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Abstract

Recent advances in research fields like multimedia
and bioinformatics have brought about a mew genera-
tion of hyper-dimensional databases which can contain
hundreds or even thousands of dimensions. Such hyper-
dimensional databases pose significant problems to existing
high-dimensional indexing techniques which have been de-
veloped for indexing databases with (commonly) less
than a hundred dimensions. To support efficient query-
ing and retrieval on hyper-dimensional databases, we pro-
pose a methodology called Local Digital Coding (LDC)
which can support k-nearest neighbors (KNN) queries on
hyper-dimensional databases and yet co-exist with ubiq-
witous indices, such as Bt-trees. LDC extracts a sim-
ple bitmap representation called Digital Code(DC) for each
point in the database. Pruning during KNN search is per-
formed by dynamically selecting only a subset of the
bits from the DC based on which subsequent compar-
isons are performed. In doing so, expensive operations in-
volved in computing L-norm distance functions between
hyper-dimensional data can be avoided. Extensive ex-
periments are conducted to show that our methodology
offers significant performance advantages over other ex-
isting indexing methods on both real life and synthetic
hyper-dimensional datasets.

1. Introduction

Hyper-dimensional' databases are databases which
contain hundreds or even thousands of dimensions. Re-
cent advances in several research fields including mul-
timedia, bioinformatics, data mining on audio, images
and text, as well as networking, have resulted in such
databases which pose significant challenges to existing
high-dimensional indexing techniques, that are usually
capable of handling databases (commonly) up to tens of
dimensions.

The problem of indexing and searching in a hyper- di-
mensional database is a challenging one, due to three
main reasons:

e First, according to several studies (e.g., [3]), the ex-
pected minimal distance between any two points in
a hyper-dimensional space is very large (becoming

1 The term hyper-dimensional is used to differentiate the problem
we are addressing from the present norm of 30- to 50- (high) di-
mensional space
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larger with increasing dimensionality) while the dif-
ference between the minimal and maximal distance
to a point is expected to be small (becoming smaller
with increasing dimensionality). These two charac-
teristics of a hyper-dimensional space mean that the
search radius for a k-nearest neighbor query is ex-
pected to be large. This in turn results in a large
number of ‘false positives’ since most points are ex-
pected to have almost equal distance to the query
point. This phenomenon leads to significant deterio-
ration of the query performance in most existing in-
dexing methods.

e Second, due to the extremely high dimensional-
ity, the fanout for most indexes built on a hyper-
dimensional space is typically very small, resulting
in an increase in the height of the indexes (e.g., in
a 200 dimensional space, we can’t expect more that
ten entries in an 8K page if 4 bytes are needed for
each dimension).

e Finally, the computation of the distance (e.g.,
Euclidean distance) between two points in a
hyper-dimensional space, becomes processor inten-
sive as the dimensionality increases. This implies
that the processor time is expected to become a sig-
nificant portion of the overall query response time
for a hyper-dimensional database. Proposed tech-
niques for optimizing the performance of most
indexing techniques do not take this into considera-
tion.

In this paper, we propose an effective methodology
called Local Digital Coding (LDC) for finding k-nearest
neighbors in a hyper-dimensional space. LDC is devel-
oped to address the problems mentioned above and pro-
vide a substantial reduction on both I/O and processor
time when searching on hyper-dimensional datasets con-
sisting of hundreds of dimensions. It is compatible with
ubiquitous indices, such as BT-trees and thus can be eas-
ily deployed.

Given a cluster of points in a high-dimensional data
space LDC transforms each point into a bitmap which we
refer to as the point’s Digital Code (DC). Each dimen-
sion of the point is represented by a single bit in its DC.
The DC of a point is generated by comparing the coordi-
nates of the point with the coordinates of the cluster cen-
ter the point belongs to. A bit is set to 1, if the value of
the dimension it corresponds to, is larger than the value
of the corresponding dimension of the cluster center, and
0 otherwise.



Since there is a bit in the DC for each dimension, in-
dexing a D-dimensional space will result in DCs with
D bits. The data points in a cluster can thus be sep-
arated into 27 partitions with points in each partition
sharing the same DC. Based on LDC, we propose a novel
searching algorithm, called Searching on-the-fly by
PArtial-distance (SPA). Given the DCs of both the
query point and a partition, SPA dynamically selects a
subset from the DCs (say n bits) to perform matching.
A partition is pruned off if the number of matching bits
in the two DCs is less than m bits. The intuition behind
such an approach is that the points in the pruned parti-
tion are on different sides of some cutting planes with re-
spect to the query point and thus are too far away to be
in the answer set.

A summary of our contributions is as follows:

e We present LDC, an efficient methodology for index-
ing a hyper-dimensional space. LDC has the follow-
ing advantages over existing methods for handling
hyper-dimensional data:

— LDC is optimized to take both processor and
I/0 time into account. This is important since
processor time for comparing vectors becomes
significant in a hyper-dimensional space.

— LDC’s method of spatial inference for pruning
the search space is based on cutting-planes in-
stead of direct distance computation. Because
of this, the proposed algorithm, SPA, that per-
forms KNN search, has significantly less 'false
positives’ compared to methods using direct
distance computation.

— LDC adopts a bit representation instead of
storing the actual dimensional values, thus, its
storage requirements are the smallest possible
(without considering the option of using com-
pression methods) for representing the location
of any D-dimensional partition. This effectively
reduces the number of I/Os that are required to
search the index.

o We identify the parameters that affect the perfor-
mance of LDC and present the results of a detailed
analysis identifying how these parameters can be
tuned for certain objectives given a query point.

e We present the results of a detailed experimental
evaluation of our methodology supporting our claims
that LDC is capable of handling hyper-dimensional
databases more efficiently, compared to other appli-
cable methods.

The rest of the paper is organized as follows. Section
2 reviews related work. LDC is presented in Section 3.
In Section 4, the novel SPA algorithm is introduced. An
extensive performance study on our method is presented
in Section 5. Finally, Section 6 concludes the paper.

2. Related Work

Indexing techniques have been the focus of exten-
sive research both in low [8] as well as high-dimensional
databases [4]. With the demand for even higher-
dimensional databases, consisting of hundreds of or more
dimensions, earlier high-dimensional indexes face sig-
nificant challenges. Indexing techniques have been

designed typically for 30-50 dimensions, and fail to im-
prove the performance of sequential scan [11] due to
the known ‘dimensionality curse’. To tackle this phe-
nomenon recent proposals adopt one of the three
approaches: (1) Dimensionality reduction, (2) Data ap-
proximation, and (3) One dimensional Transforma-
tion.

Dimensionality reduction methods [6] map the high di-
mensional space into a low dimensional space which can
be indexed efficiently using existing multi-dimensional in-
dexing techniques. The main idea is to condense the orig-
inal space into a few dimensions along which the infor-
mation is maximized. Such methods report approximate
nearest neighbors however, since dimensionality reduc-
tion incurs information loss.

Representations of the original data points us-
ing smaller, approximate representations have also been
proposed, as a means of aiding high dimensional in-
dexing and searching. Such proposals include, the
VA-file [11], the IQ-tree [1] and the A-tree [10]. The
VA-file (Vector Approximation file) represents the orig-
inal data points by much smaller vectors. The main
drawback of the VA-file however, is that it defaults in as-
sessing the full distance between the approximate vec-
tors, which imposes a significant overhead, especially
if the underlying dimensionality is very large. More-
over, the VA-file does not adapt gracefully to highly
skewed data. The IQ-tree was proposed recently. It
maintains a flat directory which contains the mini-
mum bounding rectangles of the approximate data
representations.

One dimensional transformations provide another di-
rection for high-dimensional indexing. Such techniques
include the Pyramid technique[2] and iDistance[12].
They suffer however, from the fact that any meaning-
ful search operation involves assessing distances be-
tween the full high dimensional representation of the
data points; thus, pruning during search becomes prob-
lematic as the dimensionality increases. High dimen-
sional search techniques, assuming specific storage mod-
els, have been recently proposed in [7].

While LDC exploits bit representation, it is fundamen-
tally different from the VA-file in three ways: 1) LDC uses
one bit for each dimension, while the VA-file uses multi-
ple bits. 2) Pruning in LDC is achieved dynamically by
selecting a subset of DC for bitwise operation, while the
VA-file involves full distance computation between ap-
proximation vectors. 3) LDC is adaptive to skewed data
distributions while the VA-file has been shown to be ef-
fective mainly for uniform datasets [10]. This is further
confirmed in our experiments.

3. Local Digital Coding (LDC)

In this section, we start by presenting the LDC
methodology. Since LDC can easily co-exist with B*-
tree indices, we refer to a B*-tree employing LDC as an
LDC tree. Then, we will discuss how to efficiently con-
struct an LDC tree.

3.1. Structure of the LDC tree

The structure of the LDC tree can be essentially sepa-
rated into three levels. Figure 1 presents an example. The



first level of the LDC tree is a BT-tree which is formed by
simply transforming each point in the hyper-dimensional
space into a one-dimensional value. Several methods can
be utilized to perform this transformation; we choose the
method proposed in [12], due to its simplicity. In [12],
the whole data space is first grouped into clusters with
each point in the data space belonging to one of the clus-
ters.

Data Points Data Points

Data Points

Figure 1. The overall structure of an LDC tree.

Assuming each cluster is assigned a unique ID, the
one-dimensional value for a data point P in cluster 7 is
computed as:

key(P) =i*xc+ d(P,0;)

where O; is the center of cluster i, ¢ a constant and d(.)
a distance function, assessing the distance between two
points in the hyper- dimensional space. The minimum
and maximum value of Key() among all points in a clus-
ter, define a range of values, which we refer to as the range
of cluster 7. Constant ¢, which we refer to as the scaling
constant is chosen as to increase the range of each clus-
ter, so that the ranges of different clusters are disjoint
and can thus be distinguished easily. This way, the range
of each cluster i, is [i * ¢, (i + 1) * ¢]. An additional auxil-
iary array is used to store the center and range for each
cluster. Given a D-dimensional point P, the cluster with
center O, that P belongs to, can be determined by com-
puting Key(P) and checking membership of the value
Key(P) in a cluster’s range.

The second level of the LDC tree is the Digital Code
(DC) level. The basic idea of a DC is to produce an ef-
fective single bit representation for each dimension of a
data point. Given a D-dimensional data space, we en-
code each data point into a D-dimensional DC represen-
tation by applying the algorithm in Figure 2. Given a D-
dimensional point P and a cluster center O, initially, the
DC is set to 0 (line 1). For each dimension, if its value
is equal or greater than the value of the corresponding
dimension of the cluster center, we set the correspond-
ing bit of the DC representing that dimension to 1 and
0 otherwise (lines 3 and 4). The DCs are stored sepa-
rately from the index in order to enable fast sequential
scanning of DCs in the SPA algorithm.

The third level of the tree is the data level where the
actual data points are stored.

3.2. Constructing the LDC Tree

The LDC tree is built in three steps. In the first step,
the data space is partitioned into clusters. A plethora of

Local Digital Coding Algorithm
LDC(P,0)

Input: P, O;

Output: DC;

1. unsigned int DC=0;

2. fori=0to D-1

3 if (Pfi] > Oi])

4. DC|=1<<1;

5. return DC;

Figure 2. Local Digital Coding

proposals exist for clustering high dimensional data sets
[9, 13]. For hyper-dimensional datasets, this process can
be computationally expensive even as a pre-processing
step. A variety of approaches exist for clustering high di-
mensional datasets approximately, trading accuracy for
speed [5]; such techniques can be readily utilized in our
setting, significantly improving the performance of this
preprocessing step.

For simplicity we adopt the following approach for par-
titioning the data set into clusters. We first select the edge
points as done in [12] and then group the data points
into clusters by assigning them to the nearest edge point.
While doing so, the centroid of each cluster can be ap-
proximated. This is done by estimating the median of the
cluster on each dimension through the construction of a
histogram along each dimension. The centroid of each
cluster is then used as the cluster center.

The Key() value for each point (relative to its clus-
ter center) is then computed. A single B*-tree index is
then built on these values. The second step links each dis-
tance value in the leaf nodes of the B™-tree to the cor-
responding point’s DC representation in order. This way
the DC level of LDC is populated. Pages containing DC’s
are sequentially stored so that a sequential scan on DCs
can be performed.

Finally, the third step links each DC to the correspond-
ing data point in order. This way, for each point in the
data space its corresponding DC value is under its cor-
responding Key() value in the leaf nodes of the BT-tree,
and above the actual coordinates of the point.

Dynamic maintenance operations arising from inser-
tions/deletions on an LDC Tree can be easily performed.
When a new point is added in the dataset, its cluster
membership is first determined by identifying the near-
est cluster center. Then its one-dimensional distance and
DC representation is computed, followed by the stan-
dard insertion operation in BT-trees. Correspondingly,
the point’s linked DC and data are inserted into the cor-
rect position in the DC level and data level of the tree
respectively. Deletion operations are quite similar. After
the point’s one-dimensional distance value is computed,
the standard deletion operation in a B*-tree is then per-
formed, followed by removing the corresponding linked
DC and data point.

4. KNN Search in an LDC Tree

We now turn our attention on hyper-dimensional
searching and show how a k-nearest neighbor (KNN)
search can be effectively performed on the LDC tree.



Notation Description

Q,P 0 Query, data point, cluster center

Qli], P[i], O] The '™ dimension value for Q,P,0

DCq, DCp The DC for Q and P

DColi], DCp[i] | The corresponding bit for the i*" di-
mension in the DC of ) and P

rank A dimension ranking array

rankl[i] The i element of the dimension

ranking array
D Dimensionality of the database

DIM The set of dimensions for the
database, |DIM| = D

DIM’ A proper subset of DI M

s, t Number of dimensions

m Pruning length

n Candidate pruning length

pd Partial distance

© Threshold for search space or =~

[ Maximal number of candidates al-
lowed

Table 1. A Table of Notations.

Without loss of generality and to simplify our pre-
sentation we will assume that the distance function
adopted in the search is the Euclidean distance. Thus,
in the remainder of the paper d(.) refers to the Eu-
clidean distance between a pair of points. We summa-
rize the notation used in Table 1 for quick reference.
We first present the theoretical foundation of our algo-
rithm.

4.1. Partial Distance
We begin by formally defining partial distance:

Definition 4.1 (Partial Distance pd(Q, P, DIM"))
Let @ and P be two points in a D-dimensional space and let
Qli], Pli] denote the values of dimension i in Q and P re-
spectively. We denote the set of D dimensions as DIM .
Given DIM' C DIM, the partial distance between QQ and
P is defined as

pd(Q, P, DIM’)

2 (Qli] - Pli)?

i€DIM’

Thus, the partial distance between two D-dimensional
points P and @ is in fact the Euclidean distance com-
puted on a subset of the D dimensions. In what follows,
when the parameters of partial distance are clearly im-
plied by the context, we will denote partial distance sim-
ply using pd. We thus have the following corollary:

Corollary 4.1 Let d(Q, P) denote the Euclidean dis-
tance between @ and P, then pd(Q, P, DIM') < d(Q, P).

Next, we derive a lower bound on the distance of a
query point ) and a data point P, from their correspond-
ing DC representations:

Theorem 4.1 Let Q be a query point and P be a data
point. We use DCq and DCp to denote the DCs that are
computed with respect to a cluster center O. In addition,

we use DCq[i] and DCpli] to denote the corresponding bit
in dimension i in both DCs. Let DIM' be a set of dimen-
sions such thatVi € DIM’', DCqli] # DCpli], then

dP,Q)> | Y (Ql]—Ol])?

i€ DIM’

Proof:

Since DCq and DCp differ on the it bit, this implies
that Q and P are located on different sides of a plane that is
parallel to the ith dimension and passes through O. We can
thus infer that |Q[i] — O[i]| < |Q[i]— PJi]| for alli € DIM’.
Thus, we conclude that

>, @

i€ DIM’

[i])? < pd(Q, P, DIM’)

Corollary 4.1 completes the proof.

We now provide an upper bound on the number
of mismatches that can occur between DCq and DCp
(computed with respect to O) if the distance between @
and P is less than a pruning distance - pd. To do so, we
first introduce the notion of a dimension ranking ar-
ray.

Definition 4.2 (Dimension Ranking Array) Let
Q@ be a query point and O be a cluster center. The dimen-
sion ranking array for Q and O is an array, rank, of D
positions such that:

1.  FEach dimension in the data space is uniquely repre-
sented by one element rank(i] in the array.

2. (Q[rank[0]] — O[rank[0]]) > Q[rank[1]] — O[rank[1]])
> > Q[rank[D — 1]] — O[rank[D — 1]])

Thus, each element rank[i] in the dimension ranking
array for O and @ is the dimension in which |Q[rank[i]] —
O[rankli]]| is the i‘" largest among all the D dimensions.

Theorem 4.2 Let DCq and DCp be the DCs of two D-
dimensional points which are computed with respect to a
cluster center O. Let rank be the dimension ranking array
for Q and O. Given a pruning distance pd, we use s to de-
note the largest number such that

D-1

Ifd(P, Q) < pd, then the number of bit mismatches between
DCq and DCp cannot be more than s.
Proof:

Assume DCq and DCp have t mismatches, t > s and
let DIM' represent the set of dimensions in which the t
mismatches between DCq and DCp occurred. According
to Theorem 4.1,

Q[rank[i]] — O[rank[i]])? < pd

3 =S

S (Qlil - Oli)y?

i€DIM’

To minimize the R.H.S of the inequality, we should pick
DIM’ to be the set of t dimensions in which|Q[i] — Oli]| are



the smallest i.e. the dimensions represented by rank|[D — t]
torank[D — 1]. Since s is the largest value such that

—

K2

2 (Q[rankli]] — O[rankli]])? < pd

andt > s, we can thus conclude that

D—

Z (Q[rankl[i]] — Olrankl[i]])? > pd

i=D—t

i

By combining the inequalities, we will have d(P, Q) >
pd.

Figure 3 illustrates the relationship between D, s and
t on the ranking array. Notice that given a pruning dis-
tance pd, Theorem 4.2 enables pruning of candidate data
points. Given a query @, a cluster center O and a prun-
ing distance pd, one can derive the suitable value of s ac-
cording to Theorem 4.2 and all DCs, with more than s
mismatches to the query DC, can be pruned away. Such
a strategy for pruning has two main drawbacks: (a) it in-
volves performing bitwise operations on vectors of D bits,
for a possibly very large D and (b) it provides no way to
control the amount of actual pruning performed.

To overcome these drawbacks, we will compare the
DCs on only those bits that correspond to the top (largest)
n dimensions in the dimension ranking array. Comparing
on only n < D dimensions effectively reduces the number
of bits examined, offering additional savings in processor
time. Assuming n is sufficiently large, we can still deter-
mine a value m based on Theorem 4.2, such that hav-
ing more than m mismatches among the n bits will mean
that d(P,Q) > pd. Comparing on the n largest dimen-
sions, for a specific value of pd, assures that n is as small
as possible. Moreover, as we will see, it enables a flexi-
ble strategy that allows the user to control the amount
of pruning performed.

We note that selecting a good value for n can be diffi-
cult. A large value of n will not bring substantial savings
in processor time. Even more importantly, a small value
of n could result in a low probability of pruning off candi-
date data points. For example, in the extreme case where
n = 1 and m = 0, only 1 bit of the DCs is compared
and there is only a 50% chance of pruning off a candi-
date DC if we assume a uniform distribution of the data
points. In the next section, we will illustrate the relation-
ship between the probability of pruning a partition and
the selection of n and m.

4.2. Selecting the values m and n

In our analysis on the relationship between n and m,
we shall assume that data are uniformly distributed in
the hyper-dimensional space.

Lemma 4.1 A D-dimensional DC representation di-
vides the portion of the hyper-dimensional space spanned
by the points belonging to a cluster into 2P partitions.

Proof: Since theit" bit of a DC represents the two sides of
a plane that is orthogonal to the it" dimension and passes
through a cluster center O, having D bits indicates that
there are D orthogonal planes passing through O. Each of

rank[0]
rank[1]

rank[2]

rank[D-2]

rank[D-1]

\

Figure 3. Dimensions Ranking Array.

DC for Qlis11

Figure 4. Searching space in a 2-d space

these mutually independent planes divides the original data
space into half which gives us 2P partitions.

Figure 4 shows an example in 2-dimensional space. It
is evident that the cluster space is divided into four par-
titions by two orthogonal planes. The partitions are iden-
tified by their DCs as 11, 10, 01, and 00 respectively.

Lemma 4.2 Let DCq be a query DC and DIM' be a sub-
set of any n dimensions. If comparisons are made only on
then bits of the DCs that correspond to DIM’, then the av-
erage number of partitions which share exactly m common
bits with DCg is

( n )*2(D—n)
m

Proof: We first notice that each axis-aligned hyperplane,
in expectation, will partition the points in the cluster into
half. Hence, each bit in a data point’s DC has equal proba-
bility of matching or not matching the corresponding bit of
DCq. The probability that a DC has exactlym common bits

« () (B =

n 1

m on -
Since we consider onlyn bits, there will be 2™ different com-
binations of the n bits. The number of DCs associated with

with DCg is thus



each of these combination will be 2P~™) . Thus, the aver-
age number of DCs with exactly m common bits with the
query DC'is < % > s L k21 4 2(D—n) — < Zz > % 2(D—n)

2’!1,
From Lemma 4.2, the have the following corollary:

Corollary 4.2 When comparing with a query DC on a
subset of n bits, the average number of DCs which have no
more than m mismatches with the query DC'is:

i ( Z ) >((2(D—n)

k=n-m

or equivalently

2 (1)

k=0

The next theorem provides an estimate on the average
percentage of partitions that are accessed when pruning

is performed based on a subset of n bits from the query
DC.

Theorem 4.3 If a bitmap of length n, extracted from the
query DC, is compared with the partitions of a cluster and
partitions are pruned if there are more than m mismatches
between the query and partition DCs, then the percentage
of partitions that are searched is:

Proof: From Corollary 4.2, the number of partition DCs
having no more than m mismatches with the query DC has

an expected value of > ( Z ) % 2(P=n) - Since the total

k=0
number of partitions is 27, the percentage of partitions be-

ing searched will be > ( Z ) x 2(P=n) 19D —

k=0

Prob(n,m) = =2 on

The expression for Prob(n,m) indicates that increas-
ing n or reducing m results in a reduction of the search
space. Hence by adjusting the values of n and m, we can
control the number of candidates. We refer to such a value
of m as the pruning length and n as the candidate prun-
ing length.

The ideal case in a KNN search is to maximize pd
and minimize Prob(n,m). When pd is larger, the KNN
can be discovered earlier, since a larger pruning distance
will return more neighbors (hopefully K). However, when
Prob(n,m) is too small (a small m and a large n will re-
sult in a very small partial distance), a small fraction of
a cluster is searched and thus, too few candidates are re-
turned. In this case, there is a danger to filter out the
KNN and further search has to be performed. So there is
a trade-off between Prob(n,m) and pd.

From Theorem 4.2, given specific values for n and pd,
we derive that m is the largest number such that

n—1

> (Qlrank[i]] — Olrank[i]))* < pd

i=n—m

The above formula indicates the relationship among n,
m and pd. Given m and pd, the n will be the largest num-
ber (to minimize Prob(n,m)) which satisfies the follow-
ing partial distance constraint:

n—1

Y (Qlrank[i)] - Olrankil]))* = pd

1=n—m

We refer to this formula as the partial distance con-
straint. Theorems 4.2, 4.3, and the partial distance con-
straint pave the way for the search by partial distance al-
gorithm - SPA.

4.3. The KNN Search Algorithm

Having established the relationship among m, n, and
the partial distance, we are now ready to present the
KNN search algorithm.

KNN Algorithm in LDC
Input: Q - Query point
Output: knn|] - k-nearest neighbors to Q
Variables:
OI[N]: Array of N cluster centers
rank([][]: Rank array for each cluster center
QDC]][] : Query DC for each cluster center
Ar : Step for adjusting search radius r
AO : Step for adjusting search space
1. fori=0to N-1
2 rank|[i] < rank_dimension(Q,Ol[i]);
3. QDC]i] + LDC(Q,0[i));
4. setr, O, ¥;
5. do //start searching
6 candidates|] «—
SPA(Q,QDCJ],rank[],r,O[],0,pre_r,pre_pd[]);

7. if candidates.size > ®

8. 0=0-A06;

9. continue;

10. if candidates.size < K

11. 0 =0+ A6,

12. continue;

13. knn[] < compute_distance(candidates[],Q);

14. r=r+ Ar;
15. until the K*"-NN is found

Figure 5. Main KNN Search Algorithm in LDC

Figure 5 shows the main routine for the KNN search
in the LDC tree, given the query point Q). At the start
of the search, the dimension ranking array is first filled
based on relative position of the query point to the clus-
ter centers in O (line 2). Relative to each cluster cen-
ter, a DC for the query point can be computed based on
the LDC algorithm in Figure 2 (line 3).

The search process is iterative in nature. It consists of
incrementally adjusting the search radius (by Ar), until
all the KNNs are discovered (line 5-15). The incremental
search process is controlled by three parameters, r the



search radius, ©, the desired mazimal fraction of space to
search and ®, the desired maximal number of candidates.
The initial values of these parameters are set in line 4.

Conventionally, we determine the initial value of r by
the difference between the index key of the query point
and index key of its nearest point in the same leaf node,
where the query point possibly resides. The parameter,
O, indicates the desired maximal fraction of space to
be searched within the whole data space. It will be ad-
justed to control the number of candidates being consid-
ered as searching process goes on. Its initial value can
be estimated based on sampling or from past historical
records. While such an approach will work for uniformly
distributed data, things are less straightforward if the
data distribution varies in different part of the data space.
In such situation, the number of candidates cannot be ac-
curately estimated based on ©. Hence having the same ©
value may correspond to largely different number of can-
didates for different queries. To ensure retrieval efficiency,
small numbers of candidates are always desired. ®, the
desired maximum number of candidates, is used to ad-
just © to avoid overflow by candidates. We defer the dis-
cussion on Ar and ¢ to Section 4.5.

The SPA method (line 6), utilizes partial distances
to rapidly prune the candidates to a very small set by
searching on-the-fly, employing Prob(n,m). In particu-
lar, the threshold © and the search radius r are used to
compute the suitable pair of (n,m) such that the num-
ber of candidates being considered is less than the de-
sired fraction © of the points in the database. The pa-
rameter pre_r is used to detect if the search radius has
been increased from previous SPA call. And the param-
eter pre_pd[] remembers the previous pruning distances
to avoid the same computation as previous SPA call did.
Both are initialized to 0 before the search starts.

In the KNN algorithm, the parameter, © can be ad-
justed (line 7-12) if the number of candidates returned
by SPA is larger than ®. By reducing ©, fewer candi-
dates will be produced in the next round of search (line
8). On the other hand, if the number of candidates is
smaller than K, © will be increased to include more can-
didates (line 11). AO can be set based on the volume
of candidates returned from SPA. Higher volume corre-
sponds to a larger A©, and vice versa.

If the K*'-NN’s distance is equal to or smaller than
the min(pre_pd[i]), all KNNs are found (line 15). Notice
that the minimal value among all pre_pd[i], instead of r,
is the final pruning distance.

Now we proceed to the core of the search algorithm
- the Search on-the-fly by PArtial-distance (SPA) algo-
rithm. SPA consists of three steps: allocate the DCs, gen-
erate suitable values of m and n, and prune data by DC
comparison. Figure 6 describes the algorithm.

Given a search radius r and a query @, SPA first
checks if the searching space intersects with a cluster
range. For each cluster center ¢, O[i].min and O[i].max
indicate the min and max values in the cluster range. If
they intersect, SPA allocates two key values nearest to
the values of max(i *x ¢ — dist — r,i * ¢ + O[i].min) and
min(i x ¢ + dist + 1,4 * ¢ + O[i].maz) respectively in the
cluster space (line 6-7), followed by allocating their cor-
responding DCs (line 8-9). Since all DCs at the DC level
of the LDC tree are linked to each other, DCs within a
range can be sequentially scanned and retrieved for DC

comparison thus avoiding random I/O access.

SPA Algorithm

Input: Q, QDCJ], rank][], r, O[], ©, pre_r, pre_pd[];

Output: candidates[[;

1. for i=0 to N-1

2. dist = compute_distance(O[i], Q);

3. if O[i].min > dist+r and O[i].max+r < dist

4 continue;

5. // allocate the starting and ending DCs

6. lleaf « alloc_leaf(btree,max(i*c-dist-r,i*c+O[i].min));
7. r_leaf « alloc_leaf(btree,min( i*c+dist+r,i*c+O[i].max));
8. 1.DC « alloc.DC(1leaf);

9. 1r.DC « alloc.DC(r_leaf);

10. // generate m and n given a pd as pruning distance

11. pd=r;

12. do

13. generate_pruning_length(n,m,pd,Q,rank[i],O[i]);
14. pd = pd- Ar;

15. while Prob(n,m) > © & (r=pre_r || pd > pre_pd][i])
16. pre_r =r; pre_pd[i] = pd + Ar;

17. // pruning on-the-fly

18. for each DC from . DC tor_-DC

19. num_diff_bit=0;

20. for j=0ton-1

21. if DC[rank[i][j]] & 1 # QDCJi][rank][i][j] & 1
22. num _diff_bit++;

23. if num_diff_bit < m

24. add DC to candidates|];

25. return candidates]];

Figure 6. SPA Algorithm

Next, SPA aims to identify the pair (n,m) such that
Prob(n, m) satisfies the desired fraction of space to search
- O (line 10-16). Given a pd value which is initialized to
be r, the method generate_pruning_length tests values
of m from 1 to D and generate the corresponding n by
enforcing the partial distance constraint. The (n,m) pair
which minimized Prob(n,m) can be computed this way.
If the minimum Prob(n,m) is still too large, pd will ad-
justed to a smaller value so that a new (n,m) pair (and
corresponding a new minimum Prob(n,m)) is generated.

After finalizing the pair (n,m), further processing
takes place by application of Theorem 4.2 (line 17-24).
Any DC with m or more different bits from the query
DC is safely pruned. At this step, the DC comparison in-
volves only bitwise operations on n bits (instead of D)
making it CPU efficient.

Consider Figure 4 again. A cluster space is divided
into four partitions by the cluster center. Given a search
radius r, pd is first initialized to r. Since pd < d, and
pd < d, the best (n,m) pair is identified as (2,1). Thus,
any point in the space having a DC with 1 or more mis-
matches can be pruned. The query DC is encoded as 11,
thus the partitions identified by DCs of 10, 01, and 00
can be safely pruned. The final searching space is the
light shaded area in the partition identified with a DC of
11. We shall use another example to illustrate the con-
cept of SPA.

Example 1 An Example on SPA: For illustration pur-
poses, we assume the Ly norm (instead of Ls ) as the metric
function. Consider a 2NN query with query point Q=(0.9,



0 (0.9,0.1,0.55,0.7,0.35)
Q] — O[d]|] | (0.4,0.5,0.05,0.2,0.15)
key 1.3
DC 10110
rank [1,0,3,4,2]

Table 2. A query with its key, DC and rank.

P Data key | DC

Py | (0.1,0.9,0.3,0.55,0.0) 1.45 | 01010
P, | (0.35,0.2,0.95,0.8,0.9) 1.7 | 00711
Ps | (0.85,0.15,0.6,0.65,0.45) | 1.1 | 10110
Py | (0.2,0.8,0.65,0.95,0.4) 12 [ 01710
Ps | (0.92,0.15,0.4,0.6,0.25) | 1.32 | 10010
Ps | (0.65,0.8,0.1,0.4,0.3) 1.05 | 11000
P; | (0.15,0.9,0.3,0.1,0.7) 1.45 | 01001
Ps | (0.4,0.1,0.25,0.7,0.75) 1.3 00011
Py (1.0,0,0.99,0.05,0.95) 2.49 | 11011

Table 3. A cluster of data points with keys and DCs.

0.1, 0.55, 0.7, 0.35) and a cluster center O=(0.5, 0.6, 0.5,
0.5, 0.5). The respective DC, the indexing key and rank
array for @ are depicted in Table 2, and a cluster of data
points is shown in Table 3. It can be derived manually that
the 2NNs are Ps and Ps with distance 0.4 and 0.42 respec-
tively.

Our main KNN algorithm initializes the search radius
r=10,0 = 04 and ® = 3. We set Ar to 0.5. SPA
first allocates the left node by a point search on the BT -
tree on key value = max(dist(Q,0)-r,0.min)=1.05. Simi-
larly, the right node is allocated by point search on key value
= min(dist(Q,0)+r,0.max)=2.5. Obviously, all the DCs,
except Py’s, will be scanned for DC comparison.

Next, SPA generates a pair (n,m) which minimizes
Prob(n,m), given the value of pd. When pd=1.0 and un-
der the partial distance constraint of

n—1

> (IQlrank[i]] - Ofrank[i]]]) > pd

i=n—m

, the pair (5,4) will minimize Prob(n, m). However, since
Prob(n,m) is still higher than ©, the value of pd will be re-
duced by Ar to have a value of 0.5. With this new value of
pd, SPA will minimize Prob(n,m) to a value 0]”234 =0.51by
setting (n,m) to (4,2).

In the final step, since (n,m) is set to (4,2), the candi-
dates with 2 or more different bits in the 4 most distinguish-
able dimensions (from the rank array, we can see that they
are dimension 1,0,8 and 4) will be pruned. In this exam-
ple, only P3 and Ps will remain. Since the number of candi-
dates is less than ® and equal to K, only data points Ps and
Ps are accessed.

After computing the distance on the full dimension, the
distance to the second nearest neighbor is 0.42, which is less
than pd=0.5 (notice that current r is 1.0), and the search
stops.

4.4. Optimizing the Generation of (n,m)

There are three main cost terms comprising the over-
all cost of SPA. First, it is the point search in the LDC
tree. Since a point search in a BT-tree is extremely fast,
this part can almost be neglected. Second, it is the cost
of generating the pair (n,m). And third, it is the cost of
comparing DCs using bitwise operations.

It is evident that for large values of n and m, comput-
ing Prob(n,m), becomes prohibitively expensive. The fol-
lowing theorem alleviates this complication:

Theorem 4.4 As the value of 7~ increases, Prob(n,m)
decreases if n>2m.

Theorem 4.4 states that as > T (increases), Prob(n, m)
| (decreases). Hence, the problem of identifying the
(n,m) pair that minimizes Prob(n,m) becomes equiv-
alent to the problem of identifying the (n,m) pair with
the maximal > value. This observation leads to a much
more efficient procedure for setting the parameters (n,m).
The meaning of the © threshold has to be refined how-
ever, as it becomes a threshold for the value ;. By doing
so, the computational cost reduces to computing n given
m and the partial distance constraint. Furthermore, the
range of m values to be tested (identifying n given a pd
value, such that 7> > ©) can be less than g and greater

than the value of m, such that (assuming the Ly dis-
m—1

tance is used) 2} (Q[rankli]] — Ofrankli]]) > pd.

i=
Let us revisit Example 1. We use - rather than

Prob(n,m) and set © to be 2. Given pd=1.0, we find that
m should be larger than 3. Since the dimensionality is 5,
m should be less than g Thus no suitable m can be pro-
duced. In the next iteration, a value pd = 0.5 is used. In
this iteration, we conclude that m should be larger than
1. Thus, only m=2 is tested and n=4 is generated. Since
% =2 which is equal to ©, the pruning length and can-
didate pruning length are generated. From this example,
we can see that 7= and Prob(n, m) have the same capabil-
ity to control the number of candidates. However, by us-
ing -, the computational cost is very little. In the rest

of paper, © refers to the threshold value of -.

4.5. A Cost Model

The I/O cost of SPA can be calculated as:
IO¢otar = IOB+ + 10pc + 10candidate
~ IODC + IOcandidate

where IOp+ is the number of pages required for point
search on a Bt-tree, IOpc is the number of pages re-
quired for sequential scan at the DC level, and IO qndidate
is the number of pages required to access the candidate
data points. IOpg+ is very small and can be neglected, as
BT-trees have guaranteed logarithmic access cost.

An index technique has to be more efficient than se-
quential scan to be effective. A sequential I/O is usually
a factor of 10 times faster then random access. Hence
one of the important factors affecting the I/O cost is the
number of candidates for random access. Next, we de-
rive the proper value for ® (the maximal number of can-
didates allowed for random access to ensure the efficiency
of the indexing structure) for LDC tree. In the LDC tree,



the size of DC level is only 5—12 (assuming 32-bit preci-
sion) of data level. The KNN in the LDC tree is itera-
tive and parts of DC level are scanned in each iteration.
In the worst case, the whole DC level is scanned (only
when the whole space is searched). Notice that each can-
didate is accessed only once. To ensure SPA is more effi-
cient than sequential scan, the following relationship has
to be true assuming that a sequential I/O is 10 times
faster than random I/0:

Pa’gescan

@*104—0&* Spagescan

where a represents the number of iterations for a query
to finish its KNN search and Pagesqq, represents the to-
tal number of pages for the whole data set. Following the
above formula, we have:

2 —
o S % * Pagescan

From the above formula, we can see that in the best
case when only one iteration is processed, ® can reach
nearly 10% of the data size. Generally speaking, run-
ning tens of iterations for KNN is not desirable. Setting
Ar based on the difference between the cluster’s mini-
mal and maximal radii can prevent the number of itera-
tions to be large. Even when a reaches 10 or more, let’s
say 16, ® can still be as large as 5% of the data size.
The above formula assumes that the whole DC level is
scanned in each iteration. In a real situation, only part
of the DC level is scanned. Hence ® can be set to even a
larger value.

The processor cost of SPA can be calculated as:

CPUtotal = CPUnym + CPUDC + CPUcandidate
~ CPUDC + CPUcandidate

where C'PU,, ,, is the computational cost to generate
the (n,m) pair, CPUpc is the cost to compare DCs by
performing bit operations, and CPU_qpndidate 1S the cost
to compute the distance on the complete set of dimen-
sions on the candidate data points. Using the optimiza-
tion of Section 4.4, the cost of CPU,, ,, becomes negligi-
ble.

5. Experiments

We have conducted a comprehensive set of experi-
ments, using both real and synthetic data sets, to eval-
uate the overall LDC methodology proposed in this pa-
per.

5.1. Experimental Setup

Otherwise stated, all experiments were performed on
a Sun UtraSparc II 450Mhz (2 CPU), with 4G memory.
We used a page size of 4K (different page size may have
different effect on the results. However it is not our fo-
cus here). Unless otherwise stated, all results reported are
averages over 100 queries, for I0NN. We adopted the Lo
norm for indexing and searching. Our experiments were
conducted using the following data sets:

1. Real datasets: We created one data set extracted
from 73,715 WWW images randomly crawled from
over 40,000 web sites. It consists of 159-dimensional
color histograms extracted from these images.

2. Synthetic datasets:

We have created several uniformly distributed
datasets in order to be able to effectively vary the
dimensionality. The first four sets of 100K points
each are in 128-; 216-, 512-, and 1024-dimensional
space. We used three additional datasets consist-
ing of 50K, 100K, and 200K 1024-dimensional data
points to evaluate the effect of increasing data size on
SPA. Note that a 1024-dimensional data point spans
the 4K page boundary and hence a random access
of each point involves reading two pages. The last
two sets we used, consist of 100,000, 512-dimensional
data points constructed by generating each coordi-
nate independently using a Zipfian distribution, with
skew parameters 0.7 and 1.0 respectively.

The most popular techniques in the literature, suit-
able for indexing spaces of high dimensionality are the
VA-file[11] and the IQ-tree[l]. We also tested the effec-
tiveness of iDistance [12]. Our experiments indicated that
the IQ-tree structure does not scale gracefully to very
large dimensionality. Figure 7 presents the results of an
experiment showing SPA’s, VA-file’s, IQ-tree’s and iDis-
tance’s total response time as the dimensionality of the
underlying data space increases 2. Among all methods,
SPA performs best.

It is evident that the total response time for I1Q-tree
increases nearly exponentially with respect to the dimen-
sionality. This phenomenon is pronounced when the di-
mensionality reaches hundreds or higher. The total re-
sponse time for the IQ-tree is two times that of sequen-
tial scan in a 256-dimensional space. The main reason
for IQ-tree’s behavior, in our opinion, is the use of Mini-
mum Bounding Rectangles (MBRs). In very high dimen-
sionality, there are three main drawbacks associated with
MBRs: First, the distance between each MBR and ran-
dom query points becomes extremely small. Most MBRs
intersect with the searching spheres defined by queries,
which leads to accessing most of the points in the underly-
ing space. Second, the distance computation between an
MBR and a query is expensive in a data space of very high
dimensionality. Third, the representation of each MBR
is too large. Given a D-dimensional space, representing
MBRs in this space requires 2D-dimensional vectors. For
a b12-dimensional space given a page size of 4K, the size
of each MBR is exactly the page size (assuming 4 byte co-
ordinates).

For iDistance, its performance degrades with the in-
crease in dimensionality and is slightly worse than se-
quential scan in a 256-dimensional space. The reason is
obvious. As the dimensionality increases, the transforma-
tion from full dimensionality to one dimensional distance
value causes more information loss. Thus the ability to
prune the search space is degraded. Clearly, more candi-
dates will be included for random access as the dimen-
sionality increases.

The performance of the VA-file structure, which is bet-
ter than the IQ tree and iDistance, is known to be lin-
ear to the dimensionality and better than sequential scan
if the dataset is uniformly distributed. Thus, we adopt

2 This experiment was conducted under windows XP with a Pen-
tium III processor (600Mhz) and 128 RAM.
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the VA-file (uniformly representing each dimension in the
VA-file by 5 bits) as a basis for our comparison.

5.2. Effects of ®

One interesting thing about SPA is that it can con-
trol the number of candidates to be less than ® by ad-
justing ©. Hence it is necessary to know the relationship
between the retrieval precision for KNN search and the
number of candidates. Next, we investigate such a rela-
tionship in SPA by testing uniform datasets with 100,000
points and the real dataset. Figure 8 shows the preci-
sion for uniform datasets as the number of candidates in-
creases for different dimensionalities. We can see that the
precision is not sensitive to the dimensionality. For all di-
mensionalities, the precision reaches nearly 100% after
the number of candidates is above 3000, which is around
3% of the data size. Hence 3% of data size might be a
good choice for the value of ® for uniform datasets. Fig-
ure 9 shows the precision for the real dataset as the num-
ber of candidates increases. As we can see, the precision
grows up to almost 100% after the number of candidates
is more than 400, which is less than 0.6% of the data size.
Comparing with 3% of the data size for uniform datasets,
the color histogram dataset requires a much smaller num-
ber of candidates relatively to the data size. This is due
to the skewness of the color histogram dataset.

5.3. Effects of Data Size

We now investigate the effect of data size on both I/O
and processor cost. In this experiment, we tested a 1024-
dimensional uniform dataset varying its size from 50K to
200K, and an 159-dimensional color histogram, varying
its size from 10K to TOK.

Figure 10 shows the improvement achieved by SPA
over the VA-file. Both the I/O and processor cost of VA-
file increase faster than that of SPA, as the data size
increases. It is evident that SPA offers an improvement
over the 10 and processor cost of VA-file, by nearly four
times. Sequential scan on processor cost is not presented
as its cost is too large to fit in the figure. This is also ap-
plied to the following figures.

The I/0 cost of SPA mainly consists of two parts: se-
quential scan on part of the DCs and access to the can-
didate data points. The I/O cost of the VA-file consists
of sequential scan on the VA-file and access to the can-
didate data points. The DC level of the LDC tree is just
% of the size of VA-file. Although the KNN search in the
LDC tree is iterative (i.e., DC level may be scanned more
than one time), it can outperform the VA-file since SPA
controls the number of candidates.

The main processor cost for SPA is the DC compari-
son, where only bit operations are involved. However, in
the VA-file, there is a distance computation for every VA.
In a very high dimensional space, the full dimensional dis-
tance computation is too expensive. Figure 10b presents
an experiment that verifies this statement. In this fig-
ure the processor cost for the VA-file reaches 7 seconds.

Figure 11 presents the results on the 159-dimensional
color histogram dataset. In terms of the total I/O cost
(Figure 11a), the VA-file performs close to a sequential
scan. In contrast, SPA only requires a small number of
I/0s. In this experiment, SPA improves the I/O cost over
the VA-file by more than an order of magnitude. Notice
that the color histogram is a skewed dataset (few dimen-
sions have large values, many have 0 or close to 0 val-
ues). Comparing with Figure 10a which presents the re-
sults of the same experiment on a uniform dataset, we ob-
serve that SPA performs even better in skewed datasets
while the performance of VA-file is much worse. Recall
that SPA ranks the dimensions with respect to local ref-
erence points (cluster centers) and chooses the most dis-
tinguishable dimensions as the candidate pruning dimen-
sions so that a larger partial distance can be used. In color
histograms, the most distinguishable dimensions are ob-
viously those dimensions with large values. Hence, com-
paring to uniform data, by keeping the ratio ;- large, a
smaller value of candidate pruning length is used and a
smaller number of candidate data points remain for full
distance comparison, In contrast to SPA, the VA-file in-
cludes most of the data points as candidates when it com-
putes its lower and upper bounds for skewed data. Fig-
ure 11b again shows the significant advantages in terms
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of processor time of SPA over the VA-file.

Our experiments indicate that SPA attains superior
performance on skewed data sets, as shown by our ex-
periments with image color histograms, in Figure 11.

5.4. Effects of Dimensionality

With this set of experiments we demonstrate the ro-
bustness of SPA as the dimensionality of the underly-
ing data space increases. We use uniform datasets of size
100K points, of dimensionality 128, 256, 512, and 1024
respectively. Figure 12a demonstrates that SPA outper-
forms the VA-file more substantially as the dimensional-
ity increases. The higher the dimensionality, the better
is the performance of SPA. This is mainly because the
number of candidate points tested in SPA is independent
of the dimensionality and the cost of accessing DCs in-
creases much slower than in the case of the VA-file. Fig-
ure 12b again confirms the performance advantages of
SPA over a VA-file on processor time.

5.5. Effects of Skewness

In this experiment, we will demonstrate that SPA is
even more effective for skewed datasets, where the KNN
search is more meaningful. In skewed datasets, the most
skewed dimensions are expected to be better amenable
to pruning, since SPA chooses the most distinguishable
(or skewed) dimensions to maximize the partial distance.

Thus, comparing with uniform datasets, SPA is expected
to have better performance.

We generated two 512-dimensional data sets, by pop-
ulating the coordinates using a Zipfian distribution with
skew parameter 0.7 and 1.0 respectively. Both consist of
100,000 data points. Figure 13 shows the effect of skew
on both SPA and the VA-file. Figure 13a indicates that as
the skew parameter of the Zipfian distribution increases,
the I/O cost of VA-file increases rapidly. When the skew
parameter becomes 1.0, the performance of VA-file is even
worse than that of sequential scan. In contrast, SPA still
performs much better. The performance gap between the
two methods gets rapidly much wider. In real life datasets
that are mostly skewed to a certain degree, we expect
SPA to achieve excellent performance as demonstrated
in Figure 11 using real data sets. Similar observations
can be made for processor costs as shown in Figure 13b.

6. Conclusions

In this paper, we introduced a very effective data or-
ganization and representation methodology called Local
Digital Code suitable for hyper-dimensional data. Such
representation encompasses the application of partial dis-
tance and accommodates a novel KNN search algorithm
- SPA.

SPA uses the minimal partial distance computed from
any m dimensions among n most informative dimensions
between the query and static reference points (cluster
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centers), as the partial distance. Such partial distance
computation avoids accessing data points so that the
overall computational costs are minimized. SPA is ca-
pable of pruning points in the data space rapidly, with-
out computing distances among them, employing DCs
and simple bitwise operations. Moreover, SPA can min-
imize the candidate point set that requires retrieval and
further processing, by employing the results of our ana-
lytical methodology. Our extensive performance study on
hyper-dimensional data demonstrated that SPA outper-
forms known methods significantly.

As a future work, methodologies in the spirit of LDC
can be possibly designed for other access method as well
(besides BT-trees); it would be worthwhile to examine
the relative tradeoffs and benefits in such cases.
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