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In the task of quantum state exclusion, we consider a quantum system prepared in a state chosen from a
known set. The aim is to perform a measurement on the system which can conclusively rule that a subset of the
possible preparation procedures cannot have taken place. We ask what conditions the set of states must obey in
order for this to be possible and how well we can complete the task when it is not. The task of quantum state
discrimination forms a subclass of this set of problems. Within this paper, we formulate the general problem as
a semidefinite program (SDP), enabling us to derive sufficient and necessary conditions for a measurement to be
optimal. Furthermore, we obtain a necessary condition on the set of states for exclusion to be achievable with
certainty, and we give a construction for a lower bound on the probability of error. This task of conclusively
excluding states has gained importance in the context of the foundations of quantum mechanics due to a result
from Pusey, Barrett, and Rudolph (PBR). Motivated by this, we use our SDP to derive a bound on how well a
class of hidden variable models can perform at a particular task, proving an analog of Tsirelson’s bound for the
PBR experiment and the optimality of a measurement given by PBR in the process. We also introduce variations
of conclusive exclusion, including unambiguous state exclusion, and state exclusion with worst-case error.
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I. INTRODUCTION23

Suppose we are given a single-shot device, guaranteed to24

prepare a system in a quantum state chosen at random from a25

finite set of k known states. In the quantum state discrimination26

problem, we would attempt to identify the state that has27

been prepared. It is a well-known result [1] that this can be28

done with certainty if and only if all of the states in the set29

of preparations are orthogonal to one another. By allowing30

inconclusive measurement outcomes [2–4] or accepting some31

error probability [5–7], strategies can be devised to tackle32

the problem of discriminating between nonorthogonal states.33

For a recent review of quantum state discrimination, see [8].34

What, however, can we deduce about the prepared state with35

certainty?36

Through state discrimination we effectively attempt to37

increase our knowledge of the system so that we progress38

from knowing it is one of k possibilities to knowing it is39

one particular state. We reduce the size of the set of possible40

preparations that could have occurred from k to 1. A related41

and less ambitious task would be to exclude m preparations42

from the set, reducing the size of the set of potential states43

from k to k − m. If we rule out the m states with certainty,44

we say that they have been conclusively excluded. Conclusive45

exclusion of a single state is not only interesting from the46

point of view of the theory of measurement, but it is becoming47

increasingly important in the foundations of quantum theory. It48

has previously been considered with respect to quantum state49

compatibility criteria between three parties [9], where Caves50

et al. derive necessary and sufficient conditions for conclusive51

exclusion of a single state from a set of three pure states to52

be possible. More recently, it has found use in investigating53

*Corresponding author: christopher.perry.12@ucl.ac.uk

the plausibility of ψ-epistemic theories describing quantum 54

mechanics [10]. 55

As recognized in [10] for the case of single state exclusion, 56

the problem of conclusive exclusion can be formulated in the 57

framework of semidefinite programs (SDPs). As well as being 58

efficiently numerically solvable, SDPs also offer a structure 59

that can be exploited to derive statements about the underlying 60

problem they describe [11,12]. This has already been applied 61

to the problem of state discrimination [13–15]. Given that 62

minimum error state discrimination forms a subclass (m = 63

k − 1) of the general exclusion framework, it is reasonable to 64

expect that a similar approach will pay dividends here. 65

For minimum error state discrimination, SDPs provide a 66

route to produce necessary and sufficient conditions for a 67

measurement to be optimal. Similarly, the SDP formalism can 68

be applied to obtain such conditions for the task of minimum 69

error state exclusion, and we derive these in this paper. By 70

applying these requirements to exclusion problems, we have a 71

method for proving whether a given measurement is optimal 72

for a given ensemble of states. 73

From the SDP formalism, it is also possible to derive 74

necessary conditions for m-state conclusive exclusion to be 75

possible for a given set of states and lower bounds on the 76

probability of error when it is not. A special case of this 77

result is the fact that state discrimination cannot be achieved 78

when the set of states under consideration are nonorthogonal. 79

By regarding perfect state discrimination as (k − 1)-state 80

conclusive exclusion, we rederive this result. 81

As an application of our SDP and its properties, we consider 82

a game, motivated by the argument, due to PBR [10], against 83

a class of hidden variable theories. Assume that we have a 84

physical theory, not necessarily that of quantum mechanics, 85

such that, when we prepare a system, we describe it by a 86

state, χ . If our theory were quantum mechanics, then χ would 87

be identified with |ψ〉, the usual quantum state. Furthermore, 88
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suppose that χ does not give a complete description of the89

system. We assume that such a description exists, although it90

may always be unknown to us, and we denote it by λ. As χ is an91

incomplete description of the system, it will be compatible with92

many different complete states. We denote these states λ ∈ �χ .93

PBR investigate whether for distinct quantum descriptions,94

|ψ0〉 and |ψ1〉, it is possible that �|ψ0〉 ∩ �|ψ1〉 �= ∅. Models95

that satisfy this criterion are called ψ-epistemic; see [16] for a96

full description.97

Consider now the following scenario. Alice gives Bob a98

system prepared according to one of two descriptions, χ199

or χ2, and Bob’s task is to identify which preparation he100

has been given. Bob observes the system and will identify101

the wrong preparation with probability q. Note that 0 �102

q � 1/2, as Bob will always have the option of randomly103

guessing the description without performing an observation.104

If �χ1 ∩ �χ2 �= ∅, then, even if Bob has access to the complete105

description of the system, λ, q > 0 as there will exist λ106

compatible with both χ1 and χ2.107

Now suppose Bob is given n such systems prepared108

independently, and we represent the preparation as a string109

in {0,1}n. Bob’s task is to output such an n-bit string, and110

he wins if his is not identical to the string corresponding to111

Alice’s preparation, i.e., he attempts to exclude one of the112

2n preparations. We refer to this as the “PBR game” and113

we will consider two scenarios for playing it. Under the first114

scenario, Bob can only perform measurements on each system115

individually. We refer to this as the separable version of the116

game. In the second scenario, we allow Bob to perform global117

measurements on the n systems he receives. We refer to this as118

the global version, and we are interested in how well quantum119

theory performs in this case. We shall make a key assumption120

of PBR, namely that the global complete state of n independent121

systems, �, is given by the tensor product of the individual122

systems’ complete states. This second, quantum, task is related123

to the problem of “Hedging bets with correlated quantum124

strategies” as introduced in [17] and expanded upon in [18].125

By calculating Bob’s probability of success in the PBR126

game under each of these schemes, we gain a measure of127

how the predictions of quantum mechanics compare with the128

predictions of theories in which both �χ1 ∩ �χ2 �= ∅ and � =129

⊗n
i=1λi hold. As such, the result can be seen as similar in spirit130

to Tsirelson’s bound [19] in describing how well quantum-131

mechanical strategies can perform at the CHSH game.132

This paper is organized as follows. First, in Sec. II,133

we formulate the quantum state exclusion problem as an134

SDP, developing the structure we will need to analyze the135

task. Next, in Sec. III, we derive sufficient and necessary136

conditions for a measurement to be optimal in performing137

conclusive exclusion. It is these conditions that will assist us138

in investigating the entangled version of the PBR game. In139

Sec. IV, we derive a necessary condition on the set of possible140

states for single-state exclusion to be possible, and in Sec. V we141

give a lower bound on the probability of error when it is not. We142

apply the SDP formalism to the PBR game in Sec. VI and use it143

to quantify the discrepancy between the predictions of a class144

of hidden variable theories and those of quantum mechanics.145

Finally, in Sec. VII, we present alternative formulations of146

state exclusion and construct the relevant SDPs.147

II. THE STATE EXCLUSION SDP 148

More formally, what does it mean to be able to perform 149

conclusive exclusion? We first consider the case of single- 150

state exclusion and then show how it generalizes to m- 151

state exclusion. Let the set of possible preparations on a 152

d-dimensional quantum system be P = {ρi}ki=1 and let each 153

preparation occur with probability pi . For brevity of notation, 154

we define ρ̃i = piρi . Call the prepared state σ . The aim is to 155

perform a measurement on σ so that, from the outcome, we 156

can state j ∈ {1, . . . ,k} such that σ �= ρj . 157

Such a measurement will consist of k measurement oper- 158

ators, one for attempting to exclude each element of P . We 159

want a measurement, described by M = {Mi}ki=1, that never 160

leads us to guess j when σ = ρj . We need 161

Tr [ρiMi] = 0, ∀ i, (1)

or equivalently, since ρi and Mi are positive-semidefinite 162

matrices and pi is a positive number, 163

α =
k∑

i=1

Tr[ρ̃iMi] = 0. (2)

There will be some instances of P for which an M cannot 164

be found to satisfy Eq. (2). In these cases, our goal is to 165

minimize α, which corresponds to the probability of failure 166

of the strategy, “if outcome j occurs, say σ �= ρj .” 167

Therefore, to obtain the optimal strategy for single-state 168

exclusion, our goal is to minimize α over all possible 169

M subject to M forming a valid measurement. Such an 170

optimization problem can be formulated as an SDP: 171

Minimize:
M

α =
k∑

i=1

Tr [ρ̃iMi] .

Subject to:
k∑

i=1

Mi = I, (3)

Mi � 0, ∀ i.

Here I is the d by d identity matrix and A � 0 implies that A 172

is a positive-semidefinite matrix. The constraint
∑k

i=1 Mi = 173

I corresponds to the fact that the Mi form a complete 174

measurement and we do not allow inconclusive results. 175

Part of the power of the SDP formalism lies in constructing 176

a “dual” problem to this “primal” problem given in Eq. (3). 177

Details on the formation of the dual problem to the exclusion 178

SDP can be found in Appendix A, and we state it here: 179

Maximize:
N

β = Tr [N ] ,

Subject to: N � ρ̃i , ∀ i,

N ∈ Herm.

(4)

For single-state exclusion, the problem is essentially to 180

maximize the trace of a Hermitian matrix N subject to ρ̃i − N 181

being a positive-semidefinite matrix, ∀ i. 182

What of m-state conclusive exclusion? Define Y(k,m) to be 183

the set of all subsets of the integers {1, . . . ,k} of size m. The aim 184

is to perform a measurement on σ such that from the outcome 185

we can state a set, Y ∈ Y(k,m), such that σ /∈ {ρy}y∈Y . Such a 186
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measurement, denoted Mm, will consist of ( k

m
) measurement187

operators and we require that, for each set Y ,188

Tr[ρ̃yMY ] = 0, ∀ y ∈ Y. (5)

If we define189

ρ̂Y =
∑
y∈Y

ρ̃y, (6)

then this can be reformulated as requiring190

Tr[ρ̂Y MY ] = 0, ∀ Y ∈ Y(k,m). (7)

Equation (7) is identical in form to Eq. (1). Hence we can view191

m-state exclusion as single-state exclusion on the set Pm =192

{ρ̂Y }Y∈Y(k,m) . Furthermore, we can generalize this approach to193

an arbitrary collection of subsets that are not necessarily of194

the same size. With this in mind, we restrict ourselves to195

considering single-state exclusion in all that follows.196

The tasks of state exclusion and state discrimination share197

many similarities. Indeed, if we instead maximize α in Eq. (3)198

and minimize β in Eq. (4) together with inverting the inequality199

constraint to read N � ρ̃i , we obtain the SDP associated200

with minimum error state discrimination. It is also possible201

to recast each problem as an instance of the other. First,202

state discrimination can be put in the form of an exclusion203

problem by taking m = k − 1 because if we exclude k − 1 of204

the possible states, then we can identify σ as the remaining205

state.206

Following the observation of [20] regarding minimum207

Bayes cost problems, state exclusion can be converted into208

a discrimination task. To see this, from P define209

R =
⎧⎨
⎩ϑi = 1

k − 1

∑
j �=i

ρ̃j

⎫⎬
⎭

k

i=1

. (8)

Writing P dis
error and P exc

error to distinguish between the probability210

of error in discrimination and exclusion, in state discrimination211

on R we would attempt to minimize212

P dis
error(R) = 1 −

k∑
i=1

Tr[ϑiMi], (9)

which can be rearranged to give (see Appendix A 3)213

P dis
error (R) = k − 2

k − 1
+ 1

k − 1
P exc

error (P) . (10)

Hence, minimizing the error probability in discrimination on214

R is equivalent to minimizing the probability of error in state215

exclusion on P , and the optimal measurement is the same for216

both. This interplay between the two tasks enables us to apply217

bounds on the error probability of state discrimination (see,218

for example, [21]) to the task of state exclusion.219

Returning to the SDP, let us define the optimum solution220

to the primal problem to be α∗ and the solution to the221

corresponding dual to be β∗. It is a property of all SDPs,222

known as weak duality, that β � α. Furthermore, for SDPs223

satisfying certain conditions, α∗ = β∗, and this is known as224

strong duality. The exclusion SDP does fulfill these criteria,225

as shown in Appendix B 2. Using weak and strong duality226

allows us to derive properties of the optimal measurement227

for the problem, a necessary condition on P for conclusive 228

exclusion to be possible and a bound on the probability of 229

error in performing the task. 230

III. THE OPTIMAL EXCLUSION MEASUREMENT 231

Strong duality gives us a method for proving whether a fea- 232

sible solution, satisfying the constraints of the primal problem, 233

is an optimal solution. If M∗ is an optimal measurement for 234

the conclusive exclusion SDP, then, by strong duality, there 235

must exist a Hermitian matrix N∗, satisfying the constraints of 236

the dual problem, such that 237

k∑
i=1

Tr[ρ̃iM
∗
i ] = Tr[N∗]. (11)

Furthermore, the following is true: 238

Theorem 1. Suppose a state σ is prepared at random using 239

a preparation from the set P according to some probability 240

distribution {pi}ki=1. Applying the measurement M to σ is 241

optimal for attempting to exclude a single element from the 242

set of possible preparations if and only if 243

N =
k∑

i=1

[ρ̃iMi] (12)

is Hermitian and satisfies N � ρ̃i , ∀ i. 244

The proof of Theorem 1 is given in Appendix B 3 and 245

revolves around the application of strong duality together with 246

a property called complementary slackness. It is similar in 247

construction to Yuen et al.’s [7] derivation of necessary and 248

sufficient conditions for showing that a quantum measurement 249

is optimal for minimizing a given Bayesian cost function. This 250

result provides us with a method for proving a measurement 251

is optimal; we construct N according to Eq. (12) and show 252

that it satisfies the constraints of the dual problem. It is this 253

technique that will allow us to analyze the PBR game in the 254

quantum setting. 255

IV. NECESSARY CONDITION FOR SINGLE-STATE 256

CONCLUSIVE EXCLUSION 257

Through the application of weak duality, we can also 258

gain insight into the SDP. As the optimal solution to the 259

dual problem provides a lower bound on the solution of the 260

primal problem, any feasible solution to the dual does too, 261

although it may not necessarily be tight. This relation can be 262

summarized as 263

Tr[N feas] � Tr[N∗] = β∗ = α∗. (13)

In particular, if, for a given P , we can construct a feasible N 264

with Tr [N ] > 0, then we have α∗ > 0 and hence conclusive 265

exclusion is not possible. 266

Constructing such an N gives rise to the following nec- 267

essary condition on the set P for conclusive exclusion to be 268

possible: 269

Theorem 2. Suppose a system is prepared in the state σ 270

using a preparation chosen at random from the setP = {ρi}ki=1. 271
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Single-state conclusive exclusion is possible only if272

k∑
j �=l=1

F (ρj ,ρl) � k(k − 2), (14)

where F (ρj ,ρl) is the fidelity between states ρj and ρl .273

The full proof of this theorem is given in Appendix C 1, but274

we sketch it here. Define N as follows:275

N = −p

k∑
r=1

ρr + 1 − ε

k − 2
p

×
∑

1�j<l�k

(
√

ρjUjl

√
ρl + √

ρlU
∗
j l

√
ρj ), (15)

where the Ujl are unitary matrices chosen such that276

Tr [N ] = −kp + 1 − ε

k − 2
p

k∑
j �=l=1

F (ρj ,ρl). (16)

N is Hermitian, and for suitable p and ε it can be shown that277

ρi − N � 0, ∀ i. Equation (14) follows by determining when278

Tr[N ] > 0 and letting ε → 0. Note that the probability with279

which states are prepared, {pi}ki=1, has no impact on whether280

conclusive exclusion is possible or not.281

This is only a necessary condition for single-state con-282

clusive exclusion, and there exist sets of states that satisfy283

Eq. (14) for which it is not possible to perform conclusive284

exclusion. Nevertheless, there exist sets of states on the cusp of285

satisfying Eq. (14) for which conclusive exclusion is possible.286

For example, the set of states of the form287

|ψi〉 =
k∑

j �=i

1√
k − 1

|j 〉 (17)

for i = 1 to k can be conclusively excluded by the measure-288

ment in the orthonormal basis {|i〉}ki=1, and yet289

k∑
j �=l=1

F (|ψj 〉〈ψj |,|ψl〉〈ψl|) =
k∑

j �=l=1

|〈ψj |ψl〉| = k(k − 2).

(18)

It can be shown that the necessary condition for conclusive290

state discrimination can be obtained from Theorem 2, and the291

interested reader can find this derivation in Appendix C 2.292

V. LOWER BOUND ON THE PROBABILITY OF ERROR293

Weak duality can also be used to obtain the following lower294

bound on α∗:295

Theorem 3. For two Hermitian operators, A and B, define296

min (A,B) to be297

min(A,B) = 1
2 [A + B − |A − B|]. (19)

Given a set of states P = {ρi}ki=1 prepared according to some298

probability distribution {pi}ki=1 and a permutation ε, acting on299

k objects, taken from the permutation group Sk , consider300

Nε = min (ρ̃ε(k), min(ρ̃ε(k−1), min ( . . . , min(ρ̃ε(2),ρ̃ε(1))))).

(20)

Then 301

α∗ � max:
ε∈Sk

Tr [Nε] . (21)

The proof of this result is given in Appendix C 3 and 302

relies upon showing that min(A,B) � A and B, together with 303

the iterative nature of the construction of Nε. Note that by 304

considering a suitably defined max function, analogous to the 305

min used in Theorem 3, it is possible to derive a similar style of 306

bound for the task of minimum error state discrimination. We 307

omit it here, however, as it is beyond the scope of this paper. 308

VI. THE PBR GAME 309

We now turn our attention to the PBR game. Suppose Alice 310

gives Bob n systems whose preparations are encoded by the 311

string 
x ∈ {0,1}n. The state of system i is χxi
. Bob’s goal is to 312

produce a string 
y ∈ {0,1}n such that 
x �= 
y. 313

A. Separable version 314

In the first scenario, where Bob can only observe each 315

system individually and we consider a general theory, we can 316

represent his knowledge of the global system by 317

� = γ1 ⊗ · · · ⊗ γn, (22)

with γi ∈ {�0,�1,�?}, representing his three possible observa- 318

tion outcomes. If γi ∈ �0, he is certain the system preparation 319

is described by χ0; if γi ∈ �1, he is certain the system 320

preparation is described by χ1; and if γi ∈ �?, he remains 321

uncertain whether the system was prepared in state χ0 or χ1 322

and he may make an error in assigning a preparation to the 323

system. We denote the probability that Bob, after performing 324

his observation, assigns the wrong preparation description to 325

the system as q. Provided that �? �= ∅, then q > 0. 326

Bob will win the game if for at least one individual system 327

he assigns the correct preparation description. His strategy is 328

to attempt to identify each value of xi and choose yi such that 329

yi �= xi . Bob’s probability of outputting a winning string is 330

hence 331

P S
win = 1 − qn. (23)

B. Global version 332

Now consider the second scenario. When the theory is 333

quantum and global (i.e., entangled), measurements on the 334

global system are allowed. We can write the global state that 335

Alice gives Bob, labeled by 
x, as 336

|�
x〉 =
n⊗

i=1

∣∣ψxi

〉
. (24)

Bob’s task can now be regarded as attempting to perform 337

single-state conclusive exclusion on the set of states P = 338

{|�
x〉}
x∈{0,1}n ; he outputs the string associated with the state 339

he has excluded to have the best possible chance of winning 340

the game. 341

To calculate his probability of winning P G
win, we need 342

to construct and solve the associated SDP. Without loss 343

of generality, we can take the states |ψ0〉 and |ψ1〉 to be 344

002300-4



CONCLUSIVE EXCLUSION OF QUANTUM STATES PHYSICAL REVIEW A 00, 002300 (2014)

defined as345

|ψ0〉 = cos

(
θ

2

)
|0〉 + sin

(
θ

2

)
|1〉,

|ψ1〉 = cos

(
θ

2

)
|0〉 − sin

(
θ

2

)
|1〉,

(25)

where 0 � θ � π/2. The global states |�
x〉 are then given by346

|�
x〉 =
∑


r
(−1)
x·
r

[
cos

(
θ

2

)]n−|
r|[
sin

(
θ

2

)]|
r|
|
r〉, (26)

where 
r ∈ {0,1}n and |
r| = ∑n
i=1 ri .347

From [10], we know that single-state conclusive exclusion348

can be performed on this set of states provided θ and n satisfy349

the condition350

21/n − 1 � tan

(
θ

2

)
. (27)

When this relation holds, P G
win = 1. What, however, happens351

outside of this range? While strong numerical evidence is given352

in [10] that it will be the case that P G
win < 1, can it be shown353

analytically?354

Through analyzing numerical solutions to the SDP (per-355

formed using [22,23]), there is evidence to suggest that the356

optimum measurement to perform when Eq. (27) is not357

satisfied is given by the projectors358

|ζ
x〉 = 1√
2n

(
|
0〉 −

∑

r �=
0

(−1)
x·
r |
r〉
)

, (28)

which are independent of θ . That the set {|ζ
x〉}
x∈{0,1}n is the359

optimal measurement for attempting to perform conclusive360

exclusion is shown in Appendix D.361

If we construct N as per Eq. (12) and consider the trace, we362

can determine how successfully single-state exclusion can be363

performed. This is done in Appendix D, and we find364

Tr[N ] = 1

2n

[
cos

(
θ

2

)]2n{
2 −

[
1 + tan

(
θ

2

)]n}2

. (29)

This is strictly positive, and hence we have shown that Eq. (27)365

is a necessary condition for conclusive exclusion to be possible366

on the set P .367

In summary, we have the following:368

If 21/n − 1 � tan

(
θ

2

)
,

P G
win = 1.

Otherwise

P G
win = 1 − 1

2n

[
cos

(
θ

2

)]2n{
2 −

[
1 + tan

(
θ

2

)]n}2

,

(30)

which characterizes the success probability of the quantum369

strategy.370

C. Comparison 371

What is the relation between P S
win and P G

win? If, in the 372

separable scenario, we take the physical theory as being 373

quantum mechanics and Bob’s error probability as arising 374

from the fact that it is impossible to distinguish between 375

nonorthogonal quantum states, we can write [5] 376

q = (
1
2

)
(1 −

√
1 − |〈ψ0|ψ1〉|2) = (

1
2

)
[1 − sin(θ )]. (31)

With this substitution, we find that P S
win � P G

win, ∀ n. This is 377

unsurprising as the first scenario is essentially the second but 378

with a restricted set of allowable measurements. 379

Of more interest however, is if we view q as arising from 380

some hidden variable completion of quantum mechanics. If 381

�|ψ0〉 ∩ �|ψ1〉 = ∅, then if an observation of each |ψxi
〉 were 382

to allow us to deduce λxi
, then q = 0 and P S

win = 1 � P G
win. 383

However, if �|ψ0〉 ∩ �|ψ1〉 �= ∅, then we have q > 0, and P S
win 384

will have the property that Bob wins with certainty only as 385

n → ∞. On the other hand, P G
win = 1 if and only if Eq. (27) is 386

satisfied and we have analytically proven the necessity of the 387

bound obtained by PBR. Furthermore, we have defined a game 388

that allows the quantification of the difference between the 389

predictions of general physical theories, including those that 390

attempt to provide a more complete description of quantum 391

mechanics, and those of quantum mechanics. 392

VII. ALTERNATIVE MEASURES OF EXCLUSION 393

There exist multiple strategies and figures of merit when 394

undertaking state discrimination. In addition to considering 395

minimum error discrimination or unambiguous discrimina- 396

tion, further variants may try to minimize the maximum error 397

probability [24] or allow only a certain probability of obtaining 398

an inconclusive measurement result [25]. Similarly, alternative 399

methods to that of minimum error can be defined for state 400

exclusion, and in this section unambiguous exclusion and 401

worst-case error exclusion are defined and the related SDPs 402

given. 403

A. Unambiguous state exclusion 404

In unambiguous state exclusion on the set of preparations 405

P = {ρ̃i}ki=1, we consider a measurement given by M = 406

{M1, . . . ,Mk,M?}. If we obtain measurement outcome i (1 � 407

i � k), then we can exclude with certainty the state ρi . 408

However, if we obtain the outcome labeled ?, we cannot infer 409

which state to exclude. We wish to minimize the probability 410

of obtaining this inconclusive measurement: 411

α =
k∑

i=1

Tr[ρ̃iM?], (32)

which can be rewritten as 412

α = Tr

⎡
⎣ k∑

j=1

ρ̃j

⎛
⎝I −

k∑
i=1

Mi

⎞
⎠
⎤
⎦. (33)
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Defining α̃ = 1 − α, the primal SDP associated with this413

task is given by414

Maximize:
M

α̃ = Tr

⎡
⎣ k∑

j=1

ρ̃j

k∑
i=1

Mi

⎤
⎦ .

Subject to:
k∑

i=1

Mi � I,

Tr [ρ̃iMi] = 0, 1 � i � k,

Mi � 0, 1 � i � k.

(34)

Here, the first and third constraints ensure that M is a valid415

measurement, while the second, Tr [ρ̃iMi] = 0, 1 � i � k,416

encapsulates the fact that when measurement outcome i417

occurs, we should be able to exclude state ρi with certainty.418

The dual problem can be shown to be (see Appendix E 1)419

Minimize:
N,{ai }ki=1

β = Tr [N ] .

Subject to: aiρ̃i + N �
k∑

j=1

ρ̃j , 1 � i � k,

ai ∈ R, ∀i,

N � 0.

(35)

Unambiguous state exclusion has recently found use in420

implementations of quantum digital signatures [26], enabling421

such schemes to be put into practice without the need for422

long-term quantum memory.423

B. Worst-case error state exclusion424

The goal of the SDP given in Eqs. (3) and (4) is to425

minimize the average probability of error, over all possible426

preparations, of the strategy, “if outcome j occurs, say σ �=427

ρj .” An alternative goal would be to minimize the worst-case428

probability of error that occurs:429

α = max
i

Tr [ρ̃iMi] . (36)

The primal SDP associated with this task is430

Minimize:
M

α = λ.

Subject to: λ � Tr [ρ̃iMi] , ∀i,

k∑
i=1

Mi = I,

λ � 0 ∈ R,

Mi � 0, 1 � i � k.

(37)

These constraints again encode that M forms a valid mea-431

surement and ensure that α picks out the worst-case error432

probability across all possible preparations.433

The associated dual problem is 434

Maximize:
N,{ai }ki=1

β = Tr [N ] ,

Subject to: N � aiρ̃i , ∀ i,

k∑
i=1

ai � 1,

ai � 0 ∈ R, ∀ i,

N ∈ Herm.

(38)

The derivation of this is given in Appendix E 2. 435

VIII. CONCLUSION 436

In this paper, we have introduced the task of state exclusion 437

and shown how it can be formulated as an SDP. Using this, 438

we have derived conditions for measurements to be optimal 439

at minimum error state exclusion and a criterion for the task 440

to be performed conclusively on a given set of states. We also 441

gave a lower bound on the error probability. Furthermore, we 442

have applied our SDP to a game which helps to quantify the 443

differences between quantum mechanics and a class of hidden 444

variable theories. 445

It is an open question, posed in [9], whether a POVM ever 446

outperforms a projective measurement in conclusive exclusion 447

of a single pure state. While it can be shown from the 448

SDP formalism that this is not the case when the states are 449

linearly independent and conclusive exclusion is not possible 450

to the extent that Tr [Miρi] > 0, ∀ i, further work is required 451

to extend it and answer the above question. It would also 452

be interesting to see whether it is possible to find further 453

constraints and bounds, similar to Theorem 2 and Theorem 454

3, to characterize when conclusive exclusion is possible. 455

Finally, the main SDP, as given in Eq. (3), is just one method 456

for analyzing state exclusion in which we attempt to minimize 457

the average probability of error. Alternative formulations were 458

presented in Sec. VII, and it would be interesting to study the 459

relationships between them and that defined in Eq. (3). 460
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APPENDIX A: STATE EXCLUSION SDP FORMULATION 468

In this Appendix, we give the general definition of an SDP, 469

derive the dual problem for the state exclusion SDP, and show 470

the relation to state discrimination. 471

1. General SDPs 472

In this section, we state the general form of a semidefinite 473

program as given in [12]. A semidefinite program is defined 474

by three elements {A,B,�}. A and B are Hermitian matrices, 475
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A ∈ Herm(X ) and B ∈ Herm(Y), whereX andY are complex476

Euclidean spaces. � is a Hermiticity preserving superoperator477

that takes elements in X to elements in Y .478

From these three elements, two optimization problems can479

be defined. The primal problem can be defined as480

Minimize:
X

α = Tr[AX].

Subject to: �(X) = B,

X � 0.

(A1)

The dual problem can be defined as481

Maximize:
Y

β = Tr[BY ].

Subject to: �∗(Y ) � A,

Y ∈ Herm(Y).

(A2)

Here �∗ is the dual map to � and is defined by482

Tr[Y�(X)] = Tr[X�∗(Y )]. (A3)

We define the optimal solutions to the primal and dual483

problems to be α∗ = infXα and β∗ = supY β, respectively.484

2. State exclusion SDP485

Looking at the state exclusion primal problem, Eq. (3), we486

see that for the exclusion SDP, the following holds true:487

(i) A is a kd by kd block-diagonal matrix with each d by d488

block, labeled by i, given by ρ̃i :489

A =

⎛
⎜⎝

ρ̃1

. . .
ρ̃k

⎞
⎟⎠ .

(ii) B is the d by d identity matrix.490

(iii) X, the variable matrix, is a kd by kd block-diagonal491

matrix where we label each d by d block diagonal by Mi :492

X =

⎛
⎜⎝

M1

. . .
Mk

⎞
⎟⎠ .

(iv) Y is the d by d matrix we call N .493

(v) The map � is given by �(X) = ∑
i Mi .494

Using Eq. (A3), we see that �∗ must satisfy495

Tr

[
N

k∑
i=1

Mi

]
= Tr

⎡
⎢⎣
⎛
⎜⎝

M1

. . .
Mk

⎞
⎟⎠�∗(N )

⎤
⎥⎦ ,

and hence �∗(N ) produces a kd by kd block-diagonal matrix496

with N in each of the block diagonals:497

�∗(N ) =

⎛
⎜⎝

N

. . .
N

⎞
⎟⎠ .

Substituting these elements into Eq. (A2), we obtain the498

dual SDP for state exclusion as stated in Eq. (4) .499

3. The relation between state discrimination and state exclusion 500

Here we give the derivation of Eq. (10). 501

Given P , we define 502

R =
{
ϑi = 1

k − 1

∑
j �=i

ρ̃j

}k

i=1

.

Then, in state discrimination on R we would attempt to 503

minimize 504

P dis
error(R) =1 −

k∑
i=1

Tr[ϑiMi],

=1 −
k∑

i=1

∑
j �=i

1

k − 1
Tr[ρ̃jMi],

=1 − 1

k−1

k∑
i=1

k∑
j=1

Tr[ρ̃jMi] + 1

k−1

k∑
i=1

Tr[ρ̃iMi],

= k − 2

k − 1
+ 1

k − 1
P exc

error(P).

APPENDIX B: STRONG DUALITY 505

In this appendix, we show that the SDP exhibits strong 506

duality, and we give the proof of Theorem 1 from the main 507

text. 508

1. Slater’s theorem 509

Slater’s theorem provides a means to test whether an SDP 510

satisfies strong duality (α∗ = β∗). 511

Theorem 4 (Slater’s theorem). The following implications 512

hold for every SDP: 513

(i) If there exists a feasible solution to the primal problem 514

and a Hermitian operator Y for which �∗(Y ) < A, then α∗ = 515

β∗ and there exists a feasible X∗ for which Tr[AX∗] = α∗. 516

(ii) If there exists a feasible solution to the dual problem 517

and a positive semidefinite operator X for which �(X) = B 518

and X > 0, then α∗ = β∗ and there exists a feasible Y ∗ for 519

which Tr[BY ∗] = β∗. 520

2. Slater’s theorem applied to the exclusion SDP 521

To see that the exclusion SDP satisfies the conditions of 522

Slater’s theorem, consider X = 1
k
I and N = −I (where the 523

identity matrices are taken to have the correct dimension). 524

X is strictly positive-definite and so it strictly satisfies the 525

constraints of the primal problem. N < 0 and hence N < ρ̃i , 526

∀ i, so N strictly satisfies the constraints of the dual problem. 527

3. Necessary and sufficient conditions 528

for a measurement to be optimal 529

To prove Theorem 1, we will need the following fact about 530

SDPs: 531

Proposition 1 (complementary slackness). Suppose X and 532

Y , which are feasible for the primal and dual problems, 533

respectively, satisfy Tr[AX] = Tr[BY ]. Then it holds that 534

�∗(Y )X = AX and �(X)Y = BY.

We now give the proof for Theorem 1. 535
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Proof. Suppose we are given a valid measurement, M =536

{Mi}ki=1, and that N , defined by537

N =
k∑

i=1

ρ̃iMi,

satisfies the constraints of the dual problem. Then538

β = Tr[N ],

= Tr

[
k∑

i=1

ρ̃iMi

]
,

=
k∑

i=1

Tr [ρ̃iMi] ,

= α.

Hence, by strong duality, M is an optimal measurement.539

Now suppose M is an optimal measurement. By Proposi-540

tion 1, an optimal N satisfies541

�∗(N )

⎛
⎜⎝

M1

. . .
Mk

⎞
⎟⎠ =

⎛
⎜⎝

ρ̃1M1

. . .
ρ̃kMk

⎞
⎟⎠ ,

⇒

⎛
⎜⎝

NM1

. . .
NMk

⎞
⎟⎠ =

⎛
⎜⎝

ρ̃1M1

. . .
ρ̃kMk

⎞
⎟⎠ ,

which implies that 542

NMi = ρ̃iMi, ∀ i.

Taking the sum over i on both sides and using the fact that 543∑
i Mi = I, we obtain 544

N =
k∑

i=1

ρ̃iMi,

as required. � 545

APPENDIX C: NECESSARY CONDITIONS AND BOUNDS 546

In this Appendix, we derive the necessary condition 547

for conclusion exclusion to be possible that was given in 548

Theorem 2 as well as an associated corollary regarding state 549

discrimination. We also present the proof of the bound on the 550

error probability of state exclusion, Theorem 3. 551

1. Necessary condition for conclusive exclusion 552

Here we derive the necessary condition for single-state con- 553

clusive exclusion to be possible that was given in Theorem 2. 554

Proof. Suppose that P = {ρi}ki=1. A feasible solution to the 555

dual SDP, N , must be Hermitian and satisfy N � ρi , ∀ i. Our 556

goal is to construct such an N with the property Tr[N ] > 0. If 557

this is possible, conclusive exclusion is not possible. 558

First, we define Ujl to be a unitary such that 559

Tr[
√

ρl
√

ρjUjl] = F (ρj ,ρl) and note that Ulj = U ∗
j l . We 560

construct N as follows [for p,ε ∈ (0,1)]: 561

N = −p

k∑
r=1

ρr + 1 − ε

k − 2
p

∑
1�j<l�k

(
√

ρjUjl

√
ρl + √

ρlU
∗
j l

√
ρj ),

and note that N is Hermitian. Now consider 562

ρ1 − N = (1 + p)ρ1 + p

k∑
r=2

ρr − 1 − ε

k − 2
p

∑
1�j<l�k

(
√

ρjUjl

√
ρl + √

ρlU
∗
j l

√
ρj ),

=
k∑

r=2

[
1 + p

k − 1
ρ1 + εpρr − 1 − ε

k − 2
p(

√
ρ1U1r

√
ρr + √

ρrU
∗
1r

√
ρ1)

]

+ 1 − ε

k − 2
p

∑
2�j<l�k

[ρj + ρl − √
ρjUjl

√
ρl − √

ρlU
∗
j l

√
ρj ],

=
k∑

r=2

[
1 + p

k − 1
ρ1 + εpρr − 1 − ε

k − 2
p(

√
ρ1U1r

√
ρr + √

ρrU
∗
1r

√
ρ1)

]

+ 1 − ε

k − 2
p

∑
2�j<l�k

(
√

ρj

√
Ujl − √

ρl

√
U ∗

j l )(
√

U ∗
j l

√
ρj −√

Ujl

√
ρl).

The terms in the second summation on the last line are positive semidefinite. Consider, individually, the terms in the first 563

summation: 564

1 + p

k − 1
ρ1 + εpρr − 1 − ε

k − 2
p(

√
ρ1U1r

√
ρr + √

ρrU
∗
1r

√
ρ1),

=
[

1 + p

k − 1
−
(

(1 − ε)p

k − 2

)2 1

εp

]
ρ1 +

[(
(1 − ε)p

k − 2

)2 1

εp

]
ρ1 + εpρr − 1 − ε

k − 2
p(

√
ρ1U1r

√
ρr + √

ρrU
∗
1r

√
ρ1),

002300-8



CONCLUSIVE EXCLUSION OF QUANTUM STATES PHYSICAL REVIEW A 00, 002300 (2014)

=
[

1 + p

k − 1
−
(

(1 − ε)p

k − 2

)2 1

εp

]
ρ1 +

(
(1 − ε)p

(k − 2)
√

εp

√
ρ1

√
U1r − √

εp
√

ρr

√
U ∗

1r

)

×
(

(1 − ε)p

(k − 2)
√

εp

√
U ∗

1r

√
ρ1 − √

εp
√

U1r

√
ρr

)
.

Hence, for ρ1 − N to be positive-semidefinite, we need the first term in the last line to be positive:565 [
1 + p

k − 1
−
(

(1 − ε)p

k − 2

)2 1

εp

]
� 0,

ε

(k−1)(1−ε)2

(k−2)2 − ε
� p. (C1)

Therefore, provided p and ε satisfy Eq. (C1), N � ρ1. Similarly, one can argue that ρi � N , ∀ i, and hence N is a feasible
solution to the dual problem.

We now wish to know under what conditions we have Tr[N ] > 0:566

Tr[N ] > 0,

⇒ −kp + 1 − ε

k − 2
p

∑
1�j<l�k

Tr[
√

ρjUjl

√
ρl + √

ρlU
∗
j l

√
ρj ] > 0,

⇒
k∑

j �=l=1

F (ρj ,ρl) >
k(k − 2)

1 − ε
.

Letting ε → 0 and using weak duality, we obtain our result. Conclusive exclusion is not possible if
∑k

j �=l=1 F (ρj ,ρl) >

k(k − 2). �

2. Necessary condition for conclusive state discrimination567

Here we show how the necessary condition for perfect state568

discrimination to be possible can be derived from our necessary569

condition on conclusive state exclusion, Theorem 2.570

Corollary 1. Conclusive state discrimination on the set P =571

{ρi}ki=1 is possible only if P is an orthogonal set.572

Proof. For P = {ρi}ki=1, define573

ρ̂j = 1

k − 1

∑
i �=j

ρi .

Let j �= l and consider574

A = 1

k − 1

∑
r �=j,l

ρr .

We first show that F (ρ̂j ,ρ̂l) � F (ρ̂j ,A). Consider575

F (ρ̂j ,A) = Tr
[√√

ρ̂jA
√

ρ̂j

]
,

� Tr
[√√

ρ̂j ρ̂l

√
ρ̂j

]
,

= F (ρ̂j ,ρ̂l).

The inequality follows from the following facts:576

(i) It can be easily seen from the definitions that A � ρ̂l .577

(ii) If B � C, then D∗BD � D∗CD, ∀ D. Hence578 √
ρ̂jA

√
ρ̂j �

√
ρ̂j ρ̂l

√
ρ̂j .

(iii) The square-root function is operator-monotone, so579 √√
ρ̂jA

√
ρ̂j �

√√
ρ̂j ρ̂l

√
ρ̂j .

(iv) The trace function is operator-monotone, and so finally 580

Tr
[√√

ρ̂jA
√

ρ̂j

]
� Tr

[√√
ρ̂j ρ̂l

√
ρ̂j

]
.

Using a similar argument to the above, it is possible to show 581

that 582

F (ρ̂j ,A) � F (A,A) = k − 2

k − 1
.

If ρj , ρl , and A are pairwise orthogonal, then ρ̂j and ρ̂l com- 583

mute and are simultaneously diagonalizable. This means that 584

F (ρ̂j ,ρ̂l) = ||√ρ̂j

√
ρ̂l||Tr,

= ||A||Tr,

= F (A,A),

= k − 2

k − 1
.

Now suppose that ρj and A are not orthogonal. We take 585

{ar} to be the eigenvalues and {|vr〉} to be the eigenvectors of 586√
A, so 587

F (ρ̂l,A) � Tr[
√

ρ̂l

√
A],

=
∑

r

ar〈vr |
√

ρ̂l|vr〉.

We know that
√

ρ̂l �
√

A and hence 588

〈vr |
√

ρ̂l|vr〉 � ar, ∀ r.
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As ρj and A are not orthogonal,589 ∑
r

〈vr |
√

ρ̂l|vr〉 >
∑

r

ar ,

and there must exist some r such that590

〈vr |
√

ρ̂l|vr〉 > ar.

Hence591

F (ρ̂l,A) �
∑

r

ar〈vr |
√

ρ̂l|vr〉,

>
∑

r

a2
r ,

= Tr [A] ,

= k − 2

k − 1
.

So F (ρ̂j ,ρ̂l) = (k − 2)/(k − 1), ∀ l �= j , if and only if P is an592

orthogonal set.593

By Theorem 2, for conclusive (m − 1)-state exclusion (and594

hence conclusive state discrimination) to be possible, we595

require that596

k∑
j �=l=1

F (ρ̂j ,ρ̂l) = k(k − 2),

which implies that P must be an orthogonal set. �597

3. Bound on success probability598

In this section, we give the proof of Theorem 3.599

Proof. The goal is to show that Nε � ρ̃i , ∀ i, where Nε is600

defined in Eq. (20). Recall that given two Hermitian operators,601

A and B, min (A,B) is defined by602

min(A,B) = 1
2 [A + B − |A − B|].

Note that min(A,B) � A and min(A,B) � B as603

A − min(A,B) = 1

2
[A − B + |A − B|] ,

= 1

2

[
d∑

i=1

λi |ui〉〈ui | +
d∑

i=1

|λi | |ui〉〈ui |
]

,

� 0,

and similarly B − min(A,B) � 0. Here
∑d

i=1 λi |ui〉〈ui | is the604

spectral decomposition of A − B.605

The bound is obtained by constructing Nε iteratively as606

follows:607

N (2)
ε = min(ρ̃ε(2),ρ̃ε(1)),

N (3)
ε = min

(
ρ̃ε(3),N

(2)
ε

)
,

... = ...

Nε = N (k)
ε = min

(
ρ̃ε(k),N

(k−1)
ε

)
.

Using the fact that min(A,B) � A and min(A,B) � B, by608

construction we have Nε � ρ̃i , ∀ i.609

APPENDIX D: PBR GAME 610

In this appendix, we analyze the PBR game. 611

1. Proof that M is a measurement 612

To see that M = {|ζ
x〉}
x∈{0,1}n , where 613

|ζ
x〉 = 1√
2n

⎛
⎝|
0〉 −

∑

r �=
0

(−1)
x·
r |
r〉
⎞
⎠ ,

forms a valid measurement, we shall show that it is a set of 614

orthogonal vectors. Consider 615

〈ζ
s |ζ
t 〉 = 1

2n

⎛
⎝〈
0| −

∑

r �=
0

(−1)
s·
r 〈
r|
⎞
⎠
⎛
⎝|
0〉 −

∑

q �=
0

(−1)
t ·
q |
q〉
⎞
⎠,

= 1

2n

⎛
⎝1 +

∑

r,
q �=
0

(−1)
s·
r (−1)
t ·
q 〈
r|
q〉
⎞
⎠ ,

= 1

2n

∑

r

(−1)(
s+
t)·
r ,

= δ
s
t .

Hence M is a set of orthogonal vectors and therefore a valid 616

measurement basis. 617

2. Derivation of conditions under which 618

M is an optimal measurement 619

To show that this measurement, M, is optimal for certain 620

pairs of n and θ , we need to construct an N as per Eq. (12) 621

and show that it satisfies the constraints of the dual problem. 622

Writing ρ̃
x = 1
2n |�
x〉〈�
x | and M
x = |ζ
x〉〈ζ
x |, we have 623

N = 1

2n

∑

x

|�
x〉〈�
x |ζ
x〉〈ζ
x |.

Note that 624

〈�
x |ζ
x〉 = 1√
2n

{[
cos

(
θ

2

)]n

−
n∑

i=1

(
n

i

)[
cos

(
θ

2

)]n−i

×
[

sin

(
θ

2

)]i}
,

= 1√
2n

[
cos

(
θ

2

)]n {
2 −

[
1 + tan

(
θ

2

)]n}
.

So we have 625

N = C (θ )

⎡
⎣|
0〉〈
0| −

∑

r �=
0

[
tan

(
θ

2

)]|
r|
|
r〉〈
r|

⎤
⎦ , (D1)

where C(θ ) is given by 626

C (θ ) = 1

2n

[
cos

(
θ

2

)]2n {
2 −

[
1 + tan

(
θ

2

)]n}
.

Note also that N is a real, diagonal matrix and hence is 627

Hermitian, so it remains to determine under what conditions 628

ρi − N is a positive-semidefinite matrix for all i. 629
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Let us define the matrices Ai by630

Ai = −N + ρi.

The goal is to prove that none of the Ai have a negative631

eigenvalue. Say Ai has eigenvalues {ar
i }, where a1

i � a2
i �632

· · · a2n

i . The matrix −N has eigenvalues {vr} where for 1 �633

r � 2n − 1,634

vr = C (θ )

[
tan

(
θ

2

)]|
r|
,

and for r = 2n,635

v2n = −C (θ ) .

Each ρi is a rank-1 density matrix and hence has eigenvalues636

u1
i = 1 and ur

i = 0 for 2 � r � 2n.637

By Weyl’s inequality,638

vr + u2n

i � ar
i .

So, provided C(θ ) > 0, we have ar
i > 0 for 1 � r � 2n − 1.639

Hence at most one eigenvalue of Ai is nonpositive. Investigat-640

ing this nonpositive eigenvalue further, consider Ai acting on641

the state |ζi〉:642

Ai |ζi〉 = ρi |ζi〉 −
2n∑

j=1

ρj |ζj 〉〈ζj |ζi〉 = 0.

Hence the nonpositive eigenvalue of Ai is 0 implying that Ai �643

0, ∀ i, which in turn implies that N � ρi , ∀ i, provided C(θ ) >644

0. As [cos (θ/2)]2n � 0, we have shown that {|ζ
x〉}
x∈{0,1}n , as645

defined in Eq. (28), is the optimal measurement for exclusion646

provided647 {
2 −

[
1 + tan

(
θ

2

)]n}
> 0. (D2)

This region is the complement of that given in Eq. (27), so we648

know the optimal measurement to perform for all values of n649

and θ .650

3. Derivation of how well M performs at the exclusion task651

Is conclusive exclusion possible in the region defined by652

Eq. (D2)? To answer this, we must consider the trace of the N653

given in Eq. (D1):654

Tr[N ] = 1

2n

[
cos

(
θ

2

)]2n {
2 −

[
1 + tan

(
θ

2

)]n}2

.

This is strictly positive and hence conclusive exclusion is655

not possible. The value of Tr[N ] does, however, tell us how656

accurately we can perform state exclusion when we cannot do657

it conclusively.658

APPENDIX E: ALTERNATIVE STATE EXCLUSION SDPS659

In this appendix, we derive alternative state exclusion SDPs.660

1. Unambiguous state exclusion SDP661

In this section, the dual problem for the primal SDP for662

unambiguous state exclusion as given in Eq. (34) is derived.663

Comparing Eq. (34) with Eq. (A1), we see that here the 664

following holds true: 665

(i) A is a kd by kd block-diagonal matrix with each d by d 666

block containing
∑k

j=1 ρ̃j : 667

A =

⎛
⎜⎝
∑k

j=1 ρ̃j

. . . ∑k
j=1 ρ̃j

⎞
⎟⎠ .

(ii) B is a (d + k) by (d + k) matrix with the top left d by d 668

block being an identity matrix and all other elements being 0: 669

B =
(
I 0
0 0

)
.

(iii) X, the variable matrix, is a kd by kd block-diagonal 670

matrix where we label each d by d block diagonal by Mi : 671

X =

⎛
⎜⎝

M1

. . .
Mk

⎞
⎟⎠ .

(iv) Y is a (d + k) by (d + k) matrix whose top left d by 672

d block we call N and the remaining k diagonal elements we 673

label by ai . 674

Y =

⎛
⎜⎜⎝

N

a1

. . .
ak

⎞
⎟⎟⎠ .

(v) The map � is given by 675

�(X) =

⎛
⎜⎜⎜⎝
∑k

i=1 Mi

Tr [ρ̃1M1]
. . .

Tr [ρ̃kMk]

⎞
⎟⎟⎟⎠ .

Using Eq. (A3), we see that �∗ must satisfy 676

Tr

[
N

k∑
i=1

Mi

]
+

k∑
i=1

aiTr [ρ̃iMi]

= Tr

⎧⎪⎪⎨
⎪⎪⎩
⎛
⎜⎝

M1

. . .
Mk

⎞
⎟⎠�∗

⎡
⎢⎢⎣
⎛
⎜⎜⎝

N

a1

. . .
ak

⎞
⎟⎟⎠
⎤
⎥⎥⎦
⎫⎪⎪⎬
⎪⎪⎭ ,

and hence �∗(Y ) produces a kd by kd block-diagonal matrix: 677

�∗(Y ) =

⎛
⎜⎝

N + a1ρ̃1

. . .
N + akρ̃k

⎞
⎟⎠ .

Substituting these elements into Eq. (A2) and taking into 678

account the fact that we are maximizing rather than minimizing 679

in the primal problem, we obtain the dual SDP as stated in 680

Eq. (35). 681
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2. Worst-case error state exclusion SDP682

In this section, the dual problem for the primal SDP for683

worst-case error state exclusion as given in Eq. (37) is derived.684

Comparing Eq. (37) with Eq. (A1), we see that here the685

following holds true:686

(i) A is a (kd + 1) by (kd + 1) matrix with A11 = 1 being687

the only nonzero element:688

A =

⎛
⎜⎜⎝

1
0

. . .
0

⎞
⎟⎟⎠ .

(ii) B is a (d + k) by (d + k) where the bottom right d by689

d block is the identity matrix. All other elements are zero:690

B =
(

0 0
0 I

)
.

(iii) X, the variable matrix, is a kd + 1 by kd + 1 block-691

diagonal matrix where X11 = λ and we label each subsequent692

d by d block diagonal by Mi : 693

X =

⎛
⎜⎜⎝

λ

M1

. . .
Mk

⎞
⎟⎟⎠ .

(iv) Y is a (d + k) by (d + k) matrix whose bottom right d 694

by d block we call N and the remaining k diagonal elements 695

we label by ai , 696

Y =

⎛
⎜⎜⎝

a1

. . .
ak

N

⎞
⎟⎟⎠ .

(v) The map � is given by 697

�(X) =

⎛
⎜⎜⎜⎝

λ − Tr [ρ̃1M1]
. . .

λ − Tr [ρ̃kMk] ∑k
i=1 Mi

⎞
⎟⎟⎟⎠ .

Using Eq. (A3), we see that �∗ must satisfy 698

λ

k∑
i=1

ai −
k∑

i=1

aiTr [ρ̃iMi] = Tr

⎧⎪⎪⎨
⎪⎪⎩

⎛
⎜⎜⎝

λ

M1

. . .
Mk

⎞
⎟⎟⎠�∗

⎡
⎢⎢⎣
⎛
⎜⎜⎝

a1

. . .
ak

N

⎞
⎟⎟⎠
⎤
⎥⎥⎦
⎫⎪⎪⎬
⎪⎪⎭ ,

and hence �∗(Y ) produces a kd by kd block-diagonal matrix: 699

�∗(Y ) =

⎛
⎜⎜⎜⎝
∑k

i=1 ai

N − a1ρ̃1

. . .
N − akρ̃k

⎞
⎟⎟⎟⎠ .

Substituting these elements into Eq. (A2), we obtain the dual SDP as stated in Eq. (38). 700
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