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Lecture6: RNA structurecomparison Novenber 3, 2006

Lecturer: Prof.Wing-Kin Sung Scribe: Ngo Thanh Son

6.1 Intro duction

In \Lecture 5: RNA SecondaryStructure Prediction”, we study how RNA struc-
ture can be predicted using energyminimization methods. In this lecture we will

learn how to predict structure of RNA sequencgivenanother RNA sequencavith

known structure and having similar function. In biology we conjecturethat if two
RNA's look similar then they may have similar function, or if two RNA's have
similar function then by comparingtheir sequenceswe can infer their structure.
Basedon above conjecturewe can state four typesof RNA structure comparison
problems.

1. Deducestructure by comparing seweral homologouskRNA plain sequences.

2. Compare a RNA plain sequenceS with a RNA structure T so that the
structure of S can be inferred.

3. Comparetwo RNA structures to know how similar they are.
4. Local RNA structure similarity.

RNA and protein structures are represeied asarc-annotatedsequencesGivena
sequences, an arc-annotation (or arc set) P canbe de ned asa setof arcs,where
a pair of positionsin S is calledan arc. It is assumedhat the arcsdo not share
endpoints. (seeFigure 6.1) givesan example.

There are di erent types of arc-annotated sequences.Given an arc-annotated
sequencds, P), it is:

1. Plain if P = . (seeFigure 6.2(a))

2. Nested(without pseudoknot)
if forall (iq;j1)and(iz;j2) 2 P,
(i1<iz<jz2<jp)or(iz<i1<ji<]jz). (seeFigure 6.2(b))

3. Crossing,otherwise. (seeFigure 6.2(c))
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ACGAGACU

Figure 6.1: Example of an arc-annotatedsequences = ACGAGACU with set of
arcsP = (1, 8), (2,5), (3, 7)
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ACGAGACU ACGAGACU ACGAGACU
Flain S(quuences N?E;tlEd Cmﬁ?ing

Figure 6.2: Typesof arc-annotatedsequence

6.2 Deduce RNA Structure By Comparing Sev-
eral Plain Sequences

Sequenceomparisonusing dynamic programming nds widespreadapplications
in molecular biology, in detection and evaluation of similarities between pair of
DNA, RNA or protein sequencesThe optimal alignmerts obtained through this
method indicate structural and functional similarities.

Dynamic programming is also the best algorithmic approad to the problem of
inferring their secondarystructure, giventhe RNA sequences.

In practice, whether or not they make use of formal algorithms, molecular biol-
ogistsoften carry out RNA sequencalignmert and folding analysis,in conjunc-
tion, sothat the partial information about highly similar regionsof two sequences,
can be usedto constrain the seart for a commonsecondarystructure-and vice
versa-i.e. the discovery of commonfolding possibilities amongtwo or more se-
guencessuggestghat the pertinent regionsare aligned.

David Sanko usedthis idea- the mutually informative nature of alignmert and
folding to solwe the following problem:
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Given: Two plain sequence#\[1..n] and B[1..m]
To nd: Commonsecondarystructure
In the following sectionwe discussthe Sanko algorithm [1].

6.2.1 Sanko Algorithm

The fundamertal ideaof Sanko algorithm is to integrate alignmert and folding.
We nd a commonsecondarystructure for both A and B which minimizestheir
score,i.e., minimizesalignmert costbetweenA and B + freeenergyof A + free
energyof B

6.2.2 Algorithm

The algorithm nds a scorefor optimal alignmert and free energy Considertwo
sequence#\[1..n] and B[1..m]. Let us de ne the terms:

L(isj1i25]2):

This is the free energyof the loop enclosedby i;j1 with i5;j2. H(i;j):

This is the free energyof the hairpin loop. Notations:

1. D(injarizj2):
This is the minimum alignmert cost between A[i1;j:] and Bliz;j2]. We
extend the de nition of D(iy;]1;i2;]2) asfollows:
Ifi;>j1(Alig;]1]isempty), thenD(i1;]1;12;]2) equalsthe costofinserting
the entire sequnceB[iy;]»].
Similarly, if i, > j, (BJiz;j2] is empty), then D(iq;j1;12;]2) equalsto the
costof deleting Afi1;j1]-

2. F(iy]1ria2):
This is the minimum cost for a pair of equivalernt secondarystructures S;
and S, on positionsiq;::;;j1 andiy;::i;j» of sequence®\ and B, wherethe
costis the sum of the free energiesand a constrainedalignmert cost.

3. C(ig;]15ias]2):
This is the minimum cost given that (i1;j1) 2 Si;and (iz;j2) 2 S, [which
meansthat (i1;]1) and(i,;j2) form basepairs]without consideringthe align-
mert costsof A[i1],BJ[i»] and A[j1],B]] 2]

4. G(i;jaiiz]2):
This is the minimum costbetweenA[i;] 1] and B[iy; ) 2] giventhat Afi1::j4]
and BJ[i,::;j »] are sub-regionsof a multi-lo op.
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The optimal scoreF (i1;j1;12;)2) can be computed using dynamic program-
ming by consideringthe following cases:

(i1;j1) and (ip;j2) form basepairs.

Therefore,F1(i1;j1;i2;]2)

= C(injasizsj2) + D(igia;iosio) + D(j1ijari2s]2)

= (minimum scorebetweenA[i1; 1] and B[i,;j,] w/o the alignmert score)
+ (cost of aligning A[i;] and B[i,]) + (cost of aligning A[j 1] and BJj 2])

Both (iq;j1) and (i,;]») are not basepairs.

We subdivide the problem and Therefore,

Fz(i]:;jl;iZ;jZ) . ‘ . .

= MiNi, ny joi, hy jo.fF (i hajizsho) + F(ho+ Ljasha + 1520

There are no basepairs in thesesubsequences.

Therefore,F3(i1;j1;12;j2) = D(i1;j1;12;)2)= alignmert scoreof A[i;]j 1] and
Therefore,F (i1;j1;i2;j2) = min f Fy;Fy;Fzg. That is,

3 Clissjnizio) + D(isiiyiizii2) * DG izl
Flisjoiz2) = ming MiNi; hy o ho 2 Fglhll, "‘11';2},1;?1)2"‘ 1,
- D(issjaiaf2):
Time complexit y In all, n* ertries of F(i4;j1;i.;j2) needto be computed. To
compute one ertry, we require O(n?) time - this is becausefor the 2nd option
above, we have n? choicesfor h; and h, and we needto compute a minimum. In
all, the time complexity for the above computation is O(n®)
Now, let us look at how to compute C(i1;j1;i2;]2).
We can compute this scoreusing dynamic programming by consideringthe fol-
lowing cases:

Hairpin loop

Clinjuizj2) = H(iy;j1) + H(iz;j2) + D(is+ Lj1 L2+ Lj2 1)
= Loop energyfor the hairpin loop formedat (i1;j1) in A

+ Loop energyfor the hairpin loop formed at (i;j,) in B

+ Alignment cost of the subsequencesnclosedby thesehairpin loops

Stading pair, internal loop, bulge

In a stadking pair, internal loop or bulge, we look at the all possible(p:; &)
in A and (p;; @) in B sud that (p;; 1) and (p;; &) are base-pairsenclosed
by (i1;j1) and (i»;j2). Therefore,
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8
2 L(i;ja; P ) + L(iz; )2 P2; &)
C(isrj1iiz2) = MiNi<pi<qiq riz<po<azsi 2 5 T C(P1 G P2 ) + D(is+ Lipyiz+ 1,p2)
" +D(mjr Ligj2 1)
= loop energyof the internal loop formedby (i1;]1;p1; 1) + loop energyof
the internal loop formed by (i,;]2; p2; ) + minimum energyof the struc-
ture formedby (py; tu; p2; ) + alignmert costof aligning the subsequences
Alii+ Lpi];Bliz + 1po] and Afch; 1 1] Blop;j2 1]

Multi-lo op

This costis recursiwely calculated as follows:
_ . o _ G(|1+l,h1,|2+1,h2)+
C('laJla'ZaJZ) - mlnll hi j15i2 h2 j2 G(h1+ 1111 1;h2+ 1;]2 1)+ 2a

Therefore,

2 L(i;j1; P ) + L(iz; )2 P2; &)
MiNi,<p1<q19 15i2<po<azsiz 5 T C(P1 Gy P2; &) + D(in+ 1ipg;iz+ 15py)
" +D(oj1 Ligj2 1)
min: o ~ G(ir+ Lhgjiz+ Lhy)+ .
: i1 h1 jaiiz hz2 j2 G(hi+ 1;j: L;hy+ 1j, 1)+ 2a’
Time Complexit y In all, n* ertries of C(i1;j1;i2;j2) needto be computed. To
compute one ertry, we require O(n?) time - this is becausefor the 2nd option
above, we actually have n* choicesfor p;; op and p,; op.However, to reducethe
time complexity, we constrain the choicesby applying the following condition:
pp iit+tjp o a 2 U
P2 i2tj2 @ 2 U
and here, U is the maximum size of internal loops, which is a small constart
value. Hencewe have n?U? choices,i.e. the time complexity for computing a
singleentry is O(n?). Therefore,the overall time complexity is O(n°®).

%H(Il;Jl)+H(I2;JZ)+ Dgi1+ 1)1 L+ Lj2 1)

C(i1;j1;12;J2) = min

Finally let uslook at how G(iy;j1;i2;]2) is calculated. We have the following 3
cases:

The multiple loopsarealigned,i.e.,we nd the costthat calculatesthe fold-
ing scorebetweenthe subsequenceA(iq;j1) andB(i,;]») andthe alignmert
scoresof Afi;] & Bliz] and A[j1] & BJj]

G(issjasiasj2) = C(insj1yizj2) + 20+ D(insiasizsiz) + D(j1;j1525)2)

The multiple loopsand external regionsare aligned.

G(irsj1rizj2) =

mi_ni)1 he juiz he j2(Glinsherizihg)+ (j1 hi+ja2 hy)c+ D(hy+ 1jq;i0+
1)z
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G(ig;jsi2:j2) = MiNiy ny juin hy jo((he T2+ T2+ 2)+ G(hy+ 1)1, ho+
1;j2) + D(i1; hysizhy))

Perform recursionto combine the structurally equivalert parts.
G(isijaiizsf2) = minig ny o ne (G hajizihe) + G(hy + 1ijgho +
1;j2))
Therefore, 8
C(issjaiizj2) + 208 D(is;ig;izsiz) + D(j1;jaij2)2);
% % G(isshasizsha) + (jo hi+ 2 hy)c,
+D(h1+ l,]l,|2+ 1,]2) '
MiNi; hy oo he joo O(i1;h1sigihy) + G(he + 1)1 ho + 1)),
% (hy i1+ hyjix+ 2)ct+ :
G(hy+ 1;j1;ha+ 15j2) + D(ig; hy;inyhy)
Time Complexit y In all, n* ertries of G(i1;j1;i»;j2) needto be computed. To
compute one ertry, we require O(n?) time - this is becausefor the 2nd, 3rd and
4th options above, we needhave n? choicesfor h; and h, and we needto compute
aminimum. In all, the time complexity for the above computation is O(n®).
In total the problem can be solved in O(n®) time.

G(i1;]1;12;]2) = min

6.2.3 Initial Condition

We assignthe maximum cost if the pair of subsequencedo not have a common
structure. Therefore,

C(i;inia2) = 1 G(in;)1izj2) = Clin;jaigiz) =1

6.3 Inferring RNA Structure

We have seen,how to predict RNA secondarystructure by comparing two ho-
mologousRNA plain sequencesNow, we will considerthe problem of comparing
RNA plain sequences with a RNA structure T and infer the structure of S.

We are giventwo RNA sequence$[1::n] and T[1::m] and we have the nested
structure "P" for S.The problemis to infer the structure Q of "T" which satis es
the conditions: (S, P)and (T, Q) hasthe largestweighted commonsubstructure
(de ned in Section6.3.1).

6.3.1 Score Function

If wealigntwo RNA sequence$§[1::n] and T[1::m], then weinducea commonsub-
structure on T. To indicate the relationship betweenthe correspnding matching
arcs or matching baseswe de ne two scorefunctions as follows:

Foru;v2 , let (u;v) bethe similarity of u andv.
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For example, (u;v) = 1if u= v and 0 otherwise. For instance, (A;A) =
1, (A;G)=0)

For a;b2 , let (a;b) bethe similarity of a and h.

For example, (a;b) = 1if both a and b are complemenary base-pairsand
0 otherwise. (For instance, ((A;U);(C;G)) = 1))

We have an example(seeFigure 6.3) to show the scorefunctions clearly. Thereare
two matching arcsand onematching basebetweentwo RNA sequence(\AUGCCA"and
\CUUCAA").
(CC) =1 (UA)(UA) =1 (G;C);(UA) = 1.
The bestcommonsubstructurehasscore= 3. This infer a secondarystructure
for the secondRNA sequence(\CUUCAA"). Oncewe get the best alignmert, we
get the largest commonsubstructure of the two RNA sequence.

Figure 6.3: best commonsubstructure

6.3.2 Preliminaries

Denote D[i; i%j; j9 be the scoreof the largest weighted common substructure
between(S[i; i9; P[i; i9) and (T[j; j 9; Q[j; j J) amongevery possiblestructure Q.
D(Gi;i 1;j;j 1)=D(;i%;j 1=D(@i 1;;j9=0forl i<i® nand
1 j<j% m.

We have the following de nitions, which is illustrated in Figure 6.4.

For any arcu 2 P, u- and u, are left and right endpoint of u. u(i) is the
arc in P incident on positioni and u(i) is if position i is free.

A position i is de ned to be coveredby anarcu = (i;j1) 2 P if thereis no
arc (i2;j2) 2 P suththat iy < i, <i<j,<j;; andeitheriisfreeori = u(i),.
DenoteC, asthe setof positionscoveredby arc u. For example,in Figure 6.5,
all the nodes covered by u = (1;16) are of color gray. In other worg, Cy =
f2;6;11;12 14, 159. Note that, every nodeis only coveredby onearc,so | C,
n.
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arc 1 [also can be referred as nii) orwii’) |

1=1y 1=,

Figure 6.4: de nition

A A A NEEEE A B A A
E 9

~ | b

Figure 6.5: covered positions

6.3.3 Transformation

To easethe discussionwe make the following transformation:

Insert x beforeand after S(i.e. S = xSx) wherex is an extra symbol not
existsin the alphabet. Similar for T, that is, setT be xT x.

Include an arc betweenthe two x into P.

Then we get the transformed S which cortains an arc betweenthe rst and
the last symbols. The inferred RNA structure for the problem are the same.We
do this transformation to include the matching basesoutside the outermostarc.
Figure 6.6 shows the exampleto explain why they are the same. After we getthe
secondarystructure of XT x[1::m], we must remove the rst and the last x from
XT X to recover the solution.

6.3.4 Algorithm and Complexit y

Algorithm:  We use dynamic programming to solwe this problem. The basic
ideais asfollows: for ead arc u = (iy;i,) 2 P from inner to outer, we compute
D(ig;ioj;j9 forl j j° m usingtwo steps.
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Figure 6.6: transformation

1. Step1: Leti=i,+ 1. Foreweryi®2 C,, computeD(i;i%j;j9 for 1 j
i m.

2. Step 2: Basedon the valuesin Step 1, compute D (i1;iz;j; j9 for 1 |
i m

Finally, D(iq;i,;1;m), where(iy;i,) is the outermostarc of S, storesthe length
of the longestcommonsubstructure. The actual structure can be found through
tracing badk the matrix D.

Step 1: Leti = i, + 1. For ewery i® 2 C,, in increasingorder, computer
D(i;i%;j9 fori j j° m.

If i%is free, we have the following recursive equation.
>2D(@;i% 1;;j° 1+ (SIYTEHY; T is not aarc base
D(i;i%); 19 = max_ D(i;i° 1;5;j9; S[i] mapsto a space
" D(; %50 1) T[j'T mapsto a space

D(, 113}, j-1)+ (S[i'], T[D:When both S[i'] and T[j'] are unpaired base,
ie. I' and | are both free, we have the scorefunction to ched if S[i']=T[j'].

D(, i'-1;j, |): S[i'l mapsto a space.
D(, 15}, j-1): T[j']1 mapsto a space.

If i'= u(i9,, we partition the problem into two subproblems. Figure 6.7 shows

how we subdivide the problem.

D(i;i%5; 19 = max joo jog F DU L;j; 7% 1)+ D(u(95i5j %59
maxfD(i; u(i9  1;;j%° 1)+ D@9 ;i% % 9%g: Wheni®= u(i9,, we
divide SJi::i 9 into two parts, which is S[i; u(i%- 1] and S[u(i9-::i9. Either
S[u(i9-::u(i9,] does not mapped to anything or it mapped to a partial
secondarystructure generatedfrom interval (j °°j 9 for some;j %

Step2: Basedon the valuesin Step 1, we compute D(iq;is;j; j9 for 1 j
i m. We can generatethe largest common substructure betweenS and T
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J u{i‘]r!l S[1..n]
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Figure 6.7: subdivision of Stepl

through badktracking. The basepairs of T in the commonsubstructure form the

secondarystructure of Tg

D@+ Liz Lj+13j° 1+ ((S[alShD:(THLETHD):
% if(S[i1]; S[i2]) and (T[i]; T[}9) are complememary
D(i1;i2j9 = max_ D(ia+ Liz 155 j9;
D(is;izji® 1)
" D(ig;iaj + 1j9:
D(@is+ Lix L;j+ Lj° 1)+ ((Sh;Sh2D:;(THLTHY)): In this case,
both (SJi4]; S[i»]) and (T[j1; T[} 9) are two complememary base-pairs.
D(i.+ Li, 1;j;j9: Wedrop the arc here.
D(i1;izj;j° 1): T[}q mapsto a space.
D(i1;ioj + 1;j9: T[j] mapsa space.

We nd the maximum amongthesecases.

Time Complexit y: We analyzethe time complexitiesof two stepsseparately

Stepl: For every arcu 2 P;, we needto Il in jC,jm2 ertries. Each ertry can
e computed in O(m) time. For all arcs, the total number of ertries is
4(jCujm?) = nm?2. Sothe total time for Step 1 is O(nm3).

Step2: Weneedto Il in nm? ertries. Each entry takesO(1) time. Sototal time
for Step2= O(nm?).

6.4 Comparing two RNAs

Similar to DNA sequencecomparisonproblems, we can use edit operations to
compare RNAs.Three edit operations can be performed, which are de ned as
following:
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Relabel: relabel an unpaired baseor a base-pair
Delete: deletean unpaired baseor a base-pair
Insert: insert an unpaired baseor a base-pair

An edit operation is represeted asx ! 'y, wherex andy are either a base-pair
or an unpaired base. meansan empty position. For example:

Relabel: (A;U)! (G;C),A! C
Delete: (A;U)! |, Al
Insert: ! (C;G), ! A

Theseoperationscanbe operatedon basepair or unpaired base. When operating
to a pair, in sequencdevel, this meansthe two baseschangesat the sametime.
When inserting a pair, we require that the elemerts in S are non-crossingafter
the insertion.

6.4.1 Edit Distance

We de ne (x! y) be the costof an edit operation, then the cost of a sequence
S of edit operations (S)= i-1:n(Si). The edit distance betweenU; and U, is

the minimum cost of edit operation sequencehat transforms U; to U,. Table

6.1 shows the time complexity that neededto compareplain, nestedand crossing
sequences.

When both U; and U, are plain sequencesoprdinary sequencecomparison
can be donein O(nm) time;

When U is plain and U, is nestedor crossing,we have to deleteall the arcs
in U, and corvert it to a plain sequencethen we comparethe transformed
U, with U; using a ordinary sequencecomparison. This can be done in
O(nm) time;

When both U; and U, are nested, they can be represeted as an ordered
tree, which will be discussedn the next section.

When both U; and U, are crossing,it becomesa NP-complete problem.

Below is the table that showvsthe time complexitiesfor di erent possiblescenarios
in RNA comparisonproblem.
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Plain | Nested| Crossing
Plain O(mn)
Nested O(m?nlogn) OR O(mn colldepth(U;)colldepth(U,))
Crossing | NP-complete

Table 6.1 Transforming Time Complexity

6.4.2 Ordered Tree

Treesareamongthe mostcommonand well-studied combinatorial structures[10].
In computational biology, computing the similarity betweentreesunder various
distancemeasuress usedin the comparisonof RNA secondarystructures [7, 6].
In this section, we will shav how an ordered tree is used for RNA structures
comparison.
Let T be a orderedtree. Orderedtree is a rooted tree in which every node is
labelled with a number called the order. The order of the nodesin an ordered
tree is signi cant. The de nition of the nodes' order is recursiwe: for all nodesin
an orderedtree, rst label its children from left to right, and then label the root
of the node. Then the root always hasthe largestorder.

In this section, the tree edit distance problem is basedon simple primitiv e
operationsappliedto orderedtree. We cande ne the tree edit operations similar
to the sequenceedit operation as following:

Relabel (x ! y): changethe label of anodein T from x to y

Delete(x ! ): Deleteanon-root node x in T, making the children of the
node x becomethe children of the parent of x and then removing x.

Insert (! Xx): complemen of delete,inserting a node x asa child of node
y, and making x being the parert of the original children of nodey

Tree edit distance Weuse (x! y) to denotethe cost of the tree edit opera-
tions. Orderedtree edit distanceproblemis de ned asfollows: giventwo ordered
treesT, and T,, we cantransform T, to T, by a sequencef tree edit operations.
The orderedtree edit distance betweenT; and T, is the minimum cost of tree
edit operation sequencehat transforms T, to T,.

Figure 6.8 shavs an exampleof orderedtree transformation. First one node
is relabelled from C to A, and then a node labelled with "AU" is deleted. If the
cost of eadh operation is 1, the edit distancebetweenT; and T, is 2.

6.4.3 Nested Sequence VS Ordered Tree

Ordered Tree is a powerful tool for structure comparison. Nested sequencecan
be modelled as an Ordered Tree as follows.
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Eadch base-pairof a nestedsequencas represeted by a node; and unpaired
baseis alsorepresered by a node

Nodey is a descendenof node x in Ordered Treeif the regionrepresered
by y is a sub-regionof the regionrepresered by x in nestedsequenceThe
order of the nodesshould presene the order of the correspnding regions.

Examples of nested sequenceand its correspnding ordered tree are shavn in
Figure 6.8.

oG CG oG
J C>A AU—=A
Al A > Al A > A A C
A C C A A C
T, T,
CAACCUAG CAAACUAG CAACAG

Figure 6.8: Transformation of Nested Sequence¥S Ordered Tree

Examining eat of the operations de ned on the nestedsequencesnd ordered
treesin Figure 6.8, we can obsene that there is an one-to-onecorrespndence
betweenthe tree edit operations de ned on the orderedtree and the sequence
edit operations de ned on the sequence.Therefore, we get the following lemma
from the obsenation.

Lemma 6.1 The edit distance between the two nesta sequenes = the edit dis-
tance between the correspnding ordered trees

6.5 Algorithm for Ordered Tree Edit Distance

This sectiondescribesone common-usedalgorithm for orderedtree edit distance
problem. Supposethere are two trees T; and T,.

Let's dene n = jTyj;m = jT,j, assumingn < m, anddene L; = I[T;] fl is
the number of leaveg, D; = m[T;] f m is the depthg .

The orderedtree edit distance problem was introduced by Tai [8] as a gen-
eralization of the well-known string edit distance problem [9]. Tai preserted an
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algorithm for the orderedtree using O(nmL 2L 3) time and space. Subsequetly,
Zhangand Shasha[7] improved Tai result by presening an algorithm which uses
O(nmcolldepth(T,)colldepth(T,)) time, wherecolldepth(T) = minf depth(T);leavweyT)g
and O(nm) space.This algorithm was modi ed by Klein [Kle98]to get a better
worst casetime bound of O(n?mlogm) under the samespacebounds. Recertly,
Chen[Che01]haspreserted an algorithm using O(nm + L?m + L%5L,) time and
O((n + L?)min(L,;D,) + m) space. This algorithm usesresults on fast matrix
multiplication and is more complexthan all of the above algorithms.

This lecture gives a simple algorithm rst, and then Zhang and Shasha's
algorithm is introducedto improve the time complexity.

6.5.1 Some de nitions

Postorder numbering: For any tree T, T[i] is referred to be the i-th
node accordingto the left-to-right postorder numbering. Figure 6.9 shows
an example, where the tree is being numbered from left sub-tree, right
sub-treeand nally the root.

T[7]
T[6]
T[1]
T[4, T[5]
T[2] T3]

Figure 6.9: Postorder Numbering

Ordered Forest: An orderedforestis a set of sub-treeswith order from
left to right. Forany i < j, TJi:;j ] de nes an orderedforest. Note that Ti]
is the leftmost leaf of the leftmost tree in the forest T[1:;j] while T[j] is
the root of the rightmost tree in the forest T[1::j]. Figure 6.10shons some
examples.

[(i): For any i, denotel(i) be the leftmost leaf of the subtreerooted at i.

Note that T[l(i)::i] represets the subtreerooted at i. For example,l(6) = 2
for the tree in Figure 6.9. Figure 6.10(b) shows the subtreeT|[l(6)::6]
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T[6]
T[] T[4 T[5]
T[4 T[5]
T[2] T3] T[2] TI3]
(@) T[1..9] (b) T[2..6]

Figure 6.10: Ordered Forest for the tree in Figure 6.9

6.5.2 A simple algorithm

Let f dist(i; i%]; j 9 bethe edit distancebetweenT[i::i  and T,[j:;j 9. The edit dis-
tancebetweenT; and T is f dist(1; n; 1; m) wheren = jT;j and m = jT,j. The fol-
lowing two lemmasshow the basecaseand the recursive casefor f dist(i; i%j; j 9.

Lemma 6.2 fdist(i;i%j;j9=0if i >i%andj > j°
fdist(i;i%j; ]9 = fdist(i;i® 19+ (Tufi%) fori % >j°
fdist(i;i%); j9 = fdist(i;i%j;j° 1+ ( ;T[9 fori>i% j°

Pro of: T4[i::i 9 and T,[j:;j 9 are both orderedforests,which implies that they
follow the postorder numbering. This meansi  i%®and j j % Therefore for
Casel, if i > i%andj > j° this meansthe treesare empty. Then the algorithm
doesnot apply and the costequals0. For Cases2 and 3, there is oneempty tree
in eat case.lt will recursiwely deleteanothertree to an empty tree respectively.
|

Lemma 6.3 Fori i%jg S

fdist(i;i® 1;j;j9+ (T[i9;) DeleteTy[iq

Fdist(is1%): ]9 = min_ | AiStE%G 0 D)+ (Tl Insert Tof ]
(T1[i9; T2[} 9) Otherwise,repla@ T4[i9 by T,[j 9

Pro of: The objectiveisto nd out the edit distancebetweenT[i::i 9 and T,[j::j 9
with the minimum cost, therefore the algorithm selectthe minimum cost from
the above 3 cases. For Casesl and 2, the cost will be a delete operation and
insert operation respectively betweenT[i::i 9 and T[j:;j 9, and the formula are
straightforward. If we don't delete T1[i9 or insert T,[j 9, then we must relabel
T1[i9 to T,[j 9, which is Case3. Case3 requiresoperation for both forestsT; and

3 fdist(i; 119 1;51G9 1)+ fdist(1(i9;i° 1;1G9;j°

1)+



Lecture 6: RNA structure comparison- Novenber 3, 2006 6-16

T,. Aside from relabelling one node in ead tree, we needto perform separate
lookups for the foreststo the left of T4[i'] and T,[j'] and for the descendats
of Tq[i'] and T,[j']. This givesthe third recursive equation. Figure 6.11 belon
illustrates the operation for Case3.

i 1) ] 1G")

T1[i. (") -1] TA[(@)..i7 -1 T2[..1(G) -1] T20@)..J -1]

Figure 6.11: Recursiw algorithm illustration

| |
Time complexit y Sincen = jT;j and m = jT,j, table fdist has n?’m? ertries.
Each ertry can be computedin O(1) time. Thereforethe total time is O(n’m?).

6.5.3 Zhang and Shasha's algorithm: Impro ving the time
complexit y

Lemma 6.2 and 6.3 de ne a dynamic program to solwe the ordered tree edit
distanceproblemwith O(n?m?) time. In fact, the table fdist is sparseand we do
not needto Il all the ertries in the table. Basedon this obsenation, Zhangand
Shashadeweloped an algorithm [7] to improve the time complexity.

Let's denoteanc(i) be the setof ancestorsofi. We nd that it is unnecessary
to computef dist(i; i%j; j9 for all i;i°2 T, andj; j°2 T,. Instead, we only need
to computef dist(1(i%;i;1(j9;j) foralli 2 Ty;j 2 T;i°2 anc(i), andj°2 anc(j).

Note that for every nodesi 2 T, andj 2 T,, wehavejanc(i)j depth(T,) and
janc(j)j depth(T,). Thus, we only needto computeO(nm depth(T;)depth(T,))
f dist values!

Denotetdist (i; j) be the edit distance betweensubtreesof T, and T, rooted
at i and j respectively. Also note that tdist(i; j) = fdist(l(i);i;1(j);]) The aim
of the algorithm is to compute tdist (n; m). The following two lemmasshow the
recursive equationsto computef dist(I(i9;i;1(j 9;j) for i°2 anc(i);j°2 anc(j).

Wheni = i®andj = j° we have the following lemma.

Lemma 6.4
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Stdist(i);i LIG))+ (Talil)
tist (i; ) = f dist(1(i); ;1G);) = min_ fdist(1();i1G);) 1)+ ( 5Tl
“fdist(IG); i L1G); D+ (ThfilT0])

Pro of: Basedon Lemma 6.3, we have

 fdist(I()ii L1G):0)+ (Talil)
fdist(1(i);i;1G);7 D+ (3Tl
3 fdist(1(i);1()  2;1G);1G) 1)+ fdist(I();i L1G);0 1)+
(Tl Tall ). N |
For the last casethe term f dist(1(i);1(i) 1;1(j);1(j) 1)isObecausd(i) 1<
[(i) and I(j) 1< I(j). Thus,the lemma follows. ]

fdist(I(i);i:1();j) = min

Wheni 6 i%orj 6 j° we have the following lemma.

Lemma 6.5 8

2 fdist(I(i%;i LIG);0) + (Talil;)

fdist(1(9;1;1G9:0) = min_ fdist(1(i9;i;1G);7 D+ ( ;Tali])
CRdist(19;1G) - 151G 9;1G) 1)+ tdist (i j)

Pro of: The following two inequalitiesare correct, sincethe former distancecorre-

spondsto the costof a minimum cost mapping while the latter expressionstands

for a particular and possibly suboptimal mapping betweenT; and T,.

fdist(1(i9;i:1G9;))  fdistd(;i  1:1G%:;j 1)+ wdist(i;j)  (6.1)
tdist (i; j ) fdist(1(i);i 1;1G);) 1)+ (T.i; T20]): (6.2)

Basedon Lemma 6.3, we have
fdist(1(i9;i  1;1(G9;))+ (Tuli]; )
ooy — i 1St 1G9 D+ (5Tl
FASAREIONI) = My faistQ@1)  LIGY1G) D+ Fdist0@)i - L1G)] D
C (MWliLT2h])

According to Inequality8(6.1), we introduce Case4 to the recursive equation.
fdist(1(i9:i L1G9:0) + (Talil)
%fdist(l(i%;i;l(jc’):j D+ (T
fdist(1(i9;i;1(9;j) = min_ fdist(1(i%;i 21;1(j9;j 1)+ fdist(I(i);i 1;1();j 1)+
(T2l T20 1)
Cfdist(1(i9;i 1;1(G9;) 1)+ tdist(i;j)
Basedon Inequality (6.2), Case4 of the recursionequationis always smallerthan
Case3 of the recursion equation. The recursion equation can be simpli ed by
removing Case3. The lemmafollows.
|
Time complexit y For every i 2 Ty;j 2 Ty, for i® 2 ang(i);j® 2 anc(j),
f dist(1(i9;i;1(j9;j) can be computedin O(1) time. And for every node in an
orderedtree, it hasat most depth(T) ancestorsobviously. Then we only needto
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compute O(nm depth(T,)depth(T,)) fdist-values, the time complexity is O(nm
depth(T,)depth(T,)). The analysishereis simpli ed. Actually, the time complex-
ity shouldbe O(nm colldepth(T;)colldepth(T,)). The details canbe foundin [7].
This algorithm has a very high time complexity in the worst case,howewer, it
runs fast and takesabout O(nm) time in practice, since generally colldepth(T)
is quite small. Although somealgorithms have a lower time complexity in the
worse casetheoretically, sud as those in [Kle98] and [Che01],they run slower
in practice, or more complex techniques are required. This makes Zhang and
Shasha’'salgorithm common-usedn practice.

6.6 New algorithms for order tree distance

The previous section introduced RNA edit distance. This section descrilke a
dynamic programming approad to calculate alignmert distance of two RNA
secondarystructures. This algorithm was proposedby [21] and [22].

6.6.1 De nition of forests alignmen t

Giventwo orderedforestsF and G, we de ne their global alignmert is a forest T
suc that:

Every node of T is a pair (x;y) sud that x is either a nodein F or a space,
y is either a node in G or a space.

Every node of G and F have to appear in exactly one of node of T.

For every node x andy in F, if x is a ancesterof y in F, then (x; z) is also
an ancesterof (y;t) in T for any z;t 2 G.

For every node x andy in G, if x is a ancesterof y in G, then (z; x) is also
an ancesterof (t;y) in T forany z;t 2 F.

If (x;y) isanodein T, we sa X is alignedwith y. We de ne a scoringfunction
for alignmert of ewery pairs (x;y). Usually the more similar x and y are, the
higher their scoreis. Our problemisto nd the way to align two orderedforests
to maximize their score.

Figure 6.12is an exampleof alignmert.

6.6.2 Notations

Giventwo RNA secondarystructures, we build orderedtrees/forestsfor ead of
them. We call theseF, G are orderedforestscorresmpnding to two sequences.
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a a (a, a)
-

e b (= e) ke b)

- ] L ] - -
a c e (b,a) (c,c) (d —) (e, e)

(a) (b) (c)

Figure 6.12: Example of global alignmert of two forests. G and F are aligned
in to (c). If the alignment scoresare dened (x;x) = 3; (X;y) = 1, (X))=
2, (:x) = 2)then the total scoreis 2.

For ewery internal node in the tree, we de ne an ordering of from left to right of
its children.

In a forestF, for any two children u and v of a certain node: Let (u..v) be
the sibling interval, that is, the set of siblings which are to the right of u
and to the left of v, inclusively.

Let S(F) bethe setof all siblingsintervals of F. Let jF] be number of nodes
in F, deg(F) be degreeof F which is the maximum number of children of
any internal node. We claim the following inequality:

S(F) jFjdeg(F)

Pro of: }g\/e denotedegﬁy) is the number of children oig nodeu in F.

S(F) =" wrdgdu) = 2f dequ)deqF) = dedF) ,r dequ) = dedF)jF]

The nal term ,,¢ dedqu) is the total number of children of all internal
nodeswhich equalsto the number of nodesof F. ]

(x;y) is the edit function that givesscoreof aligning two charatersor two
edgesx in F with y in G. Note that x and y can be space. For instance:
(AA) =2, (AT)(CG) =2, (AC)= 1

For every node u in F, let e(u) be the rightmost sibling of u.
Given a forest F, for any sibling interval (u;::u;) is called a closedforest

which is denotedasF [u;::u;] which consistingof all subtreesof F rooted at
(uiz:y;). Example gure 6.13(b) shavs a closedsubforestF [us::us] obtained
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u, u, U, WUy Wy, Wy By, Wy LIPS LRI Uiy Wy Wy, u,,

(a)

- I,I‘ s, ll‘ (L

u u

11 Wy Wy, WUy, u u

15 I& 0, u

10 13 Wy u ., LLEY u,,

16 17 0

(b) (c)

Figure 6.13: Example of closedsubforestand gapped subforest. Figure (a) is the
forest F. Figure (b) is the closedsubforestF [us::us]. Figure (c) is the gapped
subforestF[u;..u;]-(F[us..us], F[ug..Ug], F[U1s..U15], F[U1g..U19])

from F (g 6.13(a)) by unioning subtreesrooted at uz and u,.
Example6.14and 6.15show other closedsubforestand its equivalencein the
RNA structure. The roots are not necessarype the children of the root of F.

Given a forest F, a forest F' is called a gapped subforestof F if F' can be
obtained from F[u..v] by removing a set C of closedsubforestswhereno two
closedsubforestsbelongingto C have the sameparent node. Figure 6.13(c)
shows and exampleof gapped subforestobtained from 6.13(a) by removing
somesubtrees.Figures.16shons another exampleand its equivalencein the
structure and RNA.

sim(G,F) is the function to calculate maximum alignmert distance of G
and F.

In a forestF, for any uin F.
Let u. and ug be the leftmost and righmost children, respectedly, of u.
Let ry be the right sibling of u.
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Bulge

Hairpin  Internal Multi-branched
Loop Loop Loop

Closed subforest

Figure 6.14: Example of closedsubforest

Figure 6.15: Example of closedsubforest
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Figure 6.16: Example of gapped subforest

Let |, be the left sibling of u.

6.6.3 Problem and algorithm
Here we introduce two problem

Local closedsubforestproblem: Icsf(F,G).
Given two forestsF and G. We have to report closedsubforestF and G'
of F and G respectedly to maximize sim(F',G").

Local gapped subforestproblem: Igsf(F,G).
We have to nd gapped subforestF' and G' of F and G to maximize
sim(F',G").

A substructure of a RNA sequences subgraph consisting of basesconnected
by base pairs and badkbone. Closed subforestis a good way to represem a
substructure of RNA. Gapped subforestrepresen all connectedsubstructure of
a RNA. Thus, gapped subforestis a better represemation than closedsubforest.
Here we only descrike the algorithm to solve Icsf. The readerand nd algorithm
for Igsfin [22].

Lemma 6.6 Let B[u;V] = maX:u02s(r):v:vo2sef sim(F[u:u?; Gv:ivd)g: We
havethe following: Icsf(F; G) = maxfB[u;v]ju 2 F;v 2 Gg:

Pro of:: Icsf(F,G)=maXxy:u92s(F):v:vo26f sim (F[u::ud; Glvivd)g = maxf B[u; vlju 2
F,v2 Gg: m
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Figure 6.17: We have to align all the children of u with all the childrens of v. For
the right sibling of u and v, we nd the maximum alignmert from r(u) and r(v)

Lemma 6.7s8.
2 (u;v) + GDJuL :ur; vevr] + maxfBJr(u);r(v)]; Og

Blu,v]= max (U; )+ maxyoy.y, f GD[uL ::Ur; viivd + maxf B[r(u); r(v9]; Ogg
© (V) + maxyou, f GD[uUg; v vR] + maxf B[r(u9;r(v)]; Ogg

whee GD[u..u',v..v']=sim(F[u..u’],G[v..v]). GD table can be computel sea-
rately.

Pro of: In orderto calculate B[u,v], we needto consider3 cases:
Nodeu in F is alignedwith v in G (gure 6.17)

Node u in F is aligned with space( gure 6.18)

Node v in G is alignedwith space( gure 6.19)

6.6.4 Time and space analysis
Theorem 6.8 Icsf(F,G) can be computed in

O(jFjiGj((dedG) + degF)?) time and
O(jFjjGj(deqg G) + dedF)) space.

Pro of:



Lecture 6: RNA structure comparison- Novenber 3, 2006 6-24

Figure 6.18: We have to align all the children of u with someright siblings of v
(from v to V). For the right sibling of u and the rest of right siblings of v, we
nd the maximum alignmert from r(u) and r(v").

Figure 6.19: We have to align all the children of v with someright siblings of u
(from u to u"). For the right sibling of v and the rest of right siblings of u, we
nd the maximum alignmert from r(u) and r(v)
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Space:
There are O(jF jjS(G)j + jGjjS(F)j) GDJ] values. Hence,the spaceto store
all GD[] valuesis O(jF jjGj(ded G) + dedF)).

Time:

{ All GD[] valuescanbe computedin O(jF jjGj(deq G) + ded(F)?) time.

{ Eadh BJ] value can be computedin O(dedg G) + dedgF)) time. All BJ[]
valuescan be computedin O(jFjjGj(ded G) + dedF)) time.

{ Finally, Icsf(F,G) can be computed using additional O(jF jjGj) time.

In total we needO(jF jjGj(ded G)+ dedF)?) time to computemax(sim(F',G"))
with F' and G' are subforestsof F and G respectedly.

6.6.5 Results for Igsf

This resultsare from J. Jansson,T. H. Ngo,and W. K. Sung(ISAAC 2004)[22]:
Time complexity O(jF jjGjded F )deq G)(ded G) + dedF))
Spacecomplexity O(jF jjGjded F )ded G))
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