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Abstract

In this paper we present a new operational interpretation of relative-entropy between
quantum states in the form of the following protocol.

P: Alice gets to know the eigen-decomposition of a quantum state p. Bob gets to know

the eigen-decomposition of a quantum state o. Both Alice and Bob know S (p||o) f

Trplogp — plog o, the relative entropy between p and ¢ and an error parameter €. Alice
and Bob use shared entanglement and after communication of O((S(p||o) +1)/e*) bits from
Alice to Bob, Bob ends up with a quantum state p such that F(p,p) > 1 — ¢, where F(-)
represents fidelity.

This result can be considered as a non-commutative generalization of a result due to
Braverman and Rao [BRI11] where they considered the special case when p and o are classical
probability distributions. We use P to obtain an alternate proof of a direct-sum result for
entanglement assisted quantum one-way communication complexity for all relations, which
was first shown by Jain, Radhakrishnan and Sen [JRS05] [JRSO0S].

Our second result provides a new operational meaning to trace distance between quantum
states in the form of a protocol which can be viewed as a quantum analogue of the classical
correlated-sampling protocol, which is widely used, for example by Holenstein [Hol07] in
his proof of a parallel-repetition theorem for two-player one-round games. Recently Dinur,
Steurer and Vidick [DSV14] have shown another version of a quantum correlated sampling
protocol different from our protocol, and used it in their proof of a parallel-repetition theorem
for two-prover one-round entangled projection games.
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1 Introduction

Relative entropy is a widely used quantity of central importance in both classical and quantum
information theory. In this paper we present a new operational meaning to quantum relative
entropy in the form of the following protocol.

P: Alice gets to know the eigen-decomposition of a quantum state p. Bob gets to know the eigen-

decomposition of a quantum state o. Both Alice and Bob know S(p||o) e Trplog p — plogo,
the relative entropy between p and ¢ and an error parameter €. Alice and Bob use shared
entanglement and after communication of O((S(p|lo) + 1)/e*) bits from Alice to Bob, Bob ends
up with a quantum state p such that F(p, p) > 1 — ¢, where F(-) represents fidelity.

This result can be considered as a non-commutative generalization of a result due to Braver-
man and Rao [BR11] where they considered the special case when p and o are classical probability
distributions. Their protocol, and slightly modified versions of it, were widely used to show
several direct sum and direct product results in communication complexity, for example a direct
sum theorem for all relations in the bounded-round public-coin communication model [BR11],
direct product theorems for all relations in the public-coin one-way and public-coin bounded-
round communication models [Jail3, [JPY12, BRWY13]. A direct sum result for a relation f in
a model of communication (roughly) states that in order to compute k independent instances of
f simultaneously, if we provide communication less than k times the communication required
to compute f with the constant success probability p < 1, then the success probability for
computing all the k instances of f correctly is at most a constant ¢ < 1. A direct product result,
which is a stronger result, states that in such a situation the success probability for computing
all the k instances of f correctly is at most p~®*).

Protocol P allows for compressing the communication in one-way entanglement-assisted
quantum communication protocols to the internal information about the inputs carried by the
message. Using this we obtain a direct-sum result for entanglement assisted quantum one-way
communication complexity for all relations. This direct-sum result was shown previously by Jain,
Radhakrishnan and Sen [JRS05] [JRS08] and they obtained this result via a protocol that allowed
them compression to external information carried in the messageﬂ Their arguments were quite
specific to one-way protocols and do not seem to generalize to multi-round communication
protocols. Our proof however, is along the lines of a proof which has been generalized to
bounded-round classical protocols [BR11] and hence it presents hope that our direct-sum result
can also be generalized to bounded-round quantum protocols. The protocol of Braverman and
Rao [BR11] was also used by Jain [Jail3] to obtain a direct-product for all relations in the model
of one-way public-coin classical communication and later extended to multiple round public-coin
classical communication [JPY12, [ BRWY13]. Hence protocol P also presents a hope of obtaining
similar results for quantum communication protocols.

Our second result provides a new operational meaning to trace distance between quantum
states in the form of the following protocol.

Py : Alice gets to know the eigen-decomposition of a quantum state p. Bob gets to know the
eigen-decomposition of a quantum state o. Alice and Bob use shared entanglement, do local
measurements (no communication) and at the end Alice outputs registers AA; and Bob outputs
registers BB; such that the following holds:

!Compression to external and internal information can be thought of as one-shot communication analogues of
the celebrated results by Shannon [Shad8] and Slepian-Wolf [SWT3] exhibiting compression of source to entropy
and conditional entropy respectively.



1. The marginal state in A is p and the marginal state in B is o.

2. For any projective measurement M = {M;,..., M,} in the support of the state in AA;,
the following holds. Let Alice perform M on AA; and Bob perform M on BB; and obtain
outcome I € [w],J € [w] respectively. Then,

3
1
Pr[l = J] > (1 - \/Hp —olly =7 llp— aHf) :

The protocol above can be viewed as a quantum analogue of the classical correlated-sampling
protocol, which is widely used for example by Holenstein [Hol07] in his proof of a parallel-
repetition theorem for two-player one-round games. Recently Dinur, Steurer and Vidick [DSV14]
have shown another version of a quantum correlated sampling protocol different from ours,
and used it in their proof of a parallel-repetition theorem for two-prover one-round entangled
projection games.

Our techniques

Our protocol P is inspired by the protocol of Braverman and Rao [BR11], which as we mentioned,

applies to the special case when inputs to Alice and Bob are classical probability distributions

P, Q respectively. Let us assume the simpler case first when Alice and Bob know ¢ = So( P||Q) def

min{\| P < 2*Q}, the relative min-entropy between P and Q. In the protocol of [BRII], Alice
and Bob share (as public coins) {(M;, R;)| i € N} where each (M;, R;) is independently and
identically distributed uniformly over U x [0, 1], where U is the support of P and Q. Alice accepts
index ¢ iff R; < P(M;) and Bob accepts index i iff R; < 2°Q(M;). It is easily argued that for
the first index j accepted by Alice, M; is distributed according to P. Braverman and Rao argue
that Alice can communicate this index j to Bob, with high probability, using communication
O(c) bits (for constant €), using crucially the fact that P < 2¢Q.
In our protocol, Alice and Bob share infinite copies of the following quantum state

) & *Li )4 10) 5 ® (i ) |m>31> ,
NK =1 m=1

where registers A, B serve to sample a maximally mixed state in the support of p,o and the
registers A, B; serve to sample uniformly in the interval [0, 1] (in the limit K — o0). Again let
us assume the simpler case first when Alice and Bob know ¢ = So(pl|o) o min{)\| p < 2*c} (here
< represent the Lowner order), the relative min-entropy between p and o. Let p = 3, a; |a;) (a;]
and o = >, b; |b;) (b;|. Alice performs the following projection on registers AA; on each copy of
|1) and accepts the index of a copy iff the projection succeeds.

Ka;
Py = Z la;) (a;| ® (Z ) <m]) .
i m=1

Similarly Bob performs the following projection (for appropriately chosen §) on registers BB
on each copy of |¢) and accepts the index of a copy iff the projection succeeds.

K-min{2°;/8,1}
Pp = Z |bi) (bi| @ ( > Im) <m|) :

m=1

Again it is easily argued that (in the limit K — o), the marginal state in B (and also in A)
in the first copy of |[¢)), with index 4, in which Alice succeeds is p. Using crucially the fact



that p < 290, we argue that after Alice’s measurement succeeds in a copy, Bob’s measurement
also succeeds with high probability and hence (by the gentle measurement lemma) does not
disturb the state much in the register B, conditioned on success. We also argue that Alice can
communicate the index of this copy to Bob with communication of O(c) bits (for constant ¢).

As can be seen, our protocol is a natural quantum analogue of the protocol of Braverman and
Rao [BR11]. However, since p and o may not commute, our analysis deviates significantly from
the analysis of [BR11]. We are required to show several new facts related to the non-commuting
case while arguing that the protocol still works fine.

We then consider the case in which S(p||o) (instead of So (pllo)) is known to Alice and
Bob. The quantum substate theorem [JRS02, [IN12] implies that there exists a quantum state
¢, having high fidelity with p such that S (p'|l0) = O(S(p||lo)). We argue that our protocol is
robust with respect to small perturbations in Alice’s input and hence works well for the pair
(p,0) as well, and uses communication O(S(p||o)) bits. Again this requires us to show new facts
related to the non-commuting case.

Related work

Much progress has been made in the last decade towards proving direct sum and direct product
conjectures in various models of communication complexity and information theory has played
a crucial role in these works. Most of the proofs have build upon elegant one-shot protocols for
interesting information theoretic tasks. For example, consider the following task.

T1: Alice gets to know the eigen-decomposition of a quantum state p. Alice and Bob get to know

the eigen-decomposition of a quantum state . They also know ¢ def S(pl|o), the relative entropy
between p and o and an error parameter €. They use shared entanglement and communication
and at the end of the protocol, Bob ends up with a quantum state p such that F(p,p) > 1 —e.

Jain, Radhakrishnan and Sen in [JRS05, [JRS0§|, showed that this task (for constant ) can
be achieved with communication O(S(p|lo) + 1) bits, and this led to direct sum theorems for
all relations in entanglement-assisted quantum one-way and entanglement-assisted quantum
simultaneous message-passing communication models. They also considered the special case
when the inputs to Alice and Bob are probability distributions P, Q respectively and showed
that O(S(P||Q) + 1)) bits of communication can achieve this task (for constant ¢). Later an
improved result was obtained by Harsha, Jain, Mc. Allester and Radhakrishnan [HJMRI10],
where they presented a protocol in which Bob is able to sample exactly from P with expected
communication S(P||Q)+21log S(P||Q)+O(1). This led to direct sum theorems for all relations in
the public-coin randomized one-way, public-coin simultaneous message passing [JRS05] [JRS0S]
and public-coin randomized bounded-round communication models [HIMRI0].

Now let us consider the following task.

T2: Alice gets to know functions o4,0p,e4 : U — [0,1] and Bob gets to know functions

op,ep,eq : U — [0,1], such that the following functions form probability distributions on U:

P(m) o oa(m)eg(m), Q(m) e op(m)eg(m) and R(m) e oa(m)ea(m). They also receive

error parameter € > 0 as common input. They use shared randomness, communication and at
the end of the protocol Bob should sample from a distribution P’ such that F(P,P’) > 1 —e.

Jain, Radhakrishnan and Sen in [JRS05L JRS0§|, showed that this task (for constant €) can
be achieved with a single message from Alice to Bob consisting of O((S(P||Q)+1)28FIR)+1)) bits.
This was used by them to provide a round-independent direct-sum theorem for the distributional
two-way communication complexity of all relations under product distributions. This result



was strengthened by Braverman [Bral2] where they considered the case when op is not known
to Alice and ey is not known to Bob. They showed that in this case as well the task can be
achieved using same communication. This helped in generalizing the round-independent direct-
sum result of [JRS05, [JRS08] to non-product distributions. Modified versions of Braverman’s
protocol were later extensively used for example by Braverman and Weinstein [BW12] to show
that information complexity is lower bounded by the discrepancy bound; by Kerenidis, Laplante,
Lerays, Roland, and Xiao [KLL"12| to show that information complexity is lower bounded by
smooth-rectangle bound and by Jain and Yao [JY12] to show a direct-product result for all
relations in terms of the smooth-rectangle bound.

Jain, Radhakrishnan and Sen in [JRS05, .JRS08] showed that the appropriate quantum
version of the task T2 can also be achieved using similar communication. This implied a
round-independent direct-sum result for the distributional two-way entanglement-assisted com-
munication complexity of all relations under product distributions. Recently, using a claim
obtained in their result, Jain, Pereszlényi and Yao [JPY14] showed a parallel repetition theorem
for two-player one-round entangled free-games.

Organization

In the next section we present some preliminaries that are needed for our proofs. In section
we present the operational interpretation of quantum relative entropy. In section [4| we present
our quantum correlated sampling result. We present our direct sum result in section [A]

2 Preliminaries

In this section we present some notations, definitions, facts and lemmas that we will use later
in our proofs.

Information theory

For integer n > 1, let [n] represent the set {1,2,...,n}. We use log to represent log,. Let X
and ) be finite sets and k be a natural number. We let X* denote the set X x - - - x X, the cross
product of X, k times. Let p be a probability distribution on X. We let pu(z) represent the
probability of x € X according to u. We use the same symbol to represent a random variable

and its distribution whenever it is clear from the context. The expectation value of function f

on X is defined as E,, x[f(z)] def >wex Pr[X = z]- f(z), where - X means that = is drawn

according to distribution X.

A quantum state (or just a state) p is a positive semi-definite matrix with trace equal to
1. Tt is called pure if and only if the rank is 1. Let |[¢)) be a unit vector. With slight abuse of
notation, we use 1 to represent the state and also the density matrix |1) (1|, associated with |¢).
Let W represent the complex conjugation of [1), taken in the computational basis. A classical
distribution p can be viewed as a quantum state with diagonal entries p(z) and non-diagonal
entries 0. For two quantum states p and o, p ® o represents the tensor product (Kronecker
product) of p and 0. A quantum super-operator £(-) is a completely positive and trace preserving
(CPTP) linear map from states to states. Readers can refer to [CT91l, NC00, Wat11] for more
details.

Definition 2.1. The ¢;-distance (a.k.a trace-distance) between quantum states p and o is given
by ||p — ||y, where ||X||, ' Tr/XTX is the sum of the singular values of X. We say that p is
e-close to o in £y if ||p — o||; < e. The lo-distance between them is given by ||p — o||,, where

1X ||, & VI X XT.



Definition 2.2. The fidelity between quantum states p and o is given by F(p, o) def lvevel, -
For two classical distributions P and @ on set X, F(P,Q) =Y, cx v P(x)Q(x).

The following fact relates the ¢1-distance and the fidelity between two states.
Fact 2.3 ([NCO00] page 416). For quantum states p and o, it holds that

21— F(p,0)) < o — o, < 2y/1 = F(p, )2

For two pure states |¢) and [¢), we have

l6—wll, = 20/1— F(9,)? = 2¢/1 — [(g])I".

Let pAP be a bipartite quantum state in registers AB. We sometimes use the same symbol
to represent a quantum register and the Hilbert space associated with it. We define

o8By, (PAB) = > (il @ 1)p™P(|i) ® 1),

7

where {]7)}, is an orthonormal basis for the Hilbert space A and 1p is the identity matrix in
space B. The state p? is referred to as the marginal state of pA% in register B.

The following proposition states that the distance between two states cannot be increased
by quantum operations.

Fact 2.4 ([NCO00],page 406, 414). For states p, o, and quantum operation &(-), it holds that
1€(p) = E(@)lly <llp—oll, and F(E(p),&(a)) = F(p,0).
In particular, for bipartite states pAZ and 045, it holds that
HpAB _ UABH1 > HpA _ UAH1 and F(pAB’O_AB) < F(ijaA)'

Fact 2.5 ([Watll] Lemma 4.41.). Let A, B be two positive semidefinite operators on Hilbert
space X. Then

|4~ Bl 2 |vA- VB,

Fact 2.6. Given two quantum states p and o,

1
Trypve 2 1= llp—ally 21— /1= F(p, 0.

Proof. By Facts and
2\/1=F(p.0)? 2 |p—oll, 2 [lvp - Vol =2 -2 Tr (Vova). =

The entropy of a quantum state p (in register X) is defined as S(p) def —Trplog p. We also

let S (X), represent S(p). The relative entropy between quantum states p and o is defined as

S(pllo) e Trplog p—Trplog o. The relative min-entropy between them is defined as Soo(p||o) o

min<\: p < 2)‘0} . Since logarithm is operator-monotone, we have S(p|lo) < S (p||o).

Fact 2.7 ([JRS09,[JN12]). (Quantum substate theorem) Suppose p and o are two quantum
states in the same Hilbert space. Then for any & > 0, there exists p’ such that

F(p,p') 21— and Sx(p'llo) < SMZM + log%_g



Fact 2.8 ([Win99, [ON02]). (Gentle measurement lemma) Let p be a density operator and

II be a projector. Then,
IIpll

" TrIlp

F(p ) >/ Trllp.

Proof. Let |¢) be a purification of p. Then (Il ® I) |¢) is a purification of IIpIl. Hence (using

Fact

IIpIl
" TrIlp

) > (el @ ) |)| _ Tr(IIp). -

[T @ I)[a)]]

F(p

Communication complexity

Let f C X x )Y x Z be a relation. In this work, we are concerned with quantum one-way
communication complexity. In this model, Alice holds input x € X and Bob holds input y € ).
They may share a prior quantum state independent of the inputs. Alice makes an arbitrary
unitary transformation on her qubits and sends part of her qubits to Bob. Bob makes a unitary
operation and measures the last few qubits (answer registers) in the computational basis to get
the answer z € Z. The answer is declared correct if (z,y,2) € f. Let Q"%A~B (f) represent
the quantum one-way communication complexity of f with worst case error e, that is the
communication of the best such protocol computing f with error at most € on any input (z,y).

Variants of the following lemma have appeared in many other works such as [BR11, [KLL"12].

Lemma 2.9. Let N,r > 0,0 € (0,1). Let Alice and Bob perform multiple identical independent
trials such that for each trial,

1. Pr[Alice succeeds| = & ; Pr[Bob succeeds] < %-;
2. Pr[Bob succeeds | Alice succeeds] > 1 — 0.

There exists a protocol with [r + 3log %1 bits of communication from Alice to Bob such that with
probability at least 1 — 40, Alice and Bob choose the same trial.

Proof of this lemma and the description of protocol is deferred to Appendix [B]

3 An operational interpretation of quantum relative entropy

Following is our main result in this section.

Theorem 3.1. Alice is given the spectral decomposition of p = Zfil a;i |a;){a;| and Bob is given
the spectral decomposition of o = SN, b; |b;)(b;|. Let S(p||o) and € > 0 be known to Alice and
Bob. There exists a protocol, in which Alice and Bob use shared entanglement and Alice sends
O(S(p|lo) + 1) /&) bits of communication to Bob such that with probability at least 1 — 4e, the
state p that Bob gets at the end of the protocol satisfies F(p,p) > 1—¢€ .

Proof. Follows immediately by combining Lemma [2.9) and Lemma [3.2] below. O
Following is our key lemma.

Lemma 3.2. Fize > 0. Let § = (¢/3)*. Let (p,0) be the input for the trial in Figure [1] with
c=S(pl|lo). Let p’ be a state, guaranteed by the quantum substate theorem (Fact[2.7), such that
F(o,p)=1—6 and p' <20, with ¢ = % > % —I—logﬁ- Then,

!

1. Pr[Alice succeeds| = +; Pr[Bob succeeds| < % ;

(=)



Input: Alice is given the spectral decomposition of p = vazl a; la;){a;] and Bob is given the spectral
decomposition of o = Zfil b |bi)(bi]. Let S(p|lo) and € > 0 be known to both Alice and Bob.

Let 0 = (¢/3)* and ¢/ = (¢ +2)/4. Let {]1) 12 .|N)} be an orthonormal basis for #, the support of
p,o. We assume that ai,as,...ay, 22 ¢ by, 226 by ...2%¢ by are rounded to nearest multiple of 1/K. The
error due to this assumption goes to 0 as K — oo.

Alice and Bob share the following state where registers AA; belong to Alice and registers BBy belong to

Bob. P
A1B,
|S) = F;h i <Zm,m) >

m=1

1. Alice performs the measurement {P4,I — P4} on the registers AA; where,

Ka;
PA—Z\al Y{a;| ® <Z|m m|>

m=1
She declares success if P4 succeeds.

2. Bob performs the measurement {Pg,I — Pg} on the registers BB, where

K~min{%2“l b;,1}

Pp = Z 1b:) (bi| ® > |m)(m]

He declares success if Pg succeeds.

Figure 1: Trial

2. Pr[Bob succeeds| Alice succeeds) > 1 — 6 — 264> 1 —¢;
3. Given that both Alice and Bob succeed, fidelity between p and the state of the register B is
at leastmz 1—¢
Proof. 1. Easily verified by direct calculations.
2. We start with the following claim which is of independent interest as well.
Claim 3.3. Let p’ have the spectral decomposition p' = 3", gi |g:) (¢:|. For any p > 0 and

every |g:) (gil, we have 3= 4 <pq, [(bs19:)1> < 27 - p

Proof. Since p < 2¢0, it implies g; |g;) (5] < 2¢0. Let II be the projection onto the
eigenspace of o with eigenvalues less than or equal to p - g;. We have IIgll < p - g; - IL.
After applying IT on both sides of the equation g; |¢;) (g;| < 2¢¢ and taking operator norm

on both sides, we get g 37 4, <p.q |<bj|gi>|2 < 2¢.p.g;. This implies the lemma. O
Define
Ka;
|Sa(p Z‘az @) ® Z lm,m) | ;
m=1



Kgi
1Sa(p’ Z|gz 7:) © (Z \m’m))-

m=1

Here |a;) (similarly |g;)) is the state obtained by taking complex conjugate of |a;), with
respect to the basis {[1),2)...|N)}.

The following claim asserts that [S4(p)) and [Sa(p’)) are close if p and p’ are close.
Claim 3.4 [(S(p)[Sa(p)] = 1— 2(1 — F(p, o))/

e

Proof. Define Ry; © a;|{ai|g;)|* and R}; % g;|{ailg;)|*. Note that both {R;;} and {R},}

form probability distributions over [N } Also note that F(R, R') = Tr(y/p V). C0n51der
(using Facts and 2.3),
1
(Sa(PNSA) | = S min(R ) =1~ 1 R,

Zl—mzl—\/l—m\/ﬁﬁp
> 1 - 21 Tr/aV) = 1— 21— (P

>1—2(1=F(p, o))"/, O
Consider,
N K-min{gj,%chbi}
(Ia® Pg)|Sap Z (bilgy) > |m,m)
J=1 m=1
Therefore,
|(Ia @ Pg) |Sa(p") Z [(bilg;)[* mm{g]f i}
i,5=1
N N
> Zgj Z (bl gs)|? Z =1-4. (using Claim[3.3) (1)
=\l bi262—c’gj =1

Using the above,
Pr[Bob succeeds| Alice succeeds| = Tr(I4 ® Pg) |Sa(p)){(Sa(p)|
1
> Te(Ls ® P) [Sa()(Sa(6)] — & [Sa(0) — Sal)]

= Te(Ia ® Pg) |Sa(p))(Sa(p)] = /1 = [(Sa(p)Sa(p))  (Fact
>1—-6— 2\/(1 —F(p,p'))"/?2. (Claim 3.4 and Eq. (1))

. From Fact

T4 ® Pp)[Sa(p))(Salp)| (12 ® Pp)
Tr(Ia @ Pp) |Sa(p))(Sa(p)|

Since the marginal of |S4(p)) on register B is p and partial trace does not decrease fidelity
(Fact , using item 2. above, the desired follows.

F(Sa(p),

) > \/Tr(1a ® Pg)|Sa(p))(Sa(p)]-

O]



As a consequence of Theorem [3.1] we obtain the following direct sum result for all relations
in the model of entanglement-assisted one-way communication complexity. Its proof is deferred
to Appendix [A]

Theorem 3.5. Let X,), Z be finite sets, f C X x Y x Z be a relation, 0 < &,§ < % and k> 1
be an integer. We have

Snt,A—>B (fk) >0 (54 -k (Q;T[;A%B (f) - 1)) .

4 Quantum correlated sampling

Theorem 4.1. Alice is given the spectral decomposition of p = YN | a;|a;)(as] and Bob is given
the spectral decomposition of o = SN, b; |b;)(b;|. There exists a zero-communication protocol
(Figure@ satisfying the following.

1. Alice outputs registers A, A1 and and Bob outputs registers B, By respectively, such that
state in A is p and the state in B is o.

2. Let M = {My, Ms ... My} be a projective measurement, in the support of AA;. Let M be
performed by Alice on the joint system AAy with outcome I € [w] and by Bob on the joint

3
system BBy with outcome J € [w]. Then Pr[I = J]| > (1 - \/||p —olly—%llp— 0||?) .

Input: Alice is given the spectral decomposition of p = Zfil a; |a;){a;] and Bob is given the spectral
decomposition of o = Zfil b |b;)(b;].

Let {|1),]2)...|N)} be an orthonormal basis for Hilbert space H, support of p,o. We assume that
ai,...,an,by,...by are rounded to nearest multiple of 1/K. The error due to this assumption goes to 0
as K — oo.

Alice and Bob share infinite copies of the following state:
1 .. . 4B = A1 By
9= S " (ﬁ;lm,m> )
1. Alice performs the measurement {P4,I — P4} on the registers AA; in each copy of |\S) where,

Ka;
Py = Z |a;) (a;] @ (Z Im) <m|>

For the first copy in which P4 succeeds, she outputs the registers AA;.
2. Bob performs the measurement {Pg,I — Pg} on the registers BB; in each copy of |S) where,

For the first copy in which Pp succeeds, he outputs the registers BB;.

Figure 2: Quantum correlated sampling



Proof. Let the joint state in the registers output by Alice and Bob at the end of the protocol
be 7. The following claim shows the first part of the theorem.

Claim 4.2. Tra,pp,(7) = p and Trp, 44,(7) = 0.

Proof. Tt is easily seen that the state in register A in (P4 ® I)|S) is p. Similarly the state in
register B in (I ® Pg)|S) is o. O

Claim 4.3.
(P4 ® Pp)|S) (S| (Pa® Pp)

T 1-(S|(I-Pa)®@ I - Pp)|S)

Proof. Consider the event that Alice and Bob succeed at the same index. The resulting state
in AAlBBl is
(P ® Pp)|S) (S| (Pa® Pp)

(S| (Pa® Pp)|S) ’

and this event occurs with probability

(5] (P4 ® Pp)|S)
1—(S|(I = Pa)® (I - Pp)|S)

oo
S T(SI(I—Pa)® (I —Pp)|S)" - (S| (Pa® Pp)|S) =
=0

Since the cases of Bob succeeding before Alice and vice versa add positive operators to 7, we

get the desired. O

. def (Pa@Pa)|S
Claim 4.4. Let |0) = W. Then

1 2 2
(1= Vio=clh =l = oIF) : -\ 9
1716) > z(1—¢w—ﬂh—4w—am)-

2
1+4/llo— ol = 3 llo — ol

Proof. Consider,

(0] Pa @ Py |S)|?
Ol716) 2 7— (S|(I —P4)® (I —Pp)|S)
(8| Pa® Pg|S)?
- 2/N — (S| Py® Pg|S)

(Claim [4.3)

(using (S| Py @ 1|8) = (S|I® Pg|S) = 1/N).

By direct calculation, we get

K min(a;,bj;)

(P4 ® Pp)|S) = Fzmz ) (bjlas) |bs) mz::l |m,m);

Ka;

Z\az |a;) Z |m, m)

Hence,
2 2
(32, min(as, by) [(ailb;) )

0|70 ’
0| 10) > min(az, b;) |[(as]b;)|?

1,7
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Define Ryj © a;|(ailb;)|* and R}; & b;|(aifb;)*. Note that both {R;;} and {R};} form

probability distributions over [N?2]. Also note that F(R, R') = Tr(,/p\/0). Consider (using

Facts and ,

me Rij R ;) =1— % |[R—R|, >1-1/1-F(R,R)?

1
1 I (a2 1l ol - S lo-all. ®)
Combining Equations and we get the desired. O

Claim 4.5. Let M = {My,M,...M,} be a projective measurement in the support of AA;.
Let E =21 M; ® M;. Then TrE |0)(6] = 1.

Proof. Since M; is a projector in the support of AA;, we have (M; @ M;)|0) = (M; @ I)0).
Hence,
OIE0) => (0] M; @ M;|0) => (0| M; @110) = 1. O

7 7

Finally using Fact [2.4] and Claim [4.4) we get the second part of the theorem as follows.

3/2
Tr(ET) = F(7,[0)(6]) = /(0] 7 (1—\/|p—0||1—||p—0|1> : O

Open questions

Some interesting open questions related to this work are as follows.

1. Can we show a direct product result for all relations in the one-way entanglement assisted
communication model ?

2. Can we show a direct sum (and also possibly direct product) result for all relations in the
bounded-round entanglement assisted communication model ?

3. Can we find other interesting applications of the protocols appearing in this work ?
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A A direct sum theorem for quantum one-way communication
complexity

We start with some preliminaries needed for our proof.

Let p*Y be a quantum state in space X @Y. The conditional entropy is defined as S(X|Y")

def

S(p*Y) — S(p¥). The mutual information between registers X and Y is defined as

I(X 1Y), € S(X) — S(X|Y) =S (X), +S(Y), —S(XY),.

It is easy to see that [(X :Y), =S (pHpX ® ,OY). If X is a classical register, namely p =

> (x) |z (x| ® py, where p is a probability distribution over X, then

I(X:Y),=8(Y),-S(Y|X),=8 (Z u(w)px> = w(=@)S (px)
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where the conditional entropy is defined as S(Y'|X), o Eecu[S(ps)] . Let pXYZ be a quantum

state with Y being a classical register. The mutual information between X and Z, conditioned
on Y, is defined as

(X : z|y), < E [1(X = Z]Y =y),| =S (X]Y), +8(2]V), - S(XZ]Y),.

The following chain rule for mutual information follows easily from the definitions, when Y is a
classical register.
(X:YZ),=(X:Y),+1(X:Z]Y),.

We will need the following basic facts.

Fact A.1 ([NC00], page 515). For any joint quantum system AB, it holds that |[S(A) — S(B)| <
S(AB) < S(A) + S(B). Hence

I(A: B)=S(A)+S(B) — S(AB) < 25(A).
We have the following chain rules for relative entropy and mutual information.

Fact A.2. Let p =", u(x)|z){z| ® p; and p! =3, u'(z) |z) (x| ® pl. It holds that

S(e'fle) =S (utlhe) + B, [8(e2or)]

Fact A.3. Let XM be a joint system where X = X7 --- X are independent. Then,

I(X : M) 2§:I(Xi . M).
=1

Fact A.4. Relative entropy is non-increasing when subsystems are considered. Let p*X¥ and
oXY be quantum states, then S(pXYHUXY) > S(pXHaX) .

We let ant’A_}B’“ (f) represent distributional quantum one-way communication complexity
of f under p with distributional error at most ¢, that is the communication of the best such
protocol computing f with error averaged over p upper bounded by e. Following is Yao’s
min-max theorem connecting the worst case error and the distributional error settings.

Fact A.5. [Yao79] Q"A=B (f) = max,, Qent-A=Bu (f).

Proof of Theorem Let p be any distribution over X x )). We show the following, which
combined with Fact [ATf implies the desired.

ant,A—>37Nk (fk) >0 (54 k (Qgr—féAﬂB# (f) = 1)) '

Let P be a quantum one-way protocol with communication ¢ - k computing f* with overall
probability of success at least 1 — ¢ under distribution ;*. Let the following be the global state
after Alice sends the message to Bob and before Bob does any operation.

def

p =3 1P (@) ey @yl XY @ [thay) (ay| 1P
Ty

Let D = Dy - -+ Dy be uniformly distributed over {0, l}k and independent of the input XY. Let
U;=X;if D;=0and U; =Y; if D; = 1. Note that B = M B’ where M represents the message

14



Alice sends to Bob and B’ be the part Bob holds initially. It holds that |M| < ck and B’ = |0)(0]
is independent of everything. Hence

I(XYDU : B)p =I(XYDU : B’)p +I(XYDU : M]B’)p < 2S5(M) < 2c¢k,
where the last inequality is from Fact Applying the chain rule, we have (below —i represents

[k] = {i})
2¢> (XY : B|DU), > Zk:I(XZ-YZ- : B|DU),
i=1

k k
1 1

1= 1=
where the first equality is from the definition of DU and the second equality is from the fact
that conditioned on Xj;, Y; is independent of everything else.

Hence there exists j € [k] such that

I(X;: B|YjD_jU_j)p <4ec. (4)

We also have
I(X,Y; - D_jU_j)p =0. ; ILY: B|XjD_jU_j)p =0. (5)
Above holds from definitions and because Y is independent of everything conditioned on

D_;U_;X;.

JY =i

We exhibit an entanglement-assisted one-way protocol Q for f with communication less
than ¢ and distributional error ¢ under distribution p. Given input (x,y) ~ u, Alice and Bob

embed the input to the j-th coordinate X;Y;. They share public coins according to distribution
D_;U_;, which are independent of the inputs by . From ,

E S B\ =o,
fijjd—jufjerYjD,jU,j[ ( ijd_Ju_]ﬂ
— pfjd,ju,j for all z;,y;,d_ju_;. From ,

p?]fjd—ju—j” = 4e.

B
Pajy;d_ju_;

which implies pf’j yid_ju_;

E 1S(p8 s,

zjyjd—ju—j«X;Y;D_;U_; Priysd-su-;

Note that given input (z;,y;) and shared public coins d_ju_;, Alice knows the state pfj yid_ju_; =

de .., which is the actual state needed to transmit to Bob. Bob knows the state pB,d v

Lgcjt U Yjd—j
e

U—j"

def B
G= {(xjyyj7d—jvu—j) : S(ijyjd,ju,j

By Markov inequality,

Pfjd,ju,) < 40/5} :

PI"[XJ'Y}D_J'U_j S G] >1-4.

Using the protocol in Theorem for all (x,y;,d—j,u_;) € G, Alice is able to transmit a state
d-close in ¢; distance to Pijjd,ju,j with O(c + 1)/6%) communication. Here we use Fact to
convert fidelity to trace distance. Bob then creates the pure state corresponding to remaining
Y and then acts as in P to output the answer. The overall distributional error in @ is therefore
at most 20 4+ €. Hence (resetting 6 — 24)

QIR () < O((e +1)/8Y),

which implies

QA (1) = 0 (50 (QEP (1)~ 1))
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B Proof of Lemma 2.9

Proof. The protocol is given in Figure [3l The communication cost is [loglog %1 +[r+2log %} <
[r + 3log %] To prove the probability of success, let us define the following "bad" events.

Definition B.1. Let
e Dj represents the event that the length of the binary representation of k exceeds [loglog %] ;
e By represents the event that ¢ ¢ Sp conditioning on —Bj;

e B3 represents the event that j # i conditioning on —Bj.

Alice and Bob share infinitely many random hash functions hq, ho, - - -, where each h; : {0,--- ,N — 1} —
{0,1}.
1. Alice selects the first index ¢ where she succeeds and sends to Bob the binary encoding of k = [i/N]
using [loglog 3] bits (if & is too big, she send 0 meaning abort.) Alice outputs i.
2. Alice sends {h;(i mod N)| € [[r+ 2log §]]} to Bob.
3. Bob selects the first index j in Sp o {t| Bob succeeds on index t}N{(k—1)N,--- kN —1} such

that VI € [[r + 2log +]] : hy(j mod n) = k(i mod n) and outputs j (if no such index exists, he
outputs 0).

Figure 3: Protocol

Claim B.2. It holds that: 1. Pr[By] <d§; 2. Pr[By] <d; 3. Pr[Bs] < 34.

N_2“0g105 %.‘

Proof. 1. Pr[B;] < (1 - %) < exp

Moglog L1
—2 <.

2. Follows from item 2 in Lemma 2.9

3. For this argument we condition on =B for all events below. From item 1 in Lemma [2.9]
and Markov’s inequality,

27‘

Prisal > 2] < - Elssl < (6)

Thus

Pr[Bs] < Pr[|Sg| >2"/0 ori ¢ Sg|+ Pr[Bs | i € Sp and |Sg| < 2"/0]
<25+ Pr[Bs|ic Spand sp <27/6] (Eq. (6) and item 2. of this claim)

§25+2—f’“+21°g%1~% < 3.

We conclude the result using above and item 1. of this claim:

Pr[j #i] < Pr[B;] + Pr[-By] - Pr[B3] < 40.
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