
Group A

Question: Feedback Edge Set (FES)

You are given a weighted graph G = (V,E) with weights w : E → R. Your goal is to delete the minimum
number of edges to produce an acyclic graph that contains the maximum number of remaining edges. That
is:

Find a minimum weight set of edges F such that G = (V,E \ F ) is acyclic.

Draw a picture and give an example to explain this problem.

Part A. Assume G is an undirected graph. Give an efficient algorithm to solve this problem optimally.

Solution ideas. First, find a maximal spanning tree T . (How?) Then let F be all the edges not in the tree
T . Go through an example. Why does this work? (Sketch a proof.)

Part B. In the case of directed graphs, the FES problem is NP −hard. Consider the following (heuristic)
algorithm: Given a directed graph G = (V,E) and weights w:

1. Sort the nodes in V = v1, v2, . . . , vn.

2. Build graph Gf = (V,Ef ) containing only forward edges. That is, Ef = (vi, vj) where i < j.

3. Build graph Gb = (V,Ef ) containing only backward edges. That is, Eb = (vj , vi) where i < j.

4. Return the graph Gf or Gb containing more edges as the acyclic graph (and the other edges as the
removed edges F ).

Show that:

• Both Gf and Gb are valid solutions to the FES problem.

• Show that the algorithm is not a good approximation algorithm.

Solution ideas. To show that they are both valid solutions, you need to show that the resulting graph
is acyclic, which follows from the construction. To see that the algorithm is not a good approximation
algorithm, construct a graph so that both Gf and Gb have only |E|/2 edges, but the original graph G is
acyclic (i.e., F = ∅ in the optimal solution). (Hint: connect odd nodes to odd nodes and even nodes to even
nodes.)



Part C. Consider the complementary problem:

Find a maximum weight subgraph G′ ⊂ G that is acyclic.

Notice that weight here refers to the sum of the edge weights. Show that the algorithm above is a 2-
approximation of optimal for the maximum acyclic subgraph problem.

Solution ideas. The key here is to observe that OPT ≤
∑

e∈E w(e), and that weight(Gf ) + weight(Gb) =∑
e∈E w(e). Hence either Gf or Gb contains half the total weight, and hence is at least OPT/2.

Part D (optional, time permitting). Assume G is a directed graph. Show that now it is NP-hard
to solve by reduction from vertex cover. That is, given an instance of vertex cover, show how to use this
problem to solve it.

Solution ideas. Given an instance G = (V,E) of vertex cover (i.e., an undirected graph), we build a new
directed graph in two steps. First, for each (undirected) edges e = (u, v) in E, we add two directed edges
e1 = (u, v) and e2 = (v, u) to E1. Now we have the graph G = (V,E1) that is directed. Next, for every
node u in V , we create two nodes vin and vout and add them to V ′. Now we build edges set E2 as follows:
for every edge (u, v) in E1 add edge (uout, vin) to E2. Finally, for every node u, add edge (uin, vout) to E2.
Notice that in the resulting graph, node uin has only one outgoing edge (to uout)) and node uout has only
one incoming edge from uin. Give all edges weight 1. Draw a picture.

If a solution removes the edge (uin, uout), then add edge u to the vertex cover. To show that the reduction
yields the desired result, we need the following:

• Show that this constructs a vertex cover (i.e., if there is an uncovered edge, it would have formed a
cycle in the graph G = (V ′, E2)).

• Argue that the cost of the resulting vertex cover is ≤ the number of edges removed in G = (V ′, E2).

• Given the minimum vertex cover, we can construct an edge set F of the exact same size that solves
the acyclic graph problem by added (uin, uout) to F for every node u in the cover.

Putting these three pieces together, we see that:

vertex cover constructed ≤ OPT (FES) ≤ OPT (V C)

This imples we can use the solution to G = (V ′, E2) to find a solution for the vertex cover problem.



Group B

Question: Maximum Independent Set (MIS) on a grid

Imagine you are given a network that is arrange as a grid, as follows:

The grid has n nodes, and each of the nodes (except for those on the edges) has four neighbors. The goal of
this question is to develop an algorithm for finding a maximum sized Maximum Independent Set (MIS) for
this graph (or an approximation). Explain the problem, draw a picture, and give an example.

Part A. Consider the following greedy algorithm for graph G = (V,E):

• I = ∅.

• Repeat until V is empty:

– Choose any arbitrary node u ∈ V .

– Add u to I.

– Delete all the neighbors of u in V .

Argue that this algorithm is a 5-approximation of optimal. (First, show that it is correct!)

Solution ideas. Notice that OPT ≤ n. All you need to do is argue that this procedure adds at least n/5
nodes to I, i.e., that the loop continues at least n/5 times. (Give an example.)

A maximal independent set is one where no new nodes can be added, i.e., all nodes are neighbors of some
node in the set. Note that the term maximal is easily confused with the term maximum. What we have
really shows in that if the graph has degree ∆, then any maximal independent set is a (∆+1)-approximation.
In practice, many real-world systems rely on maximal independent sets instead of maximum independent
sets.



Part B. Now, consider the weighted version: given graph G = (V,E) with a weight w(u) for each node
u ∈ V , find the maximum weight independent set. Explain the problem, draw a picture, and give an example
where the greedy algorithm from Part (A) does not work. Now consider the following greedy algorithm:

• I = ∅.

• Repeat until V is empty:

– Choose the node u ∈ V with maximum weight.

– Add u to I.

– Delete all the neighbors of u in V .

Show that this algorithm is a 4-approximation of optimal. (Give an example and show how the algorithm
works.)

Solution ideas. First, fix I∗ to be the optimal maximum weight independent set. Argue that if u ∈ I∗ and
u /∈ I, then there is some other node v ∈ I that is a neighbor of u and w(v) ≥ w(u). (Hint: this is because if
u /∈ I, it must be that it was removed at some earlier step. Why was that?) So, if I∗ = {u1, u2, . . . , uk, then we

have another set v1, v2, . . . , vk where vj ∈ I and vj is a neighbor of uj and OPT =
∑k

i=1 w(ui) ≤
∑k

i=1 w(vj).
Why are we not quite done yet? The items in v1, v2, . . . , vk may not be unique! For example, both u4

and u7 may have been removed due to node v4. How many times can each item in I appear in the set
v1, v2, . . . , vk? Show that

∑k
i=1 w(vj) ≤ 4 · weight(I).

Part C. (optional, time permitting) Here is an integer linear program for the maximal independent
set problem:

max

n∑
i=1

xiw(i)

such that:

xi + xj ≤ 1 ∀i, j ∈ V

xi ∈ {0, 1} ∀i ∈ V

Add node i to the independent set if x1 = 1. Observe that this yields an independent set (i.e., no two neigh-
bors are in the independent set), and that it is optimal (i.e., any independent set satisfies these constraints).

What happens if you relax the integrality constraint, allowing instead xi ≥ 0 and x≤1? Why is this linear
program not useful? (Can you give a set of values for the xi that will be good for all graphs, regardless of
the size of the independent set?) What happens if you try rounding the xi like we did for vertex cover, i.e.,
add ui to the independent set if xi > 1/2? Can you show that the ingrality gap is at least n/2? (Recall that
the integrality gap is the ratio of the best real solution to the best integral solution. If the integrality gap is
large, there is no way to round the linear program to find a good integral solution.)

Solution ideas: Think about what happens if you set xi = 1/2.



Group C

Question: Clustering

In this problem, we will consider a set of points in a Euclidean space. If you are given a set S of such points,
we define the diameter of S to be the maximum distance between any two points in S:

diameter(S) = max
x,y∈S

|x− y|

(Here, the notation |x− y| refers to the Euclidean distance between x and y.) The problem of k-clustering
is defined as follows:

Input: A set of points S = x1, x2, . . . , xn, where each point is in a Euclidean space.

Output: A partition of the points into k clusters C1, C2, . . . , Ck. (Recall that a partition guarantees that
for all points xi there exists a Cj such that xi ∈ Cj , and that for all clusters Cj and C`, Cj ∩C` = ∅.)

Objective: Minimize the diameter of the largest cluster, i.e., minimize:

max
`∈{1,...k}

diameter(C`) .

Draw a picture, give an example, and explain the problem.

Part A. Consider the following algorithm for 2-clustering (i.e., dividing the input points into two sets):

1. Let y1 be an arbitrary point in the input S.

2. Let y2 be the point at maximum distance from y1 in S, i.e., the point that maximizes |y2 − y1|.

3. For each point xj ∈ S, assign it to cluster C1 if it is closer to y1 than to y2. Otherwise, assign it to
y2. That is, let d1 = |xj − y1| and d2 = |xj − y2|. If d1 < d2, then assign xj to C1; otherwise assign xj

to C2.

Prove that this algorithm is a 2-approximation of the optimal 2-clustering. (Give an example, showing how
the algorithm works.)

Solution ideas: Let y3 be the point in S farthest from both y1 and y2 (i.e., min(|y3 − y1|, |y3 − y2|) is
maximum). Let d be the minimum of |y3 − y1| and |y3 − y2|. Notice that every other point is either closer
to y1 than y3 or closer to y2 than y3 (or both). Bound the diameter of both sets in the solution by 2d. Show
that OPT has to have a diameter for one of the sets of at least d. (Draw an example that demonstrates, as
well as giving the proof.)

Part B. Generalize the algorithm from Part (A). Give an algorithm for k-clustering (given any fixed value
of k as part of the input). Give its approximation factor, and explain why.

Solution ideas: Try to continue to iterate the algorithm above. If you want k sets, then we want to choose
y1, y2, y3, . . . , yk, and cluster each node with the point that it is closest to. So in each case, choose the
next yi+1 to be the point farthest from any y1, . . . , yi. (What exactly does that mean? Write it a bit more
formally.) Then, use the same argument with respect to point yk+1.


