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5.1 In tro duction

Peoplebelieve that many widely divergent organismsare decendedfrom a
common ancestor through a processcalled evolution. Evolution is a pro-
cessthat results in inheritable changesin the properties of populations of
organismsthat spreadover many generations.Sincethe changesare inher-
itable, scientists concludethat there must be somechangesin the genome
of theseorganismsthat correspond to each evolutionary change. Knowing
this fact, biologists start comparing the genomesof two organismsin order
to understandthe geneticrelationship and evolutionary linkagebetweenthe
two organisms.

It is found that two closely related speciesshare a lot of genepairs. One
exampleof two closelyrelated speciesis mouseand human. Pleaserefer to
Table 5.1 [10] for the number of genepairs they share.

5.1.1 Wh y whole genome alignmen t?

For the reasonmentioned above, now our objective is to �nd a method that
can help us to comparethe whole genomesof two speciesand to extract all
the conserved genepairs they share. One possibleway to accomplishthe
task is to perform wholegenomealignment. Beside�nding all the conserved
genepairs, whole genomealignment is alsouseful to help us performing the
following functions:

� to �nd orthologousregionsbetweentwo genomes,

� to do strain-to-strain or evolutionary comparison,
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MouseChr No. Human Chr No. # of Published GenePairs # of MUMs
2 15 51 96,473
7 19 192 52,394
14 3 23 58,708
14 8 38 38,818
15 12 80 88,305
15 22 72 71,613
16 16 31 66,536
16 21 64 51,009
16 22 30 61,200
17 6 150 94,095
17 16 46 29,001
17 19 30 56,536
18 5 64 131,850
19 9 22 62,296
19 11 93 29,814

Table 5.1: Mouseand Human Sharea lot of GenePairs

� to study genomicduplications,

� to analyzesyntenic chromosomalregions.

As we shall seelater, not all commonsubsequencesof the two genomesfound
arepublishedgenepairs. It opensan opportunit y for biologiststo study these
excessive �ndings and possibly to discover new genes.

Coverage Preciseness
MUM � 100% Many falsepositives
LCS (MUMmer1) Very less Not many falsepositives
Clustering (MUMmer3) 76.6% 26.5%
Mutation-Sensitive Alignment 91.3% 29.3%

Table 5.2: Coverageand Precisenessof MUM, MUMmer1, MUMmer3, and
MSA
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5.1.2 Wh y not use standard pairwise metho ds?

The standard sequencealignment methods are not usedbecauseof the fol-
lowing reasons:

1. Di�eren t featuresthat we are looking at

� Standard alignment: only point mutation, insertion and deletion
can be observed.

� Genomealignment: we can also learn about transposition, large
insertion/deletion, syntenic blocks, etc.

2. Resourcelimitation

� Given all the available resourcestoday, it is infeasible to align
whole genomesusing standard methods. Their time and space
complexity are too high, that it takesus too much time and space
if we employ thosemethods.

5.2 The MUM System

5.2.1 De�nition of MUM

Although a pair of conserved genesrarely contain the sameentire sequence,
they sharea lot of short common substrings and someof them are indeed
unique to this pair of genes. For example, consider the following two se-
quences,S and T:

S = acgactc a gctact ggtcagctattacttaccgc#
T = actt ctc t gctacggtcagctattc acttaccgc$

It is clear that sequencesS and T have many commmon substrings, they
are ac, ctc, gctac, ggtcagctatt, and acttaccgc. Among those �v e common
substrings,ac is the only substring that is not unique. It occurs more than
oncein both sequences.You can alsoobserve that actually a, c, t, and g are
commonsubstringsof S and T. However, they are not maximal, i.e. they are
contained in at least one longer commonsubstrings. We are only interested



Lecture 5: Whole GenomeAlignment - Sept 22, 2006 5-4

in thosethat are of maximal length.

Our aim is to search for all theseshort commonsubstrings. Given genomes
A and B, we need to �nd all common substrings which are unique and of
maximal length. Each of such common substrings is known as Maximum
Unique Match (MUM). For almost every conserved genepairs, there exist at
least oneMUMs which are unique to them.

So, it is clear that Maximal Unique Match (MUM) have the following two
properties:

� It occursexactly oncein both genomesA and B (unique to both A and
B)

� It is not contained in any longer MUMs (it is of maximal length)

De�nition 5.1 Maximal Unique Match(MUM) substringis a common sub-
string of the two genomesthat is longer than a speci�c minimum length d
suchthat it is maximal, that is, it cannot be extended on either end without
incurring a mismatch and it is unique in both sequences. (By default, d =
20.)

For example,assumingd = 3, sequencesS and T in the previous example
has four MUMs: ctc, gctac, ggtcagctatt, acttaccgc. Substring ac is not an
MUM becauseits length is smaller than the value of d and it is not unique
to both sequences.

S = acgactc a gctact ggtcagctattacttaccgc#
T = actt ctc t gctacggtcagctattc acttaccgc$

Consideranother example,for S = acgat# and T = cgta$, assumingd = 1,
there are two MUMs: cg and t. However, a is not an MUM becauseit occurs
twice in S.

S = a cga t #
T = cgt a$
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The concept of MUM is important in whole genomealignment becausea
signi�cantly long MUM is very likely to be part of the global alignment.

5.2.2 How to �nd MUMs

In this section,we present two methods to �nd MUMs of a pair of sequences.

Brute-force approac h:

The idea of this method is to �rst �nd all common substrings of the two
sequences,then for each substring, we check whether it is longer than d and
unique in both sequences.The algorithm is as follows:

Input: Two genomesequencesS[1::m1] andT[1::m2]
For everypositioni in S

For everyposition j in T
Find the longestcommonpre�x P of S[i::m 1] andT[j::m 2]
CheckwhetherjPj � d andwhetherP is uniquein both genomes.
If yes,report it asa MUM.

This solution requiresat least O(m1m2)time. It is too slow!

Finding MUMs by su�x tree

The key idea in this method is to build a generalizedsu�x tree for genomes
S and T. The algorithm consistsof three steps,they are as follows:

1. Build a generalizedsu�x tree for S and T.

2. Mark all the internal nodesthat have exactly two leaf children, which
represent both su�xes of S and T.

3. For each marked node, supposeit represents the i-th su�x Si of S and
the j-th su�x Tj of T. We check whether S[i-1] = T[j-1]. If not, the
path label of this marked node is an MUM.

In step 2, we only mark internal nodesthat represent exactly onesu�x of S
and exactly one su�x of T in order to ensurethat the path labels of those
nodes are sharedby both sequencesand at the sametime unique to both
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sequences.

In step 3, we check if S[i-1] = T[j-1] in order to make sure that the path
labelsof thosenodesare of maximal length. If S[i-1] = T[j-1], it meansthat
the substring is not maximal as we can extend it at least by one character
by adding S[i-1] beforeits �rst character.

Example:

� Let S=acgat#, T=cgta$

� Assumed = 1

� Step 1: Build the generalizedsu�x tree for S and T. It is shown in
Figure 5.1.

Figure 5.1: Step 1

� Step 2: Mark internal nodeswith path labels cg, g, and t since they
have exactly two leaf children, which represent both su�xes of S and
T. Pleaserefer to Figure 5.2.

� Step 3: It can be seenin Figure 5.3, the node with the path label g
represents the 3rd su�x gat# of S and the 2nd su�x gta$ of T. Since
both S[3-1]and T[2-1] are c, so the path label g of this marked node is
not an MUM. So the output is cg and t.
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Figure 5.2: Step 2

Figure 5.3: Step 3

Complexity A nalysis

� Step 1: Building generalizedsu�x tree can be done in O(m1 + m2)
time using Weiner's,McGreight's, or Farach's algorithm.

� Step 2: Marking internal nodes takes O(m1 + m2) time. Since each
internal node has at least 2 children, this generalizedsu�x tree has
at most (2m1-1)+(2m2-1) nodes. Knowing there are exactly m1+ m2

leaf nodes,we are left with at most (m1-1)+( m2-1)= m1+ m2-2 internal
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nodesto traverse.

� Step 3: Comparing S[i � 1] and T[j � 1] for each marked nodestakes
O(m1 + m2) time as the number of marked nodesis at most m1 + m2-
2. By the samereasoning,traversing all internal nodes to extracting
MUMs also takesO(m1 + m2) time.

� In total, this algorithm takesO(m1 + m2) time to �nd all MUMs of the
input sequences.

� The spacecomplexity of this method is O((m1+ m2) log (m1+ m2)) bits
as we needto store the generalizedsu�x tree of the input sequences.

Basedon someexperiments, it is found that MUMs can cover 100%of the
known conserved genepairs. Moreover, �nding all MUMs can be done in
linear time. However, it does not mean that the problem is solved. From
Table 5.1, we can seethat the number of MUMs is much larger than the
number of genepairs. Due to noise, the amount of irrelevant information
much larger comparedto that of relevant information. We shall attempt to
selectthe right MUMs in the sectionsdescribed below.

5.3 MUMmer1 : LCS

5.3.1 In tro duction

De�nition 5.2 Let A = (a1; a2; � � � ; an ) and B = (b1; b2; � � � ; bn ) be the or-
der of the n MUMs in two genomesequences S and T, respectively. A se-
quence C = (c1; c2; � � � ; cm ) is a subsequence of A if there exists indices
(i 1; i 2; � � � ; im ) such that i 1 < i 2 < � � � < i m and cj = ai j for all j. C is a
common subsequence of S and T if C is a subsequence of both A and B.

For example,(1,2,3,8) is a commonsubsequenceof S and T in Figure 5.4.

It is found that two closely related speciesshould preserve the ordering of
most conserved genes. For example, if we comparemousechromosome16
and human chromosome16, we shall seethat the ordering of 30 conserved
genepairs (out of 31 genepairs) is preserved. Pleaserefer to Figure 5.5 for
visualization of this example.
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Figure 5.4: Example of CommonSubsequence

Figure 5.5: Conserved genesin MouseChromosome16 and Human Chromo-
some16

De�nition 5.3 Given two sequence S and T, we say that a sequence C is a
LongestCommon Subsequence (LCS) of S and T if C is a longestpossible
subsequence of both S and T. Note that the LongestCommon Substring is
contiguouswhile the LongestCommon Subsequence need not be.

As mentioned earlier, the idea of applying the concept of longest common
subsequence(LCS)in algorithm MUMmer1 [3] arosefrom a key observation
that the ordering of most of the conserved geneswould be preserved in two
related species. In 1999, Delcher et al [3], invented the MUMmer1 while
working on Mycoplasmatuberculosisstrains.

Hence,in MUMmer1, wecomputethe longestcommonsubsequenceof MUMs
contained in both sequencesand report only the MUMs in the LCS.

Compared to the brute force approach mentioned in the earlier section,
MUMmer1 can sucessfullyreducethe number of falsepositives reported at
the cost of reducing the coverage.
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5.3.2 Main Idea

As the output of the brute forceapproach contains too many irrelevant sub-
sequences,MUMmer1 was constructed to decreasethe number of falsepos-
itiv es by outputting only MUMs contained in the LCS of both sequences.
In additional to obtaining the MUMs of the two subsequence,we will now
be required to determine the LCS of theseMUMs, and then to output the
MUMs in the LCS.

Figure 5.6: Example of LCS

5.3.3 Solution of LCS Problem

The naive way to solve largecommonsubsequenceproblemis to usedynamic
programming. Supposethere are K MUMs found, a dynamic programming
algorithm requires O(K 2) time and spaceto solve the problem. This ap-
proach quickly becomesinfeasibleas the sizeof the sequencesincreases.
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Later, another method was derived basedon a fact that all MUMs are dis-
tinct(b y its de�nition). As the consequenceof this fact, we can label each
MUM by di�eren t character and we can limit the domain of the LCS prob-
lem to a set of sequencesconsistingof distinct characters, i.e. every single
character occursexactly oncein the sequence.Using this approach,the LCS
problem can be solved in O(K log K ) time.

5.3.3.1 Dynamic Programming Algorithm in O(K 2)

The crux of this algorithm lies in the fact that the LCS of S[1::i ] and T[1::j ]
is related to the LCS of S[1::(i � 1)] and T[1::(j � 1)] by comparingthe last
charactersof subsequenceS and T.

Let us �rst de�ne Ci [j ] as the length of the longestcommonsubsequenceof
S[1::i ] and T[1::j ]. Also de�ne � (i ) as the index of the character in T such
that S[i ] = T[� (i )].

Recall that Ci [j ] is the length of the longestcommonsubsequenceof S[1::i ]
and T[1::j ]. There are two possibiliesfor the character i of S (S[i ]) and the
character j of T (T[j ]):

1. S[i ] 6= T[j ], in which casethe LCS is the sameasthe LCS of S[1::(i � 1)],
T[1::j ]

2. S[i ] = T[j ], in which casewe recursively obtain the LCS of S[1::(i � 1)]
and T[1::(j � 1)] + 1, and selectthe larger of either 2.

With thoseobservations, we can obtain:

Ci [j ] = f
Ci � 1[j ]; j < � (i )
max (Ci � 1[j ]; 1 + Ci � 1[� (i ) � 1]) j � � (i )

The �rst casecorrespondsto the casethe T[1..j] doesnot contain S[i], soS[i]
will not be included in the LCS. In the secondcase,we have the option to
either include S[i] or not to, sowe can take the maximum over the two cases.
Hencefrom the above table �lling algorithm, wecanobtain the LCS of string
S and T from Cn [n]. This is solved in O(K 2) time.
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5.3.3.2 Sparsi�cation

By observation, we can seethat -

Ci [1] � Ci [2] � Ci [3] � ::: � Ci [n]

Insteadof storing Ci [0::n] explictly, wecanstoreonly the boundariesat which
the valueschange.We will store (j; Ci [j ]) for all j such that Ci [j ] > Ci [j � 1].
Example: supposeCi [0::9] = 0001122233.Then we store (3,1), (5,2), (8,3).
By storing thesetuples in a binary search tree Ti , every search, insert, delete
operation takesO(log k) time.

5.3.3.3 Lemma And Pro of

Lemma 5.4 Note that Ci [� (i )] = Ci � 1[� (i )] or Ci [� (i )] > Ci � 1[� (i )].
If Ci [� (i )] = Ci � 1[� (i )] then Ci [1::n] = Ci � 1[1::n]
If Ci [� (i )] > Ci � 1[� (i )] then Ci [1::� (i )] = Ci � 1[1::(� (i ) � 1)], Ci [delta(i )::(j 1 �
1)] = Ci � 1[� (i )] + 1 And Ci [j 1::n)] = Ci � 1[j 1::n]

When Ci [� (i )] = Ci � 1[� (i )], this meansthat for two strings S and T (Recall
S[i ] = T[� (i )]), the LCS of S[1::i ] and T[1::� (i )] is not dependent on the last
matching character, and hencewill be the sameas the LCS of S[1::(i � 1)]
and T[1::� (i )]. Similarly, by de�ning j 1 to be the smallest integer greater
then � (i ) such that Ci [� (i )] < Ci � 1[j 1], when Ci [� (i )] > Ci � 1[� (i )], this will
infer that the LCS of S[1::i ] and T[1::� (i )] is dependent on the last character
of S and T. HenceCi [� (i )::(j 1 � 1)] = Ci � 1[� (i ) � 1] + 1 (By de�nition of
Ci [j ]), Ci [1::(� (i ) � 1)] = Ci � 1[1::(� (i ) � 1)] (as the characters before i are
comparedin the sameway) and Ci [(j 1 � 1)::n] = Ci � 1[(j 1 � 1)::n].

5.3.3.4 Reduction to O( K log K ) time

From the binary search tree optimisation and the lemmaabove, we cancom-
pute Ci [� (i )] in O(log K ) time given Ci � 1. We can construct the binary
search treesby the following:

1. If Ci [� (i )] = Ci � 1[� (i )], Ti = Ti � 1
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2. If Ci [� (i )] � Ci � 1[� (i )], We �rst set Ti = Ti � 1, then delete all tuples
(j, Ci � 1[j ]) where j � � (i ) and Ci � 1[j ] � Ci [� (i )]; Finally we insert
(� (i ); Ci [� (i )]).

Complexity A nalysis

� Step 1: Building Ti from Ti � 1, supposewe delete� i tuples, then Ti can
be constructedin O((� i + 1)log K ) time.

� Step 2: Repeat step 1 for all K trees. In total TK can be constructed
in O((� 1 + � 2 + :: + � K + K )log K ) time. Sincewe can deleteat most
K (since � 1 + � 2 + :: + � K � K ) tuples, Tn is in the order of O(K log
K ) time.

5.3.4 Analysis of Complexit y

� Step1 : According to Section3.2.2,for two sequencesof length m1 and
m2 respectively, all MUMs can be computed in O(m1 + m2) time.

� Step 2 : After �nding all the MUMs, we sort them accordingto their
position in GenomeA, andemploy the LCS algorithm to �nd the largest
setof MUMs whosesequencesoccur in the sameordercontained in both
GenomeA and B. As mentioned previously, this step requiresO(K log
K ) time, where K is the number of MUMs. In general, K is much
smaller than m and n.

� Step 3 : Oncea global alignment is found, we can deploy several algo-
rithms for closingthe local gapsand completing the alignment. A gap
is de�ned as an interruption in the MUM alignment which falls into
one of the following four classes:(i) an SNP, (ii) an insertion, (iii) a
highly polymorphic regionor (iv) a repeat. Time and spacecomplexity
are dependent on the algorithm deployed.

5.3.5 Strength and Limitation

The strength of MUMmer1 lies on the speedat which it processeslong align-
ments and that MUMmer1 producesmuch lessfalse positives than its pre-
decessors.
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The limitation of this algorithm is that this approach assumesthat there
exist a singlelong alignment, which may not be always true, as they may be
a hugechain of reversalsbetweentwo genomes.SeeFigure 5.7

Figure 5.7: There are 31 conserved genepairs found in Mousechromosome
16 and Human chromosome3. Note that the relative ordering of Genes31
to 37 in Human chromosomeis exectly the reverse of that in the mouse
chromosome.The sameoccurs in Genes39 to 75.

5.3.6 Applications

MUMmer1 doesa pairwisealignment and comparisonof two largescaleDNA
sequences,andoutputs a base-to-basealignment of the input sequences,high-
lighting the exact di�erences betweenthem. Thus, it can be usedto identify
all di�erencesbetweentwo long DNA sequencesor evengenomes.It canalso
locate all single nucleotide polymorphisms (SNP), large inserts, signi�cant
repeats, tandem repeats and reversals,in addition to identifying the exact
matchesbetweenthe genomes.Another application of MUMmer1 is to com-
pare two di�eren t versionsof a genomeat di�eren t stagesof sequencingand
to highlight preciselywhat haschanged.
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5.4 MUMmer2

5.4.1 Algorithmic Impro vements

Threesigni�cant technical improvements in the corealgorithmsof MUMmer2
are listed in the following:

5.4.1.1 Reducing Memory Usage

By employing techniquesdescribedby Kurtz [8], the amount of memoryused
to storethe su�x tree is reducedto at most20bytes/basepair (or aminoacid,
or other character). The maximum memoryusageoccurswheneach internal
node in the su�x tree has only two children. In practice, however, many
nodeshave more than two children (particularly in the caseof polypeptide
sequences),which reducesthe actual memory requirement.

5.4.1.2 Emplo ying new alternativ e algorithm for �nding exact
matc hes

The MUMmer1 [3] employs an algorithm that builds a generalizedsu�x
tree for two input sequencesto �nd all MUMs. Although this algorithm
is still available in the MUMmer2 system,a new alternative algorithm was
introduced as the default algorithm to �nd all MUMs. Instead of storing
the generalizedsu�x tree for the two input sequences,this new algorithm
storesonly one input sequencein the su�x tree. This sequenceis called the
referencesequence.The other sequence,which is called the query, is then
`streamed'against the su�x tree, exactly as if it were being addedwithout
actually adding it. This technique was introducedby Chang and Lawler [2]
and is fully described in [7].

Using this 'streaming' process,we can identify where the query sequence
would branch o� from the tree, thus we can �nd all matches to the refer-
encesequence.Whenever a branch occurs at an internal node with just a
single leaf beneath it, the matching subsequenceis unique in the reference
sequence.Note that thesematchesare not necessarilyunique in the query
sequence.Then, by checking the character immediately preceedingthe start
of this match, we can determinewhether it is maximal. As the consequence
of streamingthrough the query, i.e. outputting matchesaswe �nd them, we
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do not know what sequencewill occur later in the query.

By using this new algorithm, all maximal matchesbetweenquery sequence
and a unique substring of the referencesequencecan be identi�ed in time
proportional to the length of the query sequence.

The advantage of this method is that only oneof the two sequencesis stored
in the su�x tree, reducing the memory requirement by at least half. Fur-
thermore, becauseof the streaming nature of the algorithm, oncethe su�x
tree hasbeenbuilt for an arbitrarily long referencesequence,multiple queries
can be streamedagainst it. Therefore, we don't have to re-build the su�x
tree if one of the input sequencesis changed. In fact, Delcher et al [4] have
usedtheseprogramsto comparetwo assemblies of the entire human genome
(each approximately of 2.7 billion characters long), using each chromosome
as a referenceand then streaming the other entire genomepast it.

5.4.1.3 Clustering matc hes

Biologistsobserved that a pair of conserved genesare likely to correspond to
a sequenceof MUMs that are consecutive and closein both genomes.At the
sametime, this sequenceof MUMs generallyhasa su�cien t length. The set
of such MUMs is called a cluster.

For example,as shown in Figure 5.8, for the given two sequences,there are
two clusters: 123and 56.

Figure 5.8: Clusters of MUMs

MUMmer1 presumedthat two completesequenceswere to be aligned, and
that no major rearrangements would have occurred between them. Hence,
it computed a single longest alignment between the sequences. In order
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to facilitate comparisonsinvolving un�nished assemblies and genomeswith
signi�cant rearrangements, a module has been added in MUMmer2. This
module �rst groups all the closeconsecutive MUMs into clusters and then
�nds consistent paths within each cluster. The clustering is performed by
�nding pairs of matchesthat are su�cien tly closeand on su�cien tly similar
diagonalsin an alignment matrix (using thresholdssetby the user),and then
computing the connectedcomponents for those pairs. Within each compo-
nent, a longestcommonsubsequenceis computedto yield the most consistent
sequenceof matchesin the cluster.

As the result of the additional module, the systemoutputs a seriesof sepa-
rate, independent alignment regions. This improvement is the main key for
MUMmer2 to achieve a better coverage.

5.4.2 Applications

MUMmer2 hasbeenapplied to solve "alignment of incompletegenomes"and
"comparative genomeannotation" problems. Two new solvers with MUM-
mer as the core algorithm are developed to solve this two problems, they
are NUCmer(nucleotide MUMmer) and PROmer( protein MUMmer). Ex-
periments showed that MUMmer is useful to solve the two problemsstated
above. Detailed description for thesetwo applications can beenfound in [4].

5.5 MUMmer3

Basically, the structure of MUMmer3 is pretty similar to that of MUMmer2,
but someamendments weredoneto further improve its time and spacecom-
plexity. In terms of space,MUMmer3 is slightly more e�cien t as it uses
approximately 16 bytes only to store a basepair of the referencesequence
in the su�x tree. The processof 'streaming' the query sequencepast the
referencesu�x tree is maintained, so that the memory requirements do not
depend on the sizeof the query sequenceat all.

In MUMmer3, the concept of MUM is slightly relaxed that it neednot to
be unique in both input sequences.We can opt to �nd all non-uniquemax-
imal matches,all matchesthat are unique only in referencesequence,or all
matches that are unique in both sequences.This feature was added as it
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was observed that the uniquenessconstraint would prevent MUMmer from
�nding all matchesfor a repetitiv e substring.

The most critical improvement in MUMmer 3 is a completere-write of the
coresu�x tree library, basedon the compactsu�x tree representation. It was
implemented by Stefan Kurtz [8] and explained in his various publications.
The improvements resulting from the useof this library canbeseenin the ta-
ble below. All statistics are from test runs on a 3.0GHz Pentium 4 computer
running Linux. Resulting output includesboth forward and reversematches.

MUMmer2 MUMmer3
E.coli K12 vs.
E.coli O157:H7 102MB / 18 s 77 MB / 17 s
S.cerevisiaevs.
S.pombe 261MB / 51 s 204MB / 47 s
A.fumigatus vs.
A.nidulans 578MB / 128s 459MB / 120s

NUCmer 2 NUCmer 3
D.melanogasterarm 2L vs.
D.pseudoobscura 684MB / 879s 485MB / 835s

PROmer 2 PROmer 3
P.falciparum vs.
P.yoelii 752MB / 1109s 522MB / 975s

Table 5.3: PerformanceComparisonbetweenMUMmer2 and MUMmer3

MUMmer3 requiresapproximately 25%lessmemory than MUMmer2 and it
runs slightly faster. Comparedto MUMmer1, MUMmer3 is more than twice
fasterand useslessthan half of the memory. Another additional feature that
is only available in MUMmer3 system,is a newJava viewer, DisplayMUM. It
is a new graphical output program to generateimagesin �g-format or PDF,
showing the alignment of a set of contigs to a referencechromosome.
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5.6 Mutation Sensitiv e Alignmen t

5.6.1 In tro duction

The Mutation Sensitive Alignment (MSA) algorithm [1] is basedon the ob-
servation that if two genomesare closelyrelated, then it is likely that they
can be transformedfrom each other using a few transposition/reversaloper-
ations. For example, it can be seenin Figure 5.9 that MouseChromosome
16 can be transformed into Human Chromosome3 in two operations (on
sequences31-37and 39-75).

Figure 5.9: Comparisonof MouseChromosome16 and Human Chromosome
3

The MSA algorithm makes use of this observation by looking for subse-
quencesin the two input genomestrings that di�er by at most k transpo-
sition/rev ersal operations (the authors of the algorithm set k=4). It then
returns thesesubsequencesas possibleconserved genes.

5.6.2 Concepts and De�nitions

In this section,we explain the similar subsequenceproblem(or k-similar sub-
sequence problem), which is the basisof the MSA algorithm.

Each MUM is assigneda number as its weight. Normally, the weight of an
MUM is equal to its length. The weight of a common subsequenceis the
total weight of all the MUMs that make up the subsequence.The maximum
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weightcommonsubsequence (MWCS) is the commonsubsequencewith max-
imum weight.

De�nition 5.5 Let k be a non-negative integer. Consider a subsequence X
of A and a subsequence Y of B. (X,Y) is a pair of k-similar subsequences
if X can be transformed into Y by performing k transposition/r eversaloper-
ations on k disjoint subsequences in X.

Let (X,Y) be a pair of k-similar subsequences.Intuitiv ely, both X and Y
consist of k disjoint blocks and a remaining commonsubsequence,which is
called the backbone. Each of the k blocks is either a commonsubsequenceor
reversedcommonsubsequenceof X and Y. Thesek blocks are parts of the
subsequenceon which the k transposition/reversaloperationsareperformed.
An exampleof a 2-similar subsequenceis presented in Figure 5.10. In this
example,the two blocksare(2,3) and (4,5,6),whereasthe backboneis (1,7,8).

Figure 5.10: A Pair of 2-Similar Subsequences

Given two sequencesA and B, and a non-negative parameter k, the Sim-
ilar Subsequence Problem is de�ned as the problem in �nding a k-similar
subsequenceof A and B with the greatestweight.
This problem is NP-completein general. For a constant k, we can solve the
problem in O(n2k+1 log n) time. We advisea heuristic algorithm to solve it
in O(n2(log n + k)) time.

5.6.3 The Idea of Heuristic Algorithm

Below are the the step of Heuristic algorithm:

� Find the backbone �rst
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� For every interval i..j, computethe scoreof inserting such subsequence
into the backbone

� Find k intervals which maximize the total score

For the �rst step of the heuristic algorithm, our aim is to �nd the Max-
imum Weight Common Subsequence(MWSC) of A and B, which can be
computed in O(n logn) time as described previously. We will considerthe
MWSC as the backbone.

The secondstep of the heuristic algorithm is divided into 2 steps.
Firstly, we compute MWCS(A[i..j], B [� (i )::� (j )]) for all 1 < i; j < n. By
brute-force, they can be computed in O(n3 logn) time. On the other side,
below algorithm takesO(n2 logn) time.

For each i ,

� Find the MWCS for A[i::n ] and B[� (i )::n] in O(n logn) time.

� Find the MWCS for A[i::n ] and reverseof B [1::� (i )] in O(n logn) time.

� RetrieveMWCS(A[i::j ]; B [� (i )::� (j )]) in O(log n) time for every j > = i

Secondly, for every interval i::j , de�ne its scoreto be the di�erence of the
following two terms.

� MWCS(A[i::j ]; B [� (i )::� (j )])

� The total weight of chracters in the backbone that fall into A[i::j ] or
B [� (i )::� (j )]

The third stepof the heuristicalgorithm is to �nd k intervalsi 1::j 1; i 2::j 2; :::; i k ::j k

amongall the intervals, such that they are mutually disjoint and maximize
the sum of their scores.This step can be done in O(kn2) time by dynamic
programming.

Opt(c;j ) = maxf
Opt(c;j � 1)
max1� i � j [Opt(c � 1; i � 1) + Score(i; j )]

Hence,we have the following algorithm,

Set Opt(c,0)=0 for all c=0 to k
Set Opt(0,j)=0 for all j=0 to n
For c=1 to k
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For j=1 to n
Set Opt(c,j)=Opt(c,j-1)
For i=1 to j

Set Opt(c,j)= max{Opt(c,j), Opt(c-1,i-1)+Score(i ,j )}
Report Opt(k, n)

The last step of the heuristic algorithm is to re�ne the k intervals i::j
so that B [� (i )::� (j )] are disjoint. While there exists � (i )::� (j ) and � (i 0)::� (j 0)
that areoverlapping,then weexamineall possibleways to shrink the intervals
i::j and i 0::j 0 so that the scoreis maximize and � (i )::� (j ) and � (i 0)::� (j 0) are
not overlap. This step can be donein O(k2) time.

In summary, the heuristic algorithm takesO(n2(logn + k)) time.

5.6.4 Algorithm Details

The MSA algorithm perceives two sequencesA and B, and a non-negative
parameterk asits input. It returns the setof greatest-weight k-similar subse-
quencesasoutput. The rationale is that conservedgenesbetweentwo species
are likely to be k-similar for somesmall user-de�nedvalue of k.

The MSA algorithm consistsof 4 steps,they are as follows:

1. Find all MUMs of A and B (as shown in Section3.2.2, it can be done
in linear time)

2. Find the k-similar subsequencesof A and B

3. Return the set of k-similar subsequences

The Similar SubsequencesProblem that forms the basis of the MSA algo-
rithm in Step 2 has beenshown to be NP-Complete [1], by reduction from
the MAX-2SA T Problem [6]. Therefore,an optimal solution to the Simi-
lar SubsequencesProblem will take exponential time (assumingP 6= NP).

Using dynamic programming, this k-similar subsequencesproblem can be
solved in O(n2k+1 log n) time, where n is the number of MUMs. Unfortu-
nately, this is too slow for practical purposes. However, using a heuristic
algorithm, this problem can be approximated in O(n2(log n + k)) time [1].
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5.6.5 Exp erimen tal Results

The performanceof MSA was comparedto that of MUMmer3 on 15 pairs
of mouseand human chromosomes(Table 5.1). Included in this set of data
is the known conserved genesbetweenthe pairs of chromosomes.This data
wasobtained from GenBank [10], the largestpublic DNA sequencedatabase
maintained by the National Center for Biotechnology Information (NCBI).

For these experiments, the parameter k for MSA was set at 4, while the
parameter gap for MUMmer3 was set at 2000. For each of the chromo-
somepairs, both techniques were rated on their coverage and preciseness.
The value of coverageindicates the percentage of published genesdiscov-
ered,whereasthat of precisenessindicatesthe percentage of results returned
that matchessomepublishedgenepairs. The resultsaregiven in Figure 5.11.

It canbe seenfrom theseresults that in generalMSA providesa much better
coverageand a slightly better precisenessover MUMmer3. MSA is currently
the best technique for discovering conserved genesbetween two closely re-
lated genomes.

In the next experiment, we apply MUMmer3 and MSA to 15 pairs of viruses.
(seeFigure 5.12 for details). MUM pairs of the length at least three amino
acidsare selected.The parameterk for MSA was set at 20. The results on
coverageand precisenessare shown in Figure 5.13.
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