
CS4234: Optimization Algorithms

Problem Set 5

Due: September 15, 11:59am

Instructions. Solve all the S-problems (standard). You may submit these problems electronically
or in the envelope next to my office, or before class.

Exercises (not to be submitted)

Ex-1. We have already proved that the following three claims are equivalent for any flow f :

1. There exists a cut (A,B) where capacity(A,B) = value(f).

2. Flow f is a max flow.

3. There is no augmenting path in the residual graph R with respect to f .

Prove that this implies the following: If f is a max-flow and (A,B) is a cut with minimum capacity,
then value(f) = capacity(A,B).

Ex-2. Prove that the following integer linear program finds the minimum spanning tree of a
graph G = (V,E) with n nodes, m edges, and weight function w:

min

(∑
e∈E

xe · w(e)

)
where∑

e∈E
xe = n− 1∑

(i,j)∈E,i∈S,j∈S

x(i,j) ≤ |S| − 1 ∀S ⊆ V

xe ∈ {0, 1} ∀e ∈ E

Notes: Actually, the LP relaxation will always find an integral solution (but proving that is slightly
trickier). Also, notice that this LP has an exponential number of constraints—but it can still be
solved efficiently by building a “separation oracle.” Finally, similar ideas yield ILPs for Steiner
Tree and TSP.
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Standard Problems (to be submitted)

S-1.
Problem 1.a. In Figure 1, there is a flow network with three flows missing. That is, it is a
directed graph, where each edge has a capacity and a flow, except for three edges where the flow is
missing. Determine the proper value for the missing flows x, y, and z.

Problem 1.b. What is the value of the flow in Figure 1?

Problem 1.c. Prove or disprove the following statement: If every edge e in a flow network has
a unique value for its capacity (i.e., no two edges have the same capacity), then there is one unique
maximum flow.

Problem 1.d. Prove or disprove the following statement: Given a flow network G, if we replace
a directed edge e with two directed edges e1 and e2 in opposite directions, and with the same
capacity, then the value of the maximum flow remains unchanged.

Question S-1(a)
What are the flows on the missing edges?
Solve for x y and zSolve for x, y, and z. 
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Figure 1: Flow network with three flows (x, y, z) missing.
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Question S-2
Execute one iteration of Ford-Fulkerson.

– What is the augmenting path?What is the augmenting path?

– Which is the bottleneck edge?

What is the new flow after the iteration?– What is the new flow after the iteration?

Figure 2: Flow network for Problem S-2 with non-maximum flow.

S-2. See the flow network in Figure 2. Execute one iteration of Ford-Fulkerson on this flow
network, and identify: (a) the augmenting path; (b) the bottleneck edge; and (c) the new flow
assignment after the iteration is complete.
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Question S-3
(a) What is the value of the flow?
(b) Is this a maximum flow?  If not, find a maximum flow.  

(Hint: draw the residual graph.)
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Figure 3: Flow network for Problem S-3.

S-3.
Problem 3.a. What is the value of the flow in Figure 3?

Problem 3.b. Is this a maximum flow? If not, find a maximum flow. (Hint: draw the residual
graph.)

Problem 3.c. Find an st-cut with minimum capacity in the graph in Figure 3. Draw the
cut, indicating which vertices are in each half of the cut. Prove that your cut is, in fact, the min-
imum cut. (Note: This was not fully covered at the end of class. See if you can figure it out. If
not, just skip it.)

S-4. Assume you are given a flow network that you want to disrupt. In this flow network, every
edge has capacity exactly 1. That is, you are given a directed graph G = (V,E) with a specified
source s and target t where for every edge e, c(e) = 1. You are also given as input an integer k.

Find a set of exactly k edges that, when deleted, reduce the maximum flow in G as much as pos-
sible. That is, find a set E′ of k edges that minimize the maximum flow in the graph G = (V,E\E′).
Give an algorithm for finding these k edges and prove that it is correct.
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Advanced Problems (not to be submitted)

A-1. Dominating Sets Given a graph G = (V,E), a dominating set is a set D such that for
every node u ∈ V , either u ∈ D or there is some other node v ∈ D where there is an edge connecting
u and v (i.e., (u, v) ∈ E). Prove that, for every graph G, the number of dominating sets in G is
odd.

Hints:

• Show that the number of non-dominating, non-empty sets is even.

• Build a new graph (that is very large) and use the fact that the set of nodes with odd degree
is even.

A-2.
Problem 5.a. Your goal in this problem is to solve the minimum flow problem. You are given
a directed graph G = (V,E) where each edge e has an upper bound u(e)on its capacity, as well
as a lower bound l(e) on its capacity. A valid flow is one in which l(e) ≤ f(e) ≤ u(e). Give an
algorithm to find a valid flow with minimum value.

Hint: First, find a feasible flow (by reduction), and then modify it to be a minimum flow.

Problem 5.b. Assume you have n jobs to perform: j1, j2, . . . , jn. Each job ji has a start time
s(ji) and an end time e(ji). Each job must be performed continuously from its start time until its
end time on some one server, without interruption.

It takes some time for a server to switch from one job to another. If a server finished job jx,
then it cannot start job jy for time t(x, y) after job jx completes. (This is the time required to
clean up from the first job and load the second job.)

Give an algorithm to find the minimum number of servers needed to complete all the jobs.
(Your algorithm should also determine which jobs are assigned to which servers.) Prove that your
algorithm is correct.

Hint: Use the minimum flow algorithm from part(a).
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