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Abstract. This paper focuses on an important aspect of cardiac surgi-
cal simulation, which is the deformation of mesh models to form smooth
joins between them. A novel algorithm based on the Laplacian deforma-
tion method is developed. It extends the Laplacian method to handle
deformation of 2-manifold mesh models with 1-D boundaries, and join-
ing of 1-D boundaries to form smooth joins. Test results show that the
algorithm can produce a variety of smooth joins common in cardiac surg-
eries, and it is efficient for practical applications.

Keywords: predictive surgical simulation, Laplacian mesh deformation,
smooth join, discrete differential geometry.

1 Introduction

3D modeling and model deformation are indispensable components in computer
simulation of surgery. In reactive surgical simulation [1,5,10], 3D models of body
tissues deform in real-time according to applied forces provided by user inputs.
Reactive simulation is suitable for surgical training and preoperative planning
that involves only basic surgical operations.

In predictive surgical simulation [2, 4, 15], 3D models of body tissues may de-
form according to applied forces or geometrical constraints on the body tissues.
The simulation system predicts surgical results given minimum user inputs. In
this way, a surgeon can perform preoperative planning of complex surgical pro-
cedure without going through the entire procedure in detail.

To achieve the goal of predictive simulation of complex cardiac surgery, it
is necessary to devise novel 3D model manipulation algorithms that satisfy the
requirements of cardiac surgery and the physical properties of cardiac tissues.
One of these important algorithms is the deformation of 3D models of cardiac
tissues to form smooth joins, which is the focus of this paper.

This paper develops a novel algorithm that extends the Laplacian deformation
method [8] to handle deformation of 2-manifold mesh models with 1-D bound-
aries, and joining of 1-D boundaries to form smooth joins. Test results show
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that the algorithm can produce a variety of smooth joins common in cardiac
surgeries, and is efficient for practical applications.

2 Related Work

Four main approaches exist for 3D model deformation: free-form deformation
(FFD), finite element method (FEM), mass spring model (MSM), and differential
geometry (DG) approach. FFD [7, 12] does not work directly on the geometric
shape of an object. So it is difficult for FFD to manage geometrical constraints
defined on the mesh in surgical simulation. FEM [2, 4, 15] offers accurate and
realistic modeling of soft tissue deformation. However, it is computationally too
expensive for real-time or near-real-time simulation. MSM [1, 5, 10] is efficient
and easy to implement, so it is useful for real-time surgical simulation. However,
its simulation results are not necessarily accurate because its behavior is highly
dependent on the mesh topology and resolution.

DG approach directly computes the positions of the mesh points after defor-
mation, given the initial configuration of the object and predefined constraints
on the geometric properties of the mesh surface [8, 9, 13, 16]. DG offers more
accurate and stable simulation results than MSM and is computationally less
expensive than FEM. The standard DG method applies Laplacian operators to
estimate the mean-curvature normals of the surface. As the Laplacian operators
are ill-defined on mesh boundaries, existing Laplacian methods assume that the
models are 2-manifold surfaces without boundaries. In contrast, our applications
require the joining of meshes with boundaries.

One DG method for achieving smooth joins is to apply Laplacian filtering
to smoothen the joined meshes [6]. This method is, however, not favored in our
application because surface smoothing or fairing may cause the models to violate
physical properties of cardiac tissues (see Section 3 for physical constraints).

Another DG method is to model the mesh surfaces using Poisson method [11,
16], which describes the differential properties of mesh surfaces using continuous
partial differential equations. The Poisson method requires boundary conditions
on all boundaries, which may not be known a priori in our applications.

3 Simulation of Smooth Joins

Suturing of cardiac tissues to form smooth joins are common operations in car-
diac surgery. Figure 1 illustrates two typical scenarios: the suturing of coronary
button to the aorta (Fig. 1(a)), and end-to-end joining of two arteries (Fig. 1(b)).

In this paper, the two anatomical parts to be joined are modeled as 3D meshes
with zero surface thickness. One of the two parts is modeled as a fixed, rigid
object called the host H . The other one is modeled as a flexible object called the
guest G that is deformed to fit the host to form a smooth join.

The boundary curves of G and H to be joined, denoted as U and V , are
identified by corresponding starting points bs and qs, and end points be and qe

(Fig. 1). For closed curves, the starting points are also the end points. The curves
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Fig. 1. Two kinds of smooth joins in cardiac surgery. (a, b) Partial patching. (c, d)
End-to-end join. (a, c) Schematic drawings from [3]. Joins are indicated by the stitch
marks. (b, d) Computational models. Dashed curves denote boundaries to be joined.

U and V may have different shape and length. The host is fixed and the guest
is allowed to stretch or shrink. The minimum amount of deformation required
to produce a smooth join is computed and displayed. In this way, a surgeon can
assess whether the amount of deformation is acceptable empirically.

Now, we can define the joining problem as follows: Given two triangulated 2-
manifold mesh models with 1-D boundaries, of which one is a rigid host H and
the other a flexible guest G, and their corresponding boundary curves V and
U to be joined, determine the shape of the deformed guest that forms smooth,
continuous, and seamless join with the host. That is, the shape and length of
the deformed U , denoted as U ′, should be identical to those of V .

The deformation of the guest model G is subjected to three soft constraints:

A. The shape of the deformed guest should be similar to that of the original
guest, and its surface should be smooth.

B. The stretching or shrinking of the deformed guest should be minimized.
C. The join should be smooth and continuous.

4 Smooth Joining Algorithm

The algorithm for smoothly joining two mesh models consists of two steps:

1. Map boundary points b on U to the new positions b′ on U ′.
2. Deform G into G′.

Step 1 maps points b on U to the new positions b′ on U ′ (Section 4.1). This
mapping is imposed as positional hard constraints in the algorithm. Step 2 de-
forms the guest model G subject to the positional hard constraints and the three
soft constraints. The algorithm is extended from the Laplacian method [8] (Sec-
tion 4.2) to handle minimum stretching and shrinking (Section 4.3) and smooth
joining of meshes (Section 4.4).

4.1 Mapping Corresponding Points

This step determines the corresponding point of each mesh point b on U . First,
the lengths l(U) of U and l(V ) of V are measured, and a scaling factor k is
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computed as the ratio l(U)/l(V ). Then, each point b on U is mapped to a
position p on V such that

dU (bs,b) = k dV (qs,p). (1)

So, the new position b′ of b is p.
In real application, there may not be an existing mesh point at position p

on V . To ensure a close fit between U and V , each mesh point q on V is also
mapped to a corresponding position a on U according to Eq. 1. A new point and
the associated edges are added to G at position a.

4.2 Laplacian Mesh Deformation

In the Laplacian method of mesh deformation, the hard constraints on the po-
sitions of the mesh points on U ′, i.e., b′ = q, are represented by the equation:

Hx = d (2)
where x is a vector of all the mesh points in G′ and d is a vector of the desired
coordinates of b′, and H is a matrix that relates x and d.

Shape constraint (Constraint A) is imposed by minimizing the difference be-
tween the surface normals before and after deformation. The surface normal
n(p) at mesh point p can be approximated by the Laplacian operator l(p):

l(p) =
∑

vi∈N(p)

wi (p − vi) (3)

where N(p) is the set of neighboring vertices of p, and wi = 1/|N(p)|.
Shape constraint is imposed by minimizing the squared difference between

the mean-curvature normals before and after deformation, i.e.,

‖l(p′) − l(p)‖ (4)

4.3 Minimum Stretching and Shrinking

Minimum stretching and shrinking (Constraint B) is achieved by preserving
the distances between neighboring connected points. For each pair of connected
points pi and pj in G, the stretching (and shrinking) energy to be minimized is:

kij (‖p′
i − p′

j‖ − ‖pi − pj‖)2 (5)
where kij is the stiffness coefficient. It is equivalent to minimizing the following:

kij ‖dij − sij‖, where dij = p′
i − p′

j , sij = dij‖pi − pj‖/‖p′
i − p′

j‖. (6)

4.4 Smooth Join

Our method of imposing Constraint C is to match the surface tangents of the
corresponding boundary points on U ′ and V . As there is more than one surface
tangent at a point, the one that is normal to the boundary curve is chosen.

Let b be a boundary point on U and b1, . . . ,bn denote the neighboring points
of b such that b1 is also a boundary point. Among these connected neighbors,
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there is a neighbor b t such that b−b t is (approximately) normal to the surface
normal and U . We call this point the tangential point .

The tangential point b t of b is computed as follows. First, the normal n(b)
at b is estimated by the weighted mean of the normals of the neighboring faces
of b. Next, the required surface tangent t(b) is computed as the cross-product
n(b)× (b−b1). The difference vector (b−b1) approximates the tangent of U at
b, which is normal to the required surface tangent. Then, the tangential point
b t of b is the point whose difference vector b−b t is most parallel to t(b). This
tangential point is used as an approximation of the corresponding tangential
point of b′, whose position is to be computed by the deformation algorithm.

The desired surface tangent w(b′) at a boundary point b′ is given by the
tangent t(q) at the corresponding boundary point q on V . This tangent t(q) is
computed in the same way as described above.

Now, the smooth join constraint can be specified as

b′ − b t = w(b′), where w(b′) = −t(q)‖b − b t‖/‖t(q)‖. (7)

4.5 Constrained Minimization

Assembling Eq. 4, 6 and 7 gives the total energy to be minimized subjected to
the hard constraints described in Eq. 2:

min
x

‖Ax − c(x)‖ such that Hx = d (8)

where c(x) collects the l(p), sij and w(b′) terms, and A relates x and c(x).
This is a non-linear optimization problem, which can be solved iteratively

using Gauss-Newton method, as demonstrated in [14], in conjunction with the
equality-constrained least square method described in [8].

5 Experiments and Discussion

This section evaluates the effectiveness and efficiency of the proposed algorithm
in producing smooth joins of mesh models. Two test scenarios were constructed
manually based on the application examples illustrated in Fig. 1. Two variants
of the algorithm was tested for comparison: with and without smooth join con-
straints. Three test samples were constructed for each scenario, with the length
of the guest’s boundary smaller than, equal to, and greater than that of the
host’s boundary. For partial patching, the guest models were flat surfaces, which
agree with real applications. The amount of deformation (stretching or shrink-
ing) of the guest model was computed by measuring the amount of change in
the areas of the triangles before and after deformation.

Figures 2–3 show that the smooth join constraint is necessary for the algorithm
to produce a smooth join between the guest and the host. The constraint ensures
that the algorithm achieves a balance between smooth joining and preservation
of the orientation and shape of the guest model.

When the guest’s boundary was shorter than the host’s boundary, the guest
was stretched significantly to match the host (column (a)). When they had the
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Fig. 2. Results of end-to-end joint. (1) Initial configurations, (2) without smooth join
constraint, (3, 4) With smooth join constraint. The guest’s boundary is (a) shorter
than, (b) equal to, and (c) longer than the host’s boundary. Red color indicates the
amount of deformation of the guest model (white: no change, dark red: large change).
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Fig. 3. Results of partial patching. (1) Initial configurations. (2) Without smooth join
constraint. (3, 4) With smooth join constraint. The guest’s boundary is (a) shorter
than, (b) equal to, and (c) longer than the host’s boundary. Red color indicates the
amount of deformation of the guest model (white: no change, dark red: large change).
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same length, the guest was minimally deformed (column (b)). When the guest’s
boundary was longer than the host’s boundary (column (c)), the guest did not
shrink significantly due to the minimum shrinking constraint. Instead, it bulged
to match the shape of the host. This is an expected result in real applications.

The computation time of the algorithm was measured in an Intel Pentium
4 PC with 3GHz CPU and 1GB RAM to assess its efficiency. The algorithm
took 70 seconds to solve the end-to-end join scenario (Fig. 2(4)), which was
an optimization problem with 2,494 points, 522 hard constraints, and 29,688
soft constraints. For partial patching (Fig. 3(4)), with 1509 points, 1,218 hard
constraints, and 17,967 soft constraints, the algorithm took 13 seconds to solve.

6 Conclusion

This paper presented a novel algorithm that extends the Laplacian deformation
method to handle deformation of 2-manifold mesh models with 1-D boundaries,
and joining of 1-D boundaries to form smooth joins. In addition to the positional
and shape constraints in the original method, two other constraints are incor-
porated. The smooth join constraint ensures that the guest model is deformed
properly to fit the host model and to produce a smooth join between their joining
boundaries. The minimum stretching and shrinking constraint ensures that the
deformation of the guest model is minimum. Test results show that the algorithm
can produce a variety of smooth joins common in cardiac surgeries. Moreover,
the algorithm can execute efficiently for practical applications.
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