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Lecture 6: RNA structure comparison - September 26, 2003

Lecturer: Prof. Wing-Kin Sung Scribe: Li Guoliang, Nirmala Ramakrishnan, Rohit Joshi, V S Sundararajan

6.1 Introduction

In “Lecture 5: RNA Secondary Structure Prediction”, we study how RNA struc-
ture can be predicted using energy minimization methods. In this lecture we will
learn how to predict structure of RNA sequence given another RN A sequence with
known structure and having similar function. In biology we conjecture that if two
RNA’s look similar then they may have similar function, or if two RNA’s have
similar function then by comparing their sequences, we can infer their structure.
Based on above conjecture we can state three types of RNA structure comparison
problems.

1. Deduce structure by comparing several homologous RNA plain sequences.

2. Compare a RNA plain sequence S with a RNA structure 7' so that the
structure of S can be inferred.

3. Compare two RNA structures to know how similar they are.

RNA and protein structures are represented as arc-annotated sequences. Given a
sequence S, an arc-annotation (or arc set) P can be defined as a set of arcs,where
a pair of positions in S is called an arc. It is assumed that the arcs do not share
endpoints. (see Figure 6.1) gives an example.

‘ ] ‘

ACGAGACU

Figure 6.1: Example of an arc-annotated sequence S = ACGAGACU with set of
arcs P = (1, 8), (2, 5), (3, 7)

There are different types of arc-annotated sequences. Given an arc-annotated
sequence (S, P), it is:
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1. Plain if P =¢. (see Figure 6.2(a))

2. Nested (without pseudo knot)
if for all ( iy, j1)and(iq, j2) € P,
(11 < 19 < Jo < 1) or (ig < i1 < J1 < j2). (see Figure 6.2(b))

3. Crossing, otherwise. (see Figure 6.2(c))

l—. | =]
ACGAGACU ACGAGACU ACGAGACU
Plain S(E)quent:es N?Eﬁed Crn{s?ing

Figure 6.2: Types of arc-annotated sequence

6.2 Deduce RNA Structure By Comparing Sev-
eral Plain Sequences

Sequence comparison using dynamic programming finds widespread applications
in molecular biology, in detection and evaluation of similarities between pair of
DNA, RNA or protein sequences. The optimal alignments obtained through this
method indicate structural and functional similarities.

Dynamic programming is also the best algorithmic approach to the problem of
inferring their secondary structure, given the RNA sequences.

In practice, whether or not they make use of formal algorithms, molecular bi-
ologists often carry out RNA sequence alignment and folding analysis, in con-
junction, so that the partial information about what regions of two sequences
are highly similar, and hence aligned, can be used to constrain the search for a
common secondary structure-and vice versa-i.e. the discovery of common folding
possibilities among two or more sequences suggests that the pertinent regions are
aligned.

David Sankoff used this idea - the mutually informative nature of alignment and
folding to solve the following problem:
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Given: Two plain sequences A[l..n] and B[1..m)]
To find: Common secondary structure
In the following section we discuss the Sankoff algorithm [1].

6.2.1 Sankoff Algorithm

The fundamental idea of Sankoft algorithm is to integrate alignment and folding.
We find a common secondary structure for both A and B which minimizes their
score, i.e., minimizes alignment cost between A and B + free energy of A + free
energy of B

6.2.2 Algorithm

The algorithm finds a score for optimal alignment and free energy. Consider two
sequences A[l..n] and B[1..m]. Let us define the terms:

L(i1, j1; 92, j2):

This is the free energy of the loop enclosed by iy, j; with iz, jo. H(1,5):

This is the free energy of the hairpin loop. Notations:

L. D(i, j1; 92, jo):
This is the minimum alignment cost between Aliy, j;] and Blis, j2]. We
extend the definition of D(i1, j1; 12, j2) as follows:
If iy > 71 (Ali1, j1] is empty), then D(iy, ji; 42, j2) equals the cost of inserting
the entire sequnce Blia, 2.
Similarly, if ia > j2 (Bl[ia, j2] is empty), then D(iq, j1;42, j2) equals to the
cost of deleting A[iq, j1].

2. F(i1, jr; 2, J2):
This is the minimum cost for a pair of equivalent secondary structures S;
and S on positions %1, ..., j; and is, ..., jo of sequences A and B, where the
cost is the sum of the free energies and a constrained alignment cost.

3. C(ir, jr; 2, Ja):
This is the minimum cost given that (i1,71) € Siand (i2,j2) € Sz [which
means that (i1, j;) and(éz, j2) form base pairs| without considering the align-
ment costs of A[iq],B[is] and A[j1],B[j2]-

4. G(i1, j1; %2, J2):
This is the minimum cost between Aliy, j;] and Blig, j2] given that Ali;...J]
and Blis...Jo] are sub-regions of a multi-loop.
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The optimal score F(iy, j1;12,j2) can be computed using dynamic program-
ming by considering the following cases:

e (i1,71) and (ig, j2) form base pairs.
Therefore, Fi (i1, ji; 2, jo)
= C(i1, J1;99, j2) + D(i1,i1;12,72) + D(j1, j1; Jo, Jo)
= (minimum score between Aliy, j;] and Blig, j2] w/o the alignment score)
+ (cost of aligning A[i1] and B[is]) + (cost of aligning A[j;] and Bljs])

e Both (i1,71) and (g, j2) are not base pairs.
We subdivide the problem and Therefore,
Fy (i1, J1; 92, J2)
= MiNg, <p, <jri<ha<ip{F (01, h1s G2, ho) + F(hy + 1, j1; ha + 1, ja}

e There are no base pairs in these subsequences.
Therefore, F3(i1, j1; 2, j2) = D(i1, j1; i2, j2)= alignment score of A[iy, j;] and
B[i27 .72] .

Therefore, F(iy, j1;i2,j2) = min { Fy, Fp, F3 }. That is,

C(i1,J15 92, J2) + D(hglgiz},fﬂ_ +hD(j1,j1;j2,j2),
F (i1, J1; 2, Jo) = min § ming, <p, <jy ir<ha<jo {F&ll, +1’12,2j71;2)2++ 1)
D(iy, j1; iz, J2)-
Time complexity In all, n* entries of F(iy, ji;12,j2) need to be computed. To
compute one entry, we require O(n?) time - this is because for the 2nd option
above, we have n? choices for h; and hy and we need to compute a minimum. In
all, the time complexity for the above computation is O(nf)
Now, let us look at how to compute C(iy, j1; 2, jo)-
We can compute this score using dynamic programming by considering the fol-
lowing cases:

e Hairpin loop
C(i1, Ja; 2, J2) = H(ix, j1) + H(iz, j2) + D(ir + 1,51 — Lig + 1,52 — 1)
= Loop energy for the hairpin loop formed at (i1, j;) in A
+ Loop energy for the hairpin loop formed at (i, j2) in B
+ Alignment cost of the subsequences enclosed by these hairpin loops

e Stacking pair, internal loop, bulge
In a stacking pair, internal loop or bulge, we look at the all possible (p1, ¢1)
in A and (p2, ¢2) in B such that (p1,¢;) and (p2,¢2) are base-pairs enclosed
by (i1,71) and (2, j2). Therefore,
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L(i1, j1;p1, @1) + L(32, j2; P2, G2)

C (i1, J1; 2, J2) = MiNi, <py <gr<jnin<pa<aa<i § TC(P1,q15P2, G2) + D (i1 + 1, p1582 + 1, pa)
+D(q1,51 — 1;q2, 52 — 1)

= loop energy of the internal loop formed by (i1, j1;p1,¢1) + loop energy of

the internal loop formed by (iz, j2; P2, ¢2) + minimum energy of the struc-

ture formed by (p1, ¢1; p2, ¢2) + alignment cost of aligning the subsequences

Alir + 1, ], Blia + 1, po] and Algi, 51 — 1], Blga, j2 — 1.

e Multi-loop

This cost is recursively calculated as follows:
C(’L P . ) — min. o ) {G(i1+1,h1;i2+1,h2)+
1,J1:22,]J2) = 11<h1 <j1,i2<he <j2 G(hl + 1,j1 - 1, ho + 1,j2 - 1) + 2a

Therefore,
( H(i1,51) + H(ig, jo) + D(is + 1,51 — Liia + 1, j2 — 1),
L(i1, j1; p1, @1) + L(i2, j25 P2, 42)
mini1<p1<q1<j1,i2<p2<q2<j2 +C(p17 q1; P2, Q2) + D(zl + lapl; i2 + 1ap2) )
+D(Q1,j1 - 17 q27j2 - 1)

MiNG, <hy <jy iz <ha<j {G(i1+1’h.l;i2+1’h2)+. .
{ =M | Gh 4+ 1,1 = Lhe + 1,50 — 1) + 2a
Time Complexity In all, n* entries of C(iy, 71142, j2) need to be computed. To
compute one entry, we require O(n?) time - this is because for the 2nd option
above, we actually have n? choices for pi,q; and ps, go.However, to reduce the
time complexity, we constrain the choices by applying the following condition:
pr—i1+ji—q—2<U
p2—ia+jo—q—2<U
and here, U is the maximum size of internal loops, which is a small constant
value. Hence we have n2U? choices, i.e. the time complexity for computing a
single entry is O(n?). Therefore, the overall time complexity is O(n®).

C/(i1, j1; 12, j2) = min

Finally let us look at how G(i1, j1; %2, j2) is calculated. We have the following 3
cases:

e The multiple loops are aligned, i.e., we find the cost that calculates the fold-
ing score between the subsequences A(i1, j1) and B(iz, j2) and the alignment
scores of A[i1] & Bliz] and A[j1] & Blj2]

G (i1, J1; 12, Jo) = C(i1, Jr; 92, J2) + 2b + D(iy, 41592, 92) + D(J1, j1; Jo, J2)

e The multiple loops and external regions are aligned.
G (i1, J1; 12, J2) =
MiN;, <h, <jy in<ho<jp (G (i1, P15 02, ha) + (J1 — b1+ J2 — he)e+ D(hy + 1, ji;i2 +
17 .72)
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G (i1, j1; 12, J2) = Min, <p, <jy is<ho<jo ((h1 —t1+ho —i2+2)+G(h1+1, ji; ho+
1, ja) + D(i1, h1; @2, ho))

e Perform recursion to combine the structurally equivalent parts.
G(i1, 1372, J2) = MiNg, <hy<juia<ho<jo (Gin, haji2, ha) + G(ha + 1,713 he +
17j2))

Therefore,
( C(i1,j1; 2, j2) + 2b+ D(ilgil;i%.zﬁ) + D(j},jl;j2,j2),
{G(zla h1;7’27 h2) + (]1 - hl + J2 — hz)C

G(i1, j1; 92, j2) = min +D(hy + 1, 1592 + 1, J2)

{ (h1 — i1 + hayia + 2)c+
Time Complexity In all, n* entries of G(iy, j1;%2, j2) need to be computed. To
compute one entry, we require O(n?) time - this is because for the 2nd, 3rd and
4th options above, we need have n? choices for h; and hy and we need to compute
a minimum. In all, the time complexity for the above computation is O(nf).
In total the problem can be solved in O(n%) time.

6.2.3 Initial Condition

We assign the maximum cost if the pair of subsequences do not have a common
structure. Therefore,

C/(i1, ja; 12, j2) = 00G (i1, j1; b2, j2) = C(i1, J1; 92, 12) = 00

6.3 Inferring RNA Structure

We have seen, how to predict RNA secondary structure by comparing two ho-
mologous RNA plain sequences. Now, we will consider the problem of comparing
RNA plain sequence S with a RNA structure T and infer the structure of S.

We are given two RNA sequences S[1..n] and T'[1..m] and we have the nested
structure ”P” for S. The problem is to infer the structure @ of ”T” which satisfies
the conditions: (S, P)and (T, Q) has the largest weighted common substructure
(defined in Section 6.3.1).

6.3.1 Score Function

If we align two RNA sequences S[1..n| and T[1..m], then we induce a common sub-
structure on 7". To indicate the relationship between the corresponding matching
arcs or matching bases, we define two score functions as follows:

e For u,v € 3, let x(u,v) be the similarity of u and v.

MiNG, <hy <jris<ha<is § G(i1, h1;332, he) + G(h1 + 1,715 he + 1, 52),

G(hl + 17j1; h2 + ]-)jQ) + D(ila hl: Z.Qa h2) ‘
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For example, x(u,v) =1 if u = v and 0 otherwise. For instance, x(A, A) =
1 x(A,G) =0.)

e For a,b € X x X, let §(a,b) be the similarity of a and b.

For example, d(a,b) = 1 if both a and b are complementary base-pairs and
0 otherwise. (For instance, 6((4,U),(C,G)) =1.)

We have an example (see Figure 6.3) to show the score functions clearly. There are
two matching arcs and one matching base between two RNA sequence( “AUGCCA” and
“CUUCAA”).
X(Ca C) =1 5((U7 A)v (U7 A)) =1 5((G70)7 (U7 A)) =L
The best common substructure has score = 3. This infer a secondary structure
for the second RNA sequence(“CUUCAA”). Once we get the best alignment, we
get the largest common substructure of the two RNA sequence.

Alujgicc |a ; AlUIGI|C[C|A

Cluugic A |A C|U U |C |A A

L= ]

Figure 6.3: best common substructure

6.3.2 Preliminaries

Denote D[i,i';j, 5] be the score of the largest weighted common substructure
between (S[¢,4'], P[i,4']) and (T[4, 5], QlJ,j']) among every possible structure Q.
D(i,i—1;4,j—1) = D(3,i";4,j — 1) = D(i,i — 1;5,5) = 0 for 1 < i < i’ < n and
1<j<j <m.

We have the following definitions, which is illustrated in Figure 6.4.

e For any arc u € P, u, and u, are left and right endpoint of uw. (i) is the
arc in P incident on position 7 and u(7) is ¢ if position i is free.

A position i is defined to be covered by an arc u = (i1, ;1) € P if there is no
arc (i2,j2) € P such that i; < iy < i < jy < j1; and either i is free or i = u(i),.

Denote C), as the set of positions covered by arc u. For example, in Figure 6.5,
all the nodes covered by u = (1,16) are of color gray. In other word, C, =
{2,6,11,12,14,15}. Note that, every node is only covered by one arc, so 3, C,, <
n.
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arc u [also can be referred as u(1) oru(1’)]

1=1y 1’'=u;

Figure 6.4: definition

AlAlA| A PR A FEEEEEEEE 4 | A
708|910 |11 | 12)13 [14 | 15 | 16 | 17

Figure 6.5: covered positions

6.3.3 Transformation

To ease the discussion, we make the following transformation:

e Insert = before and after S(i.e. S = zSz) where z is an extra symbol not
exists in the alphabet. Similar for T, that is, set T' be zT'z.

e Include an arc between the two z into P.

Then we get the transformed S which contains an arc between the first and
the last symbols. The inferred RNA structure for the problem are the same. We
do this transformation to include the matching bases outside the outermost arc.
Figure 6.6 shows the example to explain why they are the same. After we get the
secondary structure of z7z[1..m]|, we must remove the first and the last z from
xT'x to recover the solution.

6.3.4 Algorithm and Complexity

Algorithm: We use dynamic programming to solve this problem. The basic
idea is as follows: for each arc u = (i1,i3) € P from inner to outer, we compute
D(iy,12,7,7') for 1 < j < j' < m using two steps.
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Figure 6.6: transformation

1. Step 1: Let i = 4; + 1. For every ¢’ € C,, compute D(i,7,j,j') for 1 < j <
i <m.

2. Step 2: Based on the values in Step 1, compute D(iy,i,7,j') for 1 < j <
j<m

Finally, D(i1,42,1, m), where (i1,12) is the outermost arc of S, stores the length
of the longest common substructure. The actual structure can be found through
tracing back the matrix D.

Step 1: Let i = iy + 1. For every i/ € C,, in increasing order, computer
D(i,i';4,5") for i < j<j <m.

If 7' is free, we have the following recursive equation.
D(i,i' —1;5,7' — 1) + x(S[], T[4']), TI[j’] is not a arc base
D(i,i';7,5") = max< D(i,7' — 1;3,7), S[i] maps to a space
D(i,d'; 4,5 —1). T[j’] maps to a space

e D(i, i-1;j, j’-1)+x(S[i’"], T[j’]):When both S[i’] and T[j’] are unpaired base,
ie. i’ and j’ are both free, we have the score function to check if S[i"]=T[j’].

e D(i, i*-1;j, j’): S[i’] maps to a space.
e D(i, i’;j, j>-1): T[j’] maps to a space.

If i'= wu(4'),, we partition the problem into two subproblems. Figure 6.7 shows
how we subdivide the problem.
D(Za Zlajajl) = MaXj<jn<j'+1 { D(Z,U(Zl)g - 17.77 j” - 1) + D(’U,(’l:l)[, il;jﬂajl)

e max{D(i,u(i')y — 1;4,57" — 1) + D(u(i)e,4';5",5")}: When ' = u(i),, we
divide S[i..7"] into two parts, which is S[i, u(i"), — 1] and S{u(7'),..i']. Either
Slu(i")e..u(i"),] does not mapped to anything or it mapped to a partial
secondary structure generated from interval (j”, ;') for some j”.

Step2: Based on the values in Step 1, we compute D(iy,is,j,5') for 1 < j <
j < m. We can generate the largest common substructure between S and T
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I (1 )-1 S[1..n]
i 9+ ﬁ*}] P

f

i Fi \

i f i 4

it \

" Vi \ T[1..m]
) | 4 )i

Figure 6.7: subdivision of Stepl

through backtracking. The base pairs of 7' in the common substructure form the
secondary structure of 7'.

D(iy + 1,4 — 15 + 1,5 — 1) + 6((S[ia], Sli2]), (T15], T'[5'])),
if(S[i1], S[i2]) and (T[], T[j']) are complementary
D(ilaiQ;jajl) = max D(7/1+1,’02—1,],]I),
D(ilaiZ;jajl - 1);
D(iy, 12,5 +1,5').
e D(iy + 1,09 — 155+ 1,5 — 1) + 6((S[é1], S[ia]), (T[4], T[4'])): In this case,
both (S[i1], S[i2]) and (T[], T[j']) are two complementary base-pairs.
e D(i; + 1,iy — 1;4,5"): We drop the arc here.
e D(iy,12;5,7' — 1): T[j'] maps to a space.
e D(iy,i9;j + 1,5'): T[j] maps a space.

We find the maximum among these cases.

Time Complexity: We analyze the time complexities of two steps separately.

Stepl: For every arc u € P;, we need to fill in |C,|m? entries. Each entry can
be computed in O(m) time. For all arcs, the total number of entries is
> u(|Cu|m?) = nm?. So the total time for Step 1 is O(nm3).

Step2: We need to fill in nm? entries. Each entry takes O(1) time. So total time
for Step2 = O(nm?).

6.4 Comparing two RNAs

Similar to DNA sequence comparison problems, we can use edit operations to
compare RNAs.Three edit operations can be performed, which are defined as
following:
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e Relabel: relabel an unpaired base or a base-pair
e Delete: delete an unpaired base or a base-pair
e Insert: insert an unpaired base or a base-pair

An edit operation is represented as x — y, where z and y are either a base-pair
or an unpaired base. A means an empty position. For example:

e Relabel: (A,U) = (G,C), A—C
e Delete: (A,U) > A, A— A
e Insert: A — (C,G),A — A

These operations can be operated on base pair or unpaired base. When operating
to a pair, in sequence level, this means the two bases changes at the same time.
When inserting a pair, we require that the elements in S are non-crossing after
the insertion.

6.4.1 Edit Distance

We can transform U; to U, using a sequence S of edit operations sy, sg, ..., Sk.
We define y(x—y) be the cost of an edit operation, then the cost of a sequence
S of edit operations (S)=%;-1.,(s;). The edit distance between U; and U, is
the minimum cost of edit operation sequence that transforms U; to U,. Table
6.1 shows the time complexity that needed to compare plain, nested and crossing
sequences.

e When both U; and U, are plain sequences, ordinary sequence comparison
can be done in O(nm) time;

e When U, is plain and U is nested or crossing, we have to delete all the arcs
in U; and convert it to a plain sequence, then we compare the transformed
U, with U; using a ordinary sequence comparison. This can be done in
O(nm) time;

e When both U; and U, are nested, they can be represented as an ordered
tree, which will be discussed in the next section.

e When both U; and U, are crossing, it becomes a NP-complete problem.

Below is the table that shows the time complexities for different possible scenarios
in RNA comparison problem.
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Plain ‘ Nested ‘ Crossing
Plain O(mn)
Nested O(m?nlogn) OR O(mn colldepth(U;)colldepth(Us))
Crossing | NP-complete

Table 6.1 Transforming Time Complexity

6.4.2 Ordered Tree

Trees are among the most common and well-studied combinatorial structures [10].
In computational biology, computing the similarity between trees under various
distance measures is used in the comparison of RNA secondary structures [7, 6].
In this section, we will show how an ordered tree is used for RNA structures
comparison.
Let T be a ordered tree. Ordered tree is a rooted tree in which every node is
labelled with a number called the order. The order of the nodes in an ordered
tree is significant. The definition of the nodes’ order is recursive: for all nodes in
an ordered tree, first label its children from left to right, and then label the root
of the node. Then the root always has the largest order.

In this section, the tree edit distance problem is based on simple primitive
operations applied to ordered tree. We can define the tree edit operations similar
to the sequence edit operation as following:

e Relabel (x — y): change the label of a node in T from z to y

e Delete (z — A): Delete a non-root node z in T, making the children of the
node z become the children of the parent of z and then removing x.

e Insert (A — z): complement of delete, inserting a node z as a child of node
y, and making z being the parent of the original children of node y

Tree edit distance We use y(z — y) to denote the cost of the tree edit opera-
tions. Ordered tree edit distance problem is defined as follows: given two ordered
trees 77 and T, we can transform 77 to T, by a sequence of tree edit operations.
The ordered tree edit distance between 77 and 75 is the minimum cost of tree
edit operation sequence that transforms 77 to T5.

Figure 6.8 shows an example of ordered tree transformation. First one node
is relabelled from C to A, and then a node labelled with ”AU” is deleted. If the
cost of each operation is 1, the edit distance between T} and 75 is 2.

6.4.3 Nested Sequence VS Ordered Tree

Ordered Tree is a powerful tool for structure comparison. Nested sequence can
be modelled as an Ordered Tree as follows.
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e Each base-pair of a nested sequence is represented by a node; and unpaired
base is also represented by a node

e Node y is a descendent of node x in Ordered Tree if the region represented
by y is a sub-region of the region represented by x in nested sequence. The
order of the nodes should preserve the order of the corresponding regions.

Examples of nested sequence and its corresponding ordered tree are shown in
Figure 6.8.

r \\‘x\ CO>A S } T~ AUSA

\ -\
/// III\-.\\ /// I|I \x\\\
A C = A A C
T, T>
CAACCUAG CAAACLIAG CAACAG

Figure 6.8: Transformation of Nested Sequences VS Ordered Tree

Examining each of the operations defined on the nested sequences and ordered
trees in Figure 6.8, we can observe that there is an one-to-one correspondence
between the tree edit operations defined on the ordered tree and the sequence
edit operations defined on the sequence. Therefore, we get the following lemma
from the observation.

Lemma 6.1 The edit distance between the two nested sequences = the edit dis-
tance between the corresponding ordered trees

6.5 Algorithm for Ordered Tree Edit Distance

This section describes one common-used algorithm for ordered tree edit distance
problem. Suppose there are two trees T and T5.

Let’s define n = |T1|,m = |T3|, assuming n < m, and define L; = I[T;] {l is
the number of leaves}, D; = m[T;] {m is the depth} .

The ordered tree edit distance problem was introduced by Tai [8] as a gen-
eralization of the well-known string edit distance problem [9]. Tai presented an
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algorithm for the ordered tree using O(nmL2L2) time and space. Subsequently,
Zhang and Shasha [7] improved Tai result by presenting an algorithm which uses
O(nmcolldepth (T} )colldepth(Ts)) time, where colldepth(T) = min{depth(T), leaves(T)}
and O(nm) space. This algorithm was modified by Klein [K1e98] to get a better
worst case time bound of O(n?mlogm) under the same space bounds. Recently,
Chen [Che01] has presented an algorithm using O(nm + L#m + L2-°L,) time and
O((n + L?)min(Ly; Dy) + m) space. This algorithm uses results on fast matrix
multiplication and is more complex than all of the above algorithms.

This lecture gives a simple algorithm first, and then Zhang and Shasha’s
algorithm is introduced to improve the time complexity.

6.5.1 Some definitions

e Postorder numbering: For any tree T, T|[i] is referred to be the i-th
node according to the left-to-right postorder numbering. Figure 6.9 shows
an example, where the tree is being numbered from left sub-tree, right
sub-tree and finally the root.

T[7]
T[6]
T[1]
T[4, T[5]
T[2] T3]

Figure 6.9: Postorder Numbering

e Ordered Forest: An ordered forest is a set of sub-trees with order from
left to right. For any ¢ < j, T'[i..j] defines an ordered forest. Note that T'[i]
is the leftmost leaf of the leftmost tree in the forest T[1..5] while T'[j] is
the root of the rightmost tree in the forest T'[1..5]. Figure 6.10 shows some
examples.

e [(i): For any i, denote I(i) be the leftmost leaf of the subtree rooted at i.

Note that T'[I(7)..7] represents the subtree rooted at i. For example, [(6) = 2
for the tree in Figure 6.9. Figure 6.10(b) shows the subtree T'[I(6)..6]
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T[6]
T[] T[4 T[5]
T[4 T[5]
T[2] T3] T[2] TI3]
(a) T[1..5] (b) T[2..6]

Figure 6.10: Ordered Forest for the tree in Figure 6.9

6.5.2 A simple algorithm

Let fdist(i,d'; j, j') be the edit distance between T [i..i'] and T[j..5']. The edit dis-
tance between Ty and T5 is fdist(1,n;1,m) where n = |T| and m = |T5|. The fol-
lowing two lemmas show the base case and the recursive case for fdist(i,d'; 5, 7).

Lemma 6.2 o fdist(i,i';5,7')=04fi>1i and j > j
o fdist(s,i;],5) = fdist(i,i’ —155,7") + ¥(Ti[i'l, A) fori <d',j > j'
o fdist(i,i'j,5") = fdist(i, 55,5 — 1)+ y(A, B[ fori > i',j <

Proof: Ti[i..i'] and T»[j..j'] are both ordered forests, which implies that they
follow the postorder numbering. This means ¢ < i’ and j < j'. Therefore for
Case 1, if ¢ > ¢' and j > j', this means the trees are empty. Then the algorithm
does not apply and the cost equals 0. For Cases 2 and 3, there is one empty tree
in each case. It will recursively delete another tree to an empty tree respectively.
[ ]

Lemma 6.3 Fori <, j<j,

fdist(i,i' — 154, 5") + ~v(T1[i'], A) Delete Ti[i']

fdist(i,i'; 5,7 — 1) + v(A, Ta[j']) Insert T[j']

fdist(i,1(') — 1;5,1(5") — 1) + fdust(U(¥'), 7" — 1;1(5), 5" — 1)+
Y(T1[i'], T»[j']) Otherwise, replace Ti[i'] by Ta[j’]

fdist(i,i'; 4,7") = min

Proof: The objective is to find out the edit distance between T7[i..i'] and T3[j..5']
with the minimum cost, therefore the algorithm select the minimum cost from
the above 3 cases. For Cases 1 and 2, the cost will be a delete operation and
insert operation respectively between T1[i..i'] and Ty[j..5'], and the formula are
straightforward. If we don’t delete T}[i'] or insert T5[j'], then we must relabel
T1[i'] to T»[j'], which is Case 3. Case 3 requires operation for both forests 77 and
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T,. Aside from relabelling one node in each tree, we need to perform separate
lookups for the forests to the left of Tj[i’] and T5[j’] and for the descendants
of T1[i’] and T3[j’]. This gives the third recursive equation. Figure 6.11 below
illustrates the operation for Case 3.

i 1(i") j 1G)
T[i.1(i")-1] TL[G)..i-1] T2[j.1G°)-1] T2[G7)..j-11

Figure 6.11: Recursive algorithm illustration

]
Time complexity Since n = |T}| and m = |Ty|, table fdist has n>m? entries.
Each entry can be computed in O(1) time. Therefore the total time is O(n?m?).

6.5.3 Zhang and Shasha’s algorithm: Improving the time
complexity

Lemma 6.2 and 6.3 define a dynamic program to solve the ordered tree edit
distance problem with O(n?m?) time. In fact, the table fdist is sparse and we do
not need to fill all the entries in the table. Based on this observation, Zhang and
Shasha developed an algorithm [7] to improve the time complexity.

Let’s denote anc(i) be the set of ancestors of i. We find that it is unnecessary
to compute fdist(i,4';j,;j') for all 4,4" € T} and j, j' € Ts. Instead, we only need
to compute fdist(l(i'),i;1(j'), ) for alli € Ty, j € Ty, i’ € anc(i), and j' € anc(j).

Note that for every nodes i € Ty and j € T3, we have |anc(i)| < depth(T}) and
lanc(j)| < depth(T3). Thus, we only need to compute O(nm depth(T;)depth(T3))
fdist values!

Denote tdist(i,j) be the edit distance between subtrees of 77 and T5 rooted
at 1 and j respectively. Also note that tdist(i,j) = fdist(l(z),7;1(j),j) The aim
of the algorithm is to compute tdist(n,m). The following two lemmas show the
recursive equations to compute fdist(l(i'),;1(j'), ) for i’ € anc(i), j' € anc(j).

When ¢ = ¢/ and j = j', we have the following lemma.

Lemma 6.4
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fdist(l(i),7 — 1;1(7),5) + (T[], A)
tdist(i,j) = fdist(1(2),;1(5), ) = min{ fdist(1(2),1(5),5 — 1) + (A, To[j])
fdist(l(i),i — 1;1(5),5 — 1) + (Tl Tol])

Proof: Based on Lemma 6.3, we have

. distlz,z,lj,]—l Tg]
AU 51D = 1Y i) 1)~ 171, L5) 1)+ Feist(U9), i~ 150D, ~ D+
Y(Th[il, T3[7]) . _
For the last case, the term fdzst( (2),1(2)—1;1(4),1(4)—1) is 0 because I(i)—1 <
[(i) and I(j) — 1 < l( /). Thus, the lemma follows n

When i #£ ¢ or j # j', we have the following lemma.

Lemma 6.5
fdist(1('),5 — 1;1(5),5) + v(T1[i], A)
Fdist(U(i'), :1(7), §) = min { Fdist(U(i),i51(5),5 — 1) + (A, Ta[j])
fdist(1(¢),1(2) — 1;1(3"),1(5) — 1) + tdist(i, j)
Proof: The following two inequalities are correct, since the former distance corre-
sponds to the cost of a minimum cost mapping while the latter expression stands
for a particular and possibly suboptimal mapping between 77 and T5.

Fdist(1(i),3;1(5)),5) < fdist(l(i),i — 1;1(j"),j — 1) + tdist(,5)  (6.1)
tdist(i,j) < fdist(1(i),i—1;1(5),5 — 1) + y(Tu[i], Ta[5])- (6.2)

Based on Lemma 6.3, we have

T gy
. N TN s ist(1(3'), 3 —1)+ Ty
Jist(U(), 5 1(77), 3) = min § % gp( (Z’),l(z)—ljl( AU - 1) £ Fdist @)y — 11G)G — 1)+

According to Inequality (6.1), we introduce Case 4 to the recursive equation.
fdist(U(i"),i = 1;1(5"), ) + y(Tali], A)
Fdist(U(i'), 1:0(7), ] — 1) + (A, Talj])
fdist(U(i"),4;1(4"), 5) = min § fdist(U(7'),i — 1;1(5"),5 — 1) + fdist(1(2),i — 1;1(4),5 — 1)+
V(Tald], T2[5])
fdist(l(i"),i — 1;1(5"),j — 1) + tdist(i, j)
Based on Inequality (6.2), Case 4 of the recursion equation is always smaller than
Case 3 of the recursion equation. The recursion equation can be simplified by
removing Case 3. The lemma follows.
[
Time complexity For every i € Ty,57 € Ty, for ¢/ € anc(i),j € anc(y),
fdist(l(i"),4;1(j'), 7) can be computed in O(1) time. And for every node in an
ordered tree, it has at most depth(T') ancestors obviously. Then we only need to
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compute O(nm depth(Ty)depth(T3)) fdist-values, the time complexity is O(nm
depth(Ty)depth(T3)). The analysis here is simplified. Actually, the time complex-
ity should be O(nm colldepth(Ty)colldepth(Ts)). The details can be found in [7].
This algorithm has a very high time complexity in the worst case, however, it
runs fast and takes about O(nm) time in practice, since generally colldepth(T)
is quite small. Although some algorithms have a lower time complexity in the
worse case theoretically, such as those in [K1e98] and [Che01], they run slower
in practice, or more complex techniques are required. This makes Zhang and
Shasha’s algorithm common-used in practice.
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