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Abstract

We show a near optimal direct-sum theorem for the two-party randomized communication
complexity. Let f C X x Y x Z be a relation, € > 0 and k£ > 1 be an integer. We show,

REW (%) - log(RE™ (%)) > Q(k - RE™(f))

where f¥ = f x ... x f (k-times) and RP"P(-) represents the public-coin randomized communi-
cation complexity with worst-case error €.

Given a protocol P for f* with communication cost ¢ - k and worst-case error €, we exhibit
a protocol Q for f with external-information-cost O(c) and worst-error €. We then use a
message compression protocol due to Barak, Braverman, Chen and Rao [2] for simulating Q
with communication O(c - log(c - k)) to arrive at our result.

To show this reduction we show some new chain-rules for capacity, the maximum information
that can be transmitted by a communication channel. We use the powerful concept of Nash-
FEquilibrium in game-theory, and its existence in suitably defined games, to arrive at the chain-
rules for capacity. These chain-rules are of independent interest.

1 Introduction

A fundamental question in complexity theory is how much resource is needed to solve k independent
instances of a problem compared to the resource required to solve one instance. More specifically,
suppose for solving one instance of a problem with probability of correctness p, we require ¢ units of
some resource in a given model of computation. A natural way to solve k independent instances of
the same problem is to solve them independently, which needs k - ¢ units of resource and the overall
success probability is p¥. A direct-product (a.k.a. parallel-repetition) theorem for this problem would
state that any algorithm, which solves k independent instances of this problem with o(k - ¢) units of
the resource, can only compute all the k instances correctly with probability at most p~2(*¥). The
weaker direct-sum theorems state that in order to compute k£ independent instances of a problem,
if we provide o(k - ¢) units of resource, then the success probability for computing all the & instances
correctly is at most a constant ¢ < 1.

In this work, we are concerned with the model of communication complexity [35]. In this model
there are different parties who wish to compute a joint relation of their inputs. They do local
computation, use public and-or private coins, and communicate to achieve this task. The resource
that is counted is the number of bits communicated. The text by Kushilevitz and Nisan [26] is an
excellent reference for this model.

Direct-product and direct-sum questions have been extensively investigated in different sub-
models of communication complexity, a partial list includes [30} 29} [10] T, 31, 20, 14], 211, 24, 27, [34]
18|, 12], 23, 17, 3l 22}, 32, [l [13], 4}, 2, [5, [8, 6], 19, 25, [7, 33].
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Our result

In this paper, we show a direct-sum theorem for the two-party randomized communication com-
plexity. In this model, for computing a relation f C X x Y x Z (where X', ), and Z are finite sets),
one party, say Alice, is given an input z € X and the other party, say Bob, is given an input y € ).
They do local computation, use public and-or private coins, exchange messages between them and
at the end output an element z € Z. They succeed if (z,y,z) € f. For e € (0,1), let Rgub(f)
be the two-party communication complexity of f with worst case error € (see Definition . Let
f¥ = fx...x f (k-times). In a protocol for f*, Alice receives input from X*, Bob receives input
from V¥ and the output of the protocol is in Z*. We show the following.

Theorem 1.1. Let f C X x Y x Z be a relation, £,0 > 0 and k > 1 be an integer. Then,
RE™(f%) - Tog(RE™(f¥)/6) = @ (82 k- RIS(S))
implying (using Fact ,

R2 (1) - log(RE(£5)) > @ (k- RE™(f))

Our techniques

Most previous direct-sum results involved information theoretic arguments and proceeded as follows.
Let ,0 > 0 and p be a distribution on X x Y (possibly non-product across X and )) such that

Rgig( f) = DL s(f) def . (as guaranteed by Yao’s principle, see Fact . Consider a protocol
P for f¥ with CC(P) = o(kc) and err(P) = & (see Definition . Using chain-rule for mutual-
information and use of correlation-breaking random variables one is able to obtain a protocol Q
for f such that the internal-information-cost [I, 6] ICj\+(Q) = o(c) and errg(f) = £. So the
key question that remains is: can one simulate Q with another protocol Q' such that CC(Q') =
O(IC\T(Q) - polylog(CC(Q))) and err(Q') = err(Q) + 67 Compression results are known that
introduce dependence on the number of rounds of communication in Q or heavier (than polylog)
dependence on CC(Q) implying various direct-sum results [2] [4].

On the other hand it is known [2] that Q can be simulated with another protocol Q' such that
CC(Q') = O(ICgx1(Q) - 1og(CC(Q))) and erry, (f) = errg(f) + 6, where ICgy represents external-
information-cost [10]. So the question then is: can one obtain a protocol Q such that ICEy(Q) =
o(c) and errg(f) = €? We answer this in the affirmative. To obtain this reduction (from P to Q),
we show some new chain-rules for capacity, the maximum information that can be transferred by a
communication channel. Chain-rules for capacity (instead of chain-rules for information) facilitate
bounds on external-information-cost instead of bounds on internal-information-cost. We use the
powerful concept of Nash-Equilibrium in game-theory, and its existence in suitably defined games,
to arrive at the chain-rules for capacity. These chain-rules are of independent interest.

Use of chain-rules for capacity to obtain a direct-sum result has been done previously by Jain and
Klauck [I3] to obtain an optimal direct-sum result for the private-coin classical and entanglement-
unassisted quantum Simultaneous-Message-Passing (SMP) models. They used a chain-rule for
capacity due to Jain [15] (see Fact [3.5).



Organization

In Section [2] we present some background on information theory and communication complexity.
In Section 3] we prove chain-rules for capacity. In Section [ we present the proof of the direct-sum
result.

2 Preliminaries

Information theory

For natural number k, let [k] represent the set {1,2,...,k}. Fori € [k] let —: [k (k] —{i}; <1 aof [i].
Similarly define > i; < ¢; > 4. For string x = (z1,...,2) and T' C [k], let 7 be sub-string of = with
indices in T'. For all ¢, define (x;,z_;) 4 . For a random variable X = (X1,..., X)), similarly

define X7, X_;, X~; and so on.

Let X, ), M be finite sets (we only consider finite sets in this work unless otherwise specified).
Let D(X) be the set of probability distributions supported on X'. For u € D(X), let u(z) represent
the probability of z € X according to p. For a random variable X taking values in {0, 1}* we define

| X| aof max{n | Pr[X €{0,1}"] > 0}. We use the same symbol to represent a random variable
and its distribution whenever it is clear from the context. For jointly distributed random variables
XY distributed according to p, denoted XY ~ p, let (Y|X =) =Y, ~ fg.

Definition 2.1. 1. The expectation value of function f is denoted as
def
Pr| .
a:<—X Z I’ ( )
reX

2. For p, A € D(X), the distribution p ® X is defined as (u @ A)(z1,x2) o u(xl) )\(xg) We

sometimes use (11, \) to represent p@ X when it is clear from the context. Let p* = u® -Q L,
k times.

3. The {1 distance between p and X is defined to be half of the £1 norm of u — X; that is,

1
A=l &< ZM o) = max [\s — pis] .

where \g aef Y ozes AT).
4. The entropy of X is defined as: H(X) e > PriX =z] - logPr[X = z].
5. The conditional-entropy of Y conditioned on X is defined as

H(Y[X) % E_[H(Y,)] = H(XY) - H(X) .

X

6. The relative-entropy between X and Y is defined as



7. The mutual-information between X and Y is defined as

I(X :Y) € H(X) + H(Y) - H(XY) .

We say that X and Y are independent iff I(X :Y) = 0.

8. The conditional-mutual-information between X and Y, conditioned on Z, is defined as:

def

(X:YV|2) ¥ E

E [[(X:Y|Z=2)]=H(X|2)+H(Y|2) - H(XY|Z)

9. Let g: X x Y — D(M) be a map (a.k.a channel). For distribution p € D(X x )), define
9z 9)] 5 gu= E [9(z,9)]

E
Ty (z,y)p

gule) = E [g(,y)] 5 9u(y) =

We will need the following basic facts. A very good text for reference on information theory
is [11].
Fact 2.2 (Chain-rule for mutual-information).

k
I(Xy ... Xp: M) =) I(X;: M|X) .
i=1

If (X4,...,Xg) are independent then: 1(Xq...Xp: M) > ZfZII(Xi M) .
Fact 2.3 (Joint-convexity for relative-entropy). For all u, ', A\, N and p € [0,1],

S(pp+ (1= )i [pA+ (L= p)X) < p- SN + (1= p) - S (1| V)
Fact 2.4 (Chain-rule for relative-entropy). For random variables XY and X'Y”,

S(OYXY) = S(XX) + E[S(v2V.)]
In particular, using Fact[2.3:
SOVX 0 V) = SOUIX) + B SV = SE0) +SY)
Fact 2.5 (see e.g Fact 2.5 [19]).
X2 B0 21X )= E S(,IX)] = E SV)] = S(XV|X oY)

_ . / AN N1 _ - /
= i SOV 0 V) =min B [S(]Y)] = min B [S(X,[X)]

Game theory

This work relies on the following powerful theorem from game theory, which is a consequence of
the Kakutani fixed-point theorem in real analysis.

Fact 2.6 (Nash-Equilibrium, Proposition 20.3 [28]). Let k,n be a positive integers. Let A =
Ay X ... x Ay, where each A; is a non-empty, convex and compact subset of R™. For each i € [k],
let u; : A — R be a continuous function such that

Va = (ay,...,a;) € A : the set {a; € A; : u;(al,a—;) > u;(a)} is conver.
There is an equilibrium point a* € A such that

Vi : max ui(a;,a”;) = u(a®) .



Communication complexity

Let f C X x Y x Z be a relation and € € (0,1). In this work we only consider complete relations,
that is for every (z,y) € X x ), there is some z € Z such that (z,y,z) € f. In a two-party
communication protocol (or just a protocol) P for f, Alice with input z € X and Bob with input
y € Y, do local computation, use public and-or private coins and exchange messages. The last
message consists of output z € Z. Let XY represent the inputs, M the messages exchanged and
R the public-coin used in P. We call messages and public-coin together as transcript of P. We use
P to present the transcript random variable of P and also the map P : X x J — D(M), where M
is the set of transcripts of P.

Definition 2.7. Let P be a protocol, p € D(X x Y) and XY ~ pu. Define,
CC(P) =max |M(z,y)| ; outp(z,y) = output random variable on input (z,y),
x?y

errp(f, (2,y)) = Pr((z,y, outp(z,y)) ¢ f),
errp(f) = H%fzxerrp(f, (z,y)) 5 errp(f) = ( E  [errp(f, (z,9))],

T,y)p
RPP(f)= min CC(P) ; DA(f)= min CC(P),

(f) P: errp(f)<e ( ) (f) P:errh(f)<e ( )
ICHL(P)=T1(X : PIY)+ LY : P|X) ; ICELL(P)=1(XY :P),
|C|NT(7D) = Imax |C'|MNT('P) 5 ICEXT(P) = Imax ICEXT(P)'

1 I

The following is a consequence of the min-max theorem in game theory which in turn is a
consequence of Fact

Fact 2.8 (Yao’s principle [35]). RE"™(f) = max,, D (f).

Success in randomized protocols can be boosted by the standard repetition and taking majority
arguments.

Fact 2.9. Let c,¢ > 0 be constants, then, RP"P(f) = @(Rg}lb(f)).
Following fact is known in previous works, we provide a proof for completeness.

Fact 2.10. Let P be protocol and pn = pa ® pp have full support in X x Y. Then
V(z,y) € X xV: S(P(z,y)[[Pu) = S(P(x,y)[|Pulx)) + S(P(z, y)IPuly)) -

Proof. Let M = (M;...M;) be the transcript of P, correlated with the inputs XY ~ p (M;
represents the ith bit in the transcript). Let A C [t] be the set of bits transmitted by Alice and
B C [t] be the set of bits transmitted by Bob. Note that,

VZE[t],mQ I(XY|M<Z:m<1):0 .
This implies,

VZG[A],?TLQ I(XMZ Y|M<1:m<,):0 N
Vie [B,mei: T(YM;: X|Mei=mc)=0 .



Consider,

S(P(x,y)|Pu)

t t
= %ZAWEMQ[S(MK% y)lmeil| Milm<i)] + ieZBWEM“[S (Mi(z, y)|Im<il| Mi|m<;)] (Fact
t t
= iEZAmQEMQ[S(Mi(%y)\m<z'HMz'(y)\m<i)] +iEZBmQEMQ[S(Mi(%y)\m<i\|Mz‘($)!m<z‘)} . (Ea. (@)
(2)
Also,

=X B SOL@)malM@lndl+ Y E SOz y)malMi)me)] (Fact E3)

€A ieB
¢
=Y E_[S(M(w,y)lm<| Mi(x)[m<)] - (Eq. (1)
B meiMc;
(3)
Similarly,
t
S(P(z,y)Puly)) = Zm<EM<_[S(Mz‘(x,y)\m<i|!Mi(y)!m<i)] : (4)
icA " !
Combining Eq. , , we get the desired. O

Definition 2.11 (Simulation of a protocol). Let § > 0. We say a protocol Q, d-simulates a protocol
P with inputs XY, if there exists a function g such that:

(m,yEXY["g(Q(x’y)) —Plz,y)l ] <9 .

Barak et al. [2] showed that any protocol P with low external-information-cost can be simulated
by a protocol @ with low communication. A very nice property is that communication in Q does
not depend on the number of rounds of P. We use the version as stated in Theorem 10 in [5] where
it is credited to [2].

Fact 2.12 (Compression to external-information [2]). Let § > 0, € D(X xY) and P be a protocol.
There exists a protocol Q that d-simulates P and

cc(Q) =0 (512 1Clyr (P) - log(CC(P) /5))



3 Chain rules for capacity
Capacity
Let g : X = D(M) be a map (a.k.a channel)ﬂ

Definition 3.1 (Capacity). The capacity of g is defined as

def
cap(g) = e 2, [5(g(2)lg,)]

Following notion of a capacity-dual was considered by Jain [16].

Definition 3.2 (Capacity-dual). The capacity-dual of g is defined as

—  \def .
cap(g) = Din max S(g(2)llg,) -

Using Fact and Fact Jain [16] showed that capacity is lower bounded by capacity-dual.
Fact 3.3 (Lemma 2. [16]).

cap(g) 2uénpa();()Wg&)wﬁﬂ[s(g(w)llgw)] = énpl(n)rggs( 9(x)llgy) = cap(g) -

We show they are in fact the same.
Lemma 3.4. minyyep v maxser S(g(x)|[M) = cap(g) = Gap(g).

Proof. Consider,

cap(g) = e £, [5((@)]9,)]

< i E [S M Fact |2.5
<, min e E [S((@)]00) (Fac

- M
p2n e S(g(@)[|M)

< cap(g) -

Combined with Fact .3 shows the desired. O

Chain-rules

Let g : X — D(M) be a channel where X = (X} x ... x &). For i € [k] and p € D(X), define
channel g/, : X; — D(M) given by g/,(z;) = gu(xi). Let A=D(X1) x ... x D(Xy).
Following chain-rule for capacity was shown by Jain [15].

Fact 3.5 (A chain-rule for capacity. Theorem 2.1 [15]).

cap(g Z mm cap gu) .

LAll the results in this section also hold for c-q channels, mapping classical inputs to quantum states.



We show a stronger chain-rule.

Lemma 3.6 (A chain-rule for capacity).

cap(g) > min ZmaXS go(z; Hggﬂ i)

(G'y)EAX.A
k
= mi 5 - L 3.
gréljl;cap(ge) (Lemma[3.4)

Proof. For all ¢ € [k], = (u1, ..., k) € A, define

ui(p) = %glpi(r;(i)xﬁm [S (gu(@i)[|9puzimi)] -

For all p, M;,M;@p € [0,1],
wi(ppi + (1 = p)pi s pi—i)

BT xi%pﬂéj]?(lfp)lu‘;l Sloutzllon-i)

—uin (5 B Su60llaa)] +0-0)E S]]

Vi x <—;,Ll xi<—ui

> (i B [S(oelonio)])) + 0 0) (min B[S (o) 9n-.n)] )

Vi mipth Vi wipy
= p-ui(pf, p—i) + (1 —p) - wi(uf, i) - (5)

From Eq. and Fact (by letting Vi : (A;, u;) < (D(X;),u;)), we get 8 = (01,...,0;) € A such
that,

Vi: ui(0) = max wi(p,0-;)

ui€D(X;)
= maxmin B[S (go(zi)[|90-:.:)]
= H'lyln rr;ax S (gg(a;i) Hg9—z‘,%) . (Fact

Let X = (X;...Xg)~fand Ve e X : (M | X =x) ~ g(z). Consider,

nginngxs 90(x:)[|96_.,:) Zuz(@

i=1
= ngnzlﬁl (90(x)ll 90, )]
< Z S (90 (xi)|[g6-.0.)]
= Z (X;: M) (Fact
<I(X:M) (Fact [2.2)
< cap(g) . (Definition
This concludes the desired. O



We strengthen the chain rule to allow for conditioning on some events. Let
T = {(T7$T) ‘ TC [k],l'T S XT}

Below whenever ¢ € T, define S(-||-) = .

Lemma 3.7 (A chain-rule for capacity).

cap(9) > max min zn;ax S (g0l 21) ()]

a€D(T) (0,7)EAx A

TmT)%a

Proof. Let « € D(T). For all i € [k],u = (p1,- .., pr) € A, define,

uilk) = %énl?i(g@) (T,mT)<—]E;X,.Z‘i<—lM [S (g# (i, o1) ngimi (xT))]

For all p, pi, pif,p € [0,1],

i(ppg + (1 - : E S i i
wi(ppi + (1 = p)ui, p—i) = min (T’xT)w@i%puwl_pW[ (9u (@i, 27) || g i (27)) ]

= min (p E [S (g,u@:z'a o) ng_mz- (xT))]
(T,xr)

Vi —O,T

+ (1 — p) E [S (g#(.’L'i, xT)Hg#—iy’Yi (.CL'T))])

(Tyxr)—a,zipt

>p <min E [S (gu(xia -Z'T) ng—i,% (xT))]>

Vi (T,xr)<oumip)

p-p (win B [Slaan)]gaen))
= p - wipi, pi) + (1= p) - wipi's pi) (6)
From Eq. (6)) and Fact (by letting Vi : (A;, u;) < (D(X;), u; )) we get 0 = (61,...,0;) € A such

that,
Vi: ui(0) = max w;i(pi,0-;)

i €D(X;)
=maxmin B[S0 er)l|go- o (27)]
= I%in max o E) [S (90(zi, z7) H99—mz' (z1))] - (Fact and Fact (7)
i Z; , LT )—Q

Let X = (X;...Xg) ~0and Ve e X : (M | X =2x) ~ g(z). Consider,
Zui Zml_n
< Z

S (g0 (i, 27)||g6_, s (27)) ]

(TyxT) <—az i<—0;

[S (g0 (i, 27)|96_ 0, (7))

(TyxT) <—o< Jxi<—0;

= Z Xz . M|XT = :ET)} (Fact
T:cT)<—o¢
< E [(X:M|Xr=uxr) (Fact
(Tyxr)+a
< cap(g) . (Definition
Combining this with Eq. concludes the desired. O

9



Following is a strengthening of the above by changing the order of quantifiers.

Lemma 3.8 (A chain-rule for capacity).

ca >  min max max S i, T o (x

Proof. For tuples (B1,...,8¢),(B],...,0;) and p € [0, 1], define the convex combination,

p-(Br, s B0+ (L =p)- (B, 8) = @B+ (1= )b, pBe+ (1 —=p)BY) -
For all « € D(T),i € [k], (6,7),(0,7),p € [0, 1]:

max B [S (9p0+(1—p)9’ (i, 1) "gpeﬂ-+<1—p)egi,mi+<1—p)»yg (fCT))}

< max(p- E [S (Qe(ﬂfiaCUT)HQG—Z-,%(@“T))]

Z; (Txr)+«a

+(1—=p)- E {S (99’ (zi,xT) ng'—ﬂ{- (CCT)>]> (Fact

(Ty'TT)<_a

<p <max E  [S(g0(s; QUT)HQ(Lim (wﬂ)])

i (Tyrr)+«

ca=n- (s, B [s(woen]on, o))

zi (Tyxr)+«

Consider,

cap(g) = maxmin e B [S (90 (i, 21) |90 i (07)] (Lemma [3.7)

= minmax ) maxS (g0(zi, xT)HQG—im (z1)) . (Fact Eq. (3))

0, T,xT x
7 ieT

4 Direct-sum

We are now ready to prove the direct-sum result.

Theorem 4.1. Let f C X x Y X Z be a relation, €,0 > 0 and k > 1 be an integer. Then,
REW(f¥) - 1og(RE™(/%)/6) = @ (82 k- RELS(/))
implying (using Fact[2.9),

R2W(f%) - log(R2(£5)) > 0 (k- RZ™(f))

10



Proof. Let i € D(X x Y) be a distribution (guaranteed by Fact be such that, Rgig( f) =

D5+5(f). Assume there is a protocol P : X¥ x V¥ — D(M) with CC(P) = kc and errp(f*) < ¢,
where M denote the set of transcripts of P.

Let XY ~ ji. Let D be a random variable uniformly distributed in {0, 1}*. For d € {0, 1}*, let
Td=X;,8¢=Y;ifd;=0and T¢ = V;, S = X;ifd; = 1. Let T? = T x...x T, 8% = S{x...x S
Let pd ~ Y ifd; = 0 and pf ~ X if d; = 1. Let pd = pd¢ @. ..,ug. From Lemma (by setting
[k] < [2k], X + XF x YE M < M, g < P) we get (6,7) such that (below 6; = ({,67), similarly
vi = (v{*,7P), contains two components, one belonging to Alice and Bob each),

ke = CC(P) > cap(P) (Fact
k
> deI}ESFMd ; ﬂ% S(Po(ti, s)||Po_ (s))] (Lemma
=k- E S ti, o
i<—[k],d<D,s¢p? tinéaT}; (PH( S)HPQ “%(S))]
k
== E S(Po(wi,yiss5—i)||Po_; v (Yirs—i
2 i [k],d—iD_,(s_i,y;) ¢ (u?=4,Y) [gg{% ( o0 s 8 )H ? 7(?/ ’ ))}
k
+ = - E SP 1y Y1y O9—1 P,~- 1y O—1
Y D ) [;ng;( (Po (i, yir 5-4)|| Po_; (i 5 ))}
k
> 5 E [S(Po(i, i 5—i) || Po_s.s Wi 5-i)) ]
i<—[k],d_i<D_;,5_j<—p® =%, (@4,y;) <[
k
+ —. E S(Po(xi, Vi, 5—i P_i,i 1y 9—1i
2 i<—[k},d,i<—D7¢,s,i<—ud7i7(xi,yi)<—;][ ( ol i 8 )H ’ 7($ ° ))]
k
=5 E N [S(Pg(:ci,yi,s_i)HP(;_im(s_i))] i (Fact
i [k],d_i=D_,5 _<—p" =i, (x4,y: )i
Fix (i,d_;,s_;) such that?]
2c > E ~[S(Pg(xi,yi,S_i)Hpgﬂ,m(S_i))] . (9)
(@5,y:)f

Consider the following protocol Q for f.
1. Alice gets input & € X. Bob gets input § € ).
2. They set (zi,yi) = (Z,9).
3. They set s_; in S,

4. They generate {_; < 0,4, using private-coin and set in T di

i

5. They run P.

2For Fact , using standard continuity arguments assume w.l.o.g 7' ® v£ has full support in X; x V.

11



Note that CC(Q) = CC(P) and errg(f) = errp(f*). We have,

2z E_IS(Q@D)Poin(s-))] (Ea. (@)
=S(XYQ|XY ®Py_, ,(s-i)) (Fact [2.4)
>I(XY : Q) . (Fact

From Fact and Definition we get a protocol Q; that d-simulates Q such that
¢

CC(Q1) =0 (52

1og(kc/5)) and erly (f) <e+4

implying

DE,5(f) = O (55 log(ke/3)) .

which concludes the desired.

Open questions

1. Braverman and Rao [4] defined a correlated-pointer-jumping promise-problem CPJ(C,I) and

showed that it is in a sense complete for the direct-sum question. Our result shows
RPUP(CPJ(C, 1)) = O(Ilog C) .

Can we get explicit protocols for CPJ(C,I) with similar communication?

2. Can our arguments be extended to show near optimal direct-product results for communica-

tion complexity?
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