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Abstract. This paper proposes a method for performing predictive sim-
ulation of cardiac surgery. It applies a hybrid approach to model the
deformation of blood vessels. The hybrid blood vessel model consists of
a reference Cosserat rod and a surface mesh. The reference Cosserat rod
models the blood vessel’s global bending, stretching, twisting and shear-
ing in a physically correct manner, and the surface mesh models the
surface details of the blood vessel. In this way, the deformation of blood
vessels can be computed efficiently and accurately. Our predictive simu-
lation system can produce complex surgical results given a small amount
of user inputs. It allows the surgeon to easily explore various surgical op-
tions and evaluate them. Tests of the system using bidirectional Glenn
shunt (BDG) as an application example show that the results produced
by the system are similar to real surgical results.

1 Introduction

Many cardiac surgeries for correcting congenital heart defects, such as arterial
switch operations and bidirectional Glenn shunt [1], involve complex operations
on the cardiac blood vessels. At present, cardiac surgeons mostly rely on echocar-
diography, cardiac catheterization and CT images of a patient’s heart to examine
the specific anatomical anomalies of the patient. Without appropriate surgical
planning and visualization tool, they often resort to manual drawings to visual-
ize the surgical procedures and the expected surgical results. This approach is
imprecise and is impossible to provide details of the possible outcome of the sur-
gical procedures. To improve the precision and effectiveness of cardiac surgery
planning, novel surgical simulation systems are desired.

Among existing surgical simulation systems, reactive systems (e.g., [2, 3])
attempt to simulate real-time displacement and deformation of body tissues
in response to user inputs that emulate surgical operations. They are useful
for training and navigational planning of surgical operations. However, to use a
reactive system to predict results of complex surgeries, the surgeon would need to
go through all the detailed surgical steps, which is tedious and time-consuming.

In contrast, predictive simulation systems (e.g., [4]) aim at efficiently produc-
ing complex surgical results based on the physical properties of the anatomies



and a small amount of user inputs that indicate the surgical options. In this
way, the surgeon can easily explore various surgical options and evaluate the
predicted surgical results without going through the surgical details.

This paper illustrates a predictive simulation system for bidirectional Glenn
shunt (BDG), which is a very important cardiac surgery for the treatment of
several congenital heart defects (Sec. 3). In the predictive simulation of BDG,
as in the simulation of other surgical procedures that involve soft tissues, the
model objects should deform according to their physical properties. In addition,
the deformation of the blood vessels should comply with an additional constraint:
they should not be overly stretched or twisted to avoid obstruction of blood flow.
This constraint translates to the requirement of modeling global strains such as
bending, stretching and twisting of the blood vessels.

Blood vessel deformation can be modeled using 3D finite elements [5] or thin
shell models [6, 7]. These methods are in general computationally expensive. For
reactive simulation, mass spring model has been applied to the simulation of
cardiac tissue and blood vessel deformation [2, 3]. However, its simulation ac-
curacy highly depends on careful placements of springs between mass points,
which may not have physical correlates. More importantly, these general sur-
face/volume deformation methods do not explicitly model global bending and
twisting, which are important characteristics of blood vessels.

To meet the requirement of modeling global strains in the predictive simu-
lation of BDG, this paper presents a hybrid approach for modeling blood ves-
sel deformation (Sec. 2). The hybrid blood vessel model binds a surface mesh
elastically to a reference Cosserat rod [8]. The mesh model represents the sur-
face details of the blood vessel while the reference rod models global bending,
stretching, twisting and shearing of the vessel. Deformation of the hybrid model
is accomplished by first deforming the reference rod according to Cosserat the-
ory, then deforming the mesh according to its binding to the rod and its surface
elastic energy. This approach allows the blood vessel to deform in a physically
correct manner in relation to its global strains. It also allows the surface to de-
form realistically and efficiently. Moreover, the hybrid model provides structural
information of the blood vessel, thus reducing the amount of user inputs that
indicate surgical options (Sec. 3). Experimental results (Sec. 4) confirm the effec-
tiveness of our model in the predictive simulation of BDG. Note that although
the example application in this paper is BDG, our blood vessel model is general
enough for the predictive simulation of other complex cardiac surgeries.

In comparison to our work, existing reactive simulation systems of cardiac
surgery [2, 3] focus on low-level operations such as incision and retraction of the
heart [2, 3] and suturing of ventricular septal defect [2], rather than complex
operations on the cardiac blood vessels. For predictive simulation of cardiac
surgery, Li et al. [4] applied differential geometry approach to predict the sur-
gical results of aorta reconstruction. The predictive simulation idea is in spirit
similar to that of this paper. However, the deformation approach adopted in [4]
is a pure geometrical approach, which is not necessarily accurate. Moreover, it
took into consideration only the surface elastic energies and did not model the



global strains of blood vessels. Although torsion energy can be approximated as
described in [9], it is nontrivial to incorporate the torsion energy term to affect
the behavior of the blood vessel model.

2 Hybrid Blood Vessel Model

Our hybrid model of a blood vessel consists of a reference Cosserat rod and a sur-
face mesh of the blood vessel (Fig. 1). For a given surface mesh of a blood vessel,
we construct the hybrid model by fitting a reference rod to the centerline of the
surface using the technique described in [9, 10]. A binding relationship between
the surface model and the reference rod is then established. The deformation
of the blood vessel is achieved by first deforming the reference rod according
to Cosserat theory [8] (Sec. 2.1), then deforming the mesh model according to
the surface elastic energy in terms of surface bending and stretching, and the
established binding relationship to the reference rod (Sec. 2.2).

2.1 Cosserat Rod

A Cosserat rod C [8] is represented by a 3D curve r(s) and orthonormal directors
dk(s), with k ∈ {1, 2, 3} and the arc length parameter s ∈ [0, L]. d3(s) is normal
to the cross-sectional plane Xs of the rod at s. d1(s) and d2(s) are in Xs and
point at two material points on the rod’s surface (Fig. 1).

The strains of a Cosserat rod are expressed as linear strain vector v(s) and
angular strain vector u(s) [8] such that

v(s) = ∂sr(s), ∂sdk(s) = u(s) × dk(s), k ∈ {1, 2, 3}. (1)

The strain vectors u(s) and v(s) can be resolved into three components by the
directors dk to yield the strain variables uk and vk:

uk = u · dk, vk = v · dk, k ∈ {1, 2, 3}. (2)

Together with global translation and rotation of the rod, uk and vk define the
rod’s configuration, i.e., r and dk. The components u1 and u2 are the curvatures
along d1 and d2 which measure the bending of the rod, while u3 measures
twisting. The components v1 and v2 measure shear, and v3 measures stretching.
Let us denote

u ≡ [u1, u2, u3]
⊤, v ≡ [v1, v2, v3]

⊤. (3)

Assuming the Kirchhoff constitutive relations, the couple (i.e., inner torque)
m(s) and stress n(s) experienced by the rod are

m(s) = J(s)(u(s) − u0(s)), n(s) = K(s)(v(s) − v0(s)), (4)

where J(s) and K(s) are stiffness matrices that depend on the geometric mo-
ments of inertia and material properties of the rod, and u0(s) and v0(s) are the
strain values in the initial configuration. The potential energy of the rod is [8]:

E =
1

2

∫ L

0

[

(

u(s) − u0(s)
)⊤

m(s) +
(

v(s) − v0(s)
)⊤

n(s)
]

ds. (5)

Given boundary conditions on the positions r or the directors dk, the deformed
configuration Ct = {rt,dt

k} is the equilibrium state of the rod, with minimum
potential energy E that minimizes the difference between the strains.



Fig. 1. A hybrid blood vessel model with its reference rod, directors and surface mesh.

2.2 Blood Vessel Surface Deformation

Binding Surface to Cosserat Rod If the cross-sections do not change, the
surface of a blood vessel can be considered as a shape function defined by the
reference Cosserat rod. For each mesh vertex p, there exists an s such that p is
on the cross-section Xs of the blood vessel at s. A one-to-one mapping function
f can then be established between the local coordinates (x, y, z) in the directors
dk at s and the global coordinates p:

p = f(s, x, y, z) = r(s) + xd1(s) + y d2(s) + z d3(s). (6)

In the initial configuration, the local coordinates (x, y, z) for each mesh vertex
are computed from the initial reference rod. When the reference Cosserat rod
deforms, function f defines the reference binding position p′ of the mesh vertex
p in the deformed configuration. The elastic binding energy between the surface
mesh and the reference Cosserat rod can then be defined as:

Ec(p) = kc‖p − p′‖2

2
, (7)

where kc is the corresponding binding coefficient.

Surface Bending and Stretching When a blood vessel deforms, its surface
undergoes stretching and bending, which incur stretching and bending energies.
For discrete meshes, various techniques have been presented to approximate
the energies (e.g., [7]). Since stretching and bending are essentially non-linear
characteristics, the resulting deformable model are usually non-linear, which may
be computationally costly.

One efficient way to approximate the bending energy is to use Laplacian
operators [11, 12]. Since Laplacian is a linear operator, it is rotation variant.
Traditional ways of achieving rotation-invariant Laplacian is to approximate
the rotation of Laplacian from known handle vertices [12] or by using multi-
resolution hierarchies [11]. In our model, rotation-invariance is achieved by mea-
suring the Laplacians with respect to the directors of the reference rod, which
are intrinsic properties of the rod. This is a more natural approach to achieving
rotation invariance of Laplacian for tubular objects like blood vessels. There-
fore, the reference Cosserat rod serves the important roles of modeling global
strains of the blood vessel, as well as achieving rotation-invariant Laplacians.
The surface bending energy at a vertex p with its Laplacian l(p) is:

Eb(p) = kb‖l(p) − R(p) l0(p)‖2

2
, (8)

where l0(p) is the Laplacian of p in the initial configuration, R(p) is the rotation
of the corresponding directors, and kb is the bending stiffness.

Surface stretching energy is measured by the change of edge lengths similar
to [7]. For an edge e that connects vertices pi and pj , the stretching energy is:
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Fig. 2. Models and inputs. (a) Heart and blood vessel models reconstructed from a
patient’s CT images. (b) User input points to indicate surgical options. (c) Cross-
sectional cut path and incision path generated by the system.

Es(e) = ks (‖pi − pj‖ − ‖p0

i − p0

j‖)
2, (9)

where ks is the stretching stiffness related to the Young’s modulus, and ‖p0

i −p0

j‖
is the edge length in the initial configuration.

The total surface deformation energy to be minimized is thus:

E = Ec + Eb + Es. (10)

Note that the binding and bending terms are both linear. The stretching term,
although non-linear, can be solved efficiently in an iterative way described in
[13]. Hence, the overall surface deformation can be achieved efficiently.

3 Predictive Simulation of Bidirectional Glenn Shunt

Bidirectional Glenn shunt (BDG) is a very important operation involved in the
treatment of several congenital heart detects such as tricuspid atresia, hypoplas-
tic left heart syndrome, and single ventricle anomalies [1]. It is performed by first
detaching the superior vena cava (SVC) from the heart through a cross-sectional
cut on the SVC, then making an incision on the top side of the right pulmonary
artery (RPA), and connecting the distal end of the SVC to the top side of RPA.
After BDG, venous blood from the head and upper limbs will pass directly to the
lungs, bypassing the right ventricle such that the volume load on the ventricle
will be decreased and the oxygen saturation will be improved.

In the surgical planning of BDG, the surgeon needs to decide: a) the position
of the cross-sectional cut on the SVC to detach it from the heart; b) the incision
path on the top side of the RPA; c) the correspondence between the two joining
boundaries to join the SVC and RPA with minimum twisting.

These decisions should be carefully made for every patient to reduce the
potential risk (e.g., obstruction of blood flow) and to improve the long-term
outcome. In addition, the surrounding cardiac structures (e.g., the aorta and
the heart) limit the desirable deformation of the SVC and RPA, making the
surgical decisions very crucial.

3.1 Predictive Simulation Algorithm

Our predictive simulation system allows the user to simply pick a point on
the SVC and RPA respectively to indicate the surgical decision (Fig. 2(b)).
It then automatically predicts the result of BDG with minimum blood vessel
deformation. The simulation algorithm consists of the following three steps:
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Fig. 3. Deformation of hybrid model (lower) in comparison with real elastic tube ma-
nipulated by hand (upper). (a) Initial configuration, (b) bending, (c) twisting. (d) Mesh
variation with respect to change of Young’s (Y) and shear (G) moduli.

Step 1. Given the cut position c on the SVC (Fig. 2(b)), the algorithm computes
its projection to the reference rod of SVC to get the parameter s and the cross-
sectional plane Xs of the reference rod (Fig. 2(c)). The surface is cut by this
cross-sectional plane and the reference rod is split into two parts.

Step 2. Given the incision point i on the RPA (Fig. 2(b)), an incision path is
drawn on RPA’s surface (Fig. 2(c)) such that it is parallel to RPA’s reference
rod and the mid-point of the path is the input point i. The length of the incision
path is determined by the perimeter of the distal end of the cut SVC.

Step 3. The point correspondence between the two joining boundaries is estab-
lished such that the center of the distal end of SVC is aligned with point i, and
the director d3 is normal to the surface of RPA. Next, the deformation algorithm
is applied to solve for the final configuration that minimizes the Cosserat rod
energy E (Eq. 5), the surface energy E (Eq. 10), and an additional spring energy
introduced to join the corresponding points of the two boundaries.

The final configuration illustrates the expected surgical results based on the
given surgical decision, which is the minimally deformed configuration. In addi-
tion, the system also illustrates a way of cutting and joining the blood vessels
with minimum deformation.

4 Tests and Discussions

For testing our hybrid model, a straight tube (Fig. 3(a)) was constructed to
model a real elastic tube that the surgeon uses to emulate blood vessels during
surgery planning. Figure 3(b, c) compares the bending and twisting deformation
of the model and that of the real tube, which was manipulated by hand at its two
ends. The similarity of our tube model to the real tube shows the correctness
of our hybrid approach in simulating tubular object deformation. Figure 3(d)
illustrates mesh variation with respect to change of material property in simu-
lating the twisting example (Fig. 3(c)). The Young’s and shear moduli varied
from their default values with a factor ranging from 0.01 to 100. Figure 3(d)
shows that the deformation algorithm is robust, i.e., produces small mesh varia-
tion with small change of material property. The slight fluctuation of the curves
for factors close to 1 may be attributed to the non-linear behavior of the model
and numerical error in discrete optimization.
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Fig. 4. Predicted surgical results of various surgical options. (a) Desired result, free of
congestion and twisting. (b) Result with undesirable twisting indicated in green. (c–e)
Different selections of cut points on SVC result in different amount of pressure due to
collision with aorta. SVC’s are made semi-transparent to illustrate the pressure in red.

(a) (b) (c) (d)

Fig. 5. Comparison of (a, c) simulation results with (b, d) volume rendering of post-
operative CT data. (a, b) Frontal view. (c, d) Side view.

For testing the predictive simulation algorithm, 3D mesh models of the heart,
aorta, pulmonary artery and superior vena cava were segmented and recon-
structed from a patient’s CT images (Fig. 2(a)), and the hybrid models were
constructed. For blood vessels with branches such as the aorta and pulmonary
trunk, the major branches can also be modeled using the hybrid model with ref-
erence rods connected to the reference rod of the main trunk, thus constructing
a tree structure of rods. The BDG simulation algorithm was performed on the
blood vessel models to join the SVC to the RPA. Various surgical options were
tested as inputs for evaluating the predicted surgical results.

Figure 4(a) shows a desired surgical result which is free of congestion and
twisting. Explicit modeling of global strains in our model allows strain values
to be easily visualized. For example, by intentionally rotating the distal end of
SVC, undesirable twisting of SVC was produced and visualized (Fig. 4(b)). The
selection of the cut position on the SVC is crucial since it affects the length
of the cut SVC. As shown in Figure 4(c–e), when the cut SVC was too short,
it collided with the aorta thus resulting in pressure on both vessels (Fig. 4(c)).
The pressure decreased with increasing SVC length (Fig. 4(d)), and became zero
when the cut SVC was long enough to avoid collision (Fig. 4(e)).

Note that quantitative validation of the predictive simulation system is dif-
ficult to achieve because the reconstructed 3D models cannot be exact due to
errors in CT scanning and image segmentation. Moreover, the blood vessel shape
is affected by other factors such as blood pressure. Therefore, this paper presents



only a qualitative validation by comparing the simulation result with the volume
data of the patient’s postoperative CT rendered by VTK [14]. Frontal and side
views of the volume rendering were selected such that the SVC and aorta can
be clearly seen. Figure 5 shows that the shapes of the blood vessels in our sim-
ulation result are similar to those in the volume data. The heart model differs
somewhat from the real heart due to segmentation error and rendering effects.

The above tests were carried out on a 2.33 GHz Core 2 Duo PC. The exe-
cution time for BDG simulation is on average 10 seconds, with the blood vessel
models containing a total of 24, 393 vertices (AO: 8, 995, PA: 9, 824, VC: 5, 574).

5 Conclusion

This paper presented a predictive simulation system for bidirectional Glenn
shunt (BDG) in cardiac surgery. The system uses a hybrid approach to model
blood vessel deformation. The hybrid model binds a reference Cosserat rod and
a surface mesh elastically. The reference rod models the global strains of the
blood vessel in a physically correct manner, while the 3D mesh models the sur-
face details of the blood vessel. In this way, blood vessel deformation can be
achieved accurately and efficiently. Our blood vessel model also provides struc-
tural information that facilitates predictive simulation procedure. Experiments
and qualitative validation confirm the feasibility and effectiveness of the hybrid
blood vessel model for the predictive simulation of BDG.
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