
CS4234: Optimization Algorithms

Problem Set 2

Solution Sketches

S-1. Given a graph G = (V,E), an independent set is a subset of vertices I ⊆ V such that no
two nodes in I are neighbors. Recall that there is a close connection between finding a minimum
vertex coverand a maximum independent set. Assume that OPT-VC is an algorithm for finding a
minimum vertex cover. Then the following is an algorithm for finding a maximum independent set:

OPT-IS(V, E)

C = OPT-VC(V, E)

I = V - C

return I

That is, if C is a minimum vertex cover, then V − C is a maximum independent set. Assume
that Greedy-Match-VC is the 2-approximation algorithm for vertex cover that we studied in class.
Consider the following algorithm for independent set:

Greedy-IS(V, E)

C = Greedy-Match-VC(V, E)

I = V - C

return I

Give an example graph where the approximation ratio for this algorithm is as bad as possible.
That is, draw a graph where the maximum independent set is very large, while the independent
set returned by the Greedy-IS algorithm is very small.

Figure 1: Example of a graph with a bad approximation ratio for the Independent Set problem.
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Solution. Consider the example with n nodes arranged as a bipartite graph. In this example,
the greedy vertex cover algorithm will select n − 1 nodes, i.e., all the nodes except the red node.
Thus, the resulting independent set consists only of the red node, i.e., just one node. By contrast,
the maximum independent set contains > n/2 nodes, e.g., all the nodes in the left half. Thus, the
resulting approximation is not even an n/2-approximation of optimal!
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S-2. Consider the following linear program:

max 2x + 4y where:

x− 2y ≥ 0

x + y/2 ≤ 10

x ≥ 0

y ≥ 0

Problem 2.a. Draw a picture illustrating the feasible region and identify the optimal solution.
Solution.

Feasible(Region(

Op/mal(point(

Objec/ve(func/on:((2x+4y)(=(32( Constraints(

Problem 2.b. Give a different objective function (for the same constraints) that would have a
different optimal solution.

Solution: The other possible solution is any function whose maximum occurs at (10, 0), e.g., the
objective function: maximize x + y/4. Recall that we know that an LP achieves its maximum at
one of the vertices of the polytope, i.e., for this LP there must be a maximum at one of: (0, 0),
(8, 4), or (10, 0). By checking all three points, we can be sure to have found the correct solution.
In this case, the function (x + y/4) has values: 0, 9, and 10 respectively at the 3 vertices.

Problem 2.c. Give an extra constraint such that, if added to the linear program above, the
feasible region is empty.

Solution: If we add the constraction: y ≥ 20, then the feasible region is empty. Notable, every
point in the feasible region has y ≤ 4, as can be seen from the picture.
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S-3. For each of the following two illustrations, give a linear program whose feasible region is
exactly the dark region depicted and which is optimized at the point indicated by the arrow. If no
such linear program exists, indicate IMPOSSIBLE and succinctly explain why. (You may assume
that all the vertices on the pictures are supposed to be at integer coordinates.)

Problem 3.a.

OPT

Solution:

min(x)

y ≤ x + 1

y ≤ 6

y ≤ 13x

y ≥ (3/4)x4.5

y ≥ 4.5− (3/4)x
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Problem 3.b.

OPTOPT

Solution: Impossible, since the polygon is not convex. Linear programming can only be used to
optimize over convex spaces.
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S-4. The two best places in the galaxy to find water are Earth and Mars (where it can be found
frozen in the ice caps). Our two space stations, Argo (which orbits Saturn) and Volos (which orbits
Jupiter) both need water. Argo requires 18 rockets to deliver water every month, while Volos
requires 14 requires to deliver water every month.

Every month, we have the capability of launching 20 rockets of water from earth and 12 rockets
of water from Mars. Each rocket of water from Earth to Argo costs 1.2 billion dollars, while a
rocket of water from Earth to Volos costs 600 million dollars. Each rocket of water from Mars
to Argo costs 300 million dollars, and each rocket of water from Mars to Volos costs 800 million
dollars.

Problem 4.a. Write a linear program that determines the amount of water to be sent from
Earth and Mars to Argo and Volos. Your goal is to minimize the total cost. (You do not need to
solve the linear program.) Comment on any issues that my arise in using the LP solution.

Solution: Define an LP with the following four variables: ea, ev,ma,mv, representing the amount
of water to send from Earth to Argo, Earth to Volos, Mars to Argo, and Mars to Volo, respectively.
The objective function, can then be defined as: 1200 · ea + 600 · ev + 300 · ma + 800 · mv. This
captures the cost (in millions of dollars) of sending water.
We can then define the following constraints:

ea + ma ≥ 18

ev + mv ≥ 14

ea + ev ≤ 20

ma + mv ≤ 12

This captures the limitation on the number of rockets that can be sent, in total, as well as the
required water that is needed in total.

Problem 4.b. (Optional, but recommended.) Use the LP solver in Excel or Open Office to solve
the linear program above. There are many tutorials on the web explaining how to use the LP
solver. One example can be found at: http://tinyurl.com/pu34qa8.

What is the best solution?

Solution: If you solve the LP, you will discover that:

ea = 6

ev = 14

ma = 12

mv = 0

This yields a total cost of 19.2 billion dollars for shipping water.
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S-5. (Triangles, Revisited) On the first problem set, we considered the problem of removing the
minimum number of edges from a graph in order that it be triangle free. Now we consider the
weighted version.

Assume you are given a weighted, undirected graph G = (V,E) where each edge e ∈ E is
assigned weight w(e) ≥ 0. The goal is to remove a set of edges D ⊆ E with minimum weight such
that the remaining graph G = (V,E \D) has no triangles. Give a polynomial time algorithm for
solving this problem that is a 3-approximation of optimal, i.e., that returns a set of edges D that
weight at most 3-times the optimal set of edges needed to produce a triangle-free graph.

Problem 5.a. Explain your algorithm.

Solution: We solve this problem via an integer linear programming relaxation. First, we define
an ILP that solves the problem. Then, we relax it to get an LP, and then we round the solution.
First, the ILP is defined as follows, with m variables {xe : e ∈ E}, one for each edge:

min
∑
e∈E

xe · w(e)

xei + xej + xek ≥ 1 ∀(ei, ej , ek) that form a triangle

xe ≥ 0 ∀e ∈ E

xe ≤ 1 ∀e ∈ E

xe ∈ {0, 1} ∀e ∈ E

Notice that we can compute this ILP in polynomial time, since if there are m edges, we can
enumerate all triples of edges in O(m3) time (and check if they form a triangle). Thus this is an
ILP with a polynomial number of variables and a polynomial number of constraints. It is easy to
see that any solution to this ILP results in a triangle-free graph, and conversely that the optimal
edge set D is a feasible solution to this ILP.

We relax the ILP to an LP by allowing xe to be an arbitrary real number between 0 and 1. We
then solve the LP using any polynomial-time LP solver. Finally, we round the solution as follows:
if xe ≥ 1/3, then we add edge e to the set D.

Problem 5.b. Show that your algorithm is correct, i.e., returns a set D such that the graph
(V,E \D) is triangle-free.

Solution: First, we argue that the resulting graph is triangle-free. Notice that in any triangle
(ei, ej , ek), the three variables xei+xej+xek must sum to at least 1, according to the LP’s constraints,
and hence at least one of the three variables must be at least 1/3. Thus, no triangles remain after
removing set D.

Problem 5.c. Show that your algorithm is a 3-approximation of optimal.
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Solution: Second, we argue that the result is a 3-approximation. Let OPT be the cost of the
optimal edge set to produce a triangle-free graph, i.e., OPT is the cost of the solution found by
the ILP. Let L be the cost of the solution found by the LP. We know that L ≤ OPT , since the LP
is a relaxation of the ILP.
We also know that by round the LP, we have only increased the cost by a factor of 3, since we have
effectively increased some variables xe from values of at least 1/3 to 1. That is, if xe is the variable
from the LP, and if ye is the rounded variable, we know that ye ≤ 3xe.
Finally, we calculate the total cost of our solution:

cost(D) =
∑
e∈E

yew(e)

≤
∑
e∈E

3xew(e)

≤ ≤ 3L

≤ 3OPT

Thus our solution is a 3-approximation.
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