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6.1 In tro duction

In \Lecture 5: RNA SecondaryStructure Prediction", we study how RNA struc-
ture can be predicted usingenergyminimization methods. In this lecture we will
learnhow to predict structure of RNA sequencegivenanotherRNA sequencewith
known structure and having similar function. In biology weconjecturethat if two
RNA's look similar then they may have similar function, or if two RNA's have
similar function then by comparingtheir sequences,we can infer their structure.
Basedon above conjecturewe can state four typesof RNA structure comparison
problems.

1. Deducestructure by comparingseveral homologousRNA plain sequences.

2. Compare a RNA plain sequenceS with a RNA structure T so that the
structure of S can be inferred.

3. Comparetwo RNA structures to know how similar they are.

4. Local RNA structure similarit y.

RNA and protein structuresare represented asarc-annotatedsequences.Givena
sequenceS, an arc-annotation (or arc set) P canbe de�ned asa set of arcs,where
a pair of positions in S is called an arc. It is assumedthat the arcsdo not share
endpoints. (seeFigure 6.1) givesan example.

There are di�eren t types of arc-annotated sequences.Given an arc-annotated
sequence(S, P), it is:

1. Plain if P = � . (seeFigure 6.2(a))

2. Nested(without pseudoknot)
if for all ( i 1; j 1)and(i 2; j 2) 2 P,
(i 1 < i 2 < j 2 < j 1) or (i 2 < i 1 < j 1 < j 2). (seeFigure 6.2(b))

3. Crossing,otherwise. (seeFigure 6.2(c))
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Figure 6.1: Example of an arc-annotatedsequenceS = ACGAGACU with set of
arcsP = (1, 8), (2, 5), (3, 7)

Figure 6.2: Typesof arc-annotatedsequence

6.2 Deduce RNA Structure By Comparing Sev-
eral Plain Sequences

Sequencecomparisonusing dynamic programming �nds widespreadapplications
in molecular biology, in detection and evaluation of similarities betweenpair of
DNA, RNA or protein sequences.The optimal alignments obtained through this
method indicate structural and functional similarities.

Dynamic programming is also the best algorithmic approach to the problem of
inferring their secondarystructure, given the RNA sequences.

In practice, whether or not they make useof formal algorithms, molecular biol-
ogistsoften carry out RNA sequencealignment and folding analysis,in conjunc-
tion, sothat the partial information about highly similar regionsof two sequences,
can be usedto constrain the search for a commonsecondarystructure-and vice
versa-i.e. the discovery of common folding possibilities among two or more se-
quencessuggeststhat the pertinent regionsare aligned.

David Sanko� usedthis idea - the mutually informative nature of alignment and
folding to solve the following problem:
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Given: Two plain sequencesA[1..n] and B[1..m]
To �nd: Commonsecondarystructure
In the following sectionwe discussthe Sanko� algorithm [1].

6.2.1 Sanko� Algorithm

The fundamental idea of Sanko� algorithm is to integrate alignment and folding.
We �nd a commonsecondarystructure for both A and B which minimizes their
score,i.e., minimizesalignment cost betweenA and B + free energyof A + free
energyof B

6.2.2 Algorithm

The algorithm �nds a scorefor optimal alignment and freeenergy. Considertwo
sequencesA[1..n] and B[1..m]. Let us de�ne the terms:
L(i 1; j 1; i 2; j 2):
This is the free energyof the loop enclosedby i 1; j 1 with i 2; j 2. H (i; j ):
This is the free energyof the hairpin loop. Notations:

1. D(i 1; j 1; i 2; j 2):
This is the minimum alignment cost between A[i 1; j 1] and B[i 2; j 2]. We
extend the de�nition of D(i 1; j 1; i 2; j 2) as follows:
If i 1 > j 1 (A[i 1; j 1] is empty), then D(i 1; j 1; i 2; j 2) equalsthe costof inserting
the entire sequnceB[i 2; j 2].
Similarly, if i 2 > j 2 (B [i 2; j 2] is empty), then D(i 1; j 1; i 2; j 2) equalsto the
cost of deleting A[i 1; j 1].

2. F (i 1; j 1; i 2; j 2):
This is the minimum cost for a pair of equivalent secondarystructures S1

and S2 on positions i 1; :::; j 1 and i 2; :::; j 2 of sequencesA and B, wherethe
cost is the sum of the free energiesand a constrainedalignment cost.

3. C(i 1; j 1; i 2; j 2):
This is the minimum cost given that (i 1; j 1) 2 S1and (i 2; j 2) 2 S2 [which
meansthat (i 1; j 1) and(i 2; j 2) form basepairs]without consideringthe align-
ment costsof A[i 1],B[i 2] and A[j 1],B[j 2].

4. G(i 1; j 1; i 2; j 2):
This is the minimum costbetweenA[i 1; j 1] and B[i 2; j 2] given that A[i 1:::j 1]
and B[i 2:::j 2] are sub-regionsof a multi-lo op.
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The optimal scoreF (i 1; j 1; i 2; j 2) can be computed using dynamic program-
ming by consideringthe following cases:

� (i 1; j 1) and (i 2; j 2) form basepairs.
Therefore,F1(i 1; j 1; i 2; j 2)
= C(i 1; j 1; i 2; j 2) + D(i 1; i 1; i 2; i 2) + D(j 1; j 1; j 2; j 2)
= (minimum scorebetweenA[i 1; j 1] and B[i 2; j 2] w/o the alignment score)
+ (cost of aligning A[i 1] and B[i 2]) + (cost of aligning A[j 1] and B[j 2])

� Both (i 1; j 1) and (i 2; j 2) are not basepairs.
We subdivide the problem and Therefore,
F2(i 1; j 1; i 2; j 2)
= mini 1 � h1 � j 1 ;i 2 � h2 � j 2 f F (i 1; h1; i 2; h2) + F (h1 + 1; j 1; h2 + 1; j 2g

� There are no basepairs in thesesubsequences.
Therefore,F3(i 1; j 1; i 2; j 2) = D(i 1; j 1; i 2; j 2)= alignment scoreof A[i 1; j 1] and
B[i 2; j 2].

Therefore,F (i 1; j 1; i 2; j 2) = min f F1; F2; F3 g. That is,

F (i 1; j 1; i 2; j 2) = min

8
>><

>>:

C(i 1; j 1; i 2; j 2) + D(i 1; i 1; i 2; i 2) + D(j 1; j 1; j 2; j 2);

mini 1 � h1 � j 1 ;i 2 � h2 � j 2

�
F (i 1; h1; i 2; h2)+
F (h1 + 1; j 1; h2 + 1; j 2)

;

D(i 1; j 1; i 2; j 2):

Time complexit y In all, n4 entries of F (i 1; j 1; i 2; j 2) needto be computed. To
compute one entry, we require O(n2) time - this is becausefor the 2nd option
above, we have n2 choicesfor h1 and h2 and we needto computea minimum. In
all, the time complexity for the above computation is O(n6)

Now, let us look at how to computeC(i 1; j 1; i 2; j 2).
We can compute this scoreusing dynamic programming by consideringthe fol-
lowing cases:

� Hairpin loop
C(i 1; j 1; i 2; j 2) = H(i 1; j 1) + H(i 2; j 2) + D(i 1 + 1; j 1 � 1;i 2 + 1; j 2 � 1)
= Loop energyfor the hairpin loop formed at (i 1; j 1) in A
+ Loop energyfor the hairpin loop formed at (i 2; j 2) in B
+ Alignment cost of the subsequencesenclosedby thesehairpin loops

� Stacking pair, internal loop, bulge
In a stacking pair, internal loop or bulge,we look at the all possible(p1; q1)
in A and (p2; q2) in B such that (p1; q1) and (p2; q2) are base-pairsenclosed
by (i 1; j 1) and (i 2; j 2). Therefore,
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C(i 1; j 1; i 2; j 2) = mini 1<p 1<q 1<j 1 ;i 2<p 2<q 2<j 2

8
><

>:

L(i 1; j 1; p1; q1) + L(i 2; j 2; p2; q2)
+ C(p1; q1; p2; q2) + D(i 1 + 1; p1; i 2 + 1; p2)
+ D(q1; j 1 � 1;q2; j 2 � 1)

= loop energyof the internal loop formedby (i 1; j 1; p1; q1) + loop energyof
the internal loop formed by (i 2; j 2; p2; q2) + minimum energyof the struc-
ture formedby (p1; q1; p2; q2) + alignment costof aligning the subsequences
A[i 1 + 1; p1]; B [i 2 + 1; p2] and A[q1; j 1 � 1]; B [q2; j 2 � 1].

� Multi-lo op

This cost is recursively calculatedas follows:

C(i 1; j 1; i 2; j 2) = mini 1 � h1 � j 1 ;i 2 � h2 � j 2

�
G(i 1 + 1; h1; i 2 + 1; h2)+
G(h1 + 1; j 1 � 1;h2 + 1; j 2 � 1) + 2a

Therefore,

C(i 1; j 1; i 2; j 2) = min

8
>>>>>>><

>>>>>>>:

H (i 1; j 1) + H (i 2; j 2) + D(i 1 + 1; j 1 � 1; i 2 + 1; j 2 � 1);

mini 1<p 1<q 1<j 1 ;i 2<p 2<q 2<j 2

8
><

>:

L(i 1; j 1; p1; q1) + L(i 2; j 2; p2; q2)
+ C(p1; q1; p2; q2) + D(i 1 + 1; p1; i 2 + 1; p2)
+ D(q1; j 1 � 1;q2; j 2 � 1)

;

mini 1 � h1 � j 1 ;i 2 � h2 � j 2

�
G(i 1 + 1; h1; i 2 + 1; h2)+
G(h1 + 1; j 1 � 1;h2 + 1; j 2 � 1) + 2a

:

Time Complexit y In all, n4 entries of C(i 1; j 1; i 2; j 2) needto be computed. To
compute one entry, we require O(n2) time - this is becausefor the 2nd option
above, we actually have n4 choicesfor p1; q1 and p2; q2.However, to reduce the
time complexity, we constrain the choicesby applying the following condition:
p1 � i 1 + j 1 � q1 � 2 � U
p2 � i 2 + j 2 � q2 � 2 � U
and here, U is the maximum size of internal loops, which is a small constant
value. Hencewe have n2U2 choices,i.e. the time complexity for computing a
singleentry is O(n2). Therefore,the overall time complexity is O(n6).

Finally let us look at how G(i 1; j 1; i 2; j 2) is calculated. We have the following 3
cases:

� The multiple loopsarealigned,i.e., we �nd the cost that calculatesthe fold-
ing scorebetweenthe subsequencesA(i 1; j 1) and B(i 2; j 2) and the alignment
scoresof A[i 1] & B[i 2] and A[j 1] & B[j 2]
G(i 1; j 1; i 2; j 2) = C(i 1; j 1; i 2; j 2) + 2b+ D(i 1; i 1; i 2; i 2) + D(j 1; j 1; j 2; j 2)

� The multiple loopsand external regionsare aligned.
G(i 1; j 1; i 2; j 2) =
mini 1 � h1 � j 1 ;i 2 � h2 � j 2 (G(i 1; h1; i 2; h2) + (j 1 � h1 + j 2 � h2)c+ D(h1 + 1; j 1; i 2 +
1; j 2)
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G(i 1; j 1; i 2; j 2) = mini 1 � h1 � j 1 ;i 2 � h2 � j 2 ((h1 � i 1+ h2 � i 2+ 2)+ G(h1+ 1; j 1; h2+
1; j 2) + D(i 1; h1; i 2; h2))

� Perform recursionto combine the structurally equivalent parts.
G(i 1; j 1; i 2; j 2) = mini 1 � h1 � j 1 ;i 2 � h2 � j 2 (G(i 1; h1; i 2; h2) + G(h1 + 1; j 1; h2 +
1; j 2))

Therefore,

G(i 1; j 1; i 2; j 2) = min

8
>>>>>>><

>>>>>>>:

C(i 1; j 1; i 2; j 2) + 2b+ D(i 1; i 1; i 2; i 2) + D(j 1; j 1; j 2; j 2);

mini 1 � h1 � j 1 ;i 2 � h2 � j 2

8
>>>>><

>>>>>:

�
G(i 1; h1; i 2; h2) + (j 1 � h1 + j 2 � h2)c
+ D(h1 + 1; j 1; i 2 + 1; j 2)

;

G(i 1; h1; i 2; h2) + G(h1 + 1; j 1; h2 + 1; j 2);�
(h1 � i 1 + h2; i 2 + 2)c+
G(h1 + 1; j 1; h2 + 1; j 2) + D(i 1; h1; i 2; h2)

:

Time Complexit y In all, n4 entries of G(i 1; j 1; i 2; j 2) needto be computed. To
compute oneentry, we require O(n2) time - this is becausefor the 2nd, 3rd and
4th options above, we needhave n2 choicesfor h1 and h2 and we needto compute
a minimum. In all, the time complexity for the above computation is O(n6).

In total the problem can be solved in O(n6) time.

6.2.3 Initial Condition

We assignthe maximum cost if the pair of subsequencesdo not have a common
structure. Therefore,
C(i 1; j 1; i 2; j 2) = 1 G(i 1; j 1; i 2; j 2) = C(i 1; j 1; i 2; i 2) = 1

6.3 Inferring RNA Structure

We have seen,how to predict RNA secondarystructure by comparing two ho-
mologousRNA plain sequences.Now, we will considerthe problem of comparing
RNA plain sequenceS with a RNA structure T and infer the structure of S.

We are given two RNA sequencesS[1::n] and T[1::m] and we have the nested
structure "P" for S.The problemis to infer the structure Q of "T" which satis�es
the conditions: (S, P)and (T, Q) has the largest weighted commonsubstructure
(de�ned in Section6.3.1).

6.3.1 Score Function

If wealign two RNA sequencesS[1::n] andT[1::m], then weinducea commonsub-
structure on T. To indicate the relationship betweenthe corresponding matching
arcsor matching bases,we de�ne two scorefunctions as follows:

� For u; v 2 �, let � (u; v) be the similarit y of u and v.
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For example,� (u; v) = 1 if u = v and 0 otherwise. For instance,� (A; A) =
1; � (A; G) = 0.)

� For a;b 2 � � �, let � (a;b) be the similarit y of a and b.

For example,� (a;b) = 1 if both a and b are complementary base-pairsand
0 otherwise. (For instance,� ((A; U); (C; G)) = 1.)

Wehavean example(seeFigure 6.3) to show the scorefunctionsclearly. Thereare
two matching arcsandonematching basebetweentwo RNA sequence(\AUGCCA"and
\CUUCAA").
� (C; C) = 1; � ((U; A); (U; A)) = 1; � ((G; C); (U; A)) = 1.

The bestcommonsubstructurehasscore= 3. This infer a secondarystructure
for the secondRNA sequence(\CUUCAA"). Oncewe get the best alignment, we
get the largest commonsubstructure of the two RNA sequence.

Figure 6.3: best commonsubstructure

6.3.2 Preliminaries

Denote D[i; i 0; j; j 0] be the scoreof the largest weighted common substructure
between(S[i; i 0]; P[i; i 0]) and (T[j; j 0]; Q[j; j 0]) amongevery possiblestructure Q.
D(i; i � 1; j; j � 1) = D(i; i 0; j; j � 1) = D(i; i � 1; j; j 0) = 0 for 1 � i < i 0 � n and
1 � j < j 0 � m.

We have the following de�nitions, which is illustrated in Figure 6.4.

� For any arc u 2 P, u` and ur are left and right endpoint of u. u(i ) is the
arc in P incident on position i and u(i ) is � if position i is free.

A position i is de�ned to be coveredby an arc u = (i 1; j 1) 2 P if there is no
arc (i 2; j 2) 2 P such that i 1 < i 2 < i < j 2 < j 1; and either i is free or i = u(i )r .

DenoteCu asthe setof positionscoveredby arc u. For example,in Figure 6.5,
all the nodes covered by u = (1; 16) are of color gray. In other word, Cu =
f 2; 6; 11; 12; 14; 15g. Note that, every node is only coveredby onearc, so

P
u Cu �

n.
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Figure 6.4: de�nition

Figure 6.5: coveredpositions

6.3.3 Transformation

To easethe discussion,we make the following transformation:

� Insert x beforeand after S(i.e. S = xSx) wherex is an extra symbol not
exists in the alphabet. Similar for T, that is, set T be xT x.

� Include an arc betweenthe two x into P.

Then we get the transformed S which contains an arc betweenthe �rst and
the last symbols. The inferred RNA structure for the problem are the same.We
do this transformation to include the matching basesoutside the outermost arc.
Figure 6.6 shows the exampleto explain why they are the same.After we get the
secondarystructure of xT x[1::m], we must remove the �rst and the last x from
xT x to recover the solution.

6.3.4 Algorithm and Complexit y

Algorithm: We use dynamic programming to solve this problem. The basic
idea is as follows: for each arc u = (i 1; i 2) 2 P from inner to outer, we compute
D(i 1; i 2; j; j 0) for 1 � j � j 0 � m using two steps.
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Figure 6.6: transformation

1. Step 1: Let i = i 1 + 1. For every i 0 2 Cu, computeD(i; i 0; j; j 0) for 1 � j �
j 0 � m.

2. Step 2: Basedon the valuesin Step 1, compute D(i 1; i 2; j; j 0) for 1 � j �
j 0 � m

Finally, D(i 1; i 2; 1; m), where(i 1; i 2) is the outermost arc of S, storesthe length
of the longestcommonsubstructure. The actual structure can be found through
tracing back the matrix D.
Step 1: Let i = i 1 + 1. For every i 0 2 Cu, in increasing order, computer
D(i; i 0; j; j 0) for i � j � j 0 � m.

If i 0 is free, we have the following recursive equation.

D(i; i 0; j; j 0) = max

8
><

>:

D(i; i 0 � 1; j; j 0 � 1) + � (S[i 0]; T[j 0]); T[j'] is not a arc base
D(i; i 0 � 1; j; j 0); S[i] mapsto a space
D(i; i 0; j; j 0 � 1): T[j'] mapsto a space

� D(i, i'-1;j, j'-1)+ � (S[i'], T[j']):When both S[i'] and T[j'] are unpaired base,
ie. i' and j' are both free,we have the scorefunction to check if S[i']=T[j'].

� D(i, i'-1;j, j'): S[i'] mapsto a space.

� D(i, i';j, j'-1): T[j'] mapsto a space.

If i'= u(i 0)r , we partition the problem into two subproblems. Figure 6.7 shows
how we subdivide the problem.
D(i; i 0; j; j 0) = maxj � j 00� j 0+1 f D(i; u(i 0)` � 1; j; j 00� 1) + D(u(i 0)` ; i 0; j 00; j 0)

� maxf D(i; u(i 0)` � 1; j; j 00� 1) + D(u(i 0)` ; i 0; j 00; j 0)g: When i 0 = u(i 0)r , we
divide S[i::i 0] into two parts, which is S[i; u(i 0)` � 1] and S[u(i 0)` ::i0]. Either
S[u(i 0)` ::u(i 0)r ] does not mapped to anything or it mapped to a partial
secondarystructure generatedfrom interval (j 00; j 0) for somej 00.

Step2: Basedon the values in Step 1, we compute D(i 1; i 2; j; j 0) for 1 � j �
j 0 � m. We can generatethe largest common substructure between S and T
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Figure 6.7: subdivision of Step1

through backtracking. The basepairs of T in the commonsubstructure form the
secondarystructure of T.

D(i 1; i 2; j; j 0) = max

8
>>>>><

>>>>>:

D(i 1 + 1; i 2 � 1; j + 1; j 0 � 1) + � ((S[i 1]; S[i 2]); (T[j ]; T[j 0]));
if(S[i 1]; S[i 2]) and (T[j ]; T[j 0]) are complementary
D(i 1 + 1; i 2 � 1; j; j 0);
D(i 1; i 2; j; j 0 � 1);
D(i 1; i 2; j + 1; j 0):

� D(i 1 + 1; i 2 � 1; j + 1; j 0 � 1) + � ((S[i 1]; S[i 2]); (T[j ]; T[j 0])): In this case,
both (S[i 1]; S[i 2]) and (T[j ]; T[j 0]) are two complementary base-pairs.

� D(i 1 + 1; i 2 � 1; j; j 0): We drop the arc here.

� D(i 1; i 2; j; j 0 � 1): T[j 0] mapsto a space.

� D(i 1; i 2; j + 1; j 0): T[j ] mapsa space.

We �nd the maximum amongthesecases.

Time Complexit y: We analyzethe time complexitiesof two stepsseparately.

Step1: For every arc u 2 P1, we needto �ll in jCu jm2 entries. Each entry can
be computed in O(m) time. For all arcs, the total number of entries is
P

u(jCu jm2) = nm2. So the total time for Step 1 is O(nm3).

Step2: We needto �ll in nm2 entries. Each entry takesO(1) time. Sototal time
for Step2= O(nm2).

6.4 Comparing two RNAs

Similar to DNA sequencecomparisonproblems, we can use edit operations to
compare RNAs.Three edit operations can be performed, which are de�ned as
following:
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� Relabel: relabel an unpaired baseor a base-pair

� Delete: deletean unpaired baseor a base-pair

� Insert: insert an unpaired baseor a base-pair

An edit operation is represented as x ! y, wherex and y are either a base-pair
or an unpaired base. � meansan empty position. For example:

� Relabel: (A; U) ! (G; C), A ! C

� Delete: (A; U) ! �, A ! �

� Insert: � ! (C; G), � ! A

Theseoperationscanbe operatedon basepair or unpairedbase.When operating
to a pair, in sequencelevel, this meansthe two baseschangesat the sametime.
When inserting a pair, we require that the elements in S are non-crossingafter
the insertion.

6.4.1 Edit Distance

We can transform U1 to U2 using a sequenceS of edit operations s1; s2; : : : ; sk .
We de�ne 
 (x! y) be the cost of an edit operation, then the cost of a sequence
S of edit operations 
 (S)=� i =1 ::n (si ). The edit distance between U1 and U2 is
the minimum cost of edit operation sequencethat transforms U1 to U2. Table
6.1 shows the time complexity that neededto compareplain, nestedand crossing
sequences.

� When both U1 and U2 are plain sequences,ordinary sequencecomparison
can be donein O(nm) time;

� When U1 is plain and U2 is nestedor crossing,we have to deleteall the arcs
in U2 and convert it to a plain sequence,then we comparethe transformed
U2 with U1 using a ordinary sequencecomparison. This can be done in
O(nm) time;

� When both U1 and U2 are nested, they can be represented as an ordered
tree, which will be discussedin the next section.

� When both U1 and U2 are crossing,it becomesa NP-completeproblem.

Below is the table that showsthe time complexitiesfor di�eren t possiblescenarios
in RNA comparisonproblem.
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Plain Nested Crossing
Plain O(mn)
Nested O(m2n logn) OR O(mn colldepth(U1)colldepth(U2))
Crossing NP-complete

Table 6.1 TransformingTime Complexity

6.4.2 Ordered Tree

Treesareamongthe most commonand well-studiedcombinatorial structures[10].
In computational biology, computing the similarit y betweentrees under various
distancemeasuresis usedin the comparisonof RNA secondarystructures [7, 6].
In this section, we will show how an ordered tree is used for RNA structures
comparison.
Let T be a ordered tree. Ordered tree is a rooted tree in which every node is
labelled with a number called the order. The order of the nodes in an ordered
tree is signi�cant. The de�nition of the nodes' order is recursive: for all nodesin
an orderedtree, �rst label its children from left to right, and then label the root
of the node. Then the root always has the largest order.

In this section, the tree edit distance problem is basedon simple primitiv e
operationsapplied to orderedtree. We cande�ne the tree edit operationssimilar
to the sequenceedit operation as following:

� Relabel (x ! y): changethe label of a node in T from x to y

� Delete(x ! �): Deletea non-root node x in T, making the children of the
node x becomethe children of the parent of x and then removing x.

� Insert (� ! x): complement of delete,inserting a node x asa child of node
y, and making x being the parent of the original children of node y

Tree edit distance We use
 (x ! y) to denotethe cost of the tree edit opera-
tions. Orderedtree edit distanceproblem is de�ned asfollows: given two ordered
treesT1 and T2, we can transform T1 to T2 by a sequenceof tree edit operations.
The ordered tree edit distance betweenT1 and T2 is the minimum cost of tree
edit operation sequencethat transforms T1 to T2.

Figure 6.8 shows an exampleof orderedtree transformation. First one node
is relabelled from C to A, and then a node labelled with "A U" is deleted. If the
cost of each operation is 1, the edit distancebetweenT1 and T2 is 2.

6.4.3 Nested Sequence VS Ordered Tree

Ordered Tree is a powerful tool for structure comparison. Nestedsequencecan
be modelled as an OrderedTreeas follows.
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� Each base-pairof a nestedsequenceis represented by a node; and unpaired
baseis also represented by a node

� Node y is a descendent of node x in OrderedTree if the region represented
by y is a sub-regionof the region represented by x in nestedsequence.The
order of the nodesshould preserve the order of the corresponding regions.

Examples of nested sequenceand its corresponding ordered tree are shown in
Figure 6.8.

Figure 6.8: Transformation of NestedSequencesVS OrderedTree

Examining each of the operations de�ned on the nestedsequencesand ordered
trees in Figure 6.8, we can observe that there is an one-to-onecorrespondence
between the tree edit operations de�ned on the ordered tree and the sequence
edit operations de�ned on the sequence.Therefore,we get the following lemma
from the observation.

Lemma 6.1 The edit distance between the two nested sequences = the edit dis-
tance between the corresponding ordered trees

6.5 Algorithm for Ordered Tree Edit Distance

This sectiondescribesonecommon-usedalgorithm for orderedtree edit distance
problem. Supposethere are two treesT1 and T2.

Let's de�ne n = jT1j; m = jT2j, assumingn < m, and de�ne L i = l[Ti ] f l is
the number of leavesg, D i = m[Ti ] f m is the depthg .

The ordered tree edit distance problem was introduced by Tai [8] as a gen-
eralization of the well-known string edit distanceproblem [9]. Tai presented an
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algorithm for the orderedtree using O(nmL 2
1L 2

2) time and space.Subsequently,
Zhangand Shasha[7] improved Tai result by presenting an algorithm which uses
O(nmcolldepth(T1)colldepth(T2)) time, wherecolldepth(T) = min f depth(T); leaves(T)g
and O(nm) space.This algorithm was modi�ed by Klein [Kle98] to get a better
worst casetime bound of O(n2mlogm) under the samespacebounds. Recently,
Chen [Che01]haspresented an algorithm using O(nm + L 2

1m + L 2:5
1 L 2) time and

O((n + L 2
1)min (L 2; D2) + m) space. This algorithm usesresults on fast matrix

multiplication and is more complexthan all of the above algorithms.
This lecture gives a simple algorithm �rst, and then Zhang and Shasha's

algorithm is introducedto improve the time complexity.

6.5.1 Some de�nitions

� Postorder num bering: For any tree T, T[i] is referred to be the i-th
node accordingto the left-to-right postorder numbering. Figure 6.9 shows
an example, where the tree is being numbered from left sub-tree, right
sub-treeand �nally the root.

 


 


T[1]
 


T[4]
 


T[7]
 


T[6]
 


T[2]
 
 T[3]
 


T[5]
 


Figure 6.9: PostorderNumbering

� Ordered Forest: An orderedforest is a set of sub-treeswith order from
left to right. For any i < j , T[i::j ] de�nes an orderedforest. Note that T[i ]
is the leftmost leaf of the leftmost tree in the forest T[1::j ] while T[j ] is
the root of the rightmost tree in the forest T[1::j ]. Figure 6.10shows some
examples.

� l(i ): For any i , denotel(i ) be the leftmost leaf of the subtreerooted at i .

Note that T[l(i )::i ] represents the subtreerooted at i . For example,l(6) = 2
for the tree in Figure 6.9. Figure 6.10(b) shows the subtreeT[l(6)::6]
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Figure 6.10: OrderedForest for the tree in Figure 6.9

6.5.2 A simple algorithm

Let f dist(i; i 0; j; j 0) bethe edit distancebetweenT1[i::i 0] andT2[j::j 0]. The edit dis-
tancebetweenT1 and T2 is f dist(1; n; 1; m) wheren = jT1j and m = jT2j. The fol-
lowing two lemmasshow the basecaseand the recursive casefor f dist(i; i 0; j; j 0).

Lemma 6.2 � f dist(i; i 0; j; j 0) = 0 if i > i 0 and j > j 0

� f dist(i; i 0; j; j 0) = f dist(i; i 0 � 1; j; j 0) + 
 (T1[i 0]; �) for i � i 0; j > j 0

� f dist(i; i 0; j; j 0) = f dist(i; i 0; j; j 0 � 1) + 
 (� ; T2[j 0]) for i > i 0; j � j 0

Pro of: T1[i::i 0] and T2[j::j 0] are both orderedforests,which implies that they
follow the postorder numbering. This meansi � i 0 and j � j 0. Therefore for
Case1, if i > i 0 and j > j 0, this meansthe treesare empty. Then the algorithm
doesnot apply and the cost equals0. For Cases2 and 3, there is oneempty tree
in each case.It will recursively deleteanother tree to an empty tree respectively.

Lemma 6.3 For i � i 0, j � j 0,

f dist(i; i 0; j; j 0) = min

8
>>><

>>>:

f dist(i; i 0 � 1; j; j 0) + 
 (T1[i 0]; �) DeleteT1[i 0]
f dist(i; i 0; j; j 0 � 1) + 
 (� ; T2[j 0]) Insert T2[j 0]
f dist(i; l (i 0) � 1; j; l (j 0) � 1) + f dist(l(i 0); i 0 � 1; l(j 0); j 0 � 1)+

 (T1[i 0]; T2[j 0]) Otherwise,replace T1[i 0] by T2[j 0]

Pro of: The objective is to �nd out the edit distancebetweenT1[i::i 0] and T2[j::j 0]
with the minimum cost, therefore the algorithm select the minimum cost from
the above 3 cases. For Cases1 and 2, the cost will be a delete operation and
insert operation respectively betweenT1[i::i 0] and T2[j::j 0], and the formula are
straightforward. If we don't delete T1[i 0] or insert T2[j 0], then we must relabel
T1[i 0] to T2[j 0], which is Case3. Case3 requiresoperation for both forestsT1 and
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T2. Aside from relabelling one node in each tree, we needto perform separate
lookups for the forests to the left of T1[i'] and T2[j'] and for the descendants
of T1[i'] and T2[j']. This gives the third recursive equation. Figure 6.11 below
illustrates the operation for Case3.

 


 


l(i’)
 
i
 
 l(j’)
 
j
 


T1[i..l(i’)
-
1]
 
 T1[l(i’)..i’
-
1
]
 
 T2[j..l(j’)
-
1]
 
 T2[l(j’)..j’
-
1]
 


Figure 6.11: Recursive algorithm illustration

Time complexit y Sincen = jT1j and m = jT2j, table fdist has n2m2 entries.
Each entry can be computed in O(1) time. Thereforethe total time is O(n2m2).

6.5.3 Zhang and Shasha's algorithm: Impro ving the time
complexit y

Lemma 6.2 and 6.3 de�ne a dynamic program to solve the ordered tree edit
distanceproblem with O(n2m2) time. In fact, the table fdist is sparseand we do
not needto �ll all the entries in the table. Basedon this observation, Zhangand
Shashadeveloped an algorithm [7] to improve the time complexity.

Let's denoteanc(i ) be the set of ancestorsof i . We �nd that it is unnecessary
to compute f dist(i; i 0; j; j 0) for all i; i 0 2 T1 and j; j 0 2 T2. Instead, we only need
to computef dist(l(i 0); i ; l (j 0); j ) for all i 2 T1; j 2 T2; i 0 2 anc(i ), and j 0 2 anc(j ).

Note that for every nodesi 2 T1 and j 2 T2, we have janc(i )j � depth(T1) and
janc(j )j � depth(T2). Thus, we only needto computeO(nm depth(T1)depth(T2))
f dist values!

Denote tdist (i; j ) be the edit distancebetweensubtreesof T1 and T2 rooted
at i and j respectively. Also note that tdist (i; j ) = f dist(l(i ); i ; l (j ); j ) The aim
of the algorithm is to compute tdist (n; m). The following two lemmasshow the
recursive equationsto compute f dist(l(i 0); i ; l (j 0); j ) for i 0 2 anc(i ); j 0 2 anc(j ).

When i = i 0 and j = j 0, we have the following lemma.

Lemma 6.4



Lecture 6: RNA structure comparison- November 3, 2006 6-17

tdist (i; j ) = f dist(l(i ); i ; l (j ); j ) = min

8
><

>:

f dist(l(i ); i � 1; l(j ); j ) + 
 (T1[i ]; �)
f dist(l(i ); i ; l (j ); j � 1) + 
 (� ; T2[j ])
f dist(l(i ); i � 1; l(j ); j � 1) + 
 (T1[i ]; T2[j ])

Pro of: Basedon Lemma 6.3, we have

f dist(l(i ); i ; l (j ); j ) = min

8
>>><

>>>:

f dist(l(i ); i � 1; l(j ); j ) + 
 (T1[i ]; �)
f dist(l(i ); i ; l (j ); j � 1) + 
 (� ; T2[j ])
f dist(l(i ); l (i ) � 1; l(j ); l (j ) � 1) + f dist(l(i ); i � 1; l(j ); j � 1)+

 (T1[i ]; T2[j ])

For the last case,the term f dist(l(i ); l (i )� 1; l(j ); l (j )� 1) is 0 becausel(i )� 1 <
l(i ) and l(j ) � 1 < l(j ). Thus, the lemma follows.

When i 6= i 0 or j 6= j 0, we have the following lemma.

Lemma 6.5

f dist(l(i 0); i ; l (j 0); j ) = min

8
><

>:

f dist(l(i 0); i � 1; l(j ); j ) + 
 (T1[i ]; �)
f dist(l(i 0); i ; l (j ); j � 1) + 
 (� ; T2[j ])
f dist(l(i 0); l(i ) � 1; l(j 0); l(j ) � 1) + tdist (i; j )

Pro of: The following two inequalitiesarecorrect, sincethe former distancecorre-
spondsto the cost of a minimum cost mapping while the latter expressionstands
for a particular and possibly suboptimal mapping betweenT1 and T2.

f dist(l(i 0); i ; l (j 0); j ) � f dist(l(i 0); i � 1; l(j 0); j � 1) + tdist (i; j ) (6.1)

tdist (i; j ) � f dist(l(i ); i � 1; l(j ); j � 1) + 
 (T1[i ]; T2[j ]): (6.2)

Basedon Lemma 6.3, we have

f dist(l(i 0); i ; l (j 0); j ) = min

8
>>><

>>>:

f dist(l(i 0); i � 1; l(j 0); j ) + 
 (T1[i ]; �)
f dist(l(i 0); i ; l (j 0); j � 1) + 
 (� ; T2[j ])
f dist(l(i 0); l(i ) � 1; l(j 0); l(j ) � 1) + f dist(l(i ); i � 1; l(j ); j � 1)+

 (T1[i ]; T2[j ])

According to Inequality (6.1), we introduceCase4 to the recursive equation.

f dist(l(i 0); i ; l (j 0); j ) = min

8
>>>>><

>>>>>:

f dist(l(i 0); i � 1; l(j 0); j ) + 
 (T1[i ]; �)
f dist(l(i 0); i ; l (j 0); j � 1) + 
 (� ; T2[j ])
f dist(l(i 0); i � 1; l(j 0); j � 1) + f dist(l(i ); i � 1; l(j ); j � 1)+

 (T1[i ]; T2[j ])
f dist(l(i 0); i � 1; l(j 0); j � 1) + tdist (i; j )

Basedon Inequality (6.2), Case4 of the recursionequationis always smallerthan
Case3 of the recursion equation. The recursion equation can be simpli�ed by
removing Case3. The lemma follows.

Time complexit y For every i 2 T1; j 2 T2, for i 0 2 anc(i ); j 0 2 anc(j ),
f dist(l(i 0); i ; l (j 0); j ) can be computed in O(1) time. And for every node in an
orderedtree, it hasat most depth(T) ancestorsobviously. Then we only needto
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compute O(nm depth(T1)depth(T2)) fdist-values, the time complexity is O(nm
depth(T1)depth(T2)). The analysishereis simpli�ed. Actually, the time complex-
it y shouldbe O(nm colldepth(T1)colldepth(T2)). The details can be found in [7].
This algorithm has a very high time complexity in the worst case,however, it
runs fast and takesabout O(nm) time in practice, sincegenerally colldepth(T)
is quite small. Although somealgorithms have a lower time complexity in the
worse casetheoretically, such as those in [Kle98] and [Che01], they run slower
in practice, or more complex techniques are required. This makes Zhang and
Shasha'salgorithm common-usedin practice.

6.6 New algorithms for order tree distance

The previous section introduced RNA edit distance. This section describe a
dynamic programming approach to calculate alignment distance of two RNA
secondarystructures. This algorithm was proposedby [21] and [22].

6.6.1 De�nition of forests alignmen t

Given two orderedforestsF and G, we de�ne their global alignment is a forest T
such that:

� Every node of T is a pair (x; y) such that x is either a node in F or a space,
y is either a node in G or a space.

� Every node of G and F have to appear in exactly oneof node of T.

� For every node x and y in F, if x is a ancesterof y in F, then (x; z) is also
an ancesterof (y; t) in T for any z; t 2 G.

� For every node x and y in G, if x is a ancesterof y in G, then (z; x) is also
an ancesterof (t; y) in T for any z; t 2 F .

If (x; y) is a node in T, we say x is aligned with y. We de�ne a scoringfunction
for alignment of every pairs (x; y). Usually the more similar x and y are, the
higher their scoreis. Our problem is to �nd the way to align two orderedforests
to maximize their score.
Figure 6.12 is an exampleof alignment.

6.6.2 Notations

Given two RNA secondarystructures, we build orderedtrees/forestsfor each of
them. We call theseF, G are orderedforestscorresponding to two sequences.
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Figure 6.12: Example of global alignment of two forests. G and F are aligned
in to (c). If the alignment scoresare de�ned � (x; x) = 3; � (x; y) = � 1; � (x; ) =
� 2; � (;x) = � 2) then the total scoreis 2.

For every internal node in the tree, we de�ne an ordering of from left to right of
its children.

� In a forest F, for any two children u and v of a certain node: Let (u..v) be
the sibling interval, that is, the set of siblings which are to the right of u
and to the left of v, inclusively.

� Let S(F) be the set of all siblingsintervals of F. Let jF j be number of nodes
in F, deg(F) be degreeof F which is the maximum number of children of
any internal node. We claim the following inequality:
S(F) � jF jdeg(F)
Pro of: We denotedeg(u) is the number of children of node u in F.
S(F ) =

P
u2 F deg(u) �

P
u2 F deg(u)deg(F ) = deg(F )

P
u2 F deg(u) = deg(F )jF j

The �nal term
P

u2 F deg(u) is the total number of children of all internal
nodeswhich equalsto the number of nodesof F.

� � (x; y) is the edit function that givesscoreof aligning two charatersor two
edgesx in F with y in G. Note that x and y can be space. For instance:
� (A; A) = 2, � ((A; T); (C; G)) = 2, � (A; C) = � 1

� For every node u in F, let e(u) be the rightmost sibling of u.

� Given a forest F, for any sibling interval (ui ::uj ) is called a closedforest
which is denotedasF [ui ::uj ] which consistingof all subtreesof F rooted at
(ui ::uj ). Example�gure 6.13(b)showsa closedsubforestF [u3::u4] obtained



Lecture 6: RNA structure comparison- November 3, 2006 6-20

�

Figure 6.13: Example of closedsubforestand gapped subforest. Figure (a) is the
forest F. Figure (b) is the closedsubforestF [u3::u4]. Figure (c) is the gapped
subforestF[u1..u1]-(F[u3..u3], F[u9..u9], F[u15..u15], F[u18..u19])

from F (�g 6.13(a)) by unioning subtreesrooted at u3 and u4.
Example6.14and6.15show other closedsubforestand its equivalencein the
RNA structure. The roots arenot necessarybe the children of the root of F.

� Given a forest F, a forest F' is called a gapped subforestof F if F' can be
obtainedfrom F[u..v] by removing a setC of closedsubforestswhereno two
closedsubforestsbelongingto C have the sameparent node. Figure 6.13(c)
shows and exampleof gapped subforestobtained from 6.13(a)by removing
somesubtrees.Figure6.16showsanotherexampleand its equivalencein the
structure and RNA.

� sim(G,F) is the function to calculate maximum alignment distance of G
and F.

� In a forest F, for any u in F.
Let uL and uR be the leftmost and righmost children, respectedly, of u.
Let ru be the right sibling of u.
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�

Figure 6.14: Example of closedsubforest

�

Figure 6.15: Example of closedsubforest
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�

Figure 6.16: Example of gapped subforest

Let lu be the left sibling of u.

6.6.3 Problem and algorithm

Here we introducetwo problem

� Local closedsubforestproblem: lcsf(F,G).
Given two forestsF and G. We have to report closedsubforestF' and G'
of F and G respectedly to maximize sim(F',G').

� Local gapped subforestproblem: lgsf(F,G).
We have to �nd gapped subforest F' and G' of F and G to maximize
sim(F',G').

A substructure of a RNA sequenceis subgraph consisting of basesconnected
by base pairs and backbone. Closed subforest is a good way to represent a
substructure of RNA. Gapped subforestrepresent all connectedsubstructure of
a RNA. Thus, gapped subforestis a better representation than closedsubforest.
Herewe only describe the algorithm to solve lcsf. The readerand �nd algorithm
for lgsf in [22].

Lemma 6.6 Let B [u; v] = max(u::u 0)2 S(F );(v::v0)2 S(G) f sim(F [u::u0]; G[v::v0])g: We
havethe following: lcsf (F; G) = maxf B [u; v]ju 2 F; v 2 Gg:

Pro of: : lcsf(F,G)= max(u::u 0)2 S(F );(v::v0)2 Gf sim(F [u::u0]; G[v::v0])g = maxf B [u; v]ju 2
F; v 2 Gg:
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Figure 6.17: We have to align all the children of u with all the childrens of v. For
the right sibling of u and v, we �nd the maximum alignment from r(u) and r(v)

Lemma 6.7 .

B[u,v]= max

8
><

>:

� (u; v) + GD[uL ::uR ; vL ::vR ] + maxf B [r (u); r (v)]; 0g
� (u; � ) + maxv02 v::vR f GD[uL ::uR ; v::v0] + maxf B [r (u); r (v0)]; 0gg
� (� ; v) + maxu02 u::u R f GD[u::uR ; vL ::vR ] + maxf B [r (u0); r (v)]; 0gg

where GD[u..u',v..v']=sim(F[u..u'],G[v..v']). GD tablecan be computed sepa-
rately.

Pro of: In order to calculateB[u,v], we needto consider3 cases:

� Node u in F is aligned with v in G (�gure 6.17)

� Node u in F is aligned with space(�gure 6.18)

� Node v in G is aligned with space(�gure 6.19)

6.6.4 Time and space analysis

Theorem 6.8 lcsf(F,G) can be computed in

� O(jF jjGj((deg(G) + deg(F )2) time and

� O(jF jjGj(deg(G) + deg(F )) space.

Pro of:
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Figure 6.18: We have to align all the children of u with someright siblings of v
(from v to v'). For the right sibling of u and the rest of right siblings of v, we
�nd the maximum alignment from r(u) and r(v').

Figure 6.19: We have to align all the children of v with someright siblings of u
(from u to u'). For the right sibling of v and the rest of right siblings of u, we
�nd the maximum alignment from r(u') and r(v)
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� Space:
There are O(jF jjS(G)j + jGjjS(F )j) GD[] values. Hence,the spaceto store
all GD[] valuesis O(jF jjGj(deg(G) + deg(F )).

� Time:

{ All GD[] valuescanbe computedin O(jF jjGj(deg(G) + deg(F )2) time.

{ Each B[] value can be computed in O(deg(G) + deg(F )) time. All B[]
valuescan be computed in O(jF jjGj(deg(G) + deg(F )) time.

{ Finally, lcsf(F,G) can be computedusing additional O(jF jjGj) time.

In total weneedO(jF jjGj(deg(G)+ deg(F )2) time to computemax(sim(F',G'))
with F' and G' are subforestsof F and G respectedly.

6.6.5 Results for lgsf

This resultsare from J. Jansson,T. H. Ngo, and W. K. Sung(ISAAC 2004)[22]:

� Time complexity O(jF jjGjdeg(F )deg(G)(deg(G) + deg(F ))

� Spacecomplexity O(jF jjGjdeg(F )deg(G))
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