define Ur C wy, by U1 = {x € w: 04-1(x) Nwy, # 0}.

Suppose U; € U;. Thereis f : w,, — w,, such that

f(x) € 0y-1(x) Nwy, for x € Ur and f(u1) = v1.

By the main lemma, f is continuous and f(U;) € V.

Define Vi = {y € f(U1) : 0p(y) Nwy, # 0}. Then V4 € Vy.

As above, there is a continuous g : w,, — wy, with g(v1) = u.

A result on the Rudin-Keisler order on Sw gives w,, ~ w,,.



Theorem 2: Sketch of a proof

By the main lemma for each i < n, there is j < n such that
V={xewCuw,: Op-1(x) Nwy, # 0} € U; and hence wy,, = wy,.
Partition {1,--- ,n} by {A1,--- ,An} and {B1, -, By} such that
for each k < N, i € A¢ and j € By we have w,, = Wy,

For the required permutation we need to show that |Ax| = |B|.
To illustrate this assume A; = {1,2} and B; = {1,2,3}.

Let Uy = Ul NUZN U3 €Uy and Uy = U} N U N U3 € Us.

Then Vi ={xe Ur: |T(x)NUi|=1A|T(x)N | =1} € U.



Theorem 2: Sketch of a proof

Pick x1 € V1.

Let xo € T(x) N U, be such that T{x1,x2} = {x1,x2}.

Let @ = 0y-1({x1,x2}). Then |Q| > 3.

For every y € Q we have 0,(y) = {x1,x}

and Y {\Juj cz € Oy(y)} = 1.

Also > {Xquyt 1y € 0,1(x1)} =1

and Y {NL2 1y € 0y-1(x2)} = 1.

Then 2 = > { My - x € {x1,x2} Ay € @} > 3. Contradiction.



An example

I
Gul’ko: If u,v € w* and w, ~ w,, then w, ~ w,.

Question: Let « be a limit ordinal. Suppose u,v € a* = fa \ «

I )
and a, ~ «,. Is it always true that o, ~ a7

Answer: No

Let X =w? and for n <w, X, =w+1. Then X ~ @, X»
For n < w, let z, be the non-isolated point in Xj,.

Let D = {z,: n <w}. Then clgxD of D in X is D =~ fw.
Pick u € clgzD and let X, = X U {u} C 5X.
Thenv={ACw:u€clgz{z,: nec A}} € w*.

Let Y =X®w. Then Y, = X Dw,.

Clearly w?> = X ~ Y and X, # Y,.



An example
Claim: X, ~ V,.

Proof:

Note that D is a retract of Y, and Y, ® D = Y,
Then Co(Y,) L Cop(Yy) x Co(D) £ Cop(Y5),
where C, p(Yy) = {f € Co(Yy) : f(D) = {0}}.

Define ¢ : C, p(Yv) = Cp(Xy) by

f(v) if x=u
¢(f)(x) = _

f(x)+f(n) if xe X, forn<uw
Let e > 0. Thereis V Cw s.t. forne V, |f(n) — f(v)] < ¢e/2.
For n € V there is U, C X, n.b.h of z, s.t. f(U,) C (—¢/2,¢/2).



An example

We have U = {J,cy Un U {u} isanb.h. of uc X,
For x € U,
[6(F)(x) — o(F)(u)] = [F(x) = f(n) — F(v)] <
[FO + [F(n) — F(v) <
It follows that ¢ is a well-defined continuous linear function.
Define 9 : Cp(Xy) = Cp.p(Yy) by

g(u) fy=v
P(g)y) =1 g(x)—g(z,) ifx€X,forn<w
g(zn) if x=nforn<w

Then 1 is well-defined, linear and continuous. Moreover ¢ = ¢~ 1.
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