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Hence
M(py: ®) — T(p: @) = [1 - ®(p,)] - Mepm) + (Pl
N U” M) + TL(pm)d(x)

(4

; j " Mx) + H,(pm)ldcb(x)}

p

- [1 — ®(py) + J o d<b<x)]  [Mdp) + ()]
14

- r M) + T(p)ldD(x)

14

= 1 - ®(pm)] - Melpm) + M(pm) — Te(p)
- I(p)]
" [Mex) + M(pm) — He(p) — T(p)ldD(x)

Jp
+
p

p
+ J [Me(x) + (pr) — Me(x) — (p)1dP(x)

£ (A1)
Now p,, = arg max [[I,(x) + II,(x)]; hence the first term in (A1) is positive.
Next, I1,(-) is concave, and II,(-) is linear; therefore the function [IT.(:) + II,(*)]
is concave. The function attains a maximum at p = p,,. Hence forp < x < p,,
we have [I(x) + II,(x) = I.(p) + II,(p). But II(p,,) > II(x) since p,, > x.
Therefore [14(x) + II,(p.,) > Il(p) + I1,(p), and hence the second term in (A1)
is positive.

The third term in (Al) is

J " M) — T(P)dD) = J "0+ (pm — PAO(),
4 P
which is positive. Thus II(p,, : ®) > II(p : D).

b) For any p > r, the demand from tourists is zero; hence II,(p) = 0,

I(p : ®) = [1 — ®(p)] - HLe(p)] + r ITe(x)d®(x),
while £
I(r: ®) = [1 — &) : [Me(r) + ()] + J § [MIe(x) + I(N]dP(x).

Thus &

e : @) - (p: ®) = {[1 — o(p)] + [” d@(x)'} ) + L)

r

+ [ e + meee - 1 - @(p)ILe(p)

N E—

- [ " Mp(0)ddG) + J"

/4 r

Hg(x)dCD(x)]


mailto:n,(r)]d@(x)
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= 1 - ®(p)] - [T + T — T(p)]
+ J" M) + () — Mld)

r

N j "M + T — M0ldD).

14

(A2)

The function IT,(-) is concave and attains a maximum at p, < r < p. Hence,
for x € [r, pl, Ilr) = Il(x). Thus the first and second terms in (A2) are
positive. The third term is [, I1(r)d®(x) > 0; therefore II(r : ®) > II(p : D).

Proof of proposition 1. Inlemma 1, it was shown that each firm will couple
its list price with an offer to match. To determine the equilibrium strategies, it
remains to solve for the list prices.

a) We first prove that, in pure-strategy equilibrium, the list price of each firm
will be either p,, or r. From lemma 2, we know that any strategy with support
outside [p,,, r] is weakly dominated and hence not an equilibrium strategy.
Therefore, in pure-strategy equilibrium, p; € [p,,, rl, i = 1, 2.

Let firm 2 price at p» € [p.m, rl, and study the pricing decision of firm 1.
Consider those p; > p,. Notice that, for such values of p, the locals will take
advantage of firm 1’s offer to match; hence its effective price to local customers
will be p,. Since both firms charge an identical price to locals, each will receive
half the local demand, that is, Q¢(p»).

For all p; € [p,, r], the profit of firm 1 is

Mi(p1:p2) = Q- (P1 — ©) + Qep2) - (p2 — ©),

which is less than Q, - (r — ¢) + Qe(p») - (p2 — ¢). Moreover, for all p; > r, the
profit of firm 1 is

ILi(p1: p2) = 0 + Q(pr) * (p2 — ©),

which is less than Q, - (r — ¢) + Q¢(p3) - (p2 — ¢). Therefore the best response
that satisfies the constraint p; > p,is p; = r.

Consider those p; = p,. For such values of p;, the effect of firm 2’s offer to
match will be that the price to locals will be p; at both firms. Hence the profit to
firm 1 will be

Oy(p1: p2) = Qi - (p1 — ©) + Qe(p1) - (P1 — ©).
The profit-maximizing value of p is the solution to

max II;(p; : p2) subject to p; < p,.
pl

This is the same program as that for the nondiscriminating monopolist with the
addition of the constraint p; = p,. Now the unconstrained solution for the
nondiscriminating monopolist is p,,. But p» € [pm, r], and hence min (p,, p)
= pm. Thus the best response for firm 1 is to set list price p; = p,.

By a similar argument beginning with some price p, for firm 1, it may be
demonstrated that firm 2 will choose a list price of either p,, or r. This com-
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pletes the proof that, in pure-strategy equilibrium, the list price of each firm
will be either p,, or r.
b) Now suppose that firm 2 sets p, = r. By the definition of p,,,

Qi (pm — ) + Qepm) * (Pm — )= Q- (p — ) + Qelp) - (p — ©),
for all p. This implies that II;(p,, : r) = II;(r : r) and hence that firm 1 will set
plSupI;zée that seller 1 sets p; = p,,. Now, profit of seller 2

Oxpm : Pm) = Q1 (Pm — ©) + QePm) * (Pm — ©),
and
Iy :pm) = Q- (r — ) + QePm) * (Pm — ©).

Since p,, < r, it follows that II,(r : p,,) > IL(f,, : f.). Therefore seller 2 will set
p» = r. Thus strategies of a list price p,, coupled with an offer to match for firm
1 and a list price r coupled with an offer to match for firm 2 are an equilibrium.
Similarly, it may be shown that the same strategies, reversed between the
firms, also are an equilibrium.

Proof of proposition 2. Suppose that the distribution F is a symmetric
differentiable equilibrium strategy. Let S be its support and f the density func-
tion.

a) The first step is to prove that p,, € § and r € S. Suppose that

. def
min(p:p €S) =p > pn.

Then
H(p : F) = He(p) + IL(p).

Since p,, < p,
(pm : F) = Me(pm) + M(pm) > He(p) + IL(p),
by the definition of p,,. Thus II(p,, : F) > [I(p : F), which is a contradiction.
Suppose that max (p : p € ) def p < r. Then

GG : F) = r [ + ILG)AF),
/4

and, since p <'r,

I : F) = J "M + MLEIAF)
14

- f’ 1) + IL(dFG).

4

But II,(») > II,(p); hence II(r : F) > II(p : F), which is a contradiction.
b) Since F is an equilibrium strategy, it must be that

(p : F) = (pm : F) (A3)
for all p € [p,,, r]l. Now for any p € [p, rl,

(p:F) = r [(x) - dF (x) + [1 — F(p)lll(p) + IL().

Pm
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Since the function II(p : F) is differentiable in p, (A3) implies that

for all p € (p,n, 1), Or
Mp)dF(p) + 1 — F(p)l % — dF(p) - T(p) + O, = 0,
dp

that is, F(p) = 1 + Q,/I«(p).
It remains to show that the strategy

F(p) = {i +pQ=t/l’3€(p) p €lpm 1),

is a symmetric equilibrium. First, note that, by the definition of p,,, Il¢(p,,) +
(p,) = 0, and hence I¢(p,,) = —I(p,) = — Q. Now, by assumption 2,
II,(p) < 0. Hence, for all p € [p,,, r], e(p) = — O,.

Since F (') is differentiable on (p,,, r), the density is

_ oip)
[Lp)P

flp) =

At any p € [pp, 1),

I(p: F) = Jp () f(x)dx + [1 = F(p)lle(p) + 11(p)

-
_ L" - |- _Q[f_ﬁ%_;;i}dx + |- s o) + 1)
- —Q%l — Qi(pm - ©).
Now m¢(p,m) = —Q:; hence, for all p € [pm, 1),

H(p : F) = He(pm) + U(pm) = W(pp, : F).
Likewise,

I : F) = J "0 f)dx + pr(r) - () + TL(P)

Pm

_ ) _ | _ 210 4
Q’[ L) x]pm T T

- _ ane(Pm) + _ = II F)
) 0(pm — ©) (Pm

Thus, for all p € [p, 1], I(p : F) = (p,, : F).
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In lemma 2 it was proved that any strategy with support outside [p,,, r] is
weakly dominated. Therefore F(p) is the unique symmetric differentiable equi-
librium strategy.

Proof of proposition 3. The proof of the pure-strategy equilibrium is a
direct extension of the proof of proposition 1 and will be omitted. Likewise, the
proof of the mixed-strategy equilibrium is an extension of the proof of proposi-
tion 2, and only a sketch will be given here. Consider the equilibrium strategy
of some firm i. As in the proof of proposition 2, it may be shown that
the support of a symmetric differentiable equilibrium strategy is the interval
[pm, 1.

Let G, be the distribution of the minimum of the prices listed by the other
(n — 1) firms. Then the expected profit of firm i for list price p € [p,,, r] is

2
Mp = Gn) = - U[,, , Td0dG(x) + [1 = Gu(p)IL(p) + rL(p)}.

mol

In mixed-strategy equilibrium, the firm must be indifferent among all the list
prices in the interval [p,,, r], which implies that

A1 6, = i(i { J I(dGAx) + [1 — Ga(p)e(p) + H,(p>})
p dp\ n PP)

- 0.

Notice that this is identical to the equation for the symmetric equilibrium in the
case of two firms. Hence the solution must be

{1 + Q/Me(p) ifp € [pm, D,

Gn(p) 1 ifp = r’

and therefore I1(p : G,) = Q/N(p,,) + I pm.)].
Now G,(p) is the distribution of the minimum of the list prices of the other
(n — 1) firms. Thus

G.(p)

pr[minimum of (» — 1) prices is no greater than p]

1 — prfall (n — 1) prices are greater than p]
=1-[1-F,pI""

Hence 1 — F(p) = [1 — G(p)]""~ P, and thus

F p) = 1 = [l — G(p)]"»~D
L= {1 = [+ QY
= [= QTP
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