
CS4234: Optimization Algorithms

Problem Set 3

Due: September 1st, 11:59am

Instructions. This problem set covers material related to Set Cover, Steiner Trees, and Linear
programming. Solve all the S-problems (standard). You do not need to hand in the R-problems
(routine) or the A-problems (advanced).

• Start each problem on a separate page.

• Make sure your name and matric number is on each sheet of paper.

• Staple the pages together, and hand it in before class starts. Alternatively, if you submit
it late, you can put it in the envelope next to my office door (and send me an e-mail).
Alternatively, you may submit the problem set electronically on IVLE in the specified workbin.

Remember, that when a question asks for an algorithm, you should:

• First, given an overview of your answer. Think of this as the executive summary.

• Second, describe your algorithm in English, giving pseudocode if helpful.

• Third, give an example showing how your algorithm works. Draw a picture.

You may then give a proof of correctness, or explanation, of why your algorithm is correct, an
analysis of the running time, and/or an analysis of the approximation ratio, depending on what
the question is asking for.

Advice. Start the problem set early—some questions take time. Come talk to me about the
questions. (Different students have different questions. Some have questions about how to write a
good proof. Others need pointers of designing an algorithm. Still others want to understand the
material from lecture more deeply before applying it to the problem sets.) I’m here for you to talk
to.

Collaboration Policy. The submitted solution must be your own unique work. You may discuss
your high-level approach and strategy with others, but you must then: (i) destroy any notes; (ii)
spend 30 minutes on facebook or some other non-technical activity; (iii) write up the solution
on your own; (iv) list all your collaborators. Similarly, you may use the internet to learn basic
material, but do not search for answers to the problem set questions. Any similarity to other
students’ submissions will be treated as cheating.
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Routine Problems (Do not submit.)

Ex-1. Recall Algorithm 3 for Vertex Cover from Week 1. (This algorithm greedily added the
vertex that covered that most uncovered edges, until all the edges were covered.) Show that this
algorithm finds an O(log n)-approximation of the optimal vertex cover.

Ex-2. Consider a 3-dimensional Euclidean space. Let P be a set of 3-dimensional points in this
space. The goal is to find a Steiner Tree of P , i.e., a set of additional points and edges connecting
the points at a minimum cost. Give an algorithm that is a 2-approximation of the 3d-Euclidean-
Steiner-Tree problem. Prove that your algorithm is correct.

Ex-3. Prove that the General Steiner Tree problem is NP-hard. (Hint: reduce from set cover.)

Ex-4. In this problem, your goal is to prove the following: if A is an α-approximation algorithm
for the Metric Steiner Tree problem, then there exists an α-approximation algorithm for the General
Steiner Tree problem.

Consider the reduction described in the lecture notes. Assume that the input graph isG = (V,E)
with weight function w. Let d be the metric completion of G. Let T1 be the Steiner Tree resulting
from executing algorithm A on (G, d). Let T2 be the Steiner Tree resulting from mapping T1 back
to the original graph G with weight function w. Let OPT be the optimal Steiner Tree for the
original graph (G,w).

Problem 1.a. Prove that costd(T1) ≤ αcostw(OPT ).

Problem 1.b. Prove that costw(T2) ≤ costd(T1).
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Standard Problems (to be submitted)

S-1. In this problem, you will improve the approximation ratio for Metric Steiner Tree.

Problem 1.a. Given a cycle C containing n nodes, let cost(C) be the sum of the edge weights
in C. Prove that at least one edge in the cycle C has weight at least cost(C)/n.

Problem 1.b. Given an instance of Metric Steiner Tree with n required nodes R, prove that
a minimum spanning tree of R is a 2(1 − 1/n)-approximation of the optimal Metric Steiner Tree.
Hint: Think about where a cycle is constructed in the original proof, and use the result from part(a).

S-2. Let G = (V,E) be an undirected graph with nonnegative edge weights. Let S, the senders
and R, the receivers, be disjoint subsets of V . The problem is to find a minimum cost subgraph
of G such that for every receiver r ∈ R, there is at least one sender s ∈ S such that there is a
path connecting r to s in the subgraph. Give a factor 2 approximation algorithm that runs in
polynomial time. Hint: Consider introducing an additional vertex to the graph, and try building on
an approximation algorithm (for a different problem).

S-3. In this problem, we will consider the following variant of set cover: assume you are given
an underlying set of n elements X and a collection of m sets S1, S2, . . . , Sm where each Sj ⊆ X.
Assume that each element x ∈ X is contained in at most 3 different sets.

Problem 3.a. Given an integer linear program (ILP) that solves this set cover problem.

Problem 3.b. Explain how to round the ILP from part (a) to achieve a 3-approximation algo-
rithm. Prove that your algorithm is correct.
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Advanced Problems

These do not need to be submitted. Optionally, come talk to me about these during office hours.
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Figure 1: Example for problem A-1: the graph consists of a star, with a single root node (R) at the
center. The groups are subsets of the leaves. For example, g1 = {A,C,D}, g2 = {B,C,E}, g3 = {E,F},
g4 = {C,D,E}.

A-1. The Group Steiner problem is defined as follows: you are given as input a weighted graph
G = (V,E) with positive edge weights. There is also one specified vertex r ∈ V , and there are k
subsets of the vertices g1, . . . , gk where each gi ⊆ V . The goal is to output a minimum weight tree
T that connects at least one node in each gi to R. That is, for every group gi, there should be some
vertex w ∈ gi such that there is a path in the tree from w to r.

We consider here a special case of the Group Steiner problem where the graph G is a star, the
edge weights are all 1, the root r is the center node in the star, and the groups gj each consists of
a subset of the leaves. Develop a polynomial time algorithm that gives an O(log n) approximation
to the optimal Group Steiner Tree.

A-2. Consider the weighted Set Cover problem, where you are given a set of elements X and a
set of subsets S1, . . . , Sm and a set of weights w1, . . . , wm; each weight wj corresponds to the cost
of choosing set Sj . The goal is to find a collection I of sets that covers all the elements in X and
minimizes

∑
j∈I wj .

Now consider the Partial Cover problem: for a fixed constant p ∈ (0, 1), the goal is to find a
collection of sets I that minimizes

∑
j∈I wj such that:∣∣∣∣∣∣

⋃
j∈I

Sj

∣∣∣∣∣∣ ≥ p|X| .
That is, the sets selected in I cover a p-fraction of the elements in X.

Give a polynomial-time algorithm to find a solution to the partial cover problem that is a c(p)
approximation of OPT, where the approximation-ratio c(p) is a constant that depends on p and
OPT is the optimal solution to the set cover problem.
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