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5.1 Intro duction

People believe that many widely divergent organismsare decendedfrom a
common ancestor through a processcalled ewlution. Evolution is a pro-
cessthat results in inheritable changesin the properties of populations of
organismsthat spreadover many generations. Sincethe changesare inher-
itable, scierists concludethat there must be somechangesin the genome
of these organismsthat correspnd to eat ewlutionary change. Knowing
this fact, biologists start comparingthe genomesof two organismsin order
to understandthe geneticrelationship and ewlutionary linkagebetweenthe
two organisms.

It is found that two closelyrelated speciessharea lot of genepairs. One
exampleof two closelyrelated speciesis mouseand human. Pleaserefer to
Table 5.1 [10] for the number of genepairs they share.

5.1.1 Why whole genome alignmen t?

For the reasonmertioned above, now our objectiveis to nd a method that
can help us to comparethe whole genomesof two speciesand to extract all
the consered genepairs they share. One possibleway to accomplishthe
task is to perform wholegenomealignment Beside nding all the consened
genepairs, whole genomealignmert is also usefulto help us performing the
following functions:

to nd orthologousregionshetweentwo genomes,

to do strain-to-strain or ewlutionary comparison,
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MouseChr No. | Human Chr No. | # of Published GenePairs | # of MUMs
2 15 51 96,473
7 19 192 52,394
14 3 23 58,708
14 8 38 38,818
15 12 80 88,305
15 22 72 71,613
16 16 31 66,536
16 21 64 51,009
16 22 30 61,200
17 6 150 94,095
17 16 46 29,001
17 19 30 56,536
18 5 64 131,850
19 9 22 62,296
19 11 93 29,814

Table 5.1: Mouseand Human Sharea lot of GenePairs

to study genomicduplications,

to analyzesyntenic chromosomalregions.

As we shall seelater, not all commonsubsequencesf the two genomegound
are publishedgenepairs. It opensan opportunity for biologiststo study these
excessie ndings and possiblyto discover new genes.

Coverage| Preciseness

MUM 100% | Many falsepositives
LCS (MUMmerl) Very less | Not many false positives
Clustering (MUMmer3) 76.6% 26.5%

Mutation-Sensitive Alignment | 91.3% 29.3%

Table 5.2: Coverageand Precisenes®f MUM, MUMmerl, MUMmer3, and
MSA
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5.1.2 Why not use standard pairwise metho ds?

The standard sequencelignmert methods are not usedbecauseof the fol-
lowing reasons:

1. Dierent featuresthat we are looking at

Standard alignmert: only point mutation, insertion and deletion
can be obsened.
Genomealignmert: we can also learn about transposition, large
insertion/deletion, syntenic blocks, etc.

2. Resourcdimitation

Given all the available resourcestoday, it is infeasibleto align
whole genomesusing standard methods. Their time and space
complexity aretoo high, that it takesustoo much time and space
if we employ those methods.

52 The MUM System

5.2.1 Denition of MUM

Although a pair of consened genesrarely cortain the sameertire sequence,
they sharea lot of short common substrings and someof them are indeed
unique to this pair of genes. For example, considerthe following two se-
guencesSand T:

S= acgactc a gctact ggtcagctattacttaccgat
T = actt ctct gctacggtcagctattc acttaccgcd

It is clear that sequencesS and T have many commmon substrings, they
are ac, ctc, gctac, ggtcagctatt, and acttaccgc. Among those v e common
substrings, ac is the only substring that is not unique. It occurs more than
oncein both sequencesYou can alsoobsene that actually a, c, t, and g are
commonsubstringsof Sand T. Howewer, they are not maximal, i.e. they are
contained in at least onelonger commonsubstrings. We are only interested
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in thosethat are of maximal length.

Our aim is to seard for all theseshort commonsubstrings. Given genomes
A and B, we needto nd all common substrings which are unique and of
maximal length. Eacdh of sudh common substringsis known as Maximum
Unique Match (MUM). For almost every consered genepairs, there exist at
leastone MUMs which are unique to them.

So, it is clear that Maximal Unique Match (MUM) have the following two
properties:

It occursexactly oncein both genomesA and B (unique to both A and
B)

It is not cortained in any longer MUMSs (it is of maximal length)

De nition 5.1 Maximal Unique Match(MUM) substringis a common sub-
string of the two genomesthat is longer than a speci ¢ minimum length d
suchthat it is maximal, that is, it cannot be extende on either end without
incurring a mismatch and it is unique in both sequenes. (By default, d =
20.)

For example,assumingd = 3, sequencess and T in the previous example
has four MUMs: ctc, gctac, ggtcagctatt, acttaccgc. Substring ac is not an
MUM becausets length is smaller than the value of d and it is not unique
to both sequences.

S = acgactc a gctact ggtcagctattacttaccgat
T = actt ctct gctacggtcagctattc acttaccgch

Consideranother example,for S = acgat# and T = cgta$, assumingd = 1,
there aretwo MUMs: cgandt. Howewer, ais not an MUM becausat occurs
twicein S.

S=acgat#
T =cgt a$
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The conceptof MUM is important in whole genomealignmert becausea
signi cantly long MUM is very likely to be part of the global alignmert.

5.2.2 How to nd MUMs

In this section,we presen two methodsto nd MUMSs of a pair of sequences.
Brute-force approac h:

The idea of this method is to rst nd all common substrings of the two
sequencesthen for ead substring, we chedk whetherit is longerthan d and
unique in both sequencesThe algorithm is asfollows:

Input: Two genomesequenceS[1::m;] and T[1::m,]
For everypositioni in S
For everypositionj in T
Find the longestcommonpre x P of S[i::m1] and T[j::m ;]
CheckwhetherjPj d andwhetherP is uniquein both genomes.
If yes,report it asa MUM.

This solution requiresat least O(mymy)time. It is too slow!
Finding MUMs by sux tree

The key ideain this method is to build a generalizedsu x tree for genomes
Sand T. The algorithm consistsof three steps,they are asfollows:

1. Build a generalizedsu x treefor Sand T.

2. Mark all the internal nodesthat have exactly two leaf children, which
represem both suxes of Sand T.

3. For eah marked node, supposeit represets the i-th sux S; of Sand
the j-th sux T; of T. We chek whether S[i-1] = T[j-1]. If not, the
path label of this marked node is an MUM.

In step 2, we only mark internal nodesthat represen exactly onesu x of S
and exactly onesu x of T in order to ensurethat the path labels of those
nodes are sharedby both sequencesand at the sametime unique to both



Lecture 5: Whole GenomeAlignment - Sept 22, 2006 5-6

sequences.

In step 3, we ched if S[i-1] = T[j-1] in order to make sure that the path
labels of those nodesare of maximal length. If S[i-1]= T[j-1], it meansthat
the substring is not maximal as we can extend it at least by one character
by adding S[i-1] beforeits rst character.

Example:
Let S=acgat#, T=cgta$
Assumed = 1

Step 1. Build the generalizedsu x tree for Sand T. It is shown in
Figure 5.1.

Figure 5.1: Step 1

Step 2: Mark internal nodeswith path labels cg, g, and t sincethey
have exactly two leaf children, which represen both su xes of S and
T. Pleasereferto Figure 5.2.

Step 3: It can be seenin Figure 5.3, the node with the path label g
represeis the 3rd sux gat# of Sandthe 2nd sux gta$of T. Since
both S[3-1]and T[2-1] are ¢, sothe path label g of this marked node is
not an MUM. Sothe output is cgandt.
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Figure 5.2: Step 2

Figure 5.3: Step 3

Complexity Analysis

Step 1. Building generalizedsu x tree can be donein O(m; + m,)
time using Weiner's, McGreight's, or Farad's algorithm.

Step 2: Marking internal nodestakes O(m; + m,) time. Sinceeadh
internal node has at least 2 children, this generalizedsu x tree has
at most (2m;-1)+(2m,-1) nodes. Knowing there are exactly m;+m,
leaf nodes,we are left with at most (m;-1)+( m,-1)=m;+ m,-2 internal
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nodesto traverse.

Step 3: ComparingS[i 1]and T[] 1] for eadh marked nodestakes
O(my + my) time asthe number of marked nodesis at most m; + m,-
2. By the samereasoning,traversing all internal nodesto extracting
MUMs alsotakesO(m; + m,) time.

In total, this algorithm takesO(m;+ m,) time to nd all MUMs of the
input sequences.

The spacecomplexity of this method is O((m1+ my) log (m;+ my)) bits
aswe needto storethe generalizedsu x tree of the input sequences.

Basedon someexperimerts, it is found that MUMs can cover 100% of the
known consered genepairs. Moreover, nding all MUMs can be donein
linear time. Howewer, it doesnot meanthat the problem is solved. From
Table 5.1, we can seethat the number of MUMSs is much larger than the
number of genepairs. Due to noise, the amourt of irrelevant information
much larger comparedto that of relevant information. We shall attempt to
selectthe right MUMSs in the sectionsdescribed below.

53 MUMmerl : LCS

5.3.1 Intro duction

Denition 5.2 Let A = (ag;a; ;a,) andB = (by;bp; ;b)) be the or-
der of the n MUMs in two genomesequen@s S and T, respctively. A se-
quene C = (c;;C; ;Gn) Is a subsequence of A if there existsindices
(iy;ip;  ;im) suchthati; < i, < <ipandg = g forallj. Cisa
common subsequence of Sand T if C is a subsgquene of both A and B.

For example,(1,2,3,8)is a commonsubsequencef Sand T in Figure 5.4.

It is found that two closelyrelated speciesshould presene the ordering of
most consered genes. For example, if we compare mousechromosomel6
and human chromosomel6, we shall seethat the ordering of 30 consened
genepairs (out of 31 genepairs) is presened. Pleaserefer to Figure 5.5 for
visualization of this example.
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Figure 5.4: Example of Common Subsequence

Figure 5.5: Consened genesn MouseChromosomel6 and Human Chromo-
somel6

De nition 5.3 Giventwo sequene S and T, we say that a sequene C is a
LongestCommon Subsquene (LCS) of Sand T if C is a longestpossible
subsgquene of both S and T. Note that the LongestCommon Substring is
contiguouswhile the LongestCommon Subsguene need not be.

As mernioned earlier, the idea of applying the concept of longestcommon
subsequence(LCSin algorithm MUMmer1l [3] arosefrom a key obsenation
that the ordering of most of the consened geneswould be presened in two
related species. In 1999, Delcher et al [3], invented the MUMmerl while
working on Mycoplasmatuberculosisstrains.

Hence,in MUMmerl, we computethe longestcommonsubsequencef MUMs
contained in both sequencesnd report only the MUMs in the LCS.

Compared to the brute force approad mertioned in the earlier section,
MUMmerl can sucessfullyreducethe number of false positives reported at
the cost of reducingthe coverage.
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5.3.2 Main Idea

As the output of the brute force approad contains too mary irrelevant sub-
sequencesMUMmerl was constructedto decreasdhe number of false pos-
itiv es by outputting only MUMs cortained in the LCS of both sequences.
In additional to obtaining the MUMs of the two subsequencewe will now
be required to determine the LCS of these MUMs, and then to output the
MUMs in the LCS.

Figure 5.6: Example of LCS

5.3.3 Solution of LCS Problem

The naive way to solve large commonsubsequenceroblemis to usedynamic
programming. Supposethere are K MUMs found, a dynamic programming
algorithm requires O(K ?) time and spaceto solve the problem. This ap-
proad quickly becomesdnfeasibleasthe sizeof the sequencecreases.
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Later, another method was derived basedon a fact that all MUMs are dis-
tinct(by its de nition). As the consequencef this fact, we can label eat
MUM by di erent character and we can limit the domain of the LCS prob-
lem to a set of sequencesonsisting of distinct characters,i.e. every single
character occursexactly oncein the sequenceUsing this approad,the LCS
problem can be solved in O(K log K) time.

5.3.3.1 Dynamic Programming Algorithm in O(K?)

The crux of this algorithm liesin the fact that the LCS of S[1::i] and T[1:j]
is relatedto the LCS of S[1::(i 1)]and T[1:(j 1)] by comparingthe last
charactersof subsequenc& and T.

Let us rst de ne C;i[j] asthe length of the longestcommonsubsequencef
S[1:i] and T[1::j]. Also dene (i) asthe index of the characterin T sud
that S[i]= T[ (i)].

Recallthat C;[j] is the length of the longestcommonsubsequencef S[1::i]
and T[1:;j]. There are two possibiliesfor the characteri of S (S[i]) and the
characterj of T (T[j ]):

1. S[i] & T[j], in which casethe LCSisthe sameasthe LCSof S[1::(i 1)],
T[1:]

2. S[i]= T[], in which casewe recursiwely obtain the LCS of S[1::(i 1)]
and T[L:(j 1)]+ 1, and selectthe larger of either 2.

With thoseobsenations, we can obtain:

1o Gl < ()
CUI=T max@ aizi+ @ i @)

The rst casecorrespndsto the casethe T[1..]] doesnot cortain SJi], so SJi]

will not be included in the LCS. In the secondcase,we have the option to

either include SJi] or not to, sowe cantake the maximum over the two cases.
Hencefrom the abovetable lling algorithm, we canobtain the LCS of string

S and T from C,[n]. This is solved in O(K ?) time.
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5.3.3.2 Sparsi cation

By obsenation, we can seethat -

Gl G2l GI3] ' Cin]

Instead of storing C;[0::n] explictly, we canstoreonly the boundariesat which
the valueschange. We will store (j; Ci[j]) for all j sud that C[j]> Ci[ 1].
Example: supposeC;[0::9] = 0001122233.Then we store (3,1), (5,2), (8,3).
By storing thesetuplesin a binary seard tree T;, every seart, insert, delete
operation takesO(log k) time.

5.3.3.3 Lemma And Pro of

Lemma 5.4 Notethat Ci[ (i)] = Ci 1 ()] or Ci[ ()] > C;i 4[ (i)].

If Ci[ ()] = G 4 ()] thenCi[1::n] = C; 1[1::n]

If Ci[ ()]> Ci 1 ()] thenCi[L: ()] = Ci 1[L:( (i) 1)), Ci[delta(i):(j?
D= Ci o[ ()] + LAnd Ci[j':n)] = C; 4fj tun]

When Ci[ ()] = C; 4] (i)], this meansthat for two strings S and T (Recall
S[i]= TJ (i)]), the LCS of S[1::i] and T[1:: (i)] is not dependert on the last
matching character, and hencewill be the sameasthe LCS of S[1::(i 1)]
and T[1:: (i)]. Similarly, by de ning j! to be the smallestinteger greater
then (i) sud that Ci[ ()] < Ci 1[j 1], whenCi[ (i)] > C; 4[ (i)], this will
infer that the LCS of S[1::i] and T[1:: (i)] is depender on the last character
of Sand T. HenceCi[ (i)z:(j* 1)]= C;i [ (i) 1]+ 1 (By de nition of
ClhD, Gll:( (i) 21)]=C 1[2:( (i) 1)] (asthe charactersbeforei are
comparedin the sameway) and C;[(j* 1):n]=C; (' 21):n].

5.3.3.4 Reduction to O(K log K) time

From the binary seart tree optimisation and the lemmaabove, we can com-
pute Ci[ (i)] in O(log K) time given C; ;. We can construct the binary
seard trees by the following:

LECGI=C (@O, T=T 1
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2.1 G[ (I)] G 4 (1)], We rst setT, = T, 1, then delete all tuples
(G, Ci 1i]) wherej (i) and C; 4[] Gi[ (i)]; Finally we insert
( (1), Gl ().

Complexity A nalysis

Step 1: Building T; from T; 1, supposewe delete ; tuples, then T; can
be constructedin O(( ; + 1)log K) time.

Step 2: Repeat step 1 for all K trees. In total Tx can be constructed
inO( 1+ 2+ i+ g+ K)logK) time. Sincewe can deleteat most
K(since 1+ ,+ :+ ¢ K)tuples, T, isin the order of O(K log
K) time.

5.3.4 Analysis of Complexit y

Stepl: Accordingto Section3.2.2,for two sequencesf length m; and
m, respectively, all MUMs can be computedin O(m; + m,) time.

Step 2 : After nding all the MUMs, we sort them accordingto their
positionin GenomeA, and employ the LCS algorithm to nd the largest
setof MUMs whosesequencesccur in the sameorder cortained in both
GenomeA and B. As mentioned previously, this step requiresO(K log
K) time, where K is the number of MUMs. In general, K is much
smallerthan m and n.

Step 3 : Oncea global alignmert is found, we can deploy se\eral algo-
rithms for closingthe local gapsand completing the alignmert. A gap
is de ned as an interruption in the MUM alignmert which falls into
one of the following four classes:(i) an SNP, (ii) an insertion, (iii) a
highly polymorphic regionor (iv) arepeat. Time and spacecomplexity
are dependent on the algorithm deployed.

5.3.5 Strength and Limitation

The strength of MUMmer1 lies on the speedat which it processe$ong align-
merts and that MUMmerl producesmuch lessfalse positivesthan its pre-
decessors.
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The limitation of this algorithm is that this approadh assumesthat there
exist a singlelong alignmert, which may not be always true, asthey may be
a huge chain of reversalsbetweentwo genomes.SeeFigure 5.7

Figure 5.7: There are 31 consered genepairs found in Mouse chromosome
16 and Human chromosome3. Note that the relative ordering of Genes31
to 37 in Human chromosomeis exectly the reverse of that in the mouse
chromosome.The sameoccursin Genes39to 75.

5.3.6 Applications

MUMmerl doesa pairwise alignmert and comparisonof two large scaleDNA
sequencesand outputs a base-to-basalignmert of the input sequencedjigh-
lighting the exact di erences betweenthem. Thus, it can be usedto idertify
all di erencesbetweentwo long DNA sequencesr evengenomes.lt canalso
locate all single nucleotide polymorphisms (SNP), large inserts, signi cant
repeats, tandem repeats and reversals,in addition to idertifying the exact
matchesbetweenthe genomes.Another application of MUMmerl is to com-
pare two di erent versionsof a genomeat di erent stagesof sequencingand
to highlight preciselywhat haschanged.



Lecture 5: Whole GenomeAlignment - Sept 22, 2006 5-15

54 MUMmer2

5.4.1 Algorithmic Impro vements

Three signi cant technical improvemeris in the corealgorithms of MUMmer2
are listed in the following:

5.4.1.1 Reducing Memory Usage

By employing techniquesdescrited by Kurtz [8], the amourt of memoryused
to storethe su x treeisreducedto at most 20 bytes/basepair (or aminoacid,
or other character). The maximum memory usageoccurswhen ead internal
node in the sux tree hasonly two children. In practice, however, many
nodes have more than two children (particularly in the caseof polypeptide
sequences)which reducesthe actual memory requiremer.

5.4.1.2 Employing new alternativ e algorithm for nding exact
matc hes

The MUMmerl [3] employs an algorithm that builds a generalizedsu x
tree for two input sequenceso nd all MUMs. Although this algorithm
is still available in the MUMmer2 system, a new alternative algorithm was
introduced as the default algorithm to nd all MUMSs. Instead of storing
the generalizedsu x tree for the two input sequencesthis new algorithm
storesonly oneinput sequencen the su x tree. This sequencas called the
referencesequence.The other sequencewhich is called the query, is then
‘streamed'againstthe su x tree, exactly asif it were being added without
actually addingit. This technique wasintroduced by Changand Lawler [2]
and is fully descritedin [7].

Using this 'streaming’ process,we can identify where the query sequence
would branch o from the tree, thus we can nd all matchesto the refer-
encesequence.Whenewer a branch occurs at an internal node with just a
single leaf beneathit, the matching subsequencés unique in the reference
sequence.Note that these matchesare not necessarilyunique in the query
sequenceThen, by cheding the characterimmediately preceedingthe start
of this match, we can determine whetherit is maximal. As the consequence
of streamingthrough the query, i.e. outputting matchesaswe nd them, we
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do not know what sequencewill occur later in the query.

By using this new algorithm, all maximal matchesbetweenquery sequence
and a unique substring of the referencesequencecan be identi ed in time
proportional to the length of the query sequence.

The advantage of this method is that only one of the two sequencess stored
in the sux tree, reducing the memory requiremen by at least half. Fur-
thermore, becauseof the streaming nature of the algorithm, oncethe su x
tree hasbeenbuilt for an arbitrarily long referencesequencerultiple queries
can be streamedagainstit. Therefore, we don't have to re-build the su x
tree if one of the input sequencess changed. In fact, Delcher et al [4] have
usedtheseprogramsto comparetwo assemblies of the entire human genome
(eath appraximately of 2.7 billion characterslong), using ead chromosome
as a referenceand then streamingthe other erntire genomepast it.

5.4.1.3 Clustering matc hes

Biologists obsenedthat a pair of consened genesare likely to correspnd to
a sequencef MUMs that are consecutie and closein both genomes.At the
sametime, this sequencef MUMs generallyhasa su cien t length. The set
of suh MUMs is called a cluster.

For example,as shavn in Figure 5.8, for the given two sequencesthere are
two clusters: 123 and 56.

Figure 5.8: Clusters of MUMs

MUMmerl presumedthat two complete sequencesvere to be aligned, and
that no major rearrangemeis would have occurred betweenthem. Hence,
it computed a single longest alignmert between the sequences. In order
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to facilitate comparisonsinvolving un nished assemblies and genomeswith
signi cant rearrangemets, a module has beenaddedin MUMmer2. This
module rst groupsall the closeconsecutie MUMSs into clustersand then
nds consisten paths within ead cluster. The clustering is performed by
nding pairs of matchesthat are su cien tly closeand on su cien tly similar
diagonalsin an alignmert matrix (usingthresholdssetby the user),andthen
computing the connectedcomponerts for those pairs. Within ead compo-
nert, alongestcommonsubsequence computedto yield the most consisten
sequenceof matchesin the cluster.

As the result of the additional module, the systemoutputs a seriesof sepa-
rate, independen alignmert regions. This improvemert is the main key for
MUMmer2 to achieve a better coverage.

5.4.2 Applications

MUMmer2 hasbeenappliedto solve "alignment of incompletegenomes'and
"comparative genomeannotation” problems. Two new solvers with MUM-
mer as the core algorithm are deweloped to solve this two problems, they
are NUCmer(nucleotide MUMmer) and PROmer( protein MUMmer). Ex-
perimernts shoved that MUMmer is usefulto solwe the two problems stated
above. Detailed description for thesetwo applications can beenfound in [4].

55 MUMmer3

Basically, the structure of MUMmer3 is pretty similar to that of MUMmer2,
but someamendmeits weredoneto further improve its time and spacecom-
plexity. In terms of space,MUMmer3 is slightly more ecient asit uses
approximately 16 bytes only to store a basepair of the referencesequence
in the sux tree. The processof 'streaming’ the query sequencepast the
referencesu x tree is maintained, sothat the memory requiremens do not
depend on the sizeof the query sequenceat all.

In MUMmer3, the conceptof MUM s slightly relaxedthat it neednot to
be unique in both input sequencesWe canopt to nd all non-unique max-
imal matches,all matchesthat are unique only in referencesequenceopr all
matchesthat are unique in both sequences.This feature was added as it
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was obsened that the uniquenessconstraint would prevert MUMmer from
nding all matchesfor a repetitiv e substring.

The most critical improvemert in MUMmer 3 is a completere-write of the
coresu x treelibrary, basedonthe compactsu x treerepresemation. It was
implemerted by Stefan Kurtz [8] and explainedin his various publications.
The improvemerts resulting from the useof this library canbe seenin the ta-
ble below. All statistics are from test runs on a 3.0 GHz Pertium 4 computer
running Linux. Resultingoutput includesboth forward and reversematches.

MUMmer2 MUMmer3
E.coli K12 vs.
E.coli O157:H7 102MB / 18s 77TMB /[ 17s
S.cerevisiaers.
S.pombe 261MB / 51s | 204MB / 47s
A.fumigatus vs.
A.nidulans 578MB / 128s | 459MB / 120s
NUCmer 2 NUCmer 3
D.melanogasterarm 2L vs.
D.pseudmbscura 684MB / 879s | 485MB / 835s
PROmer 2 PROmer 3
P.falciparum vs.
P.yoelii 752MB / 1109s | 522MB / 975s

Table 5.3: PerformanceComparisonbetwveenMUMmer2 and MUMmer3

MUMmer3 requiresappraximately 25%lessmemory than MUMmer2 and it
runs slightly faster. Comparedto MUMmerl, MUMmer3 is more than twice
fasterand useslessthan half of the memory. Another additional feature that
is only availablein MUMmer3 system,is a new Java viewer, DisplayMUM. It
is a new graphical output programto generateimagesin g-format or PDF,
shawing the alignmert of a set of cortigs to a referencechromosome.
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5.6 Mutation Sensitiv e Alignmen t

5.6.1 Intro duction

The Mutation Sensitive Alignment (MSA) algorithm [1] is basedon the ob-
senation that if two genomesare closelyrelated, then it is likely that they
can be transformedfrom ead other using a few transposition/reversaloper-
ations. For example,it can be seenin Figure 5.9 that Mouse Chromosome
16 can be transformed into Human Chromosome3 in two operations (on
sequence81-37and 39-75).

Figure 5.9: Comparisonof MouseChromosomel6 and Human Chromosome
3

The MSA algorithm makes use of this obsenation by looking for subse-
guencesin the two input genomestrings that di er by at most k transpo-
sition/rev ersal operations (the authors of the algorithm set k=4). It then
returns thesesubsequenceas possibleconsenred genes.

5.6.2 Concepts and De nitions

In this section,we explain the similar subsequenceroblem (or k-similar sub-
sequene problem), which is the basisof the MSA algorithm.

Eadh MUM is assigneda number asits weight. Normally, the weight of an
MUM is equal to its length. The weight of a common subsequencas the
total weight of all the MUMSs that make up the subsequenceThe maximum
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weightcommon subsgquene (MWCS) is the commonsubsequenc&ith max-
imum weigh.

De nition 5.5 Let k be a non-ngyative integer. Consider a subsguene X
of A and a subsgquene Y of B. (X,Y) is a pair of k-similar subsequences
if X can be transformeal into Y by performing k transposition/r eversaloper-
ations on k disjoint subsgquenesin X.

Let (X,Y) be a pair of k-similar subsequenceslntuitiv ely, both X and Y
consistof k disjoint blocks and a remaining common subsequencewhich is
calledthe backlmne Eadh of the k blocks is either a commonsubsequencer
reversedcommonsubsequencef X and Y. Thesek blocks are parts of the
subsequencen which the k transposition/reversaloperationsare performed.
An exampleof a 2-similar subsequenceés preserted in Figure 5.10. In this
example,the two blocks are (2,3) and (4,5,6), whereaghe badkboneis (1,7,8).

Figure 5.10: A Pair of 2-Similar Subsequences

Given two sequenceA and B, and a non-negative parameter k, the Sim-
ilar Subsgquene Problem is de ned as the problem in nding a k-similar
subsequencef A and B with the greatestweigh.

This problem is NP-completein general. For a constart k, we can solve the
problemin O(n%*! log n) time. We advisea heuristic algorithm to solve it
in O(n?(log n + K)) time.

5.6.3 The Idea of Heuristic Algorithm
Below are the the step of Heuristic algorithm:

Find the badbone rst
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For ewvery interval i..j, computethe scoreof inserting sud subsequence
into the badkbone

Find k intervals which maximize the total score

For the rst step of the heuristic algorithm, our aim isto nd the Max-
imum Weight Common SubsequencdMWSC) of A and B, which can be
computedin O(nlogn) time as descriked previously We will considerthe
MWSC asthe badkbone.

The secondstep of the heuristic algorithm is divided into 2 steps.
Firstly, we compute MWCS(A]i..j], B[ (i):: (j)]) for all 1 < i;j < n. By
brute-force, they can be computed in O(n®logn) time. On the other side,
below algorithm takesO(n? logn) time.

For eadh i,

Find the MWCSfor Afi::n] and B[ (i)::n] in O(nlogn) time.
Find the MW CSfor Ali::n] and reverseof B[1:: (i)] in O(nlogn) time.
Retrieve MW CSA[i::j I; B[ (i):: (j)]) in O(logn) time for everyj >= i

Secondly for ewvery interval i:;j , de ne its scoreto be the di erence of the
following two terms.

MWCSA[i::j I B[ (1) ()

The total weight of chractersin the badkbone that fall into Ali::j ] or
B[ (i) ()]

The third stepofthe heuristicalgorithmisto nd kintervalsiy:iji;izij2; ik«
amongall the intervals, sud that they are mutually disjoint and maximize
the sum of their scores. This step can be donein O(kn?) time by dynamic
programming.

Opt(c;j 1)

Opt(c:j) = maxf maxy ; ;[Opt(c 1;i 1)+ Score(i; )]

Hence,we have the following algorithm,

Set Opt(c,0)0=0 for all c=0to k
Set Opt(0,)=0 for all j=0 to n
For c=1to k



Lecture 5: Whole GenomeAlignment - Sept 22, 2006 5-22

For j=1 to n
Set Opt(c,j)=0pt(c,j-1)
For i=1 to |
Set Opt(c,j)= max{Opt(c,j), Opt(c-1,i-1)+Score(i ,j )}
Report Opt(k, n)

The last step of the heuristic algorithm is to re ne the k intervals i::
sothat B[ (i):: (j)] aredisjoint. While there exists (i):: (j) and (i9:: (j9
that areoverlapping,then we examineall possiblewaysto shrink the intervals
i;j andi®:;j%sothat the scoreis maximizeand (i):: (j) and (i9:: (j9 are
not overlap. This step can be donein O(k?) time.

In summary, the heuristic algorithm takesO(n?(logn + k)) time.

5.6.4 Algorithm Details

The MSA algorithm perceivestwo sequence®\ and B, and a non-negative
parameterk asits input. It returns the setof greatest-weight k-similar subse-
guencesasoutput. The rationale is that consened geneshetweentwo species
are likely to be k-similar for somesmall user-de ned value of k.

The MSA algorithm consistsof 4 steps,they are as follows:

1. Find all MUMs of A and B (as showvn in Section3.2.2,it can be done
in linear time)

2. Find the k-similar subsequencesf A and B

3. Return the set of k-similar subsequences

The Similar Subsequence®roblem that forms the basisof the MSA algo-
rithm in Step 2 has beenshowvn to be NP-Complete [1], by reduction from
the MAX-2SA T Problem [6]. Therefore,an optimal solution to the Simi-
lar SubsequenceBroblem will take exponertial time (assumingP 6 NP).

Using dynamic programming, this k-similar subsequencegroblem can be
solved in O(n%*! log n) time, where n is the number of MUMs. Unfortu-
nately, this is too slow for practical purposes. Howewer, using a heuristic
algorithm, this problem can be approximated in O(n?(log n + k)) time [1].
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5.6.5 Experimen tal Results

The performanceof MSA was comparedto that of MUMmer3 on 15 pairs
of mouseand human chromosomegTable 5.1). Included in this set of data
is the known consered genesbetweenthe pairs of chromosomes.This data
was obtained from GenBank [10], the largestpublic DNA sequencealatabase
maintained by the National Center for Biotechnology Information (NCBI).

For these experimerts, the parameter k for MSA was set at 4, while the
parameter gap for MUMmer3 was set at 2000. For ead of the chromo-
some pairs, both techniqueswere rated on their coverge and preciseness
The value of coverageindicates the perceriage of published genesdiscov-
ered,whereasthat of precisenesindicatesthe percerage of resultsreturned
that matchessomepublishedgenepairs. The resultsaregivenin Figure 5.11.

It canbe seenfrom theseresultsthat in generalMSA providesa much better
coverageand a slightly better precisenessver MUMmer3. MSA is currertly
the best technique for discovering consened genesbetweentwo closely re-
lated genomes.

In the next experiment, we apply MUMmer3 and MSA to 15 pairs of viruses.
(seeFigure 5.12for details). MUM pairs of the length at least three amino
acids are selected. The parameterk for MSA was set at 20. The results on
coverageand precisenessre shovn in Figure 5.13.
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