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Figure 1: Molecular models of an A-DNA molecule. The leftmost shows

the ball and stick model; the center left and right show the solvent

accessible model and molecular skin model respectively; the rightmost shows the zoomed mesh details in the box of the center right gure.

ABSTRACT

We present an ef cient algorithm to mesh the macromolecules sur-
face model represented by the skin surface de ned by Edelsbrunne

Our algorithm overcomes several challenges residing in current sur-
face meshing methods. First, we guarantee the mesh quality with .,

a provable lower bound of 21on its minimum angle. Second, we
ensure the triangulation is homeomorphic to the original surface.
Third, we improve the ef ciency of constructing the Restricted De-
launay Triangulation(RDT) of smooth surfaces. We achieve this
by constructing the RDT using the advancing front method with-

out computing the Delaunay tetrahedrization of the sample points

on the surfaces. The dif culty of handling the front collision prob-
lem is tackled by employing the Morse theory. In particular, we
construct the Morse-Smale complex to simplify the topological

changes of the front. Our implementation results suggest that the

algorithm decrease the time of generating high quality homeomor-
phic skin mesh from hours to a few minutes.

CR Categories: J.3[Life and Medical Sciences]: Biology and Ge-
netics; 1.3.8 [Computer Graphics]: Computational Geometry and
Object Modeling—Curve, Surface, Solid, and Object Representa-
tion

Keywords: Smooth surfaces, meshing, guaranteed quality trian-
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1 INTRODUCTION

reason is that the surface model can represent the geometry of the
molecules better than other models such as the ball and stick model.
See Figure 1 as an example.

There are three existing molecular surface models [5]. The van
r Waals surface (or VW) model is de ned as the boundary of
union of the atoms by considering each atom as a ball with its van
der Waals radius. The other two surface models are de ned through
tracing a probe sphere that rolls over the VW model. The solvent
accessible (or SA) model is the surface traced by the center of the
probe sphere. The molecular surface (or MS) model is the surface
traced by the inward-facing surface of the probe sphere. The MS
model has a major advantage over the other two for its smooth-
ness in most cases. Because smooth surfaces can be meshed with
good quality triangles, MS model may facilitate accurate numeri-
cal computations. However, sharp corners still exist since the MS
model can have self-intersections. These singularities result in un-
faithful representations of the molecules and unrobust visualization
software implementation [5].

Edelsbrunner [8] de nes a paradigm of smooth surfaces for
molecular modeling, namely, tlekin surface The skin model of a
molecule is similar to its MS model. Moreover, it has a number of
distinct properties such as smoothness, decomposability and com-
plementarity and they are desirable in molecular modeling applica-
tions. In addition, the skin surface can deform freely with smooth
transitions, which may be used for molecular dynamics simulations.
Therefore, the skin surface model outruns the existing models for

Surface models are essential in many elds of comput_atl_onal SCl- macromolecules such as DNAs and proteins.
ence. For example, molecular surfaces are preferable in investigat-

ing the inter-molecular interactions such as the ligand docking. The
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However, there is still no ef cient algorithm to mesh the skin
surface for visualization and numerical computations. Although
Cheng et al. [14] presented and implemented two algorithms,
namely, a static and a dynamic skin triangulation algorithms, their
performance are unsatisfactory. It will take hours to generate a skin
surface of a protein molecule with about 1000 atoms. This paper
proposes an ef cient algorithm to mesh the skin surfaces.



1.1 Challenges in Surface Meshing advancing at such regions, there will be cracks in the partial trian-

. . . . . __gulations when no more triangles can be added. Fixing these cracks
Surface meshing has been studied widely in the computer graphicsinolves heuristics, which always lead to robustness problems of al-
and computational geometry literature [2, 4]. In order to support vi- gorithms. Inspired by the ideas frobtorse theoryWe advance the
sualization and numerical simulation of surface models, the meSh'front with the priority speci ed by aviorse functionon skin sur-
ing algorithms are required to generate correct surface mesh With¢,ces As a result, we can predict the potential front collisions and

high triangle quality ef ciently. However, several challenges still - ¢onnect different parts of the front correctly according to topologi-
reside in existing methods. First, there should be provable bounds ., changes of the front while it is advancing.

onthe trian_gulation_quality. Second_, t_he output triangulat!on should Nevertheless, dif culty arises for the topologically complex re-
_be topological equwal_ent_ to the original surface._ Both ISSUeS are gigns that is, the front may change its topology in a sophisticated
important for the applications such as the numerical computations 5y corresponding to the small-scale details of the surface. With
with nite element method (FEM). Finally, with the guarantees of ¢ recent results on the topological simpli cation [7], we com-
mes_h quality and topological correctness, the algorithm should be pute theMorse-Smale complee simplify the topological changes
ef cient and guaranteed to terminate. of the front. Finally, we can detect the front collisions ef ciently
Nevertheless, current works can not overcome all these chal- 5nq ayoid cracks xing. Our implementation suggests that our al-
lenges at the same time. The well-known marching cube algorithm o rithm achieves high ef ciency. The computation time of a skin
[13] can achieve topological consistent implicit surface polygoniza- ¢ iface decreases from hours fo a few minutes.
tion ef C|§ently. However, it only ensure the trlangu!atlon is a man- Moreover, we achieve homeomorphic mesh with high quality by
ifold, which may not be homeomorphic to the original surface. On  a4apting the triangle size to the surface curvature. Speci cally, we
the other hand, Stander et al. [16] study the homeomorphic im- control the local size of the mesh to be proportional to the radius
plicit surface polygonization by tracking the critical points of the o the maximum principle curvature of the surface. Two conditions
implicit function using Morse theory. The surface reconstruction e maintained while attaching triangles and these conditions guar-
algorithm proposed by Amenta et. al [1] generate a homeomorphic gntee the mesh quality and homeomorphism to the surface. The op-
mesh with suf ciently dense sample points. Nevertheless, the algo- grations of maintaining the conditions are proved correct and avoid

rithm computes the Delaunay tetrahedrization of the sample points, j, ite loops bouncing back and forth, which implies the correct-
which would be slow for large point set. Furthermore, the output nacs and the termination of the algorithm.

mesh of all these works always includes bad shape triangles, that |t should be noted that our application of Morse theory on

is, the triangles with extreme sharp or obtuse angles. Chew [4] pro- gyin triangulation differs from Stander et al. [16]. On one hand,

poses an algorithm to achieve guaranteed quality mesh for curvedye s height function on the surface, a smooth 2-manifold,

surfaces without addressing the topological equivalence problem. 55 the Morse function. Stander et al. use the function that
de nes the implicit surface as the Morse function, which could

1.2 Objective be considered as a height function on a 3-manifold. On the other

) ) o ) ) ) hand, Stander et al. guarantee the homeomorphism between the
Our goal is to design a skin triangulation algorithm to satisfy the mesh and the implicit surface by tracking the critical points of

following requirements: the implicit function. However, our homeomorphic triangulation
is guaranteed by locally controlling the triangles size. Besides,
High ef ciency; a related concept to the Morse-Smale complex in our paper is
) the Reeb graph used in the surface reconstruction [10]. The
Good quality mesh; Reeb graph is a compressed representation of the components of
) implicit surfaces. However, the Morse-Smale complex expresses
Homeomorphic mesh; the gradient ow on surfaces. We use the Morse-Smale complex

Correctness and termination. of a height function to simplify the topological changes of the front.
. . ) i o Outline. Section 2 introduces the skin model of molecules and
First, we aim to mesh the skin model of proteins within a few  some geometric conditions of the skin triangulation. In Section 3,
minutes on PC platforms. At the same time, the algorithm will \ye handle the front collision problem by predicting the topological
guarantee the mesh quality with a lower bound on the minimum changes of the front according to Morse theory. We describe our
angle in the triangulation, that is, no angles in the mesh are less thany|gorithm in Section 4. Finally, we demonstrate some triangulation

21 . Moreover, we can construct a homeomorphism between the regyjts in section 5 and conclude the paper with suggestions for the
triangulation and the skin surface. Finally, we require the algorithm f,t,re works in Section 6.

is provable correct and terminates.

2 BACKGROUND
1.3 Our Approach
In this section, we give a brief summary of the skin model of
molecules. Readers who wish the details can refer to the works
of Edelsbrunner [8]. Then, we present the conditions for construct-
ing the homeomorphic skin triangulation with guaranteed quality,
which are cited from Cheng et al. [3].

We approximate the skin surface by constructing réstricted
Delaunay triangulationincrementally using thedvancing front
methodwithout computing the Delaunay tetrahedrization of sample
points. In particular, we use tihdorse-Smale compleégr handle the
front collision problenin the advancing front meshing.

The advancing front method constructs the surface mesh by iter- .
atively attaching triangles to tHeont, which is the boundary of par- 2.1 Molecular Skin
tial tria_mgulations. However, the newl_y added triangles may OVer- A sin surface is de ned by a set of weighted points
lap existing ones as the front advancing and we call thidrire
collision problem Conventional methods to handle this problem B = fb=(zw)2R% Rji= ling
is time consuming because the potential collisions are detected by
frequently checking the distance of any two vertices on the front whereb; is a weighted point witlg; as its position anday; as its
[11]. Even though the collisions can be detected and the front stopsweight. The skin surfacEg de ned by B is the boundary of an in-



nite family of spheres derived fronB by convex combination and
shrinking operation. Considering the shrinking facto%ame skin

surface is a close@! continuous surface with continuous maxi-
mum principle curvature. It can be decomposed byntlireed com-
plex Mg into a nite collection of quadratic patches, namely, sphere
patches and hyperboloid patches. The mixed comiglexs a col-
lection of polyhedra that partition tHe3 space. The portion of the
skin surface in each polyhedron is a quadratic patch.

To model a molecule with the skin surface, we consider each
atom as a weighted poir; 2 B. That is, the positiorg is the
center of an atom, and its weight is 2 times the summation of
the atom's van der Waals radius with the radius of the probe sphere
which is usually chosen as 1.4 Angstrom to represent the water a
solvent. Then, the skin surfa¢g gives a model of the molecule.
Figure 1 shows the SA model and the molecular skin model of a
DNA molecule. The molecular skin uses hyperboloid to blend the
spheres and forms a smooth surface model.

2.2 Skin triangulation

Thetriangulationof a skin surface is to form a simplicial complex
whose underlying space is homeomorphic to the skin surface.
We use therestricted Delaunay triangulatiof a set of points,

T Fg, to approximate the skin surfades.

Restricted Delaunay triangulation. Let T Fg be a nite subset
of points on the skin surfage. Thestricted Voronoi polygorof
a2 T is dened asn®= ny Fg, in which n is the Voronoi cell
of a with respect toT in R3. The dual of the restricted Voronoi
polygons is theestricted Delaunay triangulatigmamely,

n
Dt%=  conv(U)

\ (o]
U T, Fg\ na6 0

a2u

Conditions. For a restricted Delaunay triangulatid@y© to be
homeomorphic to the skin surfades, the point sefl has to sat-
isfy the closed ball property, which requires the restricted Voronoi
polygon is a topologically closed ball of appropriate dimension.[9].

3 FRONT COLLISION HANDLING

We employ the advancing front method to construct the surface
mesh. However, thigont collision problenstill arises. In this situa-
tion, the newly added triangles may overlap other existing triangles.
We introduce Morse theory to handle this problem. Firstly, we in-
troduce theMorse functiorand its relationship with the topological
changes of the front. Then, we construct kerse-Smale complex
and utilize it to simplify the topological changes of the front.

3.1 Topological Changes of the Front

'Morse theory on surfaces describes the topological changes of
Sthe partial surface boundary speci ed by a function, namely, the

Morse function [15]. Firstly, we introduce the Morse function and
its critical points on surfaces. Then, we describe their relationships
with the topological changes of the front.

Morse function. We denoteM as a smooth, compact 2-manifold
without boundary irR3 and a functionf : M| R. We assume a
local coordinate systerfxs;x2) in a neighborhood of a point 2

M. The pointp is acritical point of function f if all its partial
derivatives vanish with respect to the local coordinate system, that

L ) Otherwise, it is aegular point. If pis

T pT T p
a critical point, f(p) is thecritical value of f at p. The critical
point p is non-degenerat@ the Hessianof f at p, H(p), which
is the matrix of the second derivatives, is non-singular, namely, det
H(p) & 0. The functionf is called aviorse functiorif all its critical
points are non-degenerate.

For a critical pointp 2 M, we can choose an appropriate local
coordinate systerfixi; x2) in the neighborhood op such that the
Morse functionf is expressed in the form(xg;xp) = xf x§+
f(p). The number of minuses is called tmelexof f at p. Thus,
there are three types of critical points on a smooth 2-manifold in
R3, namely, minima with index 0, saddle points with index 1 and
maxima with index 2.

In this paper, we employ the height functib(p) = yp onM as
the Morse function ifp = ( Xp;Yp; Zp). The critical points oh are
the points with horizontal tangent planes.

Cheng et al. [3] propose to generate such a point set by adapting the

sizes of the edges and triangle®into the local surface curvature.
At any pointx 2 Fg, let k(x) be the maximum principle curvature
atx. Callr (x) = 1=k(X) the local length scale at Then, theDt°
needs to satisfy two conditions,

[L] Rap> %rab, for every edgeb,
[U] Rape< CQr apc for every triangleabc

In Condition [L], notationRyy, is the size of an edgeab 2
D72 which is equal tokabk=2. Similarly, the size of a triangle
abc2 DtYis de ned asRyp. that is the circumradius of the tri-
angleabc The local length scale of the edgd is de ned as
rap = maxr (a);r (b)g and that of the trianglabcis de ned as
I apc= minf r (a);r (b);r (c)g. C andQ are judiciously chosen pos-
itive constantsC controls how closely the mesh approximates the
surface and controls the quality of the mesh.

Cheng et al. [3] proved that the restricted Delaunay triangulation
Dt%has the closed ball property if these two Conditions are satis ed
with C = 0.08 and Q = 1.65. This impliear%is homeomorphic to
the skin surfacdg [9]. At the same time, the minimum angle in
Dt Ys larger than arcsig;, which is around 21for Q = 1.65.

In our algorithm, we will control the triangle sizes to maintain
these two conditions while constructing the skin triangulation incre-
mentally. As a result, we achieve homeomorphic skin triangulation
with a lower bound on its minimum angle.

Topological changes of the frontLetMa=fx2 M jh(x) agbe
the partial surface for som&2 R. Denotel ;= fx2 M jh(X) = ag
as thelevel curveata. The curvel, is the boundary oMy and it is
the intersection oM and the horizontal plang; :y= a.

h(t)

h(u)
h(s)

h(r)
h(g)

h(p)

Figure 2: Critical points and level curves of height function h on a
smooth 2-manifold. The points p;q are minima, r;s are saddle points
and t; u are maxima of h. Solid curves are the level curves at different
height.

We illustrate the topological changes of the level curyet the
three types of critical points df with the example in Figure 2.
Let e be a small positive number. While we sweep a horizontal
planeT, upwards froma= ¥, the partial surfaceM 5, is empty



whena< h(p). After Ty passes the minimurp and whena = the skin decomposition, the critical points can be easily computed

h(p) + e, the level curve.a changes fronky iy ¢ = 0 t0 L)+ e analytically by exploring every single sphere or hyperboloid patch.
which is a topological circle. When the horizontal plane rises to ~ Next, we compute the arcs in the Morse-Smale complex, which
Th(r), the two topological circles ihy;y ¢ touch atr. At the level are the integral lines connected to the saddle points. At each saddle

h(r)+ e, the curveLp . . becomes one topological circle. As the point, there are two integral lines of the steepest ascent and another
height increases th(s), Ly changes to two topological circles two of the steepestdespent. First, we compute thetapgent vectors of
with their contact point as. When the horizontal plari, arrives each saddle point that indicates the steepest ascending and descend-
at the maximunu, one topological circle converges to ?he paint ing directions. Because each saddle point lies on an one-sheeted
Finally, L+ e becomes empty after the horizontal plane passes the hyperboloid, we can get the vectors analytically by computing the
maximumt tangent vectors of a vertical cross section of the hyperboloid.

By this observation, we are inspired to sweep the partial trian- Then, we compute the gradient of the height functioat the

gulation over the skin surface in a similar manner. The topological regular points. For each regular pomie Fg, we denote the gradi-

: - ent vector of the height functioh at p asgp and the unit surface
changes of the level curve correspond to the topological changes . Ty .
of the front. Therefore, the front will collide around the critical normal vector ofp asnp. The gradient vectorigp = 7y np; in
points on the skin surfaces. We sepmtecting spheravith the which the unit vectoW = ( 0; 1;0) represents the height direction.
center at each critical point to detect the potential collisions of the  Finally, we approximate the integral lines with piecewise linear
front. Thus, we only manage the topological changes of the front curves because the integral lines on the skin surface are dif cult
within each protecting sphere. There are three kinds of topological to compute analytically. At each saddle point, starting from
changes corresponding to the three types of critical points, namely,the tangent vectors indicating the steepest directions, we trace
“creation” at the minima, “bridge” at the saddle points and “seal” at four integral lines by iteratively stepping forward following the
the maxima. For the radii of the protecting spheres, we will discuss gradient until we meet a maximum or a minimum critical point.
them in Section 4.2. The accuracy of the approximation is guaranteed by choosing

However, two critical points may be close to each other and their suf ciently small step sizes adaptive to the surface curvature. The
protecting spheres have non-empty intersection. More sophisti- Figure 10(a) illustrates an example of the Morse-Smale complex.
cated solutions are needed in this case. One possible solution is
to decrease the size of all the triangles in the triangulation. The Elimination of the noisy critical points. For the critical points
reason is that the radii of the protecting spheres decrease as the triwhose protecting spheres intersect each other, we remove them by
angle sizes decrease. We can reduce the triangle sizes until no twaontracting the short arcs in the Morse-Smale complex. An arc is
protecting spheres intersect. However, it results in huge number of contracted through deleting its two ending critical points and re-
triangles, which would decrease the ef ciency of the algorithm and connecting their neighbors. We describe the contraction of an arc
increase the storage. with the example illustrated in Figure 3.

On the other hand, we can remove the critical points that are
close to each other without in uencing the construction of home-
omorphic triangulation. We will use the Morse-Smale complex to
remove these critical points that are close to each other in the next
section.

3.2 Simpli cation

The critical points that are close to each other can be interpreted as © minimum P sadde ® masimum
the noisy critical points which can be eliminated if they are con-
nected by an arc in the Morse-Smale complex [7].

Firstly, we describe the structure of the Morse-Smale complex.
Then, we describe how to construct the Morse-Smale complex on
skin surfaces. Finally, we show how to simplify the topological
changes of the front by eliminating the noisy critical points.

Figure 3: The contraction of the ab in the Morse-Smale complex.

Let a be a saddle point arllbe a minimum critical point. Sup-
pose that the arab is a short ascending integral line frooto a.
We can view the contraction of the ab as merging critical points
a; b into another minimum critical point that connected ta. The
four integral lines connected #are removed and all the integral
lines start fromb are extended te. After the contraction ofb,
each region is still a quadrangle with minimum, saddle, maximum
and saddle in order. The short arcs between the saddle points and

Morse-Smale complex.The critical points of the height function
are connected in the Morse-Smale complex viaittiegral lines
Anintegral line,g, is a curve oM. For each poinp 2 g, its tangent
vector ong agrees with the gradient of the height functioat p.
The gradient of the height functiorh at a pointp can be de ned

U T I . . maxima can be contracted in a similar way.
asNh = ( g (P); 75 (P)) in an orthogonal local coordinate system Contraction of the short arcs between a saddle point and a mini-

(x1;%2). The gradient vanishes at the critical points. For a regular mum or a maximum critical point is the only operation required in

point, the gradient is the tangent vector in the steepest ascendingeliminating the noisy critical points. With a sequence of contraction

direction. operations, it is suf cient to get a simpli ed Morse-Smale complex
The Morse-Smale complex is a collection of vertices, arcs and in which no two protecting spheres intersect each other [6] .

regions. Each vertex is a critical point, and each arc is an integral

line connecting a saddle point to a minimum or a maximum critical

point. The arcs divide the manifold into quadrangular regions. 4 ADAPTIVE SWEEPING TRIANGULATION

Each region is surrounded by two saddle points, a minimum and a

maximum critical point [6]. See Figure 10(a) for an example. When the front is advancing, the new triangles are always attached

to the lowest vertex on the front, which is callddparture vertex
Construction. The rst step to construct the Morse-Smale complex Thus, the partial triangulation sweeps from the bottom to the top of
of h on the skin surfacé&g is to locate all the critical points. In  the skin surface until the whole surface is covered. In each step of



S <
7 ZAVAVAVAY ATAVAR
AN N
%
ATAVAVAAS\ s 0T STAAVISINAN

ATAVAVAVAYAS) st VAV VANV
OVVAVAV L
XAVA

7AVAYs 4V N

RO

AVAVAVA': VAVAVAVAVA!
PAV/

Ve

5
KRB A i e A RO R
P A 4 WAy, QO o Ay, VAVAVAVAV,A
ST O YA SRS e:e’e&ﬂ;fl#{é}élw
Q AV bt AVAV,? W by
ROLAH Vavavs? < : N2 e \“zfzfg&f

P i

Figure 4: Six snap-shots of the growing mesh from the bottom to top of the skin surface de ned by 8 weighted points at the cor ners of a cube.
The red points are the minima, the blue points are the saddle points and the green points are the maxima; The red portion of the partial mesh is
the front.

adding new triangles, their sizes are adaptive to the surface curva-Initial front. We rst construct the initial front by applying “cre-

ture and the triangulation is guaranteed to be homeomorphic to theation” operation at each minimum critical point. The “creation”

surface. operation creates a “bow!” of 6 neighboring triangles that share one
We rst give a top-down description of the algorithm. Then, we common vertex. See Figure 5.

discuss the curvature adaptation schema to control the sizes of trian-

gles. Re nement operations that maintain the closed ball property

are introduced at the end of the section.

4.1 Algorithm

The input of the algorithm is a set of weighted poiris,and the
output is a triangulationkK, which approximate the skin surface
Fg. The algorithm is divided into two stages, namely, initialization
stage and sweeping triangulation.

Initialization. In this stage, we construct two combinatorial struc-
tures, namely, the mixed compld4g of the set of weighted point
B and the Morse-Smale complex of the height functioon the

skin surfaceFg. These two complexes guide the mesh generation Figure 5: Create a bow! at the minimum point po.

in the next stage. We rst compute the mixed complédg, of

B by constructing the weighted Delaunay triangulatiorBofFor Let pg be the minimum critical point. We rst draw a tangent
each polyhedromin Mg, it is the Minkowski sum of a simplex  disk with pg as the center. Then we locate six poigtd = 1::6 on

in the weighted Delaunay triangulation Bfand its dual Voronoi  the boundary of the tangent disk. See the dashed circle in Figure 5.

cell, scaled by 1/2. Then, we locate all the critical points on each These six points divide the tangent circle into six arcs uniformly,
quadratic patch withirn Finally, we compute the Morse-Smale  thatis,\ gjpggi+1 = 60 . We add the new verticgs by projecting
complex. g to the skin surface and form the six triangles. The boundary of

We set a protecting sphere for each the critical point according each bowl is a cycle of 6 edges, which igrant polygon After
to their curvature, which will be described in Section 4.2. If two applyingcreation()operation to all minima, we get the initial front,
protecting spheres intersect, we eliminate the critical points by which consists of a set of front polygons. We push all the edges
contracting the short arcs in the Morse-Smale complex. in the front polygons to a priority queud, which enables us

to get the departure vertex with the minimum height in the next step.

Sweeping Triangulation. Next, we add triangles to the mesh in-
crementally. The partial triangulations sweep over the skin surface Creeping triangles. In this step, we add more triangles iteratively
along the height direction. Figure 4 demonstrates six snap-shotsfrom the initial front. There are two operations in this process: the
of the growing mesh of a skin surface. The sweeping triangulation creep()operation to attach triangles to the front from a departure
stage is divided into three steps, namelgating the initial front, vertex, and thedridge() operation to connect two portions of the
creeping trianglesindsealing holesand they are implemented ac- ~ front around the saddle points. The step of creeping triangles is
cording to the topological changes of the front at the three types of implemented wittCreepTriangles()which is illustrated in the fol-
critical points, namely, minima, saddle point and maxima respec- lowing pseudo code.
tively. In each iteration, we get the departure vertex frQnto attach

First, we create the initial front at the minima with the “creation” new triangles. A fan of triangles around the departure vertex are
operations. Then we advance the front along the height direction created by thereep()operation. See Figure 6 as an example. Let
by attaching triangles to the lowest vertex on the front iteratively. Pt be the departure vertex. We rst draw the tangent disk vpith
During this process, the different portions of the front connect as the center. The dashed circle in Figure 6 is the boundary of the
around the saddle points within its protecting sphere, and we call tangent disk. Lepo; p be the neighbors qgf; on the front and the
this the “bridge” operation. When the front is in the protecting POINtso, dn are the projections of; pn on the tangent plane of
spheres of the maxima and no more triangles can be attached,Pt- We add new verticep; and form new triangleg; 1p:pi from
we close the holes with the "seal” operation and the algorithm i= 1toi= n, in whichn= d\qg%e. To getp;, we rst locateq
terminates. that satis es\ giptgi+1' 60 . Then, we project eactj to a point

pi on the skin surface. After eaareep()operation, we push the



Algorithm 1 CreepTriangles()

1: while Q6 ? do
2:  t=ExtractMinQ);

3: if t falls in the protecting sphere of a saddle paitihen
4: if cis ready to be bridgethen
5: bridge();
6: else
7 Mark the triangle with red;
8: end if
9: else ift falls in the protecting sphere of a maximum paint
then
10: Mark the triangle with green;
11: else
12: creep();
13:  endif
14:  Re ne the newly added triangles;
15: end while

new front edges to the priority que@ While the priority queue
Q is not empty, we repeat ttezeep()operation to advance the front
towards the untriangulated part of the surface.

Figure 6: Creep triangles from a departure vertex p;.

During the front advancing by thereep() operation, the small

sures that there are no angles smaller thant8fiween any two
adjacent front edges during front advancing.

However, the newly added triangles in tleeep() operation
may not maintain the closed ball property in Section 2.2. We need
re nement operations to maintain the Condition [L] and Condition
[U] for the closed ball property. We will introduce the re nement
operations in Section 4.3.

Bridging the front. As the partial mesh grows, the fronts will get
closer to each other around the saddle points or the maxima. The
protecting spheres for the critical points will detect such events.
Once the front falls into the protecting sphere of a saddle point, we
stop the front advancing at this portion because it would lead to
front collision. If the front reaches the protecting sphere of a saddle
point on two different sides, we useébadge() operation to connect

the two sides of the front. Figure 8 illustrates the result a bridge
operation.

Figure 8: Bridge the front at a saddle point ps.

In Figure 8, the vertexps is a saddle point and the thin dotted
line represents the protecting spherepaf The front edges, pr
and pypy fall in the protecting sphere on two different sidespaf
We add new triangles to bridge the front together at the edgas
and pypy. Then, we update the priority que@@after abridge()
operation and resume the loop ofeep() operation to advance
the front. See the snapshots number 2, 3 and 4 in Figure 4 for an
example.

angle between two front edges may cause overlap between the . ) ]
newly added triangles and the existing triangles. See the Figure Sealing holes.Once the front falls into the protecting sphere of a

7 (a).

Figure 7: Wing a small angle to avoid the overlapping triangles in
creep() operation. Figure (a) and (b) illustrate the result of creep()
operation before and after xing the small angle \ gfd.

In Figure 7, the anglé gfd is a small angle and the vertek

maximum critical point, we simply stop the front advancing at that
portion. When the priority queu® is empty, the surfacesg, is
covered by an almost nished partial triangulation with holes only
around maxima. The boundary of each hole is a topological circle
consisted of a cycle of edges in the protecting sphere of a maxi-
mum. We seal the hole by repeatedly adding triangles whose two
edges are neighbors in the circle. The snapshots number 5 in Fig-
ure 4 illustrates the holes around each maximum before the sealing
operation.

Finally, we get the triangulatioK of the skin surfacdg after
re ning the newly added triangles in theseal()operations.

4.2 Curvature Adaptation

In the creation() and creep() operations, we obtain new mesh
vertices by projecting the points from a tangent circle to the

is the departure vertex. The dashed circle is the boundary of thesurface. In order to guarantee the closed ball property, we need to

tangent disk in the currerdreep()operation. In the Figure 7 (a),
two newly added mesh vertices apg and p;. Becausa gfd is
small, the verteyp; lies in the existing triangle fg As a result, the
new triangles p;d andp1 pod overlap the existing triangkefg We
can solve this problem by xing the anglegfd before we apply
creep()to vertexd. As illustrated in the Figure 7 (b), the newly
added triangles frord do not overlap the existing ones after adding
a trianglegd f.

We call xing small angles thaving() operation and apply it at
the end of eaclereep()operation to x all the small angles. It en-

adjust the radius of the tangent disk to ensure that the new triangles
satisfy the two Conditions in Section 2.2. Also, we use the same

radii for the protecting spheres at the critical points. The reason is

that each step of the front advancing must not cross to the other
side of the spheres.

Edge length constraints.Let the departure vertex keeand a new
mesh vertex b&. Denote the radius of the tangent diskraxen-
tered ata. Our consideration is to ensure the edge lengthlois
not too long nor too short for both verticasndb according to the



two Conditions in Section 2.2. We rst derive the lower bound and the partial triangulations may not maintain the closed ball property
upper bound of the size of edgb, Ry, relative to the local length during sweeping. It is mainly due to three reasons. Firstly, the lo-
scaler (). cal region of newly added triangles in each step may not keep the
Cheng et al. [3] prove that the rate of changes of the local length restricted Delaunay property, we usdge ippingto maintain the
scale on the skin surface satisfy the following Lipschitz condition, restricted Delaunay triangulation. Secondly, the short edges added
in the wing() operation may violate the Condition [L], we use the

irex) r(yj k x yk; edge contractiorio remove these short edges. Finally, edge con-
traction may lead to violation of the Condition [U]. Thus, we need
in whichx;y are two points on the skin surfaég. From this con- thevertex insertioroperation to destroy the big triangles.
dition, we can determine the boundofb) in terms ofr (a). As a We refer to the implementation of the re nement operations in-
result, we get the lower bound and upper bound of the size of edgetroduced in the dynamic skin triangulation algorithm [3]. After
abaccording to the two Conditions, that is, each step of adding new triangles, these re nement operations are

applied. As a result, we maintain the closed ball property for the
c c sweeping mesh. Cheng et al. proved that these re nement oper-
——r(@) Ry —e=r(a): ations terminate, which implies the termination of our algorithm.
Q 1+2CQ Experiments with our implementation show that the re nement op-
erations only in uence a very small number of triangles around the
new attached ones in eacreep()operation. It means the re ne-
ment operations are ef cient. At the same time, these re nement
operations guarantee the minimal angle in the triangulation is larger
than 21, which implies a good quality mesh.

The inequality shows that we need a slightly longer edge than the
edge length in Condition [L] in order to make sure the edge is long
enough for both vertices andb. With the edge length constraints,
we can determine the radius of the tangent disk.

Radius of the tangent disk. To ensure the edge is not too short,
we can use the bound of > %51 (a) sinceRap > ra=2. For 5 REsuLTs
the upper bound ofs, we know thatRy, increases wheib gets
further from the tangent disk. However, there iseendwiching ball

with radiusr (&) for every vertexa [14]. The sandwiching ball is
tangent to the skin surface at the pagnand the skin surface does
not penetrate into this ball. Figure 9 shows the cross section of the
skin surface and the sandwiching balkat

We demonstrate the skin meshes constructed by our algorithm in
this section. Figure 10(a) shows the surface of a simple molecule
named “pdb7tmn”, which is a binding inhibitor of protein molecule.
Figure 11(a) shows the molecular skin surface model of “Grami-
cidin A" molecule and Figure 11(b) illustrates its partial mesh de-
tails included in the box of Figure 11(a). Table 1 lists the statistical
results of the examples shown in this paper, along with a compari-
son of computation time with the dynamic skin triangulation algo-
rithm [3]. A Pentium 4 processor running at 2.54GHZ is used in the
test. It is easily noticed that our approach can greatly improve the
ef ciency. Moreover, we achieve a better bound on the minimum
angle of the triangulation than the theoretical result on the bound of
the minimum angle, that is, 21

Skin surface

molecular no. of minimum computing time
trianglesin| angle in our Dynamic

) . ) ) o ) name the mesh | the mesh| approach skin
Egﬂ; génct:;oizi \/svi?\tlgrljiigtre scenario of projecting the point from pdbrtmn 24336 700 00:00:05 | 00:10-:00
9 & A DNA 114,316 24:12 00:00:51 | 00:35:12
GramicidinA | 305,186 24:37 00:03:22 | 01:35:23

Then, the longest edge will be createdifs on the surface of
the sandwiching ball of. In Figure 9, we compute the angle=

; Table 1: Performance of our meshing algorithm.
arcsin(Rap=r (a)) and thus 949

The dramatic improvement of the performance over the dynamic

fa = 2Rabscosq skin triangulation depends on the ef cient solution of the front col-
Ra lision handling and avoidance of computing 3D tetrahedrization of
_ 2 1 b 2 . A . . .
- Rap (, (a)) the sample points. Moreover, the computation time is almost linear

to the number of the triangles in the triangulation since it takes con-
stant time in each iterative step of attaching triangles. The strategy

L c .
Substituting the upper bound &, = 192((;2 into the above of the initial points placement and the re nement operations can
equation, the upper bound of the tangent disk radius is explain the achievement of high triangle quality.
CQ e —
= e S : 6 DISCUSSION
la 1+ 2C0)2 (1+CQ(1+3CQ r(a):
o L . B ) This paper introduces a new method for visualizing the macro-
For C = 0:08 andQ = 165, the numerical value afa=r (a) is molecules such as proteins and DNAs. We construct high quality
around 0.208, which is better than the lower bOLﬂj@@f = 0:107. mesh of the molecular skin models with guarantees on the topology

and a lower bound of the minimum angle. The surface triangulation
can support not only the protein visualization but also numerical
simulations of the protein interactions. We achieve high ef ciency

The curvature dependent radius of the tangent djgnsures that by employing the Morse theory to handle the front collision prob-

the edge length is not too long nor too short in most cases. However,lem in advancing front method.

4.3 Local Re nement



The application of skin surfaces is not limited in modeling the
molecules. Theoretically, every orientable closed surface has a skin
representation [8]. The Figure 10(b) illustrates a human face mod-
eled by the skin surface. Kruithof et.al [12] had stepped toward
using the skin surface to approximate an arbitrary polygonal sur-
face.

The choice of the height function in our paper might be question-
able as the resulting critical points and Morse-Samle complex are
obviously dependent on the choice of the height direction. How-
ever, our algorithm can generate correct mesh with different direc-
tions of the height function. Another issue is the number of the crit-
ical points. Since a large number of critical points may affect the
ef ciency of our algorithm, we tackle this by using an ef cient point
location data structure, namely, the-tree On the other hand, it is
possible to use other Morse functions instead of the height function
and we change the priority of the front advancing accordingly.

We also propose to extend our algorithm to triangulate other
smooth compact 2-manifolds, for example, implicit surfaces. A
main challenge for this extension lies in nding the homeomor-
phism conditions to determine the curvature adaption schema. We
are also interested in extending our algorithm for the triangula-
tion of parametric surfaces such as Nonuniform Rational B-Splines
(NURBS).

@ (b)

Figure 10: Skin surface models. Figure (a) illustrates the molecular
skin model of “pdb7tmn” and its Morse-Smale complex before simpli-
cation. The red and green curves are the integral lines conn ecting
minimum-saddle pairs and maximum-saddle pairs respectively. Fig-
ure (b) shows a human face modeled by the skin surface.
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