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Abstract
Program slicing is a technique to extract relevant parts of apro-
gram, and it is widely used in program debugging, parallelization,
testing, reverse engineering, etc. This paper concernsstatic slic-
ing and it follows the Weiser’s definition of slicing that consists of
computing what statements of the program might affect the value
of some particular variable at a specified program point. We argue
that although there is a broad variety of static slicing methods, it
is commonly assumed that all paths are executable. However,this
limitation may be completely unacceptable in, for instance, debug-
ging and program understanding tasks since the slice is often quite
big.

In this paper, we present a fullypath-sensitiveslicing that iden-
tifies infeasible paths in order to obtain accurate slices. Infeasible
paths are detected by performing symbolic execution of the pro-
gram. The major challenge is that in general there are exponentially
many paths. Our method traverses the symbolic execution tree, in
a post-order manner, and discovers aninterpolant which general-
izes the execution context of the tree. This enhances the likelihood
that thedependenciescomputed for that tree can bereusedin mul-
tiple contexts. Another key feature is that our algorithm stores, for
each dependency, the executable path that defines it, that is, the
representative path formulathat gives rise to it. By doing so, the
dependency information is accurate since it is only used if the new
context demonstrates that the representative is executable. In fact,
for loop-free programs, our algorithm computesexactlythe state-
ments relevant to the slicing criterion.

1. Introduction
Program slicing is a well-known technique that identifies the parts
of a program that potentially affect the values of specified variables
at some program point– theslicing criterion. Slicing was first de-
veloped to facilitate software debugging, but it has subsequently
used for performing such diverse tasks as parallelization,software
testing and maintenance, program comprehension, reverse engi-
neering, program integration and differencing, and compiler tun-
ing.

Static slicing was introduced by Weiser [39] who defined the
sliceof a program with respect to a program pointp and a variable
x as all statements of the program that might affect the value of x
at pointp. The Weiser’s method isflow-sensitive(i.e., the analy-
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sis of statements depends on the order between them) andcontext-
sensitive(i.e., the analysis of a called procedure is ”sensitive” to
the context in which it is called) although imprecise since it does
not solve thecalling-context problem(i.e., it includes unrealizable
paths). Today, the most popular kind of static slicing is viagraph
reachability. The computation of a slice can be divided in two
steps. In the first step,Program Dependence Graphs(PDGs) [32]
are built, and then the algorithm produce slices by applyinggraph
reachability analysis on them. Horwitz, Reps and Binkley [19, 20,
33] introduced firstSystem Dependence Graphs(SDGs), which are
an extension of PDGs in order to compute precise interprocedu-
ral slices, solving thecalling-context problem. Since the Weiser’s
seminal work, several variants of slicing, which are not static, have
been also proposed such asdynamic slicing[25, 26], quasi-static
slicing [38], andconditioned slicing[5]. Moreover, there has been
a large number of subsequent works (most of them by extending
SDGs) for including more programming languages features such as
unstructured control flow, composite data types and pointers, con-
currency, and so on (see e.g. [3, 37, 41] for references).

In spite of the vast diversity of static slicing methods, it is com-
monly assumed that every program path is executable. However,
according to Hedly et al. [17] 12.5% of all paths are not executable
(i.e., there is no input for which the paths will be executed). More-
over, path feasibility tends to decay exponentially with anincreas-
ing number of predicates considered [42]. More importantly, in pro-
gram slicing, the existence of infeasible paths has a great impact.
Even if the best known algorithms are used, the sliced program is
often quite imprecise because it is too big to be useful due tothe
consideration of all possible paths [1]. For instance, in the follow-
ing program fragment, whereS1 andS2 are arbitrary code1:

x = 0; foo(y)
foo(x); { if (y > 0) S1 else S2 }

S1 will never be executed. However, traditional static slicing meth-
ods would consider any fragment inS1 relevant to the criterion. The
reason is that those methods do not exclude infeasible paths. The
ability of discriminating statically which paths can be executed is
calledpath-sensitivenessand can be used to improve theprecision
of static slices because spurious information from infeasible paths
can be excluded from consideration.

Then, why are traditional slicing methods path-insensitive?
The static identification of non-executable paths is an undecid-
able problem in the general case [40]. Even for loop-free programs
the detection of infeasible paths is far from being trivial.For in-
stance, in the following program fragment, where (∗) represents
non-deterministic values, naı̈ve approaches using symbolic execu-

1 Today, software is often written in this way in which procedures are
designed for general purposes and hence, they need to include many sanity
checks.
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tion + theorem prover fail abruptly since the number of pathsis
2n:

if (*) S1 else S2
if (*) S3 else S4
...
if (*) Sn-1 else Sn

One well-known technique that mitigates this problem isdy-
namic programming(DP). DP solves combinatorial optimization
problems exhibiting certain features. One major characteristic of
DP is the existence ofoverlapping subproblems. This allows for
the reuseof a solution of a subproblem to solve another subprob-
lem. Therefore, essential toDP is the notion ofmemoizationof
subproblem solutions already solved. Memoization is the identifi-
cation of whether a solution can be reused or not. Each subproblem
is executed in a context, which is an abstraction of the computation
history so far. Whenever the same subproblem is encounteredin a
similar context, the previous solution can be reused [22].

Our approach. We present a technique that given a slicing
criterion C ≡ 〈p,x〉2, discovers all statements of the program that
might affect the value ofx at program pointp. That is, we follow the
Weiser’s definition of program slicing. The novelty here is that our
method is path-sensitive in the sense that it will detect infeasible
paths not considering any relevant statement inferred fromthem.
The major challenge is hence that in general there are exponentially
many paths.

Our method considers a symbolic computation tree as a deci-
sion tree where a node has a conjunction of formulas (i.e. path for-
mula)Ψ ≡ ψ1∧ . . .∧ψi , symbolically representing a set of states.
ψ1, . . . ,ψi are constraints generated from each statement in the path
from the root to that node. Its successor node has an incrementally
larger conjunction representing a new decision.Ψ is satisfiable iff
the path is feasible.

The algorithm performs a depth-first traversal of the tree, in a
post-order manner. Whenever a path,Ψ, in the tree is traversed
completely (either reaching the end of the program or becoming
unsatisfiable), it enlarges the path formulaΨ by using the notion of
interpolation[7] but still preserving the (un)satisfiability ofΨ:

• If Ψ is satisfiablethen every state along the path can be gen-
eralizedtrue since when we start from the statetrue traversing
remaining computation path onΨ, that is, the pathΨ2 such that
Ψ = Ψ1∧Ψ2, Ψ2 would still be satisfiable.

• If Ψ is unsatisfiablethen every state along the pathΨ can be
generalized as long as the unsatisfiability is preserved. That is, if
Ψ = Ψ1∧Ψ2, then we generalize the state after the execution of
Ψ1 into another stateϕ as long asϕ∧Ψ2 remains unsatisfiable.

Note that ifΨ is unsatisfiable, we have found an infeasible path
and hence, our algorithm stops the traversal along that pathwith-
out including any statement relevant tox in that path. In this case,
our method also computes an interpolant that assures the false con-
dition of the path. Together with the interpolantΨ′, our algorithm
keeps track of dependencies relevant to the computation of crite-
rion x. In our approach, there exists adependencyfrom the variable
x to y if x is relevant to the computation of the value ofy. Then,
our algorithm starts propagating back the interpolants andupdating
the dependencies along the same path to ancestor states resulting in
their possible generalization.

A key advantage of our method is that, during the traversal, our
algorithm will not explore a subtree whenever it has been already
explored under more general context. Therefore, the methodpro-
vides an enhancement to the general method ofmemoization. We

2 Without loss of generality, we will assume thatp is the end program point
of the program. Thus, our slicing criterion is just the variable of interest,x.

argue that our method can compute very efficiently the dependen-
cies due to the use ofinterpolantsthat generalize the context under
the subtree’s dependencies have been computed and it greatly in-
creases the chance of being reused in different contexts. Wealso
claim that our method isdemand-drivensince it only explores new
subtrees only if new dependencies can arise from them.

Note that the use of interpolants is correct since our method
only reuses the dependencies of a subtree whenever is re-traversed
with a less general context. Unfortunately, it does not preserve
necessarilyprecision. When the analysis of a subtree reuses the
dependencies from another subtree analyzed with a more general
context, the solution may include more dependencies generated
from paths that are possible with the more general context but not
necessarily with a less general context. That is, some of those paths
may be infeasible in the less general context.

To remedy this lack of precision, our algorithm also keeps track,
for each dependency, the executable path that defines it which we
will call the representative path formula. The key idea in order to
achieve efficiency but without any loss of precision is that our al-
gorithm only reuses a dependency if the new context demonstrates
that its representative path holds. Otherwise, the dependency can-
not be reused and a new traversal of the subtree is required.

Organization. The rest of this paper is organized as follows.
In Section 2 we provide an informal overview of our approach
showing several examples, and in Section 3 we introduce relevant
concepts and definitions required for the rest of the paper. In Sec-
tion 4, we present our slicing algorithm for loop-free programs
which we refine in Section 4.1, and we demonstrate that it is op-
timal for straight-line programs. In Section 5, we extend the previ-
ous in order to support programs with loops, and finally, Section 6
concludes.

2. The Basic Idea
Our slicing method is best intuitively explained through several
examples. Details will follow in subsequent sections.

First, we model the C program into a transition system. Such
modeling has been presented in various works [14, 21, 10] and
is informally shown here. Consider the C program fragment in
Fig. 1(a). The program points are enclosed in angle brackets. Its
transition system is shown in Fig. 1(b). For instance, the transition
t1(a,b,c,x,y,z) 7→ t2(a,b,c′,x,y,z),c′ = 0 represents that the sys-
tem state switches from program point 1 to 2 and the constraint
Ψ ≡ c′ = 0 is the statement executed. The values of the rest of vari-
ables remain the same.

〈1〉 c = 0;
〈2〉 if (a > 0)

〈3〉 y = 0;
〈4〉 if (b > 0)

〈5〉 z = y;
〈6〉 if (c > 0)

〈7〉 x = z;
〈8〉

t1(a,b,c,x,y,z) 7→ t2(a,b,c′,x,y,z),c′ = 0
t2(a,b,c,x,y,z) 7→ t3(a,b,c,x,y,z),a > 0
t2(a,b,c,x,y,z) 7→ t4(a,b,c,x,y,z),a <= 0
t3(a,b,c,x,y,z) 7→ t4(a,b,c,x,y′,z),y′ = 0
t4(a,b,c,x,y,z) 7→ t5(a,b,c,x,y,z),b > 0
t4(a,b,c,x,y,z) 7→ t6(a,b,c,x,y,z),b <= 0
t5(a,b,c,x,y,z) 7→ t6(a,b,c,x,y,z′),z′ = y
t6(a,b,c,x,y,z) 7→ t7(a,b,c,x,y,z),c > 0
t6(a,b,c,x,y,z) 7→ t8(a,b,c,x,y,z),c <= 0
t7(a,b,c,x,y,z) 7→ t8(a,b,c,x′,y,z),x′ = z
t8(a,b,c,x,y,z)

(a) (b)

Figure 1: A Program Fragment and Its Transition System

Using a traditional algorithm to slice the program with respect
to variablex at program point〈8〉, we obtain everything from the
original program. However, a closer inspection reveals that the
assignment ofz to x at point〈7〉 is not executable since it is defined
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in an infeasible path. Our algorithm produces the most precise slice
here, which is the empty slice.
Infeasible Paths and Interpolation. We start by illustrating the
principles underlying our method which make it possible to slice
all statements of program in Fig. 1(a), and enhance the likelihood
that the dependencies computed in a context can be reused in mul-
tiple contexts, making our approach practical. The naı̈ve symbolic
execution of the transition system is shown on the left side in Fig. 2.
The representation is a directed tree, with nodes labeled asP#C (P
is the corresponding program point andC is the context) and edges
between two locations labeled by the instruction that executes when
control moves from the source to the destination. We represent con-
ditional statements withdiamondnodes, basic block of statements
with box nodes, and terminal nodes withellipses. On the other
hand,feasibletransitions are denoted by (black) solid edges, and
infeasibletransitions by (red) edges with a dot in the arrow head.
On the right side, in Fig. 2, we show the derivation tree computed
by our method that avoids the exponential behavior of the na¨ıve
approach while it detects the infeasible path.

1#1

2#1

 c = 0 

3#1

 a > 0 

4#2

 a <= 0 

4#1

 y = 0 

5#1

 b > 0 

6#2

 b <= 0 

6#1

 z = y 

7#1

 c > 0 

8#1

 c <= 0 

7#2

 c > 0 

8#2

 c <= 0 

5#2

 b > 0 

6#4

 b <= 0 

6#3

 z = y 

7#3

 c > 0 

8#3

 c <= 0 

7#4

 c > 0 

8#4

 c <= 0 

1#1

2#1

 c = 0 

3#1

 a > 0 

4#2

 a <= 0 

4#1

 y = 0 

5#1

 b > 0 

6#2

 b <= 0 

subsumes

6#1

 z = y 

7#1

 c > 0 

8#1

 c <= 0 

subsumes

Figure 2: Interpolation and Infeasible Paths

Our method starts traversing the tree in a depth-first manner,
reaching the node7#1 with the path formulaΨ7#1 ≡ c = 0∧a >
0∧y = 0∧b > 0∧z= y∧c> 0. Since the formula is unsatisfiable,
we have found an infeasible path. Thus, our algorithm does not
keep traversing the path and backtracks to the immediate ancestor.
More importantly, it generates at7#1 an interpolant. Intuitively, an
interpolant is simply a formulaΨ′ that generalizes another formula
Ψ that represents the state of a node in the tree. Therefore, atnode
7#1 our algorithm needs to generalizeΨ7#1 preserving the falsity
of the path since the path is unsatisfiable. We just generate the in-
terpolant,Ψ′

7#1 ≡ false. In addition, we store, for each noden, a

setD Cn that keeps track of thedependenciesamong variables. Infor-
mally, x ∈ D Cn if variablex is relevant to the computation of values
of the slicing criterionC at the noden. Therefore, the algorithm
stores at7#1 the setD x7#1 = /0, since the path is infeasible and
there is no way that any variable can affect the value ofx. Later, the
algorithm will reach the terminal node8#1. Again, the algorithm
needs to generate an interpolant that should be as general aspossi-
ble. Since the formula path is satisfiable, it generatesΨ′

8#1 ≡ true,
which is the most general possible interpolant. Furthermore, the al-
gorithm adds the criterion variablex. That is,D x8#1 = {x}.

We next use the interpolants of7#1 and 8#1 to produce the
interpolant of6#1. We first compute theweakest precondition[12]
wrt the predicatec > 0 and the postconditionΨ′

7#1 ≡ false, which

is c ≤ 0. Similarly, forc ≤ 0 and the postconditionΨ′
8#1 ≡ true,

that in this case istrue. 3 Then, the algorithm needs tojoin at 6#1
the interpolants propagated from its children,7#1 and 8#1. The
final interpolantΨ′

6#1 ≡ c≤ 0∧ true≡ c≤ 0 is the conjunction of
these candidate interpolants

Moreover, in this case, the algorithm simply propagates thede-
pendencies to the ancestor. Informally, we explain the rationale be-
hind the backward propagation of the dependencies among vari-
ables for a transition from nodek tok’ with an arbitrary assignment
x1 = x2. Assume thatx1 is relevant to the criterionC at nodek’, i.e.,
DC
k’ = { x1 }. Then, the propagation of relevance from variable to

variable is deduced from the assumption that ifx1 might be rele-
vant toC, x2 might be relevant tox1, and hence, relevant toC. In
addition, the assignmentkills the value ofx1 before the assignment.
Thus,x1 is not anymore relevant to the criterion, obtainingD C

k = {
x2 }. After this propagation, the algorithm needs tocombineat6#1
the dependencies propagated back from children by applyingthe
union, obtainingD x

6#1 = {x}.
This process continues recursively in a post-order manner until

the entire tree has been explored. A key feature is that the algorithm
uses the interpolants generated at each program point in order
to (hopefully) reuse the dependencies whenever a new context is
explored. For instance, assume the transition from node2#1 to 4#2
which is a new context for〈4〉. The path formula at4#2 is Ψ4#2 ≡
c = 0∧ a ≤ 0. Before exploring the subtree, our method tests if
Ψ4#2 is subsumedby Ψ′

4#1. That is, ifΨ4#2 |= Ψ′
4#1. The solver

answers ’yes’ sinceΨ′
4#1 ≡ c ≤ 0. Therefore, the algorithm does

not need to explore the subtree and reuse the dependenciesD x
4#1.

In Fig.2, we denote subsumed transitions by (green) dotted edges
and labeled with ”subsumes”. Note thatΨ4#2 |= Ψ′

4#1 succeeds
due to the use of the interpolantΨ′

4#1. If we had used the original
context,Ψ4#1, which isa> 0,c= 0,y= 0, the subsumption would
fail.

Finally, we show how dependencies and the slice are updated
in relevant transitions. ColumnsPost-State and Pre-State are the
set of dependencies before and after the backward propagation,
respectively. Column Sx contains the set of statements included
in the slice. Informally, we include the statements defined in
transition fromk to k’ in Sx if there exists a variablev whose
value changes at statements, andv ∈ D x

k’.

Transition Post-State Pre-State Sx
5#1 z = y

−−−→
6#1 D x

6#1 = {x} D x
5#1 = {x} /0

3#1 y = 0
−−−→

4#1 D x
4#1 = {x} D x

3#1 = {x} /0
1#1 c = 0

−−−→
2#1 D x

2#1 = {x} D x
1#1 = {x} /0

Programs without Infeasible Paths. Even though there are in
general infeasible paths, it is often the case that many subtrees
do not contain them, or contain few of them. In these relevant
subcases, it is important to note that our method can, in principle,
obtain”ideal” interpolants. This essentially means that the number
of nodes that need to be considered is linear in the size of the
program fragment in question.

Consider now the same program in Fig.1 but without the as-
signmentc=0 at program point〈1〉. Using our algorithm to slice
the programwrt x, we will obtain the original program. The reason
now is that all paths are executable.

A computation tree built without interpolation is shown on the
left side in Fig.3. The tree computed by our algorithm is shown

3 In general, the interpolant obtained need not to be the weakest. In our
approach, we use effective polynomial algorithms for approximating the
weakest precondition [23].
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on the right. Our approach generates thetrue interpolant at each
node with a negligible cost and hence, all new contexts will be
subsumed. As a consequence, the size of the program state is
linear wrt to the size of the program. Therefore, the key idea
illustrated with this program fragment is that ourdemand-driven
approach4 only increases the program state if those new states can
improve the precision of the analysis. Otherwise, if no infeasible
paths, our approach does not enlarge the program state, and runs
proportionally to traditional slicing methods.

1#1

2#1

 a > 0 

3#2

 a <= 0 

3#1

 x = 0 

4#1

 b > 0 

5#2

  b <= 0 

5#1

 z = y 

6#1

 c > 0 

7#2

 c <= 0 

7#1

 x = z 

6#2

 c > 0 

7#4

 c <= 0 

7#3

 c = z 

4#2

 b > 0 

5#4

 b <= 0 

5#3

 z = y 

6#3

 c > 0 

7#6

 c <= 0 

7#5

 x = z 

6#4

 c > 0 

7#8

 c <= 0 

7#7

 x = z 

1#1

2#1

 a > 0 

3#2

 a <= 0 

3#1

 y = 0 

4#1

 b > 0 

5#2

 b <= 0 

subsumes

5#1

 z = y 

6#1

 c > 0 

7#2

 c <= 0 

subsumes

7#1

 x = z 

Figure 3: Linear Size of the Program State without Infeasible Paths

We also show the slice obtained wrtx for this program fragment.
Note that we only show the slice wrt to assignments in the original
program:5

Transition Post-State Pre-State Sx
6#1 x = z−−−→ 7#1 D x

7#1 = {x} D x
6#1 = {z} { x=z }

4#1 z = y
−−−→

5#1 D x
5#1 = {z} D x

4#1 = {y} { z=y, x=z }

2#1 y = 0
−−−→

3#1 D x
3#1 = {y} D x

2#1 = { /0} { y=0, z=y, x=z }

Representative path formulas. While subsuming a node may save
search space and yet preserve the correctness of the analysis, sub-
suming a node does not preserve theaccuracyof the analysis. It
is here where we balance efficiency (subsumption) and accuracy
(representative paths).

Consider the C program fragment in Fig. 4(a). The slicewrt
to x at program point〈8〉 obtained by our algorithm so far, is the
original program. However, a more detailed analysis of the program
discovers that the statement at program point〈4〉 does not affect the
computation ofx. The reason is thaty can only affectx if statement
at 〈7〉 is executed, but〈7〉 is unreachable because it is located at an
infeasible path whenever the program reaches〈4〉.

The derivation tree computed by our algorithm, explained sofar,
is shown on the left side in Fig. 5. At node6#1 the algorithm has
joined the solutions from its childrenD x

8#1 = {y} andD x
7#1 = {x}

obtainingD x
6#1 = {x,y}. Then, the process continues normally un-

til a new context has been found for〈6〉, 6#2. Since the interpolant
stored for6#1 is true (because no infeasible paths were found), the
new context will be subsumed, andD x

6#1 will be reused. The rows

4 Our technique can be also consideredlazy since new paths are only
explored if they can provide new relevant information.
5 We will explain in Sec. 4 how to consider branch statements. Our solution
is very similar to Weiser’s [39].

〈1〉 if (a > 0)
〈2〉 y = 0;

〈3〉 else{
〈4〉 y = z;
〈5〉 x = 0;
}

〈6〉 if (x > 0)
〈7〉 x = y;

〈8〉

〈1〉 if (a > 0)
〈2〉 y = 0;

〈3〉 else{

〈5〉 x = 0;
}

〈6〉 if (x > 0)
〈7〉 x = y;

〈8〉

(a) (b)

Figure 4: Another Program and its Precise Slice

labeled by l) and r) contain the result of our algorithm for the left
and right subtree rooted at1#1, respectively:

Transition Post-State Pre-State Sx
l) 7#1 x = y

−−−→
8#1 D x

8#1 = {x} D x
7#1 = {y} { x=y }

2#1 y = 0
−−−→

3#1 D x
3#1 = {x,y} D x

2#1 = {x} { y=0 , x=y }

r) 5#1 y = z
−−−→

6#2 D x
6#2 = {x,y} D x

5#1 = {x,z} { y=z }

4#1 x = 0
−−−→

5#1 D x
5#1 = {x,z} D x

4#1 = {z} { x=0,y=z }

Therefore, the slice includes the statementsy = 0,x = y,x =
0,y = z, and also, their corresponding branch statements. That is,
the slice obtained is the original program fragment.

For the sake of discussion, let us consider that the node6#2 is
not subsumed by6#1. The derivation tree is shown on the right in
Fig.5. The key observation is that the new subtree rooted at6#2
contains an infeasible path ifx > 0. This infeasible path forces
to not add the variabley at 6#2 (i.e., D x

6#2 = {x} rather than
D x
6#2 = {x,y}). The results of the slicing algorithm for the right

subtree are shown:

Transition Post-State Pre-State Sx
r) 5#1 y = z

−−−→
6#2 D x

6#2 = {x} D x
5#1 = {x} { /0 }

4#1 x = 0
−−−→

5#1 D x
5#1 = {x} D x

4#1 = { /0} { x=0 }

The slice is presented in Fig. 4(b).The novelty is that we obtain
a more precise slice since the statementy = z is not included.

1#1

2#1

 a > 0

4#1

 a <= 0

3#1

 y = 0

6#1

 	  

7#1

 x > 0

8#2

 x <= 0

6#2
subsumes

8#1

 x = y

5#1

 x = 0

 y = z

1#1

2#1

  a > 0

4#1

  a <=0

3#1

  y = 0

6#1

 	  

7#1

  x > 0

8#2

  x <=0

8#1

  x = y

5#1

  x = 0

6#2

  y =z

7#2

  x > 0

8#3

  x <= 0

Figure 5: Representative Paths

The program in Fig. 4(a) has illustrated once again that the exis-
tence of infeasible paths is essential in order to obtain themost pre-
cise slice. Moreover, it has also discovered that we need to strength
the condition that decides whether a node can be subsumed or not
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in order to be precise. Hence, given the set of dependenciesD Ck our

algorithm will also store, for each variablex in D Ck, the path for-
mulaΦx that defines it. We call this formulaΦx, therepresentative
path formula. Informally, a noden with contextΨn is subsumed
by k with interpolantΨ′

k and dependenciesD Ck if Ψn |= Ψ′
k (as

before), and for allx in D Ck each representative path formulaΦx is
possible with the new contextΨn. That is,Φx∧Ψn is satisfiable.

Coming back to the tree on the right in Fig. 5, the context at
node6#2 is Ψ6#2 ≡ a≤ 0∧x = 0∧y = z. The interpolant at6#1
is Ψ′

6#1 ≡ true. It is straightforward to see thatΨ6#2 |= Ψ′
6#1. In

addition, we test that, for each variable in the dependency set, their
representatives still hold. That is, both(a≤ 0∧x= 0∧y= z)∧(x≤
0) and(a≤ 0∧x = 0∧y = z)∧(x> 0∧x = y) are satisfiable. Here,
Φx ≡ x≤ 0 is the formula that definesx, andΦy ≡ x > 0∧x = y is
the formula that definesy. The first formula holds, but the second
is unsatisfiable because(x = 0∧ x > 0) does not have solution.
Therefore, the algorithm must explore the node6#2 obtaining the
most precise.

2.1 Related Work

The significance of infeasible paths detection is well understood
in many software engineering fields. Since the general problem
of detecting infeasible paths is undecidable [40], most approaches
attempt to solve this problem in anidealisticor incompletefashion:
symbolic execution + theorem prover (e.g., [16, 4, 9]), based on
heuristics [15, 42], and more recently, pattern recognition [31].

In program slicing, Korel and Laski [25, 26] were who first pro-
posed the notion ofdynamic slicing. A dynamic slice is a part of
a program that affects the value of a variable in a particularex-
ecution. As a consequence, the slice is much smaller than static
slices and, not surprisingly, without infeasible paths. However, dy-
namic approaches are only useful if all input can fixed to partic-
ular values.Quasi-static slicing[38] is a slicing method between
static and dynamic. It is used when some input values are fixedus-
ing an initial prefix while other can vary.Constrained slicing[13]
is conceptually similar to [38] although the input values can be
constrained by Boolean predicates.Conditioned slicing[5] gener-
alizes [38, 13] since input values can be characterized by a first
order logic formula. These hybrid approaches [38, 13, 5] have in
common with our method that, given some constraints on the in-
put values, they need to propagate some program context through
executable paths. Hence, some infeasible paths may be detected.
However, when fully unconstrained inputs are used they behave as
traditional static slicing, and hence, they do not detect infeasible
paths.Path slicing [24] takes as input a possibly infeasible path
to a target location and eliminates all the operations irrelevant to
the reachability of the target location. It is used to accelerate the
process of generating interpolants. The closest to ours is probably
Snelting et al. [36, 34, 35]. They assume a sliced program which
is then refined by eliminating dependencies between nodes that are
defined on non-executable paths. They useinterval analysisand
BDDs to overcome the potential combinatorial explosion in order
to reduce the number of paths to be tested. We consider this work
orthogonal to us in the sense that we could also to use those tech-
niques to accelerate our interpolation method.

The interpolation method that we employ in this paper has been
similarly applied by the authors to resource-constrained shortest
path problem [22] and to safety verification of programs [23].
The notion of interpolation itself has been also successfully used
in the software model checking community. Henzinger et.al.[18]
and McMillan [30] employ interpolation for automated successive
refinement of abstract domain in an abstract interpretationsetting
in order to prove a safety condition. McMillan also in [28] achieves
unbounded model checking by using interpolation to successively

refine an abstract transition relation that is then subjected to an
external bounded model checking [2] procedure. Techniquesfor
generating interpolants, for use in state-of-the-art SMT solvers,
are presented in [6]. The use of interpolants can also be seenin
the area of theorem-proving [29]. To the best of our knowledge
our approach is the first in using interpolation to enhance program
analysis, and in particular, slicing.

3. Preliminaries
In this section, we introduce all the terminology and definitions
required for the understanding in the rest of the paper.

3.1 Dependencies and Slices

We first define theControl Flow Graph(CFG) of a program. Given
a function f of a C program, its CFG is the tuple〈N,E,b,e〉,
whereN is the set of nodes denoting statements, with special nodes
b,e∈ N denoting the first and last statements of the function. In
the context of a C program, the value passing to the argumentsof
the function can be considered as the first statement, and there-
turn statement can be considered as the last statement, assuming
each function has exactly one occurrence of the return statement.
E is the set of pairs of elements ofN, where(s1,s2) ∈ E if and
only if the statements1 immediately precedess2 in the execution
of the program. Assume that the CFG is written inStatic Single As-
signment(SSA) form [8] such that each assignment updates a fresh
variable (program variable with a newversion number). Given a
slicing criterion〈k, x̃〉, we assume the variables ˜x have the right
version numbers at program pointk.

A typical C program contains a number of functions, each with
their own CFG. In order to construct a single CFG of the whole
program, we perform functioninlining in the following way. At
every function call point, we replace the function call withan
assignment to the formal arguments of the callee, that is, the start
statement of the callee, and we include from the end statement of
the callee to the statement next to the call in the caller. We introduce
a fresh variable to pass the return value of the callee. The CFG of
the program starts with the start statement of the functionmain and
ends with its end statement.

We definepath from s to t as a sequence of pairs(s0,s1),-
(s2,s3), . . . ,(sn−1,sn) wheresi ∈ N for all 0≤ i ≤ n, each pair is an
element ofE, s= s0 andt = sn. There is nossuch that(s,b) ∈E or
(e,s) ∈ E. Theinverse dominatorof a control statements, denoted
by D(s) is a statement on every path to the end statement [11].
ND(s) [39] denotes the set of statements along a path to the nearest
inverse dominatorD(s), excluding s and the inverse dominator
itself.

Given an assignment statements, USE(s) is the set of variables
referenced ins, andDEF(s) is the variable defined ins.6 If s is a
control statement (if-then-else, while loops, etc.),USE(s) is the set
of variables in the condition andDEF(s) is empty. Given a path
from s to t, the relationINFL(s,t) holds whenDEF(s) ∈ USE(t).
In a sense,INFL(s,t) identifies that the definition ins reachest,
and thereforet is dependenton s. Now, the relationCINFL(s,t)
holds for a control statements and any statementt if and only if
t is included along a path froms to its nearest inverse dominator,
ands is the nearest such statement fromt. Here, whenCINFL(s,t)
holds, the control statements determines whethert is executed or
not. In this way,t is also dependent ons. The INFL and CINFL
relations defined here formalize the notion of dependency treated
in this paper.

6 We consider that multiple assignments are transformed intoa sequence of
single assignments.
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Given a criterionC≡ 〈k, x̃〉 for a programP andsk the statement
at program pointk, we define the following monotonic function:

FC
P (S) = {s∈ P|DEF(s) ∈ x̃}∪

{s∈ P|s is on a path tosk,DEF(s) = /0,USE(s)∩ x̃ 6= /0}∪
{s∈ P|INFL(s,t),t ∈ S}∪
{s∈ P|CINFL(s,t),t ∈ S}

The path-insensitive sliceof the program wrt. the criterion is the
set of statementsS which is the least solution to the equation
S= FC

P (S), denotedSlicePath−Ins(P,C).
In addition, we can speak about the feasibility or infeasibility of

paths. Given a statements, EXEC(s) holds when there is a feasible
path fromb to sk which includess. For thepath-sensitiveslice
of the program wrt. the criterion, we simply add the requirement
EXEC(s) for every statements in the solution. Therefore, given a
program, its path-sensitive slice is the set

SlicePath−Sens(P,C) = SlicePath−Ins(P,C)∩{s∈ P|EXEC(s)}.

3.2 Constraint Transition Systems

Internally, a program is represented as a set ofconstraint transi-
tion systems, one for each function of the program, which can be
executed symbolically. Given a CFG the construction of an equiv-
alent constraint transition system is straightforward. Informally, in
constraint transition systems, nodes correspond to program counter
values and edges between nodes are labeled by constraints. These
constraints are obtained from the statement that executes.In the rest
of the paper, we shall assume all definitions in Sec. 3.1 described
over statements also for constraints. We now provide a formal de-
scription ofconstraint transitions systems.

We start by defining a language of first-order formulas. LetV
denote an infinite set of variables, each of which has a type in
the domainsD 1, · · · ,D n, let Σ denote a set offunctors, and Π
denote a set ofconstraint symbols. Functors represent program
operations such as arithmetic operations and array assignments,
while constraints represent conditionals in program statements such
as arithmetic relations, in addition to equalities. There is a special
collection of final variables. Aterm7 is either a constant (0-ary
functor) inΣ or of the form f (t1, · · · ,tm), m≥ 1, wheref ∈ Σ and
eachti is a term, 1≤ i ≤ m. A primitive constraintis of the form
φ(t1, · · · ,tm) whereφ is a m− ary constraint symbol and eachti
is a term, 1≤ i ≤ m. A constraint is constructed from primitive
constraints using logical connectives in the usual manner.WhereΨ
is a constraint, we writeΨ(x̃) to denote thatΨ possibly refers to
variables in ˜x.

A substitutionθ simultaneously replaces each variable in a term
or constrainte into some expression, and we writeeθ to denote the
result. Arenamingis a substitution which maps each variable in the
expression into a distinct variable. We write[x̃ 7→ ỹ] to denote such
mappings.

A groundingis a substitution which maps each variable into a
value in its domain. Wheree is an expression containing a con-
straintΨ, [[e]] denotes the set of its instantiations obtained by ap-
plying all possiblegroundings which satisfyΨ.

We shall model computation by consideringn system variables
v1, · · · ,vn with domainsD 1, · · · ,D n respectively, and a program
counterk ranging over program points.

DEFINITION 1 (States and Transitions).A ground stateis of the
form (k,d1, · · · ,dn) where k is a program point and di ∈ D i ,1 ≤
i ≤ n, are values for the system variables. Atransitionis a pair of
states.

7 In this paper, we shall only be using simple integer terms andconstraints
as examples. In general, we can code data structures such as arrays and
pointers.

DEFINITION 2 (Symbolic State).A symbolic state (or simply,
state) ,G ,is of the form:

G ≡ 〈k, x̃,Ψ(x̃)〉

where k is a program point,̃x is a sequence of variables over system
states, andΨ is a constraint over some or all of the variablesx̃, and
possibly some additional variables. Finally, we writeΨk andG kto
indicate thatG andΨ correspond to program point k.

DEFINITION 3 (Constraint Transition System, CTS).A constraint
transitionis a defined as:

tk(x̃) 7→ tk1(x̃1),Ψ(x̃, x̃1)

where(k, x̃) and (k1, x̃1) are system states, andΨ is a constraint
over x̃ and x̃1, and possibly some additional auxiliary variables.
Note thatΨ is the statement executed between program points k and
k1. A constraint transition system(CTS) is a finite set of constraint
transitions.

Clearly the variables in a constraint transition may be renamed
freely because their scope is local to the transition. We thus say that
a constraint transition is avariant of another if one is identical to
the other when a renaming substitution is performed.

We say that a state isfalse if its constraint is unsatisfiable. We
shall also the notationfalse to denote afalsestate. We say that a
state isfinal if k is the final program point, one from which there
are no transitions.

DEFINITION 4 (Transition Step, Sequence and Tree).Let there be
a CTS for a program, and letG ≡ 〈k, x̃,Ψ〉 be a state for this. A
transition stepfrom G may be obtained providingΨ is satisfiable.
It is obtained using a variant tk(ỹ) 7→ tk1(ỹ1),Ψ1 of a transition in
the CTS in which all the variables are fresh. The result is a state of
the form tk1(ỹ1),Ψ, x̃ = ỹ,Ψ1 We say that this new state is a false
state if the constraintΨ, x̃ = ỹ,Ψ1 is unsatisfiable.

A transition sequenceis a finite sequence of transition steps
which terminate in either a final state or a false state. Atransition
pathis a finite sequence of transitions corresponding to a transition
sequence. Intuitively, a path denotes the “skeleton” of a sequence.
A transition treeis defined from transition sequences in the obvious
way.

We shall impose a special condition on transition steps: if astep
results in a final state, then the primary variables of the final state
are thefinal variables. We say that a transition sequence or path is
successfulif it terminates in a final state; otherwise, the sequence
or path isfalse.

3.3 Interpolants

We say that a stateG subsumesanother stateG if G |= G (i.e.,
[[G ]] ⊇ [[G ]]). Equivalently, we say thatG is ageneralizationof G .
We writeG 1 ≡ G 2 if G 1 andG 2 are generalizations of each other.
Note that ifG is ageneralizationof G , then there is a constraintΨ
such thatG ∧Ψ ≡ G .

DEFINITION 5 (Interpolant).A stateG 1 is an interpolant for a
stateG if G 1 subsumesG , and every path in the tree forG has
a corresponding path8 in the tree forG 1. In the base case whereG
is a final state or false state, thenG 1 is any generalizing state ofG
which is known to be safe.

4. Exact Path-sensitive Slicing Algorithm
In this section, we describe our algorithm to compute the precise
slice of a loop-free program wrt to a criterionC. For clarity, we will

8 One that uses the same sequence of transitions.
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present the algorithm in two steps. First, we show in Fig. 6 its main
structure and basic operations. Then, we describe in Sec. 4.1 how to
refine the algorithm in order to support representative pathformulas
leading to an exact slicing algorithm for loop-free programs.

Technically speaking, our algorithm does not compute directly
the slice itself but a labeled computation tree from the symbolic
execution of the program. Each node is annotated with some de-
pendency information in such a way that we can postprocess the
labeled computation tree in a straightforward manner in order to
obtain the desired slice.

The algorithm assumes that it is given an empty table to store
relationships between dependencies and states. In fact, the pair
〈G ,D Ck〉 lead to the concept ofsummarization. A summarization,
Σ, is a partial description of the input-output behavior of a program
fragment. Here, the pair〈G ,D Ck〉 can be considered as a summa-

rization becauseD Ck describes the behavior in the sense of depen-
dencies of the symbolic stateG . Two operations are provided to
manipulate the table:

• memoed(G ): tests ifΣ ≡ 〈G ′,D Ck〉 is in the memo table such
thatG ′ subsumesG . If this is the case, it returnsΣ.

• memoize(Σ): records the summarizationΣ in the memo table.

The algorithm described in Fig. 6 comprises three other key
operations:pre, w̌p, andjoin.

First,pre defines the variable dependencies of the current state,
from the variable dependencies returned by a recursive callto solve.

pre(D Cn’,tn(x̃) 7→ tn’(x̃′),φ(x̃, x̃′))
def
=

{v | v∈ D Cn’,v /∈ DEF(φ)} ∪

{v | s ∈ φ,DEF(s)∩D Cn’ 6= /0,v∈ USE(s)} ∪
{v | DEF(φ) = /0, there is a transitionT in the slice

reachable fromn’ s.t.
CINF(φ,T),v∈ USE(φ)}

Given a transitiontk(x̃) 7→ tk’(x̃′),φ(x̃, x̃′), and a stateG ≡
〈k, x̃,Ψ〉, then:

wp(G ,φ(x̃, x̃′))
def
= 〈k, x̃,∀x̃′.φ(x̃, x̃′) −→ Ψ[x̃′/x̃]〉

In general, it is well known that it is not practical to compute
this functionwp() precisely. Thus, in practice, we just compute,
w̌p, a precondition of the descendantG i which is at least as general
as the parentG , as opposed to the weakest precondition. Our
implementation uses an efficient algorithm based on constraint
deletions presented recently in [23]. Finally, the algorithm needs to
conjoin the dependencies from the descendantsD Ck(i),1≤ i ≤ n, at
the parent:

join(D Ck(1), · · · ,D Ck(n))
def
= D Ck(1)∪·· · ∪D Ck(n)

We are now ready to present the algorithm in Fig. 6. The input of
the algorithm is a symbolic stateG and the slicing criterionC. The
algorithm performs in a post-order fashion a depth-first traversal
of the computation tree of the given stateG . This process is most
naturally implemented recursively. This recursive procedure has
three base cases:

• SUBSUMED: the stateG has been already explored with a more
general context. That is, there exists another stateG ′ that sub-
sumesG. The subsumption test is done bymemoed(G ), and if
it succeeds, it returns the summarization that containsG ′.

• INFEASIBLE: the context,Ψ, carried byG is unsatisfiable. That
is, the path is not executable. The algorithm computes the inter-
polant,Ψ′ ≡ falseand it does not add any variable toD Cn since
no variable can affect the computation ofC.

solve(G ≡ 〈k, x̃,Ψ〉,CTS, C)
• if Σ = memoed(G ) then SUBSUMED

return Σ
• if Ψ is unsatisfiablethen INFEASIBLE

return 〈〈k, x̃, false〉, /0〉
• if k is final then SUCCESSFUL

return 〈〈k, x̃, true〉, {C} 〉

• otherwise: RECURSIVE
for each rule i,1≤ i ≤ n : Ti ≡ tk(x̃)7→tk′(x̃′),φi(x̃, x̃′)

〈Gi ,D
C
k’(i)〉 = solve(〈k′, x̃′,Ψ∧φi 〉,CTS,C)

Ψ′
i = w̌p(Gi ,φi)

D Ck(i) = pre(D Ck’(i),Ti)
endfor
Ψ′ = Ψ′

1∧·· ·∧Ψ′
n

D Ck = join(D Ck(1), · · · ,D Ck(n))

memoize(Σ ≡ 〈〈k, x̃,Ψ′〉,D Ck〉)
return Σ

Figure 6: Slicing Algorithm for Loop-Free Programs

• SUCCESSFUL: the stateG is successful because a feasible path
has been found. Here, the algorithm returns the interpolant
true and it adds the variableC in the dependencies (i.e.,D Cn =
{C}).

We now consider the recursive case. The algorithm represented by
the recursive proceduresolve, given in Fig 6, triggers all applicable
transitions to create new descendant states fromG . Given the return
values (i.e., summarizationsΣi ≡ 〈Gi,D

C
k’(i)〉) of the recursive

calls to those descendants, the algorithm:

1. Computes the interpolant,Ψ′
i of the stateG from the child’s

interpolantGi by an operation akin to weakest precondition
propagation (̌wp). Then, the final interpolant,Ψ′, is simply the
intersectionof the interpolants returned by the previous step.

2. Updates the dependencies among variables,D Ck, from the

child’s solutionD Ck’(i) by applying the backward transfer func-
tion (pre), and finally, it conjoins (join) all children solutions
D Ck(i), obtainingD Ck.

Finally, we show in Fig. 7 how to generate a sliced program
from the summarizations stored by algorithm described in Fig. 6.
We consider the procedureinitial goal which given the initial CTS
returns an initial state. Note thatD Ck is part of the summarization
and we consider it as a global variable in the algorithm. A transition
of the formtk(x̃)7→tk′(x̃′),φ(x̃, x̃′) corresponding to an assignment
statement is included in the slice ifDEF(φ)∩D Ck’ 6= /0. Moreover,
if the transition corresponds to a conditional statement then it is
included in the slice ifUSE(φ)∩D Ck’ 6= /0.

4.1 Adding Representative Path Formulas

This section extends the previous to the case where we desirenot
just a safe slice but, in some sense, the most precise slice, i.e., the
exactslice. The algorithm presented in Fig.6 does not in general
produce the exact slice for the inputG and criterionC. Recall
that the algorithm tests if there exists an entryΣ ≡ 〈G ′,D Cn〉 in
the memo table such thatG ′ subsumesG . If yes, the algorithm
returnsΣ. SinceG ′ subsumesG , the set of states represented by
G ′ is a superset of those represented byG . Hence, the algorithm in
Fig.6 performs an over-approximation which may lead to a loss of
precision.
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slice(CTS, C)
G = initial goal(CTS)
solve(G ,CTS,C)
S= /0
for each rule T ≡ tk(x̃)7→tk′(x̃′),φ(x̃, x̃′)

if T is assignmentand DEF(φ)∩D Ck’ 6= /0 then
S= S∪{T}

if T is conditionaland USE(φ)∩D Ck’ 6= /0 then
S= S∪{T}

endfor
return S

Figure 7: Construction of the Sliced Program

Interestingly, we may only lose precision when a subsumed
node inherits the solution from another which was computed in a
more general context, and more concretely, considering a smaller
number of infeasible paths. This situation was exemplified in Fig. 5,
Sec.2. Our wish is to ensure that our algorithm performs exact
propagation of the dependencies for loop-free programs. Wewill
show in Sec. 5 how to support loops and still obtain precise slices.

solve(G ≡ 〈k, x̃,Ψ〉,CTS,C)
• if Σ ≡ 〈G ′,D Ck〉 = memoed(G ) and

(∗) ∀〈x,Φx〉 ∈ D
C
k,Ψ∧Φx is satisfiable

return Σ
• if Ψ is unsatisfiablethen

return 〈〈k, x̃, false〉, /0〉
• if k is final then

(∗) return 〈k, x̃, true,{〈C, true〉}〉

• otherwise:
for each rule i,1≤ i ≤ n : Ti ≡ tk(x̃)7→tk′(x̃′),φi(x̃, x̃′)

〈Gi,D
C
k’(i)〉 = solve(〈k′, x̃′,Ψ∧φi〉,CTS,C)

Ψ′
i = w̌p(Gi ,φi)

(∗) D Ck(i) = pre(D Ck’(i),Ti)
endfor
Ψ′ = Ψ′

1∧·· ·∧Ψ′
n

(∗) D Ck = join(D Ck(1), · · · ,D Ck(n))

memoize(Σ ≡ 〈〈k, x̃,Ψ′〉,D Ck〉)
return Σ

Figure 8: Exact Slicing Algorithm for Loop-Free Programs

We now refine our algorithm and obtain the algorithm described
in Fig. 8. New features are annotated with the symbol (∗). The first
change is the definition of whether a symbolic state is subsumed by
a previously computed summarization. We redefineD Ck as a set of
pairs〈x,Φx〉, wherex is a variable andΦx its representative path
formula. Then, a noden with contextΨn is subsumed byk with
interpolantΨ′

k and dependenciesD Ck if:

a) Ψn |= Ψ′
k (as before), and

b) ∀〈x,Φx〉 ∈ D
C
k,Ψn∧Φx is satisfiable.

The major change, however, is thepre step. Essentially, the new
definition is similar to the previous but adding the update ofthe
representative path formulas:

pre(D Cn’,tn(x̃) 7→ tn’(x̃′),φ(x̃, x̃′))
def
=

MG({〈v,Φv∧φ(x̃, x̃′)〉 | 〈v,Φv〉 ∈ D
C
n’,v /∈ DEF(φ)} ∪

{〈v,Φx∧φ(x̃, x̃′)〉 | s ∈ φ,〈x,Φx〉 ∈ D
C
n’,x∈ DEF(s),

v∈ USE(s)} ∪
{〈v, true〉 | DEF(φ) = /0, there is a transitionT in the slice

reachable fromn’ s.t.CINF(φ,T),
v∈ USE(φ)})

In the above the functionMG includes only the most general pairs,
where〈v,ϕ〉 is not included if there is a pair〈v,ϕ′〉 in the set such
thatϕ → ϕ′.

In addition to the above redefinition, we need also to modify the
join step to consider the representative paths. The idea is that,for
each variable, we choose arbitrarily a representative pathfrom the
set of candidates.

The following theorem statement says that our algorithm shown
in Fig. 8 computes precise slices in the sense that for any statement
included in the slice, there must exist a executable path that reaches
it.

THEOREM1 (Exact Slice for Loop-Free Programs).Let CTS be a
constraint transition system without loops, andC the slicing crite-
rion. Let S be the sliced program constructed using the algorithm
in Fig. 7 with the proceduresolve described in Fig. 8 wrtC.

Then, for every transition s∈ S there exists a path ps containing
s that affectsC which terminates in a final state, i.e., ps is feasible.

5. Path-Sensitive Slicing Algorithm with Loops
In Sec. 4.1 we have presented an exact slicing algorithm for loop-
free programs. In this section, we show how to extend it in order to
compute slices in the presence of loops.

The problem of obtaining an exact slice of a program with loops
is undecidable [39]. The standard solution is to compute iteratively
the algorithm described in Fig. 8, Sec. 4.1 until the dependencies
reach afixpoint. The result of this fixpoint is an over-approximation
of the concrete set of states.

Another major issue is during the symbolic execution of loops.
Problems can arise whenever the current path formula does not
imply either the loop condition or its negation. This is theloop
invariant problem which requires in general the determination of a
suitableloop invariant.

The algorithm for slicing programs with loops is described in
Fig. 9. This algorithm is similar to the previous but adding special
support for loops denoted by the symbol (∗). We first need to add a
global stack,L , which allows us to detect when the algorithm has
ended up with the body a loop. We assume that given a program
point k, we can determine if a loop has been encountered or not.
If this is the case, our method first ”skips” the loop and it executes
starting at the first transition after the loop (i.e., exit transition).
The key here is to use the loop invariantI as the context to be
propagated after the loop. When the recursive call tosolve ends
up, the algorithmpushesthe entry program point intoL and it
starts analyzing the loop body. Again, the body loop will only
considerI in the context. The proceduresolve fixp computes the
dependencies for the loop bodies until a fixpoint is reached.After
each fixpoint iteration the memo table is re-initialized to discard
all the summarizations generated inside the loop. Moreover, the
algorithm needs to restart the context to the original invariant I .
Whensolve fixp terminates, the algorithmpopsthe entry program
point of the loop fromL and it stores the summarization computed.

Loop invariant problem. We consider the fundamental prob-
lem of discovering loop invariants beyond the scope of this paper.
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solve(G ≡ 〈k, x̃,Ψ〉, CTS, C) \* L : global stack*\
• if Σ ≡ 〈G ′,D Ck〉 = memoed(G ) and

∀〈x,Φx〉 ∈ D
C
k,Ψ∧Φx is satisfiable

return Σ
• if Ψ is unsatisfiablethen

return 〈〈k, x̃, false〉, /0〉
• if k is final then

return 〈k, x̃, true,{〈C, true〉}〉

• (∗) if G is a loop andk = k′ wherek’ the top ofL
(∗) return 〈k, x̃,Ψ, /0〉

• (∗) if G is a loop
(∗) let tk(x̃)7→tkentry

(x̃entry),φentry(x̃, x̃entry)

(∗) let tk(x̃)7→tkexit
(x̃exit),φexit(x̃, x̃exit)

(∗) let I be the invariant for the loop
(∗) let Ψentry≡ I ∧φentry andΨexit ≡ I ∧φexit
(∗) let G exit ≡ 〈kexit, x̃exit,Ψexit〉

(∗) 〈 , D Ck’ 〉 = solve(G exit,CTS,C)
(∗) let G entry≡ 〈kentry, x̃entry,Ψentry 〉

(∗) push(L ,k)
(∗) D Ck = solve fixp(G entry,D

C
k’I , CTS,C )

(∗) pop(L )
(∗) memoize(Σ ≡ 〈〈k, x̃, I〉,D Ck〉)
(∗) return Σ

• otherwise:
for each rule i,1≤ i ≤ n : Ti ≡ tk(x̃)7→tk′(x̃′),φi(x̃, x̃′)

〈Gi,D
C
k’(i)〉 = solve(〈k′, x̃′,Ψ∧φi〉,CTS,C)

Ψ′
i = w̌p(Gi ,φi)

D Ck(i) = pre(D Ck’(i),Ti)
endfor
Ψ′ = Ψ′

1∧·· ·∧Ψ′
n

D Ck = join(D Ck(1), · · · ,D Ck(n))

memoize(Σ ≡ 〈〈k, x̃,Ψ′〉,D Ck〉)
return Σ

(∗) solve fixp(G ≡ 〈k, x̃,Ψ 〉, Dold
C, I , CTS, C)

(∗) f ixpoint = false
(∗) while (not f ixpoint)
(∗) 〈 ,Dnew

C〉 = solve(G ,CTS,C)
(∗) if (Dnew

C == Dold
C)

(∗) f ixpoint = true
(∗) Dold

C = join(Dold
C,Dnew

C)
(∗) Ψ = I , cleanup memo
(∗) endwhile
(∗) return Dnew

C

Figure 9: Slicing Algorithm with Loops

However, we propose here a simple method. Given the path for-
mula Ψ ≡ ψ1 ∧ ·· · ∧ψn at the entry of the loopL, we keep just
those constraintsψi ∧ ·· · ∧ ψ j corresponding to variables whose
values do not change inL9.

Although this loop invariant method is very simple, it posses
two major characteristics:
• Propagates unrelated constraints along the loops. That is,if a

loop does not contribute to a constraintΨ, our method will keep
Ψ and propagate it through the rest of the program.

9 Of course, even though it is purely syntactic in presence of pointers, an
alias analysis is required.

• Propagates new context generated inside loop bodies. It is im-
portant to notice that although our algorithm in Fig. 9 needsto
discard all new constraints collected in the analysis of theloop
body from one fixpoint iteration to another, during a particu-
lar iteration those new constraints will be propagated. Note that
loop bodies are arbitrarily large (including more nested loops)
and hence, more precise slices can be obtained.

Finally, note that all slicing methods need to face this challenge
in one way or another. Traditional static slicing (e.g., [39, 19, 33])
assumes the trivialtrue loop invariant. Other approaches that need
to propagate some context [38, 13, 5, 34] either unroll loopsor need
ultimately also the use of a loop invariant.

6. Concluding Remarks
We have presented an algorithm for optimal program slicing.Our
method consists of two parts. First, program paths that are infea-
sible detected by symbolic execution are eliminated from consid-
eration. Thus, we ensure that statements included in the slice are
defined in some executable path. Second, we make the approach
practical by using interpolation in order to generalize thecontext
of computation trees. To the best of our knowledge, our approach
is the first program analysis that uses interpolation in reducing the
search space.

Interpolation increases the chance for the reuse of the depen-
dency information from one subtree to another in the program’s
computation tree. Moreover, we ensure the accuracy of the depen-
dency analysis by testing, upon an attempt to reuse, the feasibil-
ity of the representative paths that give rise to the dependency. In
programs without loops, we have demonstrated that our approach
obtains, in principle, the minimal slice.

In the future, we shall extend our slicing method to define a gen-
eral program analysis framework in which other program analyzes
can compute more accurate information using the infeasiblepath
information.

Limitations. There are some technical reasons why our algo-
rithm may give imprecise results in real programs. Thesolverun-
derlying, which is used for detecting infeasible paths and generat-
ing interpolants, may fail to decide whether a formula path is sat-
isfiable or not. Another fundamental issue is the analysis ofloops.
In presence of loops, the accuracy of our approach will depend on
the loop invariant. We have shown that simple loop invariants can
be computed automatically to obtain reasonably precise slices.

Practicality of the approach. Although no experimental data
is reported in this paper, there are some evidences to believe that
our approach can be practical for real programs. For instance,
in our initial results with our ongoing prototype implementation,
we have tested the programstatemate with 1238 LOC (from the
Mälardalen benchmarks [27]) which is an extreme case because
30% of all paths are infeasible. Recall that if all paths are feasi-
ble our approach has a similar performance to other methods.The
results were that without interpolation (i.e., naı̈ve symbolic exe-
cution), the analysis explores 8629 nodes in the computation tree.
Our algorithm only explores 262 nodes. Less specific but still it
is worth to mention, interpolation has been a successful technique
used, for similar efficiency purposes, in safety verification of sys-
tems. In counterexample-guided abstraction refinement approaches
[18, 30], interpolants are generated whenever a spurious counterex-
ample has been found in order to refine the predicate abstractdo-
main. In [23], the interpolants are also generated whenevera fi-
nal path is encountered. The interpolant is produced wrt thesafety
property while that, in our case, the interpolant is generated wrt
true. Hence, the efficiency gains in proving safety may be more
limited. More importantly, some of these systems have been able to
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prove safety properties in programs up to hundreds of thousands of
LOC [18].

On the other hand, the use of representative paths may limit
the reuse of solutions. However, we believe that it is not likely
to be high. Even so, one possible practical solution that seems
promising is to use, for each variable,k > 1 representative paths,
with k constant, in order to augment the likelihood of reusing.
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