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Abstract

Program slicing is a technique to extract relevant parts pfaa
gram, and it is widely used in program debugging, parakgian,
testing, reverse engineering, etc. This paper concstiatsc slic-
ing and it follows the Weiser’s definition of slicing that cortsisf
computing what statements of the program might affect tteeva
of some particular variable at a specified program point. Wee
that although there is a broad variety of static slicing rog#h it
is commonly assumed that all paths are executable. Howtbnegr,
limitation may be completely unacceptable in, for instamtbug-
ging and program understanding tasks since the slice is gfigte
big.

In this paper, we present a fulpath-sensitiveslicing that iden-
tifies infeasible paths in order to obtain accurate slicefgasible
paths are detected by performing symbolic execution of tioe p
gram. The major challenge is that in general there are exiatiy
many paths. Our method traverses the symbolic executien itre
a post-order manner, and discoversimterpolantwhich general-
izes the execution context of the tree. This enhances tekhdod
that thedependenciesomputed for that tree can beusedin mul-
tiple contexts. Another key feature is that our algorithores, for
each dependency, the executable path that defines it, thidieis
representative path formuldnat gives rise to it. By doing so, the
dependency information is accurate since it is only useuakifrtew
context demonstrates that the representative is exeeutablact,
for loop-free programs, our algorithm compuesctlythe state-
ments relevant to the slicing criterion.

1. Introduction

Program slicing is a well-known technique that identifies plarts
of a program that potentially affect the values of specifiadables
at some program point— theicing criterion Slicing was first de-
veloped to facilitate software debugging, but it has subsatly
used for performing such diverse tasks as parallelizasoftyare
testing and maintenance, program comprehension, revege e
neering, program integration and differencing, and coenpiin-
ing.

Static slicing was introduced by Weiser [39] who defined the

sliceof a program with respect to a program pgirand a variable
x as all statements of the program that might affect the value o
at pointp. The Weiser’s method ilow-sensitive(i.e., the analy-

[Copyright notice will appear here once "preprint’ opti@removed.]

sis of statements depends on the order between thengcaelxt-
sensitive(i.e., the analysis of a called procedure is "sensitive” to
the context in which it is called) although imprecise sincddes
not solve thecalling-context probleni.e., it includes unrealizable
paths). Today, the most popular kind of static slicing is gfiaph
reachability The computation of a slice can be divided in two
steps. In the first stefyrogram Dependence GrapiBDGSs) [32]
are built, and then the algorithm produce slices by applgraph
reachability analysis on them. Horwitz, Reps and Binkley, [20,
33]introduced firsBystem Dependence Grag8®Gs), which are
an extension of PDGs in order to compute precise interprteced
ral slices, solving thealling-context problemSince the Weiser's
seminal work, several variants of slicing, which are notisthave
been also proposed such dgmamic slicing[25, 26], quasi-static
slicing [38], andconditioned slicind5]. Moreover, there has been
a large number of subsequent works (most of them by extending
SDGs) for including more programming languages featurek ag
unstructured control flow, composite data types and p@ntzn-
currency, and so on (see e.qg. [3, 37, 41] for references).

In spite of the vast diversity of static slicing methodssitbm-
monly assumed that every program path is executable. Howeve
according to Hedly et al. [17] 13% of all paths are not executable
(i.e., there is no input for which the paths will be executdddre-
over, path feasibility tends to decay exponentially withirzereas-
ing number of predicates considered [42]. More importaitilpro-
gram slicing, the existence of infeasible paths has a gnepadt.
Even if the best known algorithms are used, the sliced prmdsa
often quite imprecise because it is too big to be useful dubdo
consideration of all possible paths [1]. For instance, enftiilow-
ing program fragment, whe®d andS? are arbitrary code

X = 0; foo(y)
X); {if (y >0) Sl else S2}

S1 will never be executed. However, traditional static slicineth-
ods would consider any fragmentSt relevant to the criterion. The
reason is that those methods do not exclude infeasible .pEitles
ability of discriminating statically which paths can be edted is
calledpath-sensitivenesand can be used to improve theecision
of static slices because spurious information from inteagpaths
can be excluded from consideration.

Then, why are traditional slicing methods path-insensitive?
The static identification of non-executable paths is an cidde
able problem in the general case [40]. Even for loop-fregzims
the detection of infeasible paths is far from being triviabr in-
stance, in the following program fragment, wherg epresents
non-deterministic values, naive approaches using symerécu-

1Today, software is often written in this way in which proceski are
designed for general purposes and hence, they need toénclady sanity
checks.
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tion + theorem prover fail abruptly since the number of paths
2n:

if (*) Sl else S2
if (*) S3 else 4

ilfl(*) Sn-1 el se Sn

One well-known technique that mitigates this problendys
namic programmingDP). DP solves combinatorial optimization
problems exhibiting certain features. One major charatierof
DP is the existence obverlapping subproblemd his allows for
thereuseof a solution of a subproblem to solve another subprob-
lem. Therefore, essential P is the notion ofmemoizationof
subproblem solutions already solved. Memoization is tlestii-
cation of whether a solution can be reused or not. Each shlggmo
is executed in a context, which is an abstraction of the caatjaun
history so far. Whenever the same subproblem is encounierzd
similar context, the previous solution can be reused [22].

Our approach. We present a technique that given a slicing
criterionC= (p,x)z, discovers all statements of the program that
might affect the value of at program poinp. That is, we follow the
Weiser’s definition of program slicing. The novelty herehattour
method is path-sensitive in the sense that it will deteatasible
paths not considering any relevant statement inferred fiteam.
The major challenge is hence that in general there are erfiatig
many paths.

argue that our method can compute very efficiently the degrend
cies due to the use a@fterpolantsthat generalize the context under
the subtree’s dependencies have been computed and itygreat!
creases the chance of being reused in different contextsal$te
claim that our method idemand-driversince it only explores new
subtrees only if new dependencies can arise from them.

Note that the use of interpolants is correct since our method
only reuses the dependencies of a subtree whenever is/ezsed
with a less general context. Unfortunately, it does not gmes
necessarilyprecision When the analysis of a subtree reuses the
dependencies from another subtree analyzed with a moreajene
context, the solution may include more dependencies getera
from paths that are possible with the more general contexidiu
necessarily with a less general context. That is, some sktpaths
may be infeasible in the less general context.

To remedy this lack of precision, our algorithm also keepskr
for each dependency, the executable path that defines ihwyec
will call the representative path formul&he key idea in order to
achieve efficiency but without any loss of precision is that al-
gorithm only reuses a dependency if the new context denainstr
that its representative path holds. Otherwise, the depeydean-
not be reused and a new traversal of the subtree is required.

Organization. The rest of this paper is organized as follows.
In Section 2 we provide an informal overview of our approach
showing several examples, and in Section 3 we introduceaele

Our method considers a symbolic computation tree as a deci- concepts and definitions required for the rest of the papeseic-

sion tree where a node has a conjunction of formulas (i.é. foat
mula) W = Y1 A ... AW;, symbolically representing a set of states.

tion 4, we present our slicing algorithm for loop-free praxgs
which we refine in Section 4.1, and we demonstrate that it is op

Y1,. .., are constraints generated from each statement in the pathtimal for straight-line programs. In Section 5, we extenel pnevi-

from the root to that node. Its successor node has an inctattyen
larger conjunction representing a new decisiéhis satisfiable iff
the path is feasible.

The algorithm performs a depth-first traversal of the treeq i
post-order manner. Whenever a path, in the tree is traversed
completely (either reaching the end of the program or becegmi
unsatisfiable), it enlarges the path formWay using the notion of
interpolation[7] but still preserving the (un)satisfiability &#:

ous in order to support programs with loops, and finally, Bad
concludes.

2. TheBasicldea

Our slicing method is best intuitively explained througivesal
examples. Details will follow in subsequent sections.

First, we model the C program into a transition system. Such
modeling has been presented in various works [14, 21, 10] and

o If W is satisfiablethen every state along the path can be gen- is informally shown here. Consider the C program fragment in

eralizedtrue since when we start from the stdtee traversing
remaining computation path é#, that is, the path¥, such that
Y=Y, AW, Wy would still be satisfiable.

e If W is unsatisfiablethen every state along the pdthcan be
generalized as long as the unsatisfiability is preserveat iShif
Y =W; AW, then we generalize the state after the execution o
Y, into another staté as long a® A W, remains unsatisfiable.

Note that ifW is unsatisfiable, we have found an infeasible path
and hence, our algorithm stops the traversal along thatpitth
out including any statement relevantxan that path. In this case,
our method also computes an interpolant that assures gedah-
dition of the path. Together with the interpola#t, our algorithm
keeps track of dependencies relevant to the computationitef ¢
rion x. In our approach, there existglapendencfrom the variable
X toy if x is relevant to the computation of the valueyofThen,
our algorithm starts propagating back the interpolantsugrathting
the dependencies along the same path to ancestor statéisgasu
their possible generalization.

A key advantage of our method is that, during the traversal, o
algorithm will not explore a subtree whenever it has beeeaaaly
explored under more general context. Therefore, the method
vides an enhancement to the general methochemoizationWe

2Without loss of generality, we will assume thpis the end program point
of the program. Thus, our slicing criterion is just the valéaof interestx.

Fig. 1(a). The program points are enclosed in angle bracksts
transition system is shown in Fig. 1(b). For instance, thadition
t1(a,b,c,x,y,2) — ta(a,b,c,x,y,2),c = 0 represents that the sys-
tem state switches from program point 1 to 2 and the constrain
W= ¢ = 0is the statement executed. The values of the rest of vari-

f ables remain the same.

tl(a7 b7 C,X,y,Z) = t2(a7 b7c/7X7y72)7c/ =0
(H)c=0; tao(a,b,c,x,y,2) — t3(a b,c,xy,2),a>0
<2> I f (a> O) tz(a7 b7 C,X,y,Z) = t4(a7 b7c7x7y7z)7a<: 0
<3> yzor t3(a7b7cvxvy7z) r—>t4(a,b,c,x,)/,z),)/:O
@if (b>0) t4(ab,cxyz —ts(ab,cxyz),b>0
(5 z=y, ta(a b,c,x,y,2) — te(a,b,c,x,y,2),b<=0
<6> I f (C > O) t5(a7 b7 C7X?y?z) = t6(a7 b7c7x7y7z’)7z’ = y
(N x=z ts(a,b,c,x,y,2) — tz7(a,b,c,x,y,2),c >0
<8> t6(a7 b7 C7 X?y? Z) = t8(a7 b7 C7X7y7 Z)?C <: O
t7(aa b7 C,X,y,Z) = tg(a, b7C7X/,y,Z)7X/ =z
tg(a,b,c,x,y,2)
@ (b)

Figure 1: A Program Fragment and Its Transition System

Using a traditional algorithm to slice the program with resp
to variablex at program poin{8), we obtain everything from the
original program. However, a closer inspection revealg tha
assignment of tox at point(7) is not executable since it is defined
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in an infeasible path. Our algorithm produces the most pecsglice
here, which is the empty slice.

Infeasible Paths and Interpolation. We start by illustrating the
principles underlying our method which make it possible ltoes

all statements of program in Fig. 1(a), and enhance thethiet
that the dependencies computed in a context can be reusad-in m
tiple contexts, making our approach practical. The najwvetmlic
execution of the transition system is shown on the left sid&g). 2.
The representation is a directed tree, with nodes label&d @&

is the corresponding program point abd the context) and edges
between two locations labeled by the instruction that ebe=cwhen
control moves from the source to the destination. We reptesm-
ditional statements witdiamondnodes, basic block of statements
with box nodes, and terminal nodes witllipses On the other
hand,feasibletransitions are denoted by (black) solid edges, and
infeasibletransitions by (red) edges with a dot in the arrow head.
On the right side, in Fig. 2, we show the derivation tree cotegu
by our method that avoids the exponential behavior of theena”
approach while it detects the infeasible path.

Figure 2: Interpolation and Infeasible Paths

Our method starts traversing the tree in a depth-first manner
reaching the nodé#1 with the path formulab741 =c =0Aa >
0Ay =0Ab >0Az =y Ac > 0. Since the formula is unsatisfiable,
we have found an infeasible path. Thus, our algorithm doés no
keep traversing the path and backtracks to the immediatstorc
More importantly, it generates a1 an interpolant. Intuitively, an
interpolant is simply a formul&” that generalizes another formula
Y that represents the state of a node in the tree. Therefonedat
7#1 our algorithm needs to generaliséy 4 preserving the falsity
of the path since the path is unsatisfiable. We just gendnatet
terpolant,W’w1 = false In addition, we store, for each node a

setﬂ)ﬁ:that keeps track of th@ependencieamong variables. Infor-
mally, x € @% if variablex is relevant to the computation of values
of the slicing criterionC at the noden. Therefore, the algorithm
stores at7#1 the seth)7‘#1 = 0, since the path is infeasible and
there is no way that any variable can affect the value afater, the
algorithm will reach the terminal nod&t1. Again, the algorithm
needs to generate an interpolant that should be as gengrassis
ble. Since the formula path is satisfiable, it gener&| 5 = true,
which is the most general possible interpolant. Furtheenibie al-
gorithm adds the criterion variabke That is,cD)é#l ={x}.

We next use the interpolants @#1 and 8#1 to produce the
interpolant of6#1. We first compute theveakest preconditiofi2]
wrt the predicate > 0 and the postconditiow’7#1 =false which

is ¢ < 0. Similarly, forc <0 and the postconditiolrllé#1 =true,

that in this case isrue. 3 Then, the algorithm needs join at 641
the interpolants propagated from its childré#l and 8#1. The
final interpolant¥; ., = c < 0Atrue= ¢ < 0 is the conjunction of
these candidate interpolants

Moreover, in this case, the algorithm simply propagatesithe
pendencies to the ancestor. Informally, we explain thenale be-
hind the backward propagation of the dependencies amorig var
ables for a transition from nodetok’ with an arbitrary assignment
X1 =X2. Assume thax is relevant to the criterioB at node’ | i.e.,

ﬂ)(k:' = { x4 }. Then, the propagation of relevance from variable to
variable is deduced from the assumption thatiifmight be rele-
vant toC, x» might be relevant ta, and hence, relevant @ In
addition, the assignmekiils the value ok, before the assignment.
Thus,x1 is not anymore relevant to the criterion, obtain'mﬁ ={

X2 }. After this propagation, the algorithm needsctombineat 6#1

the dependencies propagated back from children by apptyieg
union, obtainingd g1 = {x}.

This process continues recursively in a post-order manmeir u
the entire tree has been explored. A key feature is that fugitim
uses the interpolants generated at each program point ir ord
to (hopefully) reuse the dependencies whenever a new doistex
explored. For instance, assume the transition from 2é¢dedo 4#2
which is a new context fof4). The path formula at#2 is W40 =
¢ = 0Aa < 0. Before exploring the subtree, our method tests if
Wy is subsumedby W), . Thatis, ifWasy = Wy, . The solver
answers 'yes’ sincevil#l = ¢ < 0. Therefore, the algorithm does
not need to explore the subtree and reuse the dependm@ﬁs
In Fig.2, we denote subsumed transitions by (green) dotlge®
and labeled with "subsumes”. Note thély, = Wy, succeeds
due to the use of the interpola%#l. If we had used the original
context,Ws41, which isa> 0,c= 0,y =0, the subsumption would
fail.

Finally, we show how dependencies and the slice are updated
in relevant transitions. ColumrRost-State and Pre-State are the
set of dependencies before and after the backward propagati
respectively. Column ,§ contains the set of statements included
in the slice. Informally, we include the statementdefined in
transition fromk to k' in Sy if there exists a variable whose
value changes at statemantandv € @ﬁv .

[ Transiton [ Post-State | Pre-State | Sx |
S#lz =y 6#1 Deup = 1%} | Doy ={x} [ O
3#1y =04#1 Dpgg ={x} | DR ={x} | ©
Wle=02#1 | DYy ={x} | DIgy =1{x} | O

Programs without Infeasible Paths. Even though there are in
general infeasible paths, it is often the case that manyreseht
do not contain them, or contain few of them. In these relevant
subcases, it is important to note that our method can, irciple
obtain”ideal” interpolants. This essentially means that the number
of nodes that need to be considered is linear in the size of the
program fragment in question.

Consider now the same program in Fig.1 but without the as-
signmentc=0 at program point{1). Using our algorithm to slice
the programwrt x, we will obtain the original program. The reason
now is that all paths are executable.

A computation tree built without interpolation is shown dret
left side in Fig.3. The tree computed by our algorithm is show

31n general, the interpolant obtained need not to be the veeake our
approach, we use effective polynomial algorithms for apjpnating the
weakest precondition [23].
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on the right. Our approach generates thee interpolant at each (1)if (a>0)
node with a negligible cost and hence, all new contexts véll b (2)y=0;
subsumed. As a consequence, the size of the program state |s (3) el se{
linear wrt to the size of the program. Therefore, the key idea Ayy=z
illustrated with this program fragment is that cdemand-driven (5)x=0;
approach only increases the program state if those new states cal 1
improve the precision of the analysis. Otherwise, if no asible B)if (x>0)
paths, our approach does not enlarge the program statepasd r (7yx=y;
proportionally to traditional slicing methods. (8)

@

(b)

Figure4: Another Program and its Precise Slice

labeled by I) and r) contain the result of our algorithm foe tbft
and right subtree rooted &#1, respectively:

[ | Transition | Post-State | Pre-State [ Sx
| 7#1 x=y 8#1 cD’é#l ={x} fD’%#l ={y} {x=y }
21y =03#1 | D3yq = {x.y} | Doy ={x} |{y=0,x=y}
r) 5#1y_:—_z)6#2 Dgup = 16V} [DEs ={x. 2} [{y=z}
4#1 x =Q5#1 fD)é#l ={x, z} fDZ#l ={z} {x=0,y=z }

Figure3: Linear Size of the Program State without Infeasible Paths

Therefore, the slice includes the statements 0,x =y, x =
0,y =z, and also, their corresponding branch statements. That is,
the slice obtained is the original program fragment.

For the sake of discussion, let us consider that the Bé¢das
not subsumed bg#1. The derivation tree is shown on the right in

Fig.5. The key observation is that the new subtree rootesi#2t

We also show the slice obtained wrfor this program fragment.
Note that we only show the slice wrt to assignments in themmaig

contains an infeasible path X > 0. This infeasible path forces
to not add the variablg at 6#2 (i.e., @’é#z = {x} rather than
@)é#z = {x, y}). The results of the slicing algorithm for the right

5
programt subtree are shown:
[ Transiton | F;ost-State [ zre-State [ Sx | [ | Transiton | Post-State [ Pre-State | S |
iﬁx:zgzi @Z#lzﬁ @Q#lzﬁ §X=Z} } ) | 5#1y =7 6#2 | Dy ={X} | Diug ={x} | {0}
7 = D = {7z D = Z=Y, X=Z =
y 541 41 Z) Vx=z g M1 x =05#1 | DEy ={x} | Dhyy ={0} | {x=0}
241y =03#1 | DXyy =1{y} | Diyy =10} | {y=0,z=y,x=2}

The slice is presented in Fig. 4(b).The novelty is that weiobt

Representative path formulas. While subsuming a node may save
search space and yet preserve the correctness of the analysi

a more precise slice since the statementz is not included.

suming a node does not preserve #eeuracyof the analysis. It
is here where we balance efficiency (subsumption) and acgura
(representative paths).

Consider the C program fragment in Fig. 4(a). The sla¢
to x at program poin{8) obtained by our algorithm so far, is the
original program. However, a more detailed analysis of tiogam
discovers that the statement at program p@indoes not affect the
computation ok. The reason is thgtcan only affeck if statement
at(7) is executed, but7) is unreachable because it is located at an
infeasible path whenever the program reac#es

The derivation tree computed by our algorithm, explainefhso
is shown on the left side in Fig. 5. At nodé¢1 the algorithm has
joined the solutions from its childreng,, = {y} andp%4; = {x}
obtaining@’é#l = {x,y}. Then, the process continues normally un-
til a new context has been found f8), 6#2. Since the interpolant
stored for6#1 istrue (because no infeasible paths were found), the

new context will be subsumed, amg#l will be reused. The rows

Figure5: Representative Paths

4Qur technique can be also consideriedy since new paths are only
explored if they can provide new relevant information.

5We will explain in Sec. 4 how to consider branch statements.<0lution
is very similar to Weiser's [39].

The program in Fig. 4(a) has illustrated once again thatitie e
tence of infeasible paths is essential in order to obtaimtbst pre-
cise slice. Moreover, it has also discovered that we neetléngth
the condition that decides whether a node can be subsumedat or n
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in order to be precise. Hence, given the set of dependemx&awr

algorithm will also store, for each variabkein fDE, the path for-
mula®y that defines it. We call this formul@y, therepresentative
path formula Informally, a noden with contextWn is subsumed
by k with interpolant¥j and dependenciesE if Wn =W (as

before), and for alk in @E each representative path formudbg is
possible with the new conte¥#¢n . That is,®x A Wp is satisfiable.
Coming back to the tree on the right in Fig. 5, the context at
node6#2 is Wgyo = a < 0AXx= 0AYy =2z The interpolant aé#1
is Wg4q = true. Itis straightforward to see thiltgyy = Wgyq - In
addition, we test that, for each variable in the dependeettizeir
representatives still hold. Thatis, bdd< 0AXx=0Ay=2) A (X<
0) and(a<0Ax=0Ay=2) A (x> 0Ax=Yy) are satisfiable. Here,
®x =x< 0is the formula that defines and®y =x > 0AXx=Yis
the formula that defineg. The first formula holds, but the second
is unsatisfiable becaug& = 0 A x > 0) does not have solution.
Therefore, the algorithm must explore the néd@ obtaining the
most precise.

2.1 Related Work

The significance of infeasible paths detection is well ustied
in many software engineering fields. Since the general probl
of detecting infeasible paths is undecidable [40], mostegghes
attempt to solve this problem in @healisticorincompletefashion:
symbolic execution + theorem prover (e.g., [16, 4, 9]), Dase
heuristics [15, 42], and more recently, pattern recognif81].

In program slicing, Korel and Laski [25, 26] were who first pro
posed the notion oflynamic slicing A dynamic slice is a part of
a program that affects the value of a variable in a particalar
ecution. As a consequence, the slice is much smaller thaic sta
slices and, not surprisingly, without infeasible pathswieeer, dy-
namic approaches are only useful if all input can fixed toipart
ular values.Quasi-static slicing38] is a slicing method between
static and dynamic. It is used when some input values are figed
ing an initial prefix while other can vargonstrained slicing13]
is conceptually similar to [38] although the input values dze
constrained by Boolean predicat€onditioned slicind5] gener-
alizes [38, 13] since input values can be characterized byst fi
order logic formula. These hybrid approaches [38, 13, Sghav
common with our method that, given some constraints on the in
put values, they need to propagate some program contextginro
executable paths. Hence, some infeasible paths may betetttec
However, when fully unconstrained inputs are used they\mha
traditional static slicing, and hence, they do not detefgdsible
paths.Path slicing[24] takes as input a possibly infeasible path
to a target location and eliminates all the operationséxaht to
the reachability of the target location. It is used to aceeethe
process of generating interpolants. The closest to oursolzaply
Snelting et al. [36, 34, 35]. They assume a sliced progranchvhi
is then refined by eliminating dependencies between nod¢sié
defined on non-executable paths. They ugerval analysisand
BDDsto overcome the potential combinatorial explosion in order
to reduce the number of paths to be tested. We consider thiks wo
orthogonal to us in the sense that we could also to use thoke te
niques to accelerate our interpolation method.

The interpolation method that we employ in this paper has bee
similarly applied by the authors to resource-constraineartest
path problem [22] and to safety verification of programs [23]
The notion of interpolation itself has been also succelysfided
in the software model checking community. Henzinger efls]
and McMillan [30] employ interpolation for automated sussige
refinement of abstract domain in an abstract interpretatéting
in order to prove a safety condition. McMillan also in [28hé&ves
unbounded model checking by using interpolation to suceglgs

refine an abstract transition relation that is then subjetbean
external bounded model checking [2] procedure. Technidoes
generating interpolants, for use in state-of-the-art SMvess,
are presented in [6]. The use of interpolants can also be iseen
the area of theorem-proving [29]. To the best of our knowéedg
our approach is the first in using interpolation to enhanog@m
analysis, and in particular, slicing.

3. Préiminaries

In this section, we introduce all the terminology and defonis
required for the understanding in the rest of the paper.

3.1 Dependenciesand Slices

We first define th&€ontrol Flow Graph(CFG) of a program. Given

a function f of a C program, its CFG is the tupléN,E b,e),
whereN is the set of nodes denoting statements, with special nodes
b,e € N denoting the first and last statements of the function. In
the context of a C program, the value passing to the argunaoénts
the function can be considered as the first statement, ancethe
turn statement can be considered as the last statementiagsu
each function has exactly one occurrence of the returnrstate

E is the set of pairs of elements df, where(s;,s) € E if and
only if the statemeng; immediately precedes, in the execution

of the program. Assume that the CFG is writterstatic Single As-
signmeni{SSA form [8] such that each assignment updates a fresh
variable (program variable with a neversion numbér Given a
slicing criterion (k,X), we assume the variableshave the right
version numbers at program pokat

A typical C program contains a number of functions, each with
their own CFG. In order to construct a single CFG of the whole
program, we perform functiomlining in the following way. At
every function call point, we replace the function call wih
assignment to the formal arguments of the callee, that éssthrt
statement of the callee, and we include from the end stateafien
the callee to the statement next to the call in the caller.Weduce
a fresh variable to pass the return value of the callee. THe afF
the program starts with the start statement of the functeom and
ends with its end statement.

We definepath from s to t as a sequence of pai(sp,s1),-
(%2,%3),---,(S1—1,51) wheres € N for all 0 <i < n, each pair is an
element of, s= 5y andt = s,. There is nas such thats,b) € E or
(e,s) € E. Theinverse dominatoof a control statemerg denoted
by D(s) is a statement on every path to the end statement [11].
ND(s) [39] denotes the set of statements along a path to the nearest
inverse dominatoD(s), excludings and the inverse dominator
itself.

Given an assignment statemenUSE(s) is the set of variables
referenced irs, andDEF(s) is the variable defined is® If sis a
control statement (if-then-else, while loops, eto$E(s) is the set
of variables in the condition anbEF(s) is empty. Given a path
from sto t, the relationINFL(s,t) holds whenDEF(s) € USE(t).

In a sense|NFL(s;t) identifies that the definition iis reacheg,
and therefore is dependenbn s. Now, the relationCINFL(s,t)
holds for a control statemestand any statemerntif and only if

t is included along a path fromto its nearest inverse dominator,
andsis the nearest such statement frontlere, whenCINFL(s,t)
holds, the control statemestdetermines whethdris executed or
not. In this way,t is also dependent os The INFL and CINFL
relations defined here formalize the notion of dependerested
in this paper.

6We consider that multiple assignments are transformedaiisteguence of
single assignments.
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Given a criteriorC = (k, X) for a progranP ands, the statement
at program poink, we define the following monotonic function:

F(S)

= {seP|DEF(s) € X}U

{s€ P|sis on a path te, DEF(S) = 0, USE(S) N X # 0}U
{s€ P|INFL(s,t),t € S}U

{s€ P|CINFL(s;t),t € S}

The path-insensitive slicef the program wrt. the criterion is the
set of statement$ which is the least solution to the equation
S=F§(9), denotedSlicepath ns(P,C).

In addition, we can speak about the feasibility or infeditjodf
paths. Given a statemesitEXEC(s) holds when there is a feasible
path fromb to s which includess. For the path-sensitiveslice
of the program wrt. the criterion, we simply add the requieein
EXEC(s) for every statemerd in the solution. Therefore, given a
program, its path-sensitive slice is the set

Slicepath-sendP.C) = Slicath-1ns(P.C) N {s € P|EXEC(s)}.

3.2 Constraint Transition Systems

Internally, a program is represented as a setafstraint transi-
tion systemsone for each function of the program, which can be
executed symbolically. Given a CFG the construction of amveq
alent constraint transition system is straightforwardodmally, in
constraint transition systems, nodes correspond to progoanter
values and edges between nodes are labeled by constrdietse T
constraints are obtained from the statement that exedotte rest

of the paper, we shall assume all definitions in Sec. 3.1 destr
over statements also for constraints. We now provide a fodea
scription ofconstraint transitions systems

We start by defining a language of first-order formulas. Vet
denote an infinite set of variables, each of which has a type in
the domainsp1,---,Dp, let £ denote a set ofunctors and Il
denote a set otonstraint symbolsFunctors represent program
operations such as arithmetic operations and array assigsm
while constraints represent conditionals in program statés such
as arithmetic relations, in addition to equalities. Thera special
collection offinal variables. Atern? is either a constant (0-ary
functor) inZ or of the formf (ty,--- ,tm), m> 1, wheref € ¥ and
eacht; is a term, 1< i < m. A primitive constraintis of the form
o(t1,--- ,tm) where@ is am— ary constraint symbol and each
is a term, 1< i < m. A constraintis constructed from primitive
constraints using logical connectives in the usual mawiberey
is a constraint, we writ&’(X) to denote that¥ possibly refers to
variables inx”

A substitutiond simultaneously replaces each variable in a term
or constraine into some expression, and we wré@to denote the
result. Arenamingis a substitution which maps each variable in the
expression into a distinct variable. We wrjfe— ¥ to denote such
mappings.

A groundingis a substitution which maps each variable into a
value in its domain. Where is an expression containing a con-
straintW, [[e]] denotes the set of its instantiations obtained by ap-
plying all possiblegroundings which satisfi¥.

We shall model computation by consideringystem variables
V1,--+,Vp With domains®1,---, Dy respectively, and a program
counterk ranging over program points.

DeFINITION 1 (States and Transitionsh ground states of the
form (k,ds,---,dn) where k is a program point and; & 0,1 <
i < n, are values for the system variablestransitionis a pair of
states.

7In this paper, we shall only be using simple integer termsantraints
as examples. In general, we can code data structures suchags and
pointers.

DEFINITION 2 (Symbolic State)A symbolic state (or simply,
state) ,g ,is of the form:

G = (kX W(X))

where k is a program poink is a sequence of variables over system
states, andV is a constraint over some or all of the variablgsand
possibly some additional variables. Finally, we wrigg and G to
indicate thatg andW¥ correspond to program point k.

DEFINITION 3 (Constraint Transition System, CT3).constraint
transitionis a defined as:

(%) = ti, (&), WX, %)
where (k,X) and (ki,%;) are system states, anHl is a constraint
overX andX, and possibly some additional auxiliary variables.
Note that¥ is the statement executed between program points k and
k1. A constraint transition syste(CTS) is a finite set of constraint
transitions.

Clearly the variables in a constraint transition may be meswh
freely because their scope is local to the transition. We aty that
a constraint transition is wariant of another if one is identical to
the other when a renaming substitution is performed.

We say that a state falseif its constraint is unsatisfiable. We
shall also the notatiofelseto denote dalse state. We say that a
state isfinal if k is the final program point, one from which there
are no transitions.

DEFINITION 4 (Transition Step, Sequence and Trdsgt there be

a CTS for a program, and le = (k,X,¥) be a state for this. A
transition stedrom ¢ may be obtained providing is satisfiable.

It is obtained using a varianity) — ty, (y1), ¥, of a transition in
the CTS in which all the variables are fresh. The result isaesof
the form {, (y1),W,X = §,W1 We say that this new state is a false
state if the constraint’, X = §, W, is unsatisfiable.

A transition sequencé a finite sequence of transition steps
which terminate in either a final state or a false statera@nsition
pathis a finite sequence of transitions corresponding to a trémsi
sequence. Intuitively, a path denotes the “skeleton” of gueace.
Atransition treas defined from transition sequences in the obvious
way.

We shall impose a special condition on transition stepssiéa
results in a final state, then the primary variables of thd Stete
are thefinal variables. We say that a transition sequence or path is
successfuif it terminates in a final state; otherwise, the sequence
or path isfalse

3.3

We say that a statg subsumesnother state; if ¢ |= G (i.e.,
61 2 [[¢])- Equivalently, we say thag is ageneralizatiorof .
We write g 1 = G, if G, andg, are generalizations of each other.
Note that ifG is ageneralizatiorof G, then there is a constraikit
such thaig AW = g.

Interpolants

DEFINITION 5 (Interpolant).A state g, is an interpolant for a
stateg if G, subsumes;, and every path in the tree faf has
a corresponding pathin the tree forg ;- In the base case wherg
is a final state or false state, thep, is any generalizing state ef
which is known to be safe.

4. Exact Path-sensitive Slicing Algorithm

In this section, we describe our algorithm to compute theipee
slice of a loop-free program wrt to a criteri@For clarity, we will

8 One that uses the same sequence of transitions.
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present the algorithm in two steps. First, we show in Figs éri&in
structure and basic operations. Then, we describe in Sebo: to
refine the algorithm in order to support representative faathulas
leading to an exact slicing algorithm for loop-free progsam

Technically speaking, our algorithm does not compute tliyec
the slice itself but a labeled computation tree from the sylinb
execution of the program. Each node is annotated with some de
pendency information in such a way that we can postprocess th
labeled computation tree in a straightforward manner ireotd
obtain the desired slice.

The algorithm assumes that it is given an empty table to store|
relationships between dependencies and states. In factpatin
(g,ﬂ)E) lead to the concept cfummarizationA summarization,

2, is a partial description of the input-output behavior ofagram
fragment. Here, the paKrg,@E) can be considered as a summa-
rization because)E describes the behavior in the sense of depen-

dencies of the symbolic statg. Two operations are provided to
manipulate the table:

e memoed(G): tests ifX = <g’,17kc) is in the memo table such
thatg’ subsumesg; . If this is the case, it returns.

solve(g = (k,X,W),CTS O)

e if X =memoed(g) then SUBSUMED
return <

e if Wis unsatisfiabléhen INFEASIBLE
return ((k,X,false,0)

e if kisfinal then SUCCESSFUL
return ((k,X,true), {C} )

e otherwise: RECURSIVE

for eachrulei, 1 <i<n: T =t (X)—te (X)), @(X,X)
(G- (1)) = solve((K.X, WA @),CTSC)

Wi =wp(Gi, @)
(i) = pre(p (i), T)
endfor

W = ll—’/]_/\-“/\l'l"/n
DE:join(DE(l),‘“ 7@E(n)
memoize(Z = ((k,X, V'), kc>
return =

)
)

e memoize(Z): records the summarizatiahin the memo table.

The algorithm described in Fig. 6 comprises three other key
operationspre, wp, andjoin.

First, pre defines the variable dependencies of the current state,
from the variable dependencies returned by a recursivéocslve.

pre(D tn (%) tn' (%), @(%.%)) €'

{vive % v¢ DEF(q)} U

{v|s € g,DEF(s)ND " #0,ve USE(s)} U

{v | DEF(¢) = 0,there is a transitioff in the slice
reachable fromn’ s.t.

CINF(@,T),ve USE(9@)}

Given a transitionty (X) — tx (X),9(X,X), and a states =
(k,%X, W), then:

wp(g 9% %)) &' (k % vR.¢(%. %) — W[ /R))

In general, it is well known that it is not practical to comeut
this functionwp() precisely. Thus, in practice, we just compute,
wp, a precondition of the descendaptwhich is at least as general
as the pareniz, as opposed to the weakest precondition. Our
implementation uses an efficient algorithm based on cdnstra
deletions presented recently in [23]. Finally, the aldoritneeds to
conjoin the dependencies from the descendant&),1 <i <n, at
the parent:

join(0 (1), -, 2E(n) E'oL@)u--- M)
We are now ready to present the algorithm in Fig. 6. The input o

the algorithm is a symbolic statg and the slicing criterio€. The

algorithm performs in a post-order fashion a depth-firstersal

of the computation tree of the given state This process is most

naturally implemented recursively. This recursive pragedhas

three base cases:

e SUBSUMED: the state; has been already explored with a more
general context. That is, there exists another sfatthat sub-
sumesG. The subsumption test is done memoed(s ), and if
it succeeds, it returns the summarization that contains

e INFEASIBLE: the contextW¥, carried byg is unsatisfiable. That
is, the path is not executable. The algorithm computes tiee-in

polant,W' = falseand it does not add any variable4gy since
no variable can affect the computation®f

Figure6: Slicing Algorithm for Loop-Free Programs

e SUCCESSFULthe states is successful because a feasible path
has been found. Here, the algorithm returns the interpolant

true and it adds the variablein the dependencies (i.@,ﬁ: =
{Ch).
We now consider the recursive case. The algorithm repreddat
the recursive procedusslve, given in Fig 6, triggers all applicable
transitions to create new descendant states ffo@iven the return

values (i.e., summarizations = (gi,cDE, (1))) of the recursive
calls to those descendants, the algorithm:

1. Computes the interpolari¥| of the stateg from the child’s
interpolant g; by an operation akin to weakest precondition
propagation\fp). Then, the final interpolant’, is simply the
intersectionof the interpolants returned by the previous step.

. Updates the dependencies among variableg, from the

child’s solutionp E (i) by applying the backward transfer func-

tion (pre), and finally, it conjoins j6in) all children solutions

@E(i), obtainingDy.

Finally, we show in Fig. 7 how to generate a sliced program
from the summarizations stored by algorithm described @ 6i
We consider the procedungtial_goal which given the initial CTS
returns an initial state. Note thatC is part of the summarization
and we consider it as a global variable in the algorithm. Agition
of the formty(X)—tw (X), X, X) corresponding to an assignment
statement is included in the sliceDEF(p) N 17% # 0. Moreover,
if the transition corresponds to a conditional statemeantt is
included in the slice iUSE(Q)N D 0.

4.1 Adding Representative Path Formulas

This section extends the previous to the case where we destire
just a safe slice but, in some sense, the most precise sécethie
exactslice. The algorithm presented in Fig.6 does not in general
produce the exact slice for the inpgt and criterionC. Recall
that the algorithm tests if there exists an enfry= (g’,ﬂ)%} in

the memo table such that’ subsumes;. If yes, the algorithm
returnsZ. Sinceg’ subsumes;, the set of states represented by
G' is a superset of those represented;byHence, the algorithm in
Fig.6 performs an over-approximation which may lead to a tfs
precision.
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slice(CTS C)
G = initial_goal(CTS)
solve(g CTSO
S=

for each rule T = t(X)—te (X), 9%, X)
if T is assignmenand DEF (@) N @E’ # 0then
S=SuU{T}
if T is conditionaland USE(¢) N D% # O then
S=SuU{T}
endfor
return S

Figure 7: Construction of the Sliced Program

Interestingly, we may only lose precision when a subsumed
node inherits the solution from another which was computed i
more general context, and more concretely, consideringadlem
number of infeasible paths. This situation was exemplifigeig. 5,
Sec.2. Our wish is to ensure that our algorithm performs texac
propagation of the dependencies for loop-free programswile
show in Sec. 5 how to support loops and still obtain precisesl!

solve(g = (k,X, Wé ,CTSO
o if 2= <g DY) memoed(g)and
(x) V{x,®x) e @k,lP/\qu is satisfiable
return X
e if Wis unsatisfiablehen
return ((k,X, false), 0)
e if kisfinal then
(+) return (kX true,{(C,true)})
e otherwise:
for each rulel 1<i<n: T =t(X)—tew (X), @ (X X)
(GG (1) = solve((K.X,WA@).CTSC)

ll-”ic= Wp(gh(ﬂ)c
() (i) =pre(Dy: (i), Ti)
endfor
W= WA AW,
() pE=join(pF(1).--, DEN)
memoize(Z = ((k,X, W ,DE))
return

Figure 8: Exact Slicing Algorithm for Loop-Free Programs

We now refine our algorithm and obtain the algorithm describe
in Fig. 8. New features are annotated with the symbplThe first
change is the definition of whether a symbolic state is sulesioy
a previously computed summarization. We redeﬁr%as a set of
pairs(x, Px ), wherex is a variable andpy its representative path
formula. Then, a node with context¥n is subsumed bk with
|nterpolanttlJ and dependenues% if:

a) Wn [= W, (as before), and
b) V(x,®x) € Df,Wn A Py is satisfiable.

The major change, however, is the step. Essentially, the new
definition is similar to the previous but adding the updatehef
representative path formulas:

pre(D ,tn(%) >ty (%), (%K)
MG({(v. DA QR X)) | (w®y) € D v ¢ DEF(@)} U
{(v PN QRX)) |'s € @ (x,Py) € D> X € DEF(S),
Ve USE(s)} U
{(v,true) | DEF(¢) = 0,there is a transitiofl in the slice
reachable fromm’ s.t.CINF(¢,T),
v EUSE()})

In the above the functioMG includes only the most general pairs,
where(v,¢) is not included if there is a paiv, ¢’) in the set such
thatyp — ¢'.

In addition to the above redefinition, we need also to modiéy t
join step to consider the representative paths. The idea isftinat,
each variable, we choose arbitrarily a representative foath the
set of candidates.

The following theorem statement says that our algorithnwsho
in Fig. 8 computes precise slices in the sense that for atgrséent
included in the slice, there must exist a executable pathrélaghes
it.

def

THEOREM1 (Exact Slice for Loop-Free Program&etCTS be a
constraint transition system without loops, a@dhe slicing crite-
rion. Let S be the sliced program constructed using the atligor
in Fig. 7 with the procedursolve described in Fig. 8 wrC.

Then, for every transitions S there exists a pathsgontaining
s that affect<C which terminates in a final state, i.e.s is feasible.

5. Path-Sensitive Slicing Algorithm with L oops

In Sec. 4.1 we have presented an exact slicing algorithrofao-|
free programs. In this section, we show how to extend it ireptd
compute slices in the presence of loops.

The problem of obtaining an exact slice of a program with foop
is undecidable [39]. The standard solution is to computatiteely
the algorithm described in Fig. 8, Sec. 4.1 until the depeoiés
reach dixpoint The result of this fixpoint is an over-approximation
of the concrete set of states.

Another major issue is during the symbolic execution of kop
Problems can arise whenever the current path formula does no
imply either the loop condition or its negation. This is to®p
invariant problem which requires in general the determination of a
suitableloop invariant.

The algorithm for slicing programs with loops is describad i
Fig. 9. This algorithm is similar to the previous but addipgsial
support for loops denoted by the symbe).(We first need to add a
global stack,., which allows us to detect when the algorithm has
ended up with the body a loop. We assume that given a program
point k, we can determine if a loop has been encountered or not.
If this is the case, our method first "skips” the loop and it@xes
starting at the first transition after the loop (i.e., exdrtsition).
The key here is to use the loop invariant as the context to be
propagated after the loop. When the recursive caldiee ends
up, the algorithmpushesthe entry program point inta and it
starts analyzing the loop body. Again, the body loop willyonl
considers in the context. The procedukslve_fixp computes the
dependencies for the loop bodies until a fixpoint is reaciédibr
each fixpoint iteration the memo table is re-initialized iscdrd
all the summarizations generated inside the loop. Moredher
algorithm needs to restart the context to the original iiavers .
Whensolve_fixp terminates, the algorithmpopsthe entry program
point of the loop fromz and it stores the summarization computed.

Loop invariant problem. We consider the fundamental prob-
lem of discovering loop invariants beyond the scope of thisg.
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solve(Gg =

(k,X lPe CTSO \* £: global stack\
oif =

(g D) = memoed(g ) and
V(x,Px) € fDE,LIJ/\(DX is satisfiable
return
e if Wis unsatisfiablehen
return ((k, X, false), 0)
e if kisfinal then
return (k,X, true, {(C,true) })
o (x)if g is aloop anck =k’ wherek' the top of~
(x) return (k,X,W¥,0)
e (x)if g isaloop
(%) lett(R)—ti,,, (Rentry), Pentry(X, Xentry)
(%) lett(R)—ty,,, (Rexit) , Qexit(X, Kexit)
(*) let 1 be the invariant for the loop
(%) let ll"entryf I' A Qentry andWexit = | A Qexit
(%) let G exit = (Kexit> Xexit, Pexit)

() (& DR ) =solve(G gy, CTSC)
(+) letGony = (kentry, Rentry, Wentry )
(*) push(z k)
(x) oy :solve_fixp(gem,y,fDEv 1,CTSC)
(+) pop(£)
(+) memoize(Z = ((k,% 1), D %))
(*) return X
e otherwise:

for each rulel 1<i<n: T =t(X)—tew (X),® (X X)
(Gi» Dl (i) = solve((K, X, WA q),CTSC)
Wi =wp(Gi. @)
(i) = pre(nG (), T)
endfor
"P/:"P/l/\”'/\qy
D¢ =join(pE(1), - n
memoize(Z = ((k, X, LP’),@E
return
(*) solve_fixp(g

DEM)
)
= (k,%,W), Do 4%, 1,CTSC)

(%) fixpoint = false

(%) while (not fixpoint)

(%) (-, DneWC> = solve(g,CTSC)
(+) if (Dnew" == Dol ¢©)

(%) fixpoint = true

(*) Dot ¢© = join(Dol ¢©, DnewC)
(*) Y =1, cleanup-memo

(%) endwhile

(*) return DnewC

Figure 9: Slicing Algorithm with Loops

However, we propose here a simple method. Given the path for-

mulaW = Y1 A--- APy at the entry of the loof, we keep just
those constraintg)j A --- A Y corresponding to variables whose
values do not change IrP.
Although this loop invariant method is very simple, it passe
two major characteristics:
e Propagates unrelated constraints along the loops. Thitds,
loop does not contribute to a constraitour method will keep
Y and propagate it through the rest of the program.

90f course, even though it is purely syntactic in presenceoirtprs, an
alias analysis is required.

e Propagates new context generated inside loop bodies.rit-is i
portant to notice that although our algorithm in Fig. 9 neteds
discard all new constraints collected in the analysis ofdlog
body from one fixpoint iteration to another, during a paricu
lar iteration those new constraints will be propagated eNloat
loop bodies are arbitrarily large (including more nesteapk)
and hence, more precise slices can be obtained.

Finally, note that all slicing methods need to face this lemagje
in one way or another. Traditional static slicing (e.g.,,[39, 33])
assumes the triviatue loop invariant. Other approaches that need
to propagate some context [38, 13, 5, 34] either unroll laypgeed
ultimately also the use of a loop invariant.

6. Concluding Remarks

We have presented an algorithm for optimal program slicgr.
method consists of two parts. First, program paths thatrdeai
sible detected by symbolic execution are eliminated fromsab
eration. Thus, we ensure that statements included in the alie
defined in some executable path. Second, we make the approach
practical by using interpolation in order to generalize thatext

of computation trees. To the best of our knowledge, our aggro

is the first program analysis that uses interpolation in ceduthe
search space.

Interpolation increases the chance for the reuse of thendepe
dency information from one subtree to another in the program
computation tree. Moreover, we ensure the accuracy of therde
dency analysis by testing, upon an attempt to reuse, théfeas
ity of the representative paths that give rise to the depsrydén
programs without loops, we have demonstrated that our appro
obtains, in principle, the minimal slice.

In the future, we shall extend our slicing method to definera ge
eral program analysis framework in which other program yares
can compute more accurate information using the infeagiath
information.

Limitations. There are some technical reasons why our algo-
rithm may give imprecise results in real programs. Sbk/erun-
derlying, which is used for detecting infeasible paths aedegat-
ing interpolants, may fail to decide whether a formula patkat-
isfiable or not. Another fundamental issue is the analysisafs
In presence of loops, the accuracy of our approach will depen
the loop invariant. We have shown that simple loop invagaran
be computed automatically to obtain reasonably precisesli

Practicality of the approach. Although no experimental data
is reported in this paper, there are some evidences to betat
our approach can be practical for real programs. For instanc
in our initial results with our ongoing prototype implematibn,
we have tested the prograsmtemate with 1238 LOC (from the
Malardalen benchmarks [27]) which is an extreme case lsecau
30% of all paths are infeasible. Recall that if all paths a&sf-
ble our approach has a similar performance to other methdus.
results were that without interpolation (i.e., naive spfitbexe-
cution), the analysis explores 8629 nodes in the computatee.
Our algorithm only explores 262 nodes. Less specific but istil
is worth to mention, interpolation has been a successfhinigoe
used, for similar efficiency purposes, in safety verificatdd sys-
tems. In counterexample-guided abstraction refinemembappes
[18, 30], interpolants are generated whenever a spuriausteex-
ample has been found in order to refine the predicate abstoact
main. In [23], the interpolants are also generated whenavir
nal path is encountered. The interpolant is produced wrséfiety
property while that, in our case, the interpolant is gersstatirt
true. Hence, the efficiency gains in proving safety may be more
limited. More importantly, some of these systems have bbtnta
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prove safety properties in programs up to hundreds of thlssaf
LOC [18].

Abstractions from proofs. 1181st POPL. pages 232-244. ACM
Press, 2004.

On the other hand, the use of representative paths may limit [19] S. Horwitz, T. Reps, and D. Binkley. Interproceduraicisig

the reuse of solutions. However, we believe that it is nogljik
to be high. Even so, one possible practical solution thamsee
promising is to use, for each variable;> 1 representative paths,
with k constant, in order to augment the likelihood of reusing.
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