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ABSTRACT

While much work hasbeendonein nding linear correlation
among subsets of features in high-dimensional data, work
on detecting nonlinear correlation has been left largely un-
touched. In this paper, we presernt an algorithm for nding

and visualizing nonlinear correlation clustersin the subspace
of high-dimensional databases.

Unlik e the detection of linear correlation in which clus-
ters are of unique orientations, nding nonlinear correla-
tion clusters of varying orientations requires merging clus-
ters of possibly very di erent orientations. Combined with
the fact that spatial proximity must be judged basedon a
subset of features that are not originally known, deciding
which clusters to be merged during the clustering process
becomesa challenge. To avoid this problem, we propose a
novel concept called co-sharing level which captures both
spatial proximit y and cluster orientation when judging sim-
ilarit y between clusters. Based on this concept, we develop
an algorithm which not only detects nonlinear correlation
clusters but also provides a way to visualize them. Exper-
iments on both synthetic and real-life datasets are done to
show the e ectiv enessof our method.

1. INTRODUCTION

In recernt years, large amounts of high-dimensional data,
such as images, handwriting and gene expression pro les
have beengenerated. Analyzing and handling such kinds of
data have becomean issue of keeninterest. Elucidating the
patterns hidden in high-dimensional data imposesan even
greater challenge on cluster analysis.

Data objects of high dimensionality are NOT globally cor-
related in all the features becauseof the inherent sparsity of
the data. Instead, a cluster of data objects may be strongly
correlated only in a subsetof features. Furthermore, the na-
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Figure 1: Global vs Local Orien tation

ture of such correlation is usually local to a subsetof the data
objects, and it is possible for another subset of the objects
to be correlated in a di eren t subsetof features. Traditional
methods of detecting correlations like GDR [20] and PCA
[16] are not applicable in this casesincethey can detect only
global correlations in whole databases.

To handle the above problem, seweral subspace cluster-
ing algorithms such as ORCLUS [3] and 4C [7] have been
proposedto identify local correlation clusters with arbitrary
orientations, assuming ead cluster has a xed orientation.
They identify clusters of data objects which are linearly cor-
related in some subset of the features.

In real-life datasets, correlation between features could
however be nonlinear, depending on how the dimensions are
normalized and scaled [14]. For example, physical studies
have shown that the pressure, volume and temperature of
an ideal gas exhibit nonlinear relationships. In biology, it
is also known that the co-expressionpatterns of genesin a
gene network can be nonlinear [12]. Without any detailed
domain knowledge of a dataset, it is dicult to scale and
normalize the dataset such that all nonlinear relationships
becomelinear. It is even possiblethat the scaling and nor-
malization themselves causelinear relationships to become
nonlinear in some subset of the features.

Detecting nonlinear correlation clusters is challenging be-
cause the clusters can have both local and global orien-
tations, depending on the size of the neighborhood being
considered. As an example, consider Figure 1, which shows
a 2D sinusoidal curve oriented at 45 degreesto the two axes.



Assuming the objects cluster around the curve, we will be
able to detect the global orientation of this cluster if we con-
sider a large neighborhood which is represerted by the large
circle certered at point p. However, if we take a smaller
neighborhood at point g, we will only nd the local ori-
entation which can be very dierent from the global one.
Furthermore, the local orientations of two points that are
spatially closemay not be similar at the sametime, as can
be seenfrom the small neighborhoods around g and r.

We next look at how the presenceof local and global orien-
tations may poseproblems for existing correlation clustering
algorithms like ORCLUS [3] and 4C [7]. These algorithms
usually work in two steps. First, small clusters called mi-
cro clusters [21, 22] are formed by grouping small humber
of objects that are near each other. Second, microclusters
that are closeboth in proximit y and orientation are merged
in a bottom-up fashion to form bigger clusters. With non-
linear correlation clusters, such approaches will encourter
two problems:

1) Determination  of Neigh borho od

Given that the orientation of a microcluster is sensitive to
the size of the neighborhood from which its members are
drawn, it is dicult to determine a neighborhood size in
advance such that both the local and global orientations of
the clusters are captured. Combined with the fact that spa-
tial proximit y must be judged basedon a subset of the fea-
tures that are not originally known, forming microclusters
that capture the orientation of their neighborhood becomes
a major challenge.

2) Judging Similarit y between Micro clusters

Since the orientations of two microclusters in close proxim-
ity can be very di erent, judging the similarit y betweentwo
microclusters becomesnon-trivial. Given a pair of micro-
clusters which have high proximity * but very dierent ori-
entations and another pair with similar orientations but low
proximit y, the order of merging for these two pairs cannot
be easily determined. This in turn a ects the nal clustering
result. One way to avoid this problem is to assigndierent
weights to the imp ortance of proximit y and orientations, and
then compute a combined similarit y measure. However, it
is not guaranteed that there will always be a unique weight
assignmen that givesa good global clustering result.

In this paper, we aim to overcomethe above problems in
nding nonlinear correlation clusters. Our contributions are
as follows:

1. We highlight the existence of local and global orien-
tations in nonlinear correlation clusters and explain
how they poseproblems for existing subspacecluster-
ing algorithms like ORCLUS [3] and 4C [7], which are
designedto nd linear correlation clusters.

2. We design an algorithm called CURLER 2, for nd-
ing and visualizing complex nonlinear correlation clus-
ters. Unlike many existing algorithms which use a
bottom-up approach, CURLER adopts an interactiv e

INote that as mentioned earlier, judging proximit y by itself
is a dicult task since the two microclusters could lie in
di erent subspaces. We assumethat the problem is solved
here for easeof discussion.

2CURLER stands for CURve cLustERs detection.

top-down approach for nding nonlinear correlation
clusters sothat both global and local orientations can
be detected. A fuzzy clustering algorithm basedon Ex-
pectation Maximization (EM) [15] is adopted to form
the microclusters so that neighborhoods can be de-
termined naturally and correctly. The algorithm also
provides a similarit y measurecalled co-sharing level
that avoids the needto judge the importance of prox-
imit y and orientation when merging microclusters.

3. We presert extensive experiments to show the e -
ciency and e ectiv enessof CURLER.

The rest of the paper is organized as follows. Related
work is reviewed and discussedin Section 2. We formally
presert our algorithm in detail in Section 3. We discussour
experimental analysis in Section 4. We conclude in Section
5.

2. RELATED WORK

Clustering algorithms can be grouped into two large cate-
gories: full spaceclustering, to which most traditional clus-
tering algorithms belong, and subspaceclustering.

The clustering strategies utilized by full space cluster-
ing algorithms mainly include partitioning based clustering,
which favors spherical clusters such as the k-medoid [17]
family and EM algorithms [15]; and density-based clustering,
represeried by DBSCAN [11], DBCLASD [23], DENCLUE
[2] and the more recert OPTICS [5]. EM clustering algo-
rithms such as[19] compute probabilities of cluster member-
ships for eath data object according to certain probabilit y
distribution; the aim is to maximize the overall probabil-
ity of the data. For density-based algorithms, OPTICS is
the algorithm most related to our work. OPTICS creates
an augmerted ordering of the database, thereby represert-
ing the density-based clustering structure based on “core-
distance' and “reachabilit y-distance'. However, OPTICS has
little concern for the subspacewhere clusters exist or the
correlation among a subset of features.

As large amounts of high-dimensional data have resulted
from various application domains, researders argue that it
is more meaningful to nd clusters in a subset of the fea-
tures. Seweral algorithms for subspaceclustering have been
proposedin recert years.

Some subspace clustering algorithms like CLIQUE [4],
OptiGrid [1], ENCLUS [10], PROCLUS [9], and DOC [18]
only nd axis-parallel clusters. More recert algorithms such
as ORCLUS [3] and 4C [7] can nd clusters with arbitrarily
oriented principle axes. However, none of them addresses
our issueof nding nonlinear correlation clusters.

3. THE CURLER ALGORITHM

Our algorithm, CURLER, works in an interactiv e and top-
down manner. It consistsof the following main componerts.

1. EM Clustering: A modied expectation-maximization
subroutine EM Cluster is applied to convert the orig-
inal dataset into a su cien tly large number of re ned
microclusters with varying orientations. Each micro-
cluster M; is represerted by its mean value ; and
covariance matrix . At the sametime, a similarity
measure called co-sharing level between eat pair of
microclusters is computed.



2. Cluster Expansion: Based on the co-sharing level be-
tweenthe microclusters, a traversalthrough the micro-
clustersis carried out by repeatedly choosing the near-
estmicrocluster in the co-shared neighborhood of a
currently processedcluster. We denote this subroutine
as E xpandC luster .

3. NNCO plot (Nearest Neighbor Co-sharing Level & Ori-
entation plot): In this step, nearestneighbor co-sharing
levels and orientations of the microclusters are visual-
ized in cluster expansion order. This allows us to vi-
sually obserwe the nonlinear correlation cluster struc-
ture and the orientations of the microclusters from the
NNCO plot.

4. According to the NNCO plot, users may specify clus-
ters that they are interested in and further explore the
local orientations of the clusters with regard to their
global orientation.

In the next sections, we will explain the algorithm in detail
and the reasoning behind it.

3.1 EM-Clustering

Lik e k-means, the EM-clustering algorithm is an iterativ e
k-partitioning algorithm which improvesthe conformabilit y
of the data to the cluster model in ead iteration and typi-
cally convergesin a few iterations. It has various attractiv e
characteristics that make it suitable for our purpose. This
includes the clustering model it uses,the fact that it is
a fuzzy clustering method, and its iterativ e re nement ap-
proach.

3.1.1 ClusteringModel

In EM-clustering, we adopt a Gaussian mixture model
where each microcluster M is represerted by gprobabilit y
g,istribution with density parameters, i=f i, g, i and

; being the mean vector and covariance matrix of the data
objectsin M; respectively. Such arepresertation is su cien t
for any arbitrary oriented clusters. Furthermore, the orien-
tation of the represerted cluster can be easily computed.

Ban eld and Raftery [15] proposed a general framework
for represening the covariance matrix in terms of its eigen-
value decomposition:

i = iDiAD/; 1)

where D; is the orthogonal matrix of eigervectors, A; is
a diagonal matrix whose elemerts are proportional to the
eigervaluesof i, and ; isascalar. Di, Aj and ; together
determine the geometric features (shape, volume, and ori-
entation respectively) of component ;.

3.1.2 FuzzyClustering

Unlik e ORCLUS and 4C in which eadc data object either
belongs or not belongsto a microcluster, EM-clustering is
a fuzzy clustering method in which eac data object has a
certain probabilit y of belonging to ead microcluster.

Given a microcluster with density parameters , we com-
pute the probabilit y of x's occurrence given ¢ as follows:

YHED Ik
)

where x and mean vector ; are column vectors, j ij is the
determinant of ;, and ( ;) !isits inversematrix.
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Figure 2: Co-sharing between Tw o Micro clusters

Assuming the number of microclusters is set at ko, the
probabilit y of x occurrencegiventhe ko density distributions
will be:

o
PR(x) = WiPR(Xj i); 3)
i=1
The coe cien t W; (matrix weights) denotes the fraction
of the database given microcluster M;. The probabilit y of
a data object x belonging to a microcluster with density
parameters ; can then be computed as:

WiPR(X] i).
PR(x) “)

There are two reasons for adopting fuzzy clustering to
form microclusters. First, fuzzy clustering allows an object
to belong to multiple correlation clusters when the micro-
clusters are eventually merged. This is entirely possiblein
real life datasets. For example, a hospital patient may su er
from two types of diseaseA and B, and thus his/her clini-
cal data will be similar to other patients of diseaseA in one
subset of features and also similar to patients of diseaseB in
another subset of features. Second, fuzzy clustering allows
us to indirectly judge the similarit y of two microclusters by
looking at the number of objects that are co-sharedbetween
them. More speci cally, we de ne the following similarit y
measure:

PR( ijx) =

Definition ~ 3.1. Co-sharing Level
The co-sharing level between clusters M; and Mj is:

coshare(M;;M;) = [PR(Mijx) PR(M;jx)]; (5)
x2D

where x is a data object in the dataset D, PR(M;jx) and
PR(M;ijx) are the probability of object x belonging to micro-
cluster M; and microcluster M; resgectively. PR(M; jx) and
PR(M;ijx) are calculated according to Equations 4 and 2. 2

Given each data object in the database, we compute the
probabilit y of the object belonging to both M; and M; at
the sametime and sum up these probabilities over all the
data objects. In this way, the co-sharing level takesboth the
orientation and spatial distance of two microclustersinto ac-
count without needingto explicitly determine their impor-
tance in computing the similarity. A high co-sharing value



betweentwo microclusters indicates that they are very sim-
ilar while a low co-sharing value indicates otherwise. As
an example, consider Figure 2 where two microclusters, M,
and M, are usedto capture the bend in a cubic curve. Since
M1 and M are neighboring microclusters, points that over-
lapped both of them will belong to both the Gaussian dis-
tributions and thus these points will increasethe co-sharing
level between them.

Note that this similarit y measureis important here sim-
ply becausewe are handling nonlinear correlation clusters 2.
For linear correlation algorithms like ORCLUS and 4C, this
measure is unnecessaryas they can simply not merge two
microclusters which are either too far apart or very dissim-
ilar in orientation.

On the basisof our new co-sharing level, we will de ne the
co-shared neighborhood and nearest neighbor co-sharing
level (NNC) for microclusters.

Definition ~ 3.2. Co-shared neighborhood

For a microcluster M, its co-shared neighborhood refers
to all the microclusters whose co-sharing level from M is
no smaller than some non-negative real number : f8 Mjj
coshare(M¢, Mi) g. 2

We will explain how these de nitions will be usefulin the
section on cluster expansion later.

3.1.3 IterativeRe nement

Lik e the well-known k-means algorithm, EM-clustering is
an iterativ e re nement algorithm which improvesthe quality
of clustering iterativ ely towards a local optimal. In our case,
the quality of clustering is measuredby the log likelihood for
the Gaussian mixture model as follows:

Xo
logl. Wi PR(Mijx)] (6)

x2D i=1

The EM-clustering algorithm canbedivided into two steps:

E-Step and M-Step. In E-Step, the memberships of each
data object in the microclusters are computed. The density
parameters for the microclusters are then updated in M-
Step. The algorithm iterates between these two steps until
the change in the log likelihood is smaller than a certain
threshold betweenone iteration and another. Suc iterativ e
change of memberships and parameters is necessaryin order
to break the catch-22 cycle described below:

1. Without knowing the relevant correlated dimensions, it
is not possibleto determine the actual neighborhood of the
microclusters.

2. Without knowing the neighborhood of the microclusters,
it is not possible to estimate their density parameters i.e.,
the mean vector and the covariance matrix of the microclus-
ters.

3As an analogy, consider how soft metals like iron, copper,
etc., can be easily bended becauseof their stretchable bond
structures. Correspondingly, we can now “stretch' data ob-
jects acrossmicro clusters becauseof fuzzy clustering sothat
the merged microclusters can conform to the shape of the
nonlinear correlation clusters.

EMCluster(D, MCS, i elihood , M axLoopN um)
1. Setthe initial iteration Num. j = 0O,

initialize the mixture model parameters,

Wi, 2and 9, for each microcluster M; 2 M CS.
2. (E-Step) For gadh data object x 2 D:

PRI (x) = W;iPR! (xjM}),
Mi2MCs
PR (Myjx) = *r i PRIUIMIM; 2 MCS,

w?=" .5 PR (Mjjx).

3. (M-Step) Update mixture model parameters for 8M; 2
MCS:
(x PR(Mijx))
i1 — x28
' PR(Mijx)
Xx2D ) )
PR(Mijx)(x 1™)(x 1")T
j+1 — x2D X
' PR(M;jx)
x2D
Wi = W
4. IffEl E'™j ik elhood OF j > M axLoopN um

Decompose i for 8M; 2 M CS and return
Elsesetj = j + 1and goto 2.

Note:
E': the log likelhood of the  mix-
ture model at iteration j, PR! (xjMi) =
qﬁﬁﬁEXp[ %(X Ji)T( D Y(x Dl

Figure 3: EMCluster  Subroutine

By sampling the mean vectors from the data objects and
setting the covariance matrix to the identity matrix ini-
tially , the iterativ e nature of EM-clustering conforms the
microclusters to their neighborhood through the iterations.
Again, we note that our approach here is dierent from
that of ORCLUS and 4C. ORCLUS does not recompute
the microcluster certer until two microclusters are merged,
while 4C xes its microclusters by gathering objects that
are within a distance of of an object in full feature space.
Our approach is necessaryas we are nding more complex
correlations. Incidentally, both ORCLUS and 4C should
encourter the same catch-22 problem as us, but they are
relatively una ected by their approximation of the neigh-
borhood.

The EM Cluster subroutine is illustrated in Figure 3.
First, the parameters of each microcluster M; (M; 2 M CS)
are initialized as follows: W; = 1=ko, f\’,li is the identity
matrix, and the microcluster certers are randomly sampled
from the dataset. The membership probabilities of eacth data
object x (x 2 D), PR(Mijx), are computed for each micro-
cluster M;. Then the mixture model parameters are updated
basedon the calculated membership probabilities of the data
objects. The membership probabilit y computation and den-
sity parameters updating iterate until the log likelihood of
the mixture model converges,or if the maximum number of
iterations, M axLoopN um, is reached. The output of the
EM clustering is the means and covariance matrices of the
microclusters, and alsothe membership probabilities of each
data object in the microclusters. These results are passed
on to the ExpandC luster subroutine.



ExpandCluster(M CS, , OutputFile)
1. Calculate the co-sharing level matrix;
2. M= M CS.NextUnpro cessedMicroCluster
C =fM.Q;
3. Nc = neighbors(M¢, , M CS);
Mc.processed= True;
Output M. to OutputFile;
While jN¢cj > 0 Do
From N¢c, remove nearest microcluster to C,
and setit asMg;
Mc.processed= True;
Output M. and coshareM¢,C) to OutputFile;
Merge C and M. to form new Cyew ;
Update the co-sharing level matrix;
C=Crew ;
Nc=Nc + neighbors(M., , MCS);
4. If there exist unprocessedmicroclusters goto 2;
End.

Figure 4: ExpandCluster  Subroutine

3.2 Cluster Expansion

Having formed the microclusters, our next stepis to merge
the microclusters in a certain order sothat the nal nonlin-
ear correlation clusters can be found and visualized.

Definition ~ 3.3. Co-sharing Level Matrix

The co-sharing level matrix is a ko ko matrix with its entry
(i, j) representing the co-sharing level between microclusters
Mi and M;j (coshare(Mi, Mj)). 2

We calculate the co-sharing level matrix at the beginning
of the cluster expansion procedure basedon the membership
probabilities PR(M;jx) for ead data object x and ead mi-
crocluster M. To avoid the complexity of computing ko ko
entries for each data object x, we instead maintain for each
X, a list of l,p, microclusters that x is most likely to belong
to. This reducesthe number of entries update to Ifop. We
arguethat x hasO0 or near O probabilit y of belonging to most
of the microclusters and thus our approximation should be
accurate.

As shown in Figure 4, the ExpandCluster subroutine rst
initializes the current cluster C as f M.g, where M is the
rst unprocessedmicrocluster in the set of microclusters
M CS. It then mergesall other microclusters that are in
the co-shared -neighborhood of M. into N¢ through the
function call to neighbors(M¢, , M CS). M is then output
together with its co-sharing level value with C. From among
the unprocessedmicroclusters in N¢, the next M. with the
highest co-sharing level is found. Cyew is then formed by
merging M. and C. We then update the co-sharing level
matrix according to Equation 7.

coshare(C; M) = M ax(coshare(C; My); coshare(M¢; M));
7
where M is any of the remaining unprocessednmicroclusters.
C is then updated to becomeCy ey and unprocessedmi-
croclustersin the co-shared -neighborhood of M C are added
to Nc. This processcontinues until N¢ is empty and then
a C is re-initialized to another unprocessedmicrocluster by
going to Step 2.

3.3 NNCO Plot

In the NNCO (Nearest Neighbor Co-sharing Level & Ori-
entation) plot, we visualize the nearest neighbor co-sharing

levels together with the orientations of the microclusters in
cluster expansionorder. The NNCO plot consistsof a NNC
plot above and an orientation plot below, both sharing the
same horizontal axis.

3.3.1 NNCPIlot

The NNC plot is inspired by the reachability plot of OP-
TICS [5]. The horizontal axis denotesthe microcluster order
in the cluster expansion, and the vertical axis above denotes
the co-sharing level between the microcluster M. and the
cluster being processedC when M. is addedto C. We call
this value the NNC (Nearest Neighbor Co-sharing) value of
M C. Intuitiv ely, the NNC plot represerts a local hill climb-
ing algorithm which moves towards the local region with
the highest similarity at every step. As sudh, in the NNC
plot, a cluster will be represerted with a hill shape with the
up-slope represerting the movemert towards the local high
similarit y region and the down-slope represerting the move-
ment away from the high similarit y region after it has been
visited. Note that an NNC level of O represens a complete
separation between two clusters, i.e., the two clusters are
formed from two sets of microclusters that do not co-share
any data objects.

3.3.2 OrientationPlot

Below the NNC plot is the orientation plot, a bar consist-
ing of vertical black-and-white lines. For eac microcluster,
there is a vertical line of d segmens where d is the dimen-
sionality of the data space,and eac provides one dimension
value of the microcluster's orientation vector, asde ned be-
low.

Definition  3.4. Cluster Orientation

The cluster's orientation is a vector along which the cluster
obtains maximum variation, that is, the eigenvector with the
largest eigenvalue. 2

Each dimension value y of the microcluster orientation
vector is normalized to the range of [-127.5,127.5]and mapped
to a color ranging from black to white according to Equation
8.

Color(y) = [R(y + 1275); G(y + 127.5);B(y + 127:5)] (8)

Therefore, the darkest color ([R(0), G(0), B(0)], wheny =

127:5) indicates the orientation parallel but opposite the
corresponding dimension axis while the brightest color ([R(255),
G(255), B(255)], when y = +127:5) indicates the orienta-
tion parallel and along the dimension axis. Gray ([R(127:5),
G(127:5), B(127:5)], wheny = 0) suggestsno variation at all
in the dimension. Obviously, similarly oriented microclus-
ters tend to have similar patterns in the orientation plot.
In this way, the clusters' speci c subspacescan be obsered
graphically.

3.3.3 Examples

Figure 5 shows a quadratic cluster and a cubic cluster.
The nonlinear cluster structures are detected successfully
as shown in the NNCO plots in Figure 6. According to Def-
inition 3.1, the more similar in orientation the microclusters
are, the larger the co-sharing level value they have. As our
microclusters are assumedto be evenly distributed, the mi-
croclusters which are similar in orientations and close to
ead other have larger NNC values and tend to be grouped
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Figure 5: Quadratic and Cubic Clusters
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Figure 6: NNCO Plots

together. Here, the microcluster orientations are approxi-
mately the tangents along the curves. There are two humps,
indicating two large subclusters of similar orientations in the
guadratic NNC plot (Figure 6(a)). Likewise,there are three
humps, indicating three large subclusters of similar orienta-
tions in the cubic NNC plot (Figure 6(b)).

Generally, the tangent projection along the quadratic curve
in X, dimension increasesfrom negative to positive while
the tangent projection on the X; dimension increasesand
decreasessymmetrically . The simple mathematic reasoning
behind this is that, given the 2D quadratic curve

x2=a (x1 b?+c;
wherea > 0, the changing ratio of the tangent slop, x‘;" =2
a, is a positive constant. The maximum tangent projection
on the X, dimension is achieved when the tangent slope
is 0. That is why we seein the orientation plot that as a
whole, the bar color in dimension X ; brightens contin uously
(tangent slope changesfrom negative to positive) while the
bar color in dimension X1 brightens rst and darkens mid-
way.

For the cubic curve

Xa=a (x1 b+

the tangent slope changesfrom positive to zero, then back
to positive again. Again, as the tangent projection on di-
mension X ; increasesand decreasessymmetrically while the
tangent projection on dimension X, decreasesand increases
symmetrically. For this reason, the bar color in dimension
X1 brightens and darkens symmetrically while the bar color
of dimension X ; darkensand brightens symmetrically in the
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CURLER( D, ko, |top ., lik elhood s M axLoopN um)
1.Randomly Sample ko number of seedsfrom D
asMCS;
2.EMCluster(D, MCS, i elihood » M axLoopN um);
3.Selectone microcluster in M CS asc;
4.ExpandCluster(M CS, , OutputF il e);
5. For any interesting cluster C;
Transform DS into Dpew in the subspace"lci;
- é:URLER( Dnew » K3, ltop» + Ik elihood » M axLoopN um)
nd.

Figure 7: CURLER

orientation plot.

3.4 Top-down Clustering

Having identi ed interesting clusters from the orientation
plot, it is possibleto perform another round of clustering by
focusing on eadh individual cluster. The reasonfor doing so
is the obsenation that the orientation captured by the initial
orientation plot could only represert the global orientation
of the clusters.

As we know, eac data object is assumedto have mem-
bership probabilities for seweral microclusters in CURLER.
We de ne the data mem bers represeried by a discovered
cluster C which consists of microcluster set MCS as the
set of data objects whose highest membership probabili-
ties are achieved in the microcluster among M CS, f8 xjx 2
D and 9M. 2 M CS such that Max: i «,fPR(Mijx)g =
PR(Mjx)g. Basedon the data members of cluster C, we
can further compute the cluster existance spaceof C.

Definition  3.5. Transformed Clustering Space

Given the specied cluster C and |, we de ne the trans-
formed clustering space as a space spanned by | vectors,
denoted as ", in which the sum of the variances along the
| vectors is the least among all possible transformations. In
other words, the | vectors of the transformed clustering space
"C . are the | eigenvetors with the minimum eigenvalues,
computed from the covariance matrix of the data memters
of C. We denote the | vectors as ei, e, ..., and &, where |
may be much smaller than the dimensionality of the original

data space d. 2

Given the dimensionality of the original data space,d, a
correlation cluster Ci, and |, we can further project data
members of C;, D1, to the subspace"[" of | vectors ("{' =
fe, &2, ..., € 0) by transforming ead data member x 2
D% to (X e1,X €2,..X €), wherexande; (1 |j 1
are d-dimensional vectors. In this way, we obtain anew| D
dataset and can carry on another level of clustering. Figure

7 shows the overview of our algorithm.

3.5 Time Complexity Analysis

In this section, we analyze the time complexity of CURLER.
We focus our analysis on the EM-clustering algorithm and
the cluster expansion sincethesetwo are the most expensive
steps among the four.

EM Clustering:

In the EM part, the algorithm runs iterativ ely to re ne the
microclusters. The bottleneck is Step 2, where the mem-
bership probabilities of eacdh data object x for each micro-
clusters M; 2 M CS is calculated. The time complexity of
matrix inversion, matrix determinant, and matrix decom-



position is O(d®); thus, the time complexity of matrix op-
eration for ko microclusters is O(ko d®). Besides,the time
complexity of computing PR’ (xjM;) is O(d?) for each pair
of x and M;. For all data objects and all microclusters, the
total time complexity of EM clustering is O(ko n d?+ ko d®).

Cluster Expansion:
The time complexity of computing the initial co-sharing
level matrix is O(n Iﬁ,p), as explained in Section 3.2. As
there is no index available for CURLER due to our unique
co-sharing level function, all the unprocessedmicroclusters
haveto bechededto determine the co-shared neighborhood
of the current cluster. So the time complexity of the near-
est neighbor searc for one cluster is O(ko) and the time
complexity of the total nearest neighbor seard is O(k3).
Also, as the time complexity of eadh co-sharing level ma-
trix update during cluster merging is O(ko), and there is
maximum ko updates, the time complexity of the entire cor-
relation distance matrix update is O(k3). As a result, the
time complexity of the cluster expansionis O(n ltzop + k3).

4. EXPERIMENT AL ANALYSIS

We tested CURLER on a 1600 MHz PVI PC with 256M
memory to ascertain its e ectivenessand e ciency . We
evaluated CURLER on a 9D synthetic dataset of three he-
lix clusters with dierent cluster existence spaces,the iris
plant dataset and the image segmenation dataset from the
UCI Repository of Machine Learning Databases and Do-
main Theories [6], and the lyer time seriesgene expression
data with 10 well-known linear clusters [13].

4.1 Parameter Setting

As illustrated in Figure 7, CURLER generally requires v e
input parameters: M axLoopN um, log lik elihood threshold
lik elihood , Microcluster number ko, lp and neighborhood
co-sharing level threshold

In all our experiments, we set M axLoopN um between5
and 20, and i elihnooa Of 0.00001. The experiments show
that it is quite reasonableto trade o a limited amount of
accuracy for e ciency by choosinga smaller M axLoopN um,
a larger log likelihood threshold i eihooa @nd a smaller ligp
ranging from 20 to 40.

The number of microclusters ko is a core parameter of
CURLER. According to our experiments, there is no signif-
icant di erence in performance when varying ko. Of course,
the larger the ko, the more re ned the NNCO plots we got.
Unlik e [3] where each data object is assignedto only one
cluster, in CURLER, ead data object is assumedto have
membership probabilities for I, microclusters. As aresult,
the performance of CURLER is not a ected much by ko.

The neighborhood co-sharing level threshold  implicitly
de nes the quality of mergedclusters. The larger indicates
more strict requirement on microclusters' similarit y in both
orientation and spacial distance when expanding clusters;
hence, the higher cluster quality we obtained. In our exper-
iments, we set to 0. To get a rough clustering result for
any positive , we simply moved the horizontal axis up along
the vertical axis by a co-sharing level of in the NNCO plot.
This is another advantage of our algorithm.

4.2 Efciency

In this Section, we evaluate the e ciency of our algorithm

with avarying databasesize(n) and a varying number of mi-
croclusters (ko) on the 9D (d=9) synthetic dataset. In our
experiments, we xed the maximum number of loop time
M axLoopN um at 10, the log lik elihood threshold i elihood
at 0.00001, the neighborhood co-sharing level threshold
as 0, and the number of microcluster memberships for each
data object I, at 300. We varied either n or ko. When n
was varied, we xed ko at 300. Likewise, we set n at 3000
when varying ko. For the output results, we averagedthe ex-
ecution times of v e runs under the sameparameter setting.
In general, CURLER performed approximately linearly with
the database size and the number of microclusters, asillus-
trated in Figure 8. The high scalability of our algorithm
shows much promise in clustering high-dimensional data.
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4.3 Effectiveness

4.3.1 Synthetidataset

Becauseof the di cult y of getting a public high-dimensional
dataset of well-known nonlinear cluster structures, we com-
pared the e ectiv enessof CURLER with 4C on a 9D syn-
thetic dataset of three helix clusters. The three helix clusters
existed in dimensions1 3 (cluster 1), 4 6 (cluster 2), and
7 9 (cluster 3) respectively and the remaining six dimen-
sions of each cluster were occupied with large random noise,
approximately v e times the data. Each cluster mapped a
dierent color: red for cluster 1, blue for cluster 2, and yel-
low for cluster 3, as shown in Figure 9. Below is the basic
generation function of helix, wheret 2 [0; 6 ],

X1 =C t,
X2 = r sin(t),
X3 =r cogt).

The top-level NNC plot in Figure 10 shows that all the
three clusters were identied by CURLER in the sequence
of cluster 1, cluster 3 and cluster 2, separated by two NNC-
zero-gaps. The top-level orientation plot further indicates
the cluster existence subspaceof ead cluster, the gray di-
mensions. The noise dimensions are marked with irregular
dazzling darkening and brightening patterns.

For a close look at the nonlinear correlation pattern of
each cluster, we projected the data member into the cor-
responding cluster existence subspaceof three vectors and
performed sub-level clustering. Note that the vectors of the
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cluster existence subspacewere NOT subsetsof the original
vectors. Sincejsin (t)j and jcog(t)j had six cycles,whent var-
ied from O to 6 , the sub-level NNCO plots shaw six cycles
of shading and brightening orientation patterns in subspace
dimensions e 1, &>, and g3 for ead cluster i (i = 1, 2, and
3).

As expected, 4C found no clusters although we setthe cor-
relation threshold parameter ashigh as0:8. The changing
orientation in the dataset doesnot exhibit the linear correla-

tion which 4C is looking for. In contrast, CURLER not only
detected the three clusters but also captured their cycling
correlation patterns and the subset of correlated features
(Figure 10).

4.3.2 RealCaseStudies

To have arough idea of the potential of CURLER in prac-
tical applications, we applied the algorithm to three real-life
datasets in various domains. Our experiments on the iris



plant dataset, the image segmenation dataset, and the lyer
time series gene expression dataset show that CURLER is
e ectiv efor discovering both nonlinear and linear correlation
clusters on all the datasets above. As the cluster structures
of the rst two public datasets have not been described, we
will begin our discussionwith the examination of their data
distributions with the projected views. We will only report
the top-level clustering results of CURLER here due to space
constraint.

Based on our de nition of the data members represerted
by cluster C in Section 3.4, we can infer the classcluster C
mainly belongsto. We denote the inferred classlabel on the
top of the cluster or subcluster in the NNCO plot.

4.3.2.1 Casel: Iris Plant.

The iris plant dataset is one of the most popular datasets
in pattern recognition domain. It contains 150 instances
from three classes: lIris-virginica (class 1), Iris-versicolor
(class 2) and Iris-setosa (class 3), 50 instances each. Each
instance has four numeric attributes, denotedasX, X, X3
and X 4. Figure 11 (a) shows the projected view of this data,
where the blue points, greencircle and red squaresrepresert
instancesfrom class1, 2 and 3 respectively. We can seethat
there are two large clusters: one consisting of instances of
class1 and the other consisting of instancesfrom class2 and
class3. The secondcluster can further be divided into two
subclusters, one composed of instances from class2 and the
other from class3.

The microclusters constructed by the EMCluster subrou-
tine are shown in Figure 12 (a). As can be seenclearly, the
cluster expansion path traversesinstancesfrom class1, class
2 and class 3 in an orderly manner. The NNCO plot of iris
(Figure 13 (a)) visualizes two large clusters: one composed
of 50 microclusters represerting instances from class 1 and
the secondcluster composedof 100 microclusters represert-
ing instancesfrom the other two classes.lIt is also noticeable
that the secondcluster is further divided into two subclus-
ters (two humps) of 85 and 15 microclusters respectively. As
illustrated in Figure 12 (a), the two subclusters mainly rep-
resert instances from class 2 and class 3 respectively. The
di eren t patterns of the clusters in the orientation plot sug-

gestthe corresponding di eren t cluster existence subspaces.

It is interesting that the microclusters in the same cluster
or the same subcluster are very similar in orientation (very
similar color patterns). Thus we can infer that the iris plant
datasets have three approximately linear clusters, among
which two with very similar orientations are closeto each
other.

4.3.2.2 Case2:. Image Sgmentation.

The image segmernation dataset has 2310 instances from
seven outdoor images: grass(class 1), path (class?2), window
(class 3), cemert (class 4), foliage (class 5), sky (class 6),
and brickface (class 7). Each instance corresponds to a 3x3
region with 19 attributes. During dataset processing, we
removed the three redundant attributes (attributes 5, 7, and
9 were reported to be repetitiv e with attributes 4, 6, and 8
respectively), and normalized the remaining 16 attributes
to the range of [-5, 5]. The 16 attributes contained some
statistical measuresof the images, denoted as X1, X3, ...,
X16-

Figure 11 (b) shows the projected views on all dimen-
sions. Figure 12 (b) is the projected view of our constructed

microclusters on dimensions X 14, X15 and X6 in cluster
expansion order.

Figure 13 (b) is the NNCO plot of the image dataset,
which revealsthe clustering structure accurately. Note that
the image dataset is partitioned into three large clusters
separated by NNC-zero-gaps. This is con rmed in our data
projection views, Figure 11 (b.4) and (b.6), where we can
see one large cluster composed of instances from class 1,
one composed of instances from class 6, and another large
cluster composed of mixed instances from the rest of the
classes. The last cluster is nonlinear (Figures 11 (b.5) and
(b.6)). The NNCO plot indicates that instances from the
sewen classesare well separated and fairly clustered.

The orientation plot further indicates that the clusters
have their own subspaces;this is re ected in the dierent
color patterns. However, some common subspacesalso ex-
ist. For instance, we observe that the orientation plot on
dimensions X7, Xg, Xg, and X9 have synchronous color
patterns, indicating synchronous linear correlations of the
four attributes. As validated in Figures 11 (b.3) and (b.4),
the three clusters approximately reside in the diagonal re-
gions of dimensions X7, Xg, X9 and X 1. Another interest-
ing phenomenonis that line X; is strongly highlighted (in-
dicating large variation in X 1), line X, is partly highlighted
(indicating positive orientation) and partly darkened (indi-
cating negative orientation) while line X3 is globally gray
(indicating no variation at all in dimension X3). With a
closerlook at Figure 11 (b.1), we seethe answer: the three
clusters distribute almost parallel with axis X1 and have
little variation in dimension X3. The approximate gray of
lines X4, X5, and X also indicates little variation in the
three dimensions. As a result of the nonlinear patterns in
dimensions X 11 to X1 (Figure 11 (b)), there are irregular
color patterns in dimensions X 11 to Xs.

Figure 14 depicts three interesting cluster structures dis-
covered in the NNCO plot of the image dataset (Figure 13
(b)). First, the black-and-white cycling color pattern of mi-
croclusters 1-48 in dimensions X 11-X 15 of the orientation
plot is a vivid visualization of the nonlinear cluster struc-
ture of the corresponding instancesof class3 (Figure 14 (a)).
Second,the synchronous three-vertical-bar pattern of micro-
cluster 397-429in both the NNC plot and the orientation
plot, especially dimensions X 7-X 10, revealsthree linear cor-
relation clusters with diagonal orientations (Figure 14 (b)).
The NNCO plot also indicates that the instances of class7
can be partitioned into two big subclusters of consecutive
microclusters, one represeried by microclusters 49-82 and
the other represerted by microclusters 280-321respectively.
The plot alsoindicates that the later subcluster has a larger
variation in dimensions X 11, X12, and X3 (micro clusters
280-321 have brighter colors in dimensions X 11 and X 12 of
the orientation plot than microclusters 49-82). Again, this
is veried in Figure 14 (c).

4.3.2.3 Case3: HumanSerumData.

To verify the e ectiv enessof our algorithm, we also ap-
plied CURLER to a bendhmark time seriesgene expression
dataset, the lyer dataset [13]. The lyer dataset is a set of
temporal geneexpressiondata in responseof human brob-
lasts to serum, which consists of gene expression patterns
of 517 genesacross 18 time slots. [13] describes 10 linear
correlation clusters of genes,denoted as"A’, "B, ..., and *J'".
CURLER identied nine out of the reported ten clusters
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successfully among the 517 genes(Figure 15); cluster "G/,
consisting of 13 genes,was the exception. As can be seen,
CURLER partitions the reported genesof cluster "D’ into
two consecutive subclusters, represerted by microclusters
63-76 and 77-95respectively. Lik ewise, CURLER partitions
the genesof cluster "H' into three disjointed big subclusters
of consecutive microclusters: 206-232,287-307and 317-349.
The latter two big subclusters can be further partitioned at
the sub-level as observed in the NNCO plot.

Figure 16 and 17 illustrate the temporal gene expression
patterns acrossthe 18 time slots of the genesin the above
discovered subclusters. Apparently, the expressionpatterns
of the genesin eac subcluster are quite cohesive. Note
that the expressionpatterns of genesin the two subclusters
of cluster ‘D' are dierent at time slots t2 and t3: those
represerted by microclusters 63-76 are negatively expressed
while those represerted by microclusters 77-95are positiv ely
expressed. Besides, their variation at the two time slots are
dierent, as detected by the NNCO plot. As for genesof
the three subclusters of cluster "H', their expressionpatterns
are delicately dierent in time slots t9, t10, t11, and t12, as



shown in Figure 15 and veried in Figure 17.

5. CONCLUSIONS

In this paper, we have preserted a novel clustering algo-
rithm for identifying and visualizing nonlinear correlation
clusters together with the specic subspacesof their exis-
tence in high-dimensional space. Almost no work has ad-
dressedthe issue of nonlinear correlation clusters, let alone
the visualization of these clusters. Our work is a rst at-
tempt, and it combines the advantage of density based al-
gorithms represerted by OPTICS [5] for arbitrary cluster
shape and the advantage of subspaceclustering algorithms
represerted by ORCLUS [3] for subspacedetecting.

As shown in our experiments on a wide range of datasets,
CURLER successfullycaptures the subspacesvherethe clus-
ters exist and the nonlinear cluster structures, even when a
large number of noise dimensions is intro duced. Moreover,
CURLER allows usersto interactiv ely select the cluster of
their interest, have a closelook at its data members in the
space where the cluster exists, and perform sub-level clus-
tering when necessary

We plan to consider other variants to further improve the
e ciency of CURLER, i.e., constructing someindex struc-
tures to accelerate nearest neighbor queries based on the
mixture model.

Ac kno wledgmen t: We like to thank Wen Jin and Martin
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