
CS4234: Optimization Algorithms

Problem Set 4

Solution Sketches

S-1. Humperdink and Mildred run two hotels in a popular tourist destination (see Figure 1).
Tourists, when they visit town, often want to see everything: they wake up in the morning, leave
their hotel, attempt to see all the sights, and end the day at the Central Plaza (where there is
an excellent restaurant for dinner). Unfortunately, as things stand, tourists staying at both hotels
cannot accomplish this without retracing their steps at some point during the day.

Problem 1.a. To solve this problem, Humperdink decides to build a new road. Which road
should he build so that his guests can start at his hotel, traverse every road exactly once, and end
at the Central Plaza? Draw this new route on the graph.

Solution: He builds another road from Hotel Humperdink to the location in the bottom right
corner. Now the only two odd vertices are hotel Homperdinsk and the Central Plaza.

Problem 1.b. Mildred is upset that Humperdink has gained an advantage. What road should
Mildred build to ensure that her guests can all perform a good tour (starting at her hotel, traversing
every road, and ending at the Central Plaza), but none of Humperdink’s guests can perform a good
tour?
Solution: She builds a road from Hotel Mildred to Hotel Humperdink. Now the only two odd
vertices are Hotel Mildred and the Central Plaza.

Problem 1.c. Recall that an Eulerian Cycle for a multigraph G is a cycle that crosses each edge
exactly once. Given a special starting node s and a destination d, we define an Eulerian Path as a
path that starts at s, ends at d, and crosses each edge exactly once. Prove the following statement:
A connected multigraph G has an Eulerian Path if and only if s and d have odd degree, and every
other node has even degree.

Solution: We show that this condition is both necessary and sufficient:

• Assume that connected graph G has an Eulerian Path from s to d. Then for every node
except s and d, the path enters and exits the node the same number of times, and hence the
degree must be even. For node s, the path exits s one more time than it enters it, and for
node d, the path enters one more time than it exits, hence s and d must have odd degree.

• Assume that s and d have odd degree and every other node has even degree. Add an edge
directly from s to d. In the resulting graph, every edge has an even degree, and hence there
is an Eulerian Cycle C. When the edge from s to d is removed, the cycle C becomes a path
P that starts at s, ends at d, and covers every edge.

You could attempt to prove the result directly (instead of by reduction to the existing proof). You
have to be a bit careful in the inductive step, however, since the subcomponents may not contain
s or d.
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S-2. A new museum has just opened in Singapore, and everyone wants to go. Alas, they can only
let in n people per day. They have hired you as a consultant to help maximize their attendance.

They have the following problem: people arrive at the museum in groups. Sometimes in small
groups (e.g., a family) and sometimes a large group (eg., a tour group, or a school class). When a
group wants to visit the museum, there must be space for all of the group to enter the museum.
If there isn’t room for the entire group, then the entire group is turned away. The museum wants
your advice on how to let as many people visit as possible.

You are given a set of groups G[1 . .m] = [g1, g2, . . . , gm] where gi is a number representing the
size of the group. Each of these groups is trying to make a reservation to enter the museum next
week. Assume that you can admit at most n people total.

Problem 2.a. Consider the following greedy admission algorithm, where the function Admit(i)
admits group i and Reject(i) rejects group i.

The greedy algorithm sorts the groups by size, with the largest groups first. It then iterates
through the groups from largest to smallest, admitting any group for which there is room. Show
that this algorithm works pretty well, i.e., show it is a 2-approximation of optimal. (That is, if,
given G and n, it is possible to admit k people, then the greedy admission algorithm will admit at
least k/2 people.)

Figure 1: Map of a popular tourist destination, including Hotel Humperdink, Motel Mildred, and the
Central Plaza (along with assorted other locations).
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1 Algorithm: GroupAdmission(G[1 . .m], n)

2 Procedure:
3 admitted ← 0
4 remaining ← n
5 G ← Sort(G)
6 for i← 1 to m do
7 if G[i] ≤ remaining then
8 Admit(i)
9 remaining ← remaining −G[i]

10 admitted ← admitted + G[i]

11 else
12 Reject(i)

13 return admitted

Solution: There are two cases to consider. Assume that some group G[i] contains at least n/2
people. In that case, the largest group (after sorting) contains at least n/2 people, and hence we
admit at least n/2 people. Since the optimal solution admits≤ n people, we have a 2-approximation.
Assume instead that every group has < n/2 people. Let k be the size of the largest group not
admitted. In that case, we have admitted > n−k people (as there is no room for the group of size k).
But we know that k < n/2 (by assumption), and hence we have admitted > n−k > n−n/2 > n/2
people. Thus again we admit at least n/2 people, yielding a 2-approximation.

Problem 2.b. Unfortunately, the GroupAdmission algorithm does not work perfectly. Show
that the algorithm is not optimal by giving a counterexample in which, asymptotically as n gets
large, the ratio between greedy seating and optimal seating approaches 1/2.

Solution: Assume that there are three groups with sizes {n/2 + 1, n/2, n/2}. In this case, the
optimal solution admits n people, while the greedy solution admits n/2+1. Thus, the approximation
ratio is n/(n/2 + 1) which is asymptotically equal to 2.

Problem 2.c. Assume that the groups G are provided in read-only memory. That is, you
cannot sort the groups G, nor can you copy the array. (You may only use O(1) extra space.) In
this context, give an efficient algorithm, and prove that it is a correct 2-approximation algorithm.
(Hint: one solution runs in time O(m log n); however there is a better solution that runs in time
O(m).)
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Solution: First, check if there is any group of size ≥ n/2. If there is, then admit it and stop.
Otherwise, scan the list from beginning to end (in any order) admitting every group until you run
out of room. This takes two passes through the data and hence takes time 2m.
The analysis is identical to the first part. If there is a group of size ≥ n/2, then it is admitted and
we have a 2-approximation. Otherwise, if there is no group of size ≥ n/2, then the first group that
is not admitted must have size k < n/2. In that case, we admit at least n− k people, i.e., at least
n/2 people—also yielding a 2-approximation.
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