A unified approach to source and message compression

Anurag Anshu*  Rahul Jain©  Naqueeb Ahmad Warsi*

Abstract

In this work we consider source and message compression in various network communication scenarios and
present a unified approach to arrive at communication bounds. We present our communication bounds in the one-
shot setting which imply optimal bounds for these tasks in the asymptotic i.i.d setting. As applications of our results
we reproduce several known results in network communication theory both in the one-shot and i.i.d. settings, further
exhibiting the power of our unified framework.

There are two main techniques that we use to arrive at our results. First is the convex-split technique, which was
introduced in [1] for a related problem in the quantum domain. Convex-split technique is closely related to the well
known rejection sampling technique, used in various information theoretic tasks in several works [2} |3} 4, |5]. The
other technique that we use is position based decoding introduced in [6]], which in turn uses hypothesis testing between
distributions. These two techniques used together allow us to construct all our protocols.

1 Introduction

Source compression is a fundamental task in information theory first studied by Shannon in his landmark paper [7].
This task was later extended to various network settings for example by Slepian and Wolf [8], Wyner [9] and Wyner
and Ziv [10]]. These works considered the asymptotic, independent and identically distributed (i.i.d.) setting.

In this work we consider source and message compression in various network communication scenarios and
present a unified approach to arrive at communication bounds. Message compression is a task when a random variable
correlated with the source is sought to be sent with low communication. We start with a one-sender-one-receiver task.
We then consider a two-senders-one-receiver task followed by a one-sender-two-receivers task. We combine these
two to consider a two-senders-two-receivers task.

We present our communication bounds in the one-shot setting which imply optimal bounds for these tasks in the
asymptotic i.i.d setting. One-shot information theory has been studied extensively in the recent years both in the
classical and quantum models. Apart from being practically relevant (since there is no i.i.d. assumption) it often
provides interesting new insights and conceptual advances into the working and design of communication protocols,
as the complications and conveniences of the i.i.d assumption are not present. One-shot information theory has been
particularly useful in communication complexity while dealing with the important and consequential direct sum, direct
product and composition questions. Answering these questions has applications in computational complexity as well.

As applications of our results we reproduce several known results in network communication theory both in the
one-shot and i.i.d. settings, further exhibiting the power of our unified framework.

There are two main techniques that we use to arrive at our results. First is the convex-split technique, which was
introduced in [1] for a related problem in the quantum domain. Convex-split technique is closely related to the well
known rejection sampling technique, used in various information theoretic tasks in several works [2, [3, 4} |5]. The
other technique that we use is position based decoding introduced in [6]], which in turn uses hypothesis testing between
distributions. These two techniques used together allow us to construct all our protocols.
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Our results

We start with the following one-sender-one-receiver task. For all our results in this section let € > 0 be a sufficiently
small constant which represents an error parametelﬂ

Task 1: One-sender-one-receiver message compression with side information at the receiver. There are two
parties Alice and Bob. Alice possesses random variable X, taking values over a finite set X (all sets that we consider
in this paper are finite) and a random variable M, taking values over a set M. Bob possesses random variable Y,
taking values over a set ) such that M and Y are independent given X represented by M — X — Y. Alice sends
a message to Bob and at the end Bob outputs random variable M such that |pxya — Pyy ]| < O(VE), where
|I.]| is the ¢; norm. They are allowed to use shared randomness between them which is independent of XY M at the
beginning of the protocol.

This task is particularly relevant from the point of view of communication complexity, where (X,Y") can be
viewed as inputs given to Alice and Bob respectively from an priori distribution and M can be viewed as the message
Alice wants to send to Bob. It was studied in [2, 4] when the distribution of (X,Y") is product and in [3] for general
(X,Y). Here, we present a new protocol for this task using the aforementioned techniques of convex split and position
based decoding and show the following achievability result.

Theorem 1 (Achievability for Task 1). Let § > 0. Let R be a natural number such that,

. 1
R>  min (Di(pxmlpx x pr) — Du(py yrelpy x pr) + O <1og )) ,
(X,Y,M,T,E): e

Py i —pxyml <6
Y-X-MEFE

where E takes values over a set £ and T takes values over set £ x M. There exists a shared randomness assisted
protocol in which Alice communicates R bits to Bob and Bob outputs random variable M satisfying ||pxvy v —

Pxyxll <0+ 0(e).

Please refer to Section [2| for the definitions of D5(-) and Df;(-). The minimization above over X,Y,M and E
(which we refer to as extension of M) and T (which is used in shared randomness) may potentially decrease the
amount of communication between Alice and Bob. In our converse result below, we show that this is indeed the case.

Theorem 2 (Converse for Task 1). Any communication protocol for Task 1 must satisfy:
R> i D3V (ps o 3VE (pe o 5 L
= . un NMpxaelpg x pu) = DR (Pyppllpy X po) — O {log = | |,
(X,Y,M,U,E): €
IPsy 5 —pxymll<3vVE
Y-X-ME

where R is the communication (in bits) between Alice and Bob, E (taking values in £) is a specific extension (defined
subsequently in the proof of this result) of M and U is uniformly distributed over M x &.

Next we consider the following two-senders one-receiver task.

Task 2: Two-senders-one-receiver message compression. There are three parties Alice, Bob and Charlie. Alice
holds a random variable pair (X, M) and Bob holds a random variable pair (Y, V) such that M — X —Y — N. Alice
wants to communicate M to Charlie and Bob wants to communicate N to Charlie. Alice and Bob send a message
each to Charlie and at the end Charlie outputs (M, N) such that ||pxy an —p <yl < O(ye). Shared randomness
is allowed between Alice and Charlie and between Bob and Charlie.

We show the following achievability result for this task.
Theorem 3 (Achievability for Task 2). Let R4, Rp be natural numbers such that,

1
R4 > Di(pxmllpx x pmr) — Di(pamn|lpar X pn) + O (log e) ,

1
Rp > Di(pyn|lpy x pn) — Di(punllpam X pn) + O (10g E) ,

1
Ra+ Rp > Di(pxumllpx X pm) + Di(pynllpy X pn) — Da(pmnllpm X pn) + O (log s) .

"'We do not attempt to optimize constants appearing in this paper.



There exists a shared randomness assisted protocol with communication R 4 bits from Alice to Charlie and Rp bits
from Bob to Charlie, in which Charlie outputs random variable pair (M, N) such that ||pxyun — Pxyunll <
O(Ve).
Remark: In our result above we can optimize over ()~( , f/, M , N ,E,T) as in Theorem |1} However we skip explicit
mention of this optimization for ease of exposition and for brevity, both in the statement above and in its proof. We
do the same for all the results later in this section.

Next we consider the same task but with side information with Charlie.

Task 3: Two-senders-one-receiver message compression with side information at the receiver. There are three
parties Alice, Bob and Charlie. Alice holds a random variable pair (X, M), Bob holds a random variable pair (Y, N)
and Charlie holds a random variable Z such that M — X — (Y, Z) and N — Y — (X, Z). Alice and Bob send a
message each to Charlie and at the end Charlie outputs (M, N) such that ||pxy zan — Pxy zurnll < O(Ve). Shared
randomness is allowed between Alice and Charlie and between Bob and Charlie.

We show the following achievability result for this task.
Theorem 4 (Achievability for Task 3). Let R4, Rp be natural numbers such that,

1

Ra > DS(pxmllpx x pvm) — Da(wmnzllpm X pvz) + O (log E) ;
£ £ 1

Rp > Di(pynllpy x pn) — Da(Prmzn|lpyz X pn) + O | log e

1
Ra+ Rp > DS (pxmlpx x par) + Di(pynllpy x pn) — Da(punzllpy X py X pz) + O <1Og 5) .

There exists a shared randomness assisted protocol with communication R 4 bits from Alice to Charlie and Rp bits
from Bob to Charlie, in which Charlie outputs random variable pair (M, N) such that ||pxy zmun — Pxy zxrsll <

O(Ve).

Next we consider the following one-sender-two-receivers task.

Task 4: One-sender-two-receivers message compression. There are three parties Alice, Bob and Charlie. Alice
holds correlated random variables (X, M, N). She sends a message to Bob and a message to Charlie. Bob and
Charlie after receiving their respective messages, output random variables M and N respectively such that ||pxa v —
Px il < O(y/e). Shared randomness is allowed between Alice and Charlie and between Alice and Bob.

We show the following achievability result for this task.

Theorem 5 (Achievability for Task 4). Let Rp, Rc be natural numbers such that,
1
Rp > Di(pxmllpx X pu) + O (log E) ;
. 1
Rc > Di(pxn~|lpx x pn) + O | log - )

1
Rp + Rc > Di(pxmn|px X pm X pn) + O <log 6) .

There exists a shared randomness assisted protocol with communication R bits from Alice to Bob and R¢ bits from
Alice to Charlie, in which Bob outputs M and Charlie outputs N such that [|[px v~ — Px x|l < O(VE).

Next we consider the same task but with side information at the receivers.

Task 5: One-sender-two-receivers message compression with side information at receivers. There are three
parties Alice, Bob and Charlie. Alice holds random variables (X, M, N'), Bob holds random variable ¥ and Charlie
holds random variable Z such that (M, N) — X — (Y, Z). Alice sends a message to Bob and a message to Charlie.
Bob and Charlie after receiving their respective messages, output random variables M and N respectively such that
lpxyzmn — Pxy zuiill < O(Ve). Shared randomness is allowed between Alice and Bob and between Alice and
Charlie.

We show the following achievability result for this task.



Theorem 6 (Achievability for Task 5). Let Rp, Rc be natural numbers such that,
1
R = Di(parllx  par) ~ Diparylloar x pv) +0 (1o )
1
Rc > Di(pxn|px x pn) — Di(pnzlpy X pz) + O (108? 5) ;

1
Rp + Rc > Di(pxmn|px X pv X pn) — Di(pumy lpar X py) — Di(pnzllpn X pz) + O <log 5) .
There exists a shared randomness assisted protocol with communication Rp bits from Alice to Bob and R¢ bits from
Alice to Charlie, in which Bob outputs M and Charlie outputs N such that ||[pxy zun — Pxy sl < O(Ve).

Finally we consider the following task with two senders and two receivers.

Task 6: Two-senders-two-receivers message compression with side information at the receivers. There are four
parties Alice, Dave, Bob and Charlie. Alice holds random variables (X, M11, M12), Dave holds random variables
(X2, Msy, Mss), Bob holds random variable Y; and Charlie holds random variable Y5 such that (M, Mis) — Xy —
(Y1,Ys, Xo) and (May, Mas) — Xo — (Y1, Ys, X7). Alice sends a message each to Bob and Charlie and Dave sends a
message each to Bob and Charlie. At the end Bob outputs (]\Zfll, Mgl) and Charlie outputs (M 12, Mgg) such that,

||pX11\411M12X2M21 Ma22Y1Ys = P x| NIy Mo Xo Moy Moo Y1 Yo ” < O(\@)
Shared randomness is allowed between pairs (Alice, Bob), (Alice, Charlie), (Dave, Bob) and (Dave, Charlie).

We obtain the following achievability result for this task using arguments similar to the arguments used in obtaining
previous achievability results. We skip its proof for brevity.

Theorem 7 (Achievability for Task 6). Let Rgl), Rél), R?), Rém be natural numbers such that for i,j € {1,2},

i 1
R§' : > Di(pXiMij bx; X pMij) - Dil(pMinj HpMij x pyj) +0 (10g 6) ’
fori, g, k,l € {1,2} such thati # k or j # 1,

R§i) +R™ > D (px,u,,

Px; X pf\fz‘j) + Di(pXkMkl ||pXk X pJsz)
1
- D%(pjvjij}/j IlpMij X ij) - D%(pMleL ||pMkl X XpYL) + 0 <10g E) )
fori, g, k,l € {1,2} such thati # k and j # 1,

R§Z) + RI(Z) + ng) 2 Di(pXiJVIijMil

Px; X Pm;; X p]\/[il) + Di(pXk]\/[kj ||pXk X p]kaj)
1
- D%(pMiijij ||pMij X PMy; X ij) - D?‘I(p]\/fil}/l ||p1\/1“ X le) +0 <1Og 5) )
and,
R L R0 L p® . p® < e e
R 15 e b 1 e ol 10 I s(pX1M11M12||pX1 X DMy, XleQ) + s(pszleMmeXz X DMy, XpM22)

1
- D%(pﬂfllfwmyl ”p]\hl X PMay X le) - D?{(pfwmfwnyz ”lez X PMas X pYz) +0 (IOg 5) .

There exists a shared randomness assisted protocol with communication Rgl) bits from Alice to Bob, Rgl) bits from
Alice to Charlie, Rgz) bits from Dave to Bob and R§2) bits from Dave to Charlie such that Bob outputs (MH, M21)
and Charlie outputs (M2, Mas) satisfying

||pX1M111\412X2M21M22Y1Y2 7pX119111M12X2N121N122Y1Y2” < O(\/g)

We state without giving further details, that the task above can be extended in a natural fashion to obtain an
analogous task for multiple senders and multiple receivers and analogous communication bounds can be obtained
using similar arguments.



Applications of our results

Here we consider several tasks studied in previous works and show that our results imply the results shown in these
works. Consider the following task.

Task 7: Lossy source compression. Let k£ > 0. There are two parties Alice and Bob. Alice holds a random variable
X and Bob holds a random variable Y. Alice sends a message to Bob and Bob outputs a random variable Z such that
Pr{d(X,Z) >k} < O(y/e), where d : X x Z — (0,00) is a distortion measure. There is no shared randomness
allowed between Alice and Bob.

This problem was studied in the asymptotic i.i.d setting in [[10] and in the non-i.i.d. setting in [L1]. We show the
following achievability result which follows as a corollary of Theorem ]

Corollary 1 (Achievability for Task 7). Let 6 > 0. Let R be a natural number such that,

. 1
> in (D5 pxullpx < par) = Diloarloy x pan) + 0 (1o ) ). m

where M and f satisfy M — X —Y and Pr{d(X, f(Y,M)) > k} < ¢. There exists a protocol with communication
R bits from Alice to Bob, in which Bob outputs a random variable Z such that Pr{d(X, Z) > k} < § + O( /).

Proof. Let M and f be such that they achieve the minimum in Equation (T)). Alice and Bob employ the protocol from
Theoremm which Alice send R bits to Bob and at the end Bob is able to generate M such that |[pxy s —p cyarll <

O(4/2). Bob then outputs Z = f(Y, M). Consider,

Pr{d(X, f(V.0D) > k} < Pr{d(X, /¥, M)) = k} + [pxvar = Py
< 4§+ 0We).

This protocol uses shared randomness between Alice and Bob and Pr {d(X JfY, M) > k} < 0+ O(y/e) averaged
over the shared randomness. Hence there exists a fixed shared string between Alice and Bob, conditioned on which
Pr {d(X, f(Y,M)) > k} < 6 4+ O(y/¢) . Fixing this string finally gives us the desired protocol which does not use
shared randomness. O

Next we consider the following problem which was first studied by Slepian-Wolf [8] in the asymptotic setting. Its
one-shot version was studied in [[12}|13]].

Task 8: Two-senders-one-receiver source compression. There are three parties Alice, Bob and Charlie. Alice
possesses a random variable X, Bob possesses a random variable Y. Alice and Bob both send a message each to

Charlie who at the end outputs random variables (X,Y) such that Pr {(X, Y) # (X, Y)} < O(4/¢). There is no
shared randomness allowed between any parties.

We show the following achievability result for this task which follows as a corollary of Theorem 3]

Corollary 2 (Achievability for Task 8). Let X X represent two copies of X and Y'Y represent two copies of Y. Let
R A, Rp be natural numbers such that,

1
Ry > Di(pxx|px x px) — Dha(pxvllpx xpy) + O (1og €> ;

1
Rp > DS(pyvylpy X py) — Di(pxvlpx x py) + O <1Og E) ;

1
R+ R > Dilpex o x px) + Dilovy oy x pv) ~ Doy o x ) +0 (10w )

There exists a protocol with communication R a4 bits from Alice to Charlie and Rp bits from Bob to Charlie, in which
Charlie outputs random variable pair (X,Y') such that Pr {(X, Y) # (X, }A’)} < O(ve).



Proof. Alice, Bob and Charlie use the protocol in Theoremwhere weset M <~ X and N + Y. Let (X , }A/') be the
Pxyxy — Pyy syl < O(y/Z) which implies Pr {(X, Y) # (X, Y)} < O(y/%). This
protocol uses shared randomness between Alice and Bob and Pr {(X V) # (X, Y)} < O(y/e) averaged over the

output of Charlie. We have,

shared randomness. Hence there exists a fixed shared string conditioned on which Pr {(X Y) # (X, Y)} < O(Ve).
Fixing this string gives us the desired protocol which does not use shared randomness.

Next we consider the following task which was first studied by Wyner [9]] in the asymptotic and i.i.d. setting,
subsequently in the information-spectrum setting by Miyakaye and Kanaya [[14] and in the one-shot case in [12}[15]].

Task 9: Source compression with coded side information available at the decoder. There are three parties Alice,
Bob and Charlie. Alice possesses a random variable X, Bob possesses a random variable Y. Alice and Bob both send

a message each to Charlie who at the end outputs a random variable X such that Pr {X # X } < 0(Ve).

We show the following achievability result for this task which follows as a corollary from Theorem [3]

Corollary 3 (Achievability for Task 9). Let X X represent two copies of X. Let R4, Rp be natural numbers such
that,

1
Ra > Di(pxx|lpx x px) — Di(pxn|px X pn) + O <1og 5) )

1
Rp > Di(pynllpy x pn) — Di(pxnllpx x pn)+ O (log E) :

1
Ra+ Rp > Di(pxxllpx x px)+ Di(pynllpy X pn) — Di(pxnllpx X pn)+ O <log 8) ;

where X —Y — N. There exists a protocol with communication R 4 bits from Alice to Charlie and Rp bits from Bob
to Charlie, in which Charlie outputs random variable X such that Pr {X # X} < O(ye).

Proof. Alice, Bob and Charlie use the protocol in Theoremwhere weset M < X and N <— N. Let (X N ) be the
output of Charlie. We have, |[pxyxn — Pxy x5l < O(v/€) which implies Pr {X # X} < O(+/2). This protocol

uses shared randomness between Alice and Bob and Pr {X £X } < O(y/e) averaged over the shared randomness.

Hence there exists a fixed shared string conditioned on which Pr {X £ X } < O(4/¢). Fixing this string gives us the
desired protocol which does not use shared randomness. O

We note that all our results above imply the corresponding known results in the asymptotic settings [8} 9} |10} [14].
Our results also imply the results of [[12}13] in the one-shot setting (by changing shared randomness to be uniform in
Task 2). The one-shot bounds in Corollary [3|asymptotically yield a rate region which a priori appears to be a superset
of the rate region obtained by [9]], however the two are the same due to the optimality of the latter.

Organization

In the next section we present a few information theoretic preliminaries. In Section 3| we present proofs of our results.
In Appendix [A] we present some deferred proofs.

2 Preliminaries

In this section we set our notations, make the definitions and state the facts that we will need later for our proofs.

For a natural number n, let [n] denote the set {1,2,...,n}. Let random variable X take values in a finite set X'
(all sets we consider in this paper are finite). We let px represent the distribution of X, that is for each z € X we let
px(z) := Pr(X = z). Letrandom variable Y take values in the set ). We say X and Y are independent iff for each
xeX,ye)Y:pxy(x,y) =px(x) - py(y) and denote px X py := pxy. We say random variables (X, Y, Z) form
a Markov chain, represented as X — Y — Z, iff foreach z € X, Y|(X = z) and Z|(X = z) are independent. We
define various information theoretic quantities below.



Definition 1. Let € > 0. Let random variables X and X' take values in X. Define,

e (1 distance: ||px — px'| = >, [px(x) — px: ()]
e Relative entropy: D(px|lpx/) := erx px(z)log px/((i))
px (%)

e Max divergence: Do (px||px/) := max, log L
o Smooth max divergence: DS (px|[px’) := miny, , —p|<c Doo(px |lpx")-

e Max information spectrum divergence: DS (px ||px+) := min {a tProc gy {5;(/(&)) > 2‘1} < E}.

e Smooth hypothesis testing divergence: D§;(px ||px+) := max {—log(Pr, ., {A}) | A C X,Pr,, {A} >1—c}.
We will use the following facts.

Fact 1 ([16], Proposition 13). Let X, X' be random variables over X. It holds that,

2
DS (px|lpx:) = D2 (px|lpx+) — 2log -

Fact 2 ([1])). Let P and Q be two distributions over the set X, where P = Zi A P; is a convex combination of
distributions { P; };. It holds that,

D(P|Q) = ZA (Pi]|Q) — D(Fi[|P)) -

Fact 3 (Monotonicity of relative entropy [17]). Let (X,Y, Z) be jointly distributed random variables. It holds that,

D(pxvz|px X py xpz) > D(pxy|px X py).

Fact 4 (Pinsker’s inequality [17]). Let P and Q) be two distributions over the set X. It holds that,

1P =@l <2-vD(P|Q).

Fact 5 (Monotonicity under maps [17]). Let X be a random variable distributed over the set X. Let f : X — Z be a
function. Let random variable Z, distributed over Z be defined as,

Pr{X e f7'(2)}
> Pr{X e fi(2)}

Similarly define random variable Z' from random variable X'. It holds that,

Pr{Z =z} :=

llpx —px/|| > llpz — pz|-

Following convex-split lemma from [[1] is a main tool that we use. [1] provided a proof for a quantum version
of this lemma and the proof of the classical version that we consider follows on similar lines. We defer the proof to
Appendix.

Fact 6 (Convex-split lemma [1]]). Ler ¢ € (0, %) Let (X, M) (jointly distributed over X x M) and W (distributed
over M) be random variables. Let R be a natural number such that,

1
R > Di(pxmlpx x pw) + 4log =

Let J be uniformly distributed in [27] and joint random variables (J, X, My, . .., Myr) be distributed as follows:

PI‘{(X,Ml,...7M2R) = (l‘,ml,...,mzR) | J:]}

= pxm (@, myj) - pw(ma) - - pw(mj—1) - pw (mj41) - - pw (mar).
Then (below for each j € [2%], pw, = pw),

[Pxan. My — DX X Py X oo X P, || < 6V/E



We also need the following extension of this lemma whose quantum version was shown in [18]]. The proof of the
classical version that we consider follows on similar lines and is deferred to Appendix.

Fact 7 (Bipartite convex-split lemma). Let ¢ € (0, %6) Let (X, M, N) (jointly distributed over X x M x N), U
(distributed over M) and V' (distributed over N') be random variables. Let Ry, Ry be natural numbers such that,

1
Ry > DS (pxmllpx % pu) + 8log =
1
Ry > DS (pxn|lpx x pv) + 8log .
1
Ry + Ry > Di(pxmn|lpx X pu x pv) + 8log .

Let J be uniformly distributed in [27'], K be independent of J and be uniformly distributed in [2%2] and joint random
variables (J, K, X, M, ..., Myr,, N1, ..., Nor,) be distributed as follows:

Pr{(X7M17"'7M2R17N17"'7N2R2) = (xvmla'~'7m2R11n1:"'7n2R2) l JZ]?-K = k}
= pXJWN(xamjvnk') 'pU(ml) o 'pU(mj—l) 'PU(mj+1) e 'pU(mzﬂl)'
pv(n1) - py(ng—1) - pv(nr41) - pv (ngr,).

Then (below for each j € [251], py, = pu and for each k € [272], py, = pv),

[Px My My, Ny Ny, — DX X DU X oo X DU, X PV X o X Dy g, || < 154/E.

The other main tool that we use is the position based decoding from [6] where a quantum version was shown. The
proof of the classical version that we consider follows on similar lines and is deferred to Appendix.

Fact 8 (Position based decoding [6]). Let e € (0, %) Let (Y, M) (jointly distributed over Y x M) and W (distributed
over M) be random variables. Let R be a natural number such that,

1
R < max {D%(pYMHpY x pw) — log 570} .

Let joint random variables (J, Y, My, Ma, . .., Myr) be distributed as follows. Let J be uniformly distributed in [23]
and

Pr{(Y,Mi,Ms,... ,Myr) = (y,mq,...,mqr) | J =j}
=pym(y,m;) - pw(ma) - pw(mj—1) - pw(mji1) - pw(mar).
There is a procedure to produce a random variable J' from (Y, M1, My, ..., Myr) such that Pr{J # J'} < 2e.

We will also need the following extension of this decoding strategy shown in [18]] where a (more general) quantum
version was shown. The proof of the classical version that we consider follows on similar lines and is deferred to
Appendix.

Fact 9 (Bipartite position based decoding [18])). Let e € (0, %) Let (M, N) (jointly distributed over M x N). Let
R4, Ry be natural numbers such that,

1
R; + Ry < max {D%(pMN”pJVI X pn) — log 5’0} .

Let joint random variables (J, K, My, ..., Myr, ,N1,..., Nyr,) be distributed as follows. Let J be uniformly dis-
tributed in [2%1). Let K be independent of .J and be uniformly distributed in [272]. Let,
PI‘{(Ml ...M2R1N1 ...N2R2) = (ml,...,ngl,nl,...,nng) ‘ J:],K = k‘}
= pyn (my, k) - par(ma) - par(my—1) - par(ma) - - par (mans )-
pn(n1) - pn(nk—1) - PN (kt1) - PN (ngrs ).

There is a procedure to produce random variables (J', K') from (My, ..., Myr,, N1, ..., Nor, ) such that Pr{(J, K) #
(J',K")} < 2e.



3 Proofs of our results

In this section we present proofs of our results mentioned in the Introduction T} ~
Proof of Theorem Let (X,Y,M,T, E) be such that |pgy 7 — pxym| < dandY — X — (M, E). Let R, be
natural numbers such that,

1
r < max {D%(pyMEHp{/ x pr) — log Sao} ;
1
R+r>Di(pxpllpg x pr) +2log =

Let us divide [27*7] into 2% subsets, each of size 2". This division is known to both Alice and Bob. For j € [27+7],
let B(j) denote the subset corresponding to j. Let us invoke convex-split lemma (Fact @) with X « X, M «
(M, E),W + T and R + R + r to obtain joint random variables (.J, X, Ml, e M2R+T). Let us first consider a
fictitious protocol P’ as follows.

Fictitious protocol P': Alice possesses random variables (X M )> Bob possesses random variable Y and they share

(M, ..., Myr+r) as public randomness (from the joint random variables (X, My, ..., Myr+-) above).
Alice’s operations: Alice generates J from (X , Ml, ceey M23+,~), using the conditional distribution of J given
(X, My, ..., Myr+r), and communicates 5(.J) to Bob. This can be done using R bits of communication.

Bob’s operations: Bob performs position based decoding as in Fact I using Y and the subset B(J), by letting
Y <Y, M « (M,E),W « T and R « r, and determines .J/’. Let (M’, E') := M. Bob outputs M.

From Factwe have Pr{J # J’} < 2¢ and hence,
P2y it — Py | < Pr{T = T Hpgy s | sor — Pxyvarr | =l

+Pr{J # T Hpgysr | grs —Pxvmr | gprll
<0+ 4e = 4e. (2)

Now consider the another fictitious protocol P”.

Fictitious protocol P”': Alice possesses random variables (f( M ) and Bob possesses random variable Y. Alice and
Bob share 27" ii.d. copies of the random variable 7', denoted {T 1,1, ..., Tortr } Alice and Bob proceed as in
P’. Therefore the only difference in P” and P’ is shared randomness. Let M" be the output of Bob in P”.

Consider,

a
Py ar = Pxymrll S Pxat,. wtyny, —Px X P10 X X prye |+ IPgy 01 — Py arll
b
<6vetlpgyn —Pxvar
< 10V,

where (a) follows from triangle inequality and the property M — X — Y; (b) follows from convex-split lemma and (c)
follows from Equation (Z). Now consider the actual protocol P.

Actual protocol P: Alice possesses random variables (X, M) and Bob possesses random variable Y. Alice and Bob
share 2%+7 i.i.d. copies of the random variable T, denoted {T17 T, ..., Tortr } Alice and Bob proceed as in P”.

Therefore the only difference in P and P” is the inputs of Alice and Bob. Let M be the output of Bob in P.

Consider,
a
Ipxym = Dxyrill < Pgyur — pxymll + Pgy s — Pgy el
< 8+ 104/,
where (a) follows from FactE] and triangle inequality. This shows the desired. ]



Proof of Theorem 3} Let R4, 74, Rp, 7, be natural numbers such that (existence of these numbers is guaranteed by
the Fourier-Motzkin elimination technique [[19, Appendix D] and the constraints in the statement of the Theorem),

1
Ra+ra>Dilpxmllpx X pa) + 2log =
1
Rp +1rp > Di(pyn|lpy x pn) +2log Py
1
ra+rp < max{Dj(pun|pym X pn) — log = 0}.

Let us divide [2%4+74] into 254 subsets, each of size 2"4. This division is known to both Alice and Charlie. For
j € [2a*7a] let B(j) denote the subset corresponding to j. Similarly let us divide [2/%2775] into 27& subsets,
each of size 2"2. This division is known to both Bob and Charlie. For k € [2F2+75], let B(k) denote the subset
corresponding to k.
Let us invoke bipartite convex-split lemma (Lemma with X «+ (X,Y),M + M,N «< N,U + M,V «
N, Ry + Ra+raand Ry < Rp+rp to obtain joint random variables (J, K, X, Y, My, ..., Mors4r4, N1,..., Norp+rg ).
Let us first consider a fictitious protocol P’ as follows.

Fictitious protocol P’: Let Alice and Charlie share (M, ..., Myr,+-, ) as public randomness. Let Bob and Charlie
share (N1, ..., Nyrp+rp ) as public randomness.

Alice’s operations: Alice generates J from (X, My, ..., Myr,+r, ), using the conditional distribution of J given
(X, My,..., Myr 4+, ), and communicates B(.J) to Charlie. This can be done using R 4 bits of communication.

Bob’s operations: Bob generates K from (Y, Ni,..., Nyrg+rg ), using the conditional distribution of K given
(Y,Ny,...,Nyrg+rp ), and communicates B(K) to Charlie. This can be done using R p bits of communication.

Charlie’s operations: Charlie performs bipartite position based decoding as in Fact[9)inside the subset B(J) x B(K),
by letting M <+ M,N < N,R4 <+ r4 and Rg < rp, and determines (J’, K'). Charlie outputs (M’ N') :=
(]\4]/7 NK/).

Note that Alice and Bob’s operation produce the right joint distribution (J, K, X, Y, M1, ..., Mora+ra, N1, ..., Norg+rp)
since M — X —Y — N. Therefore from Fact[9] we have,

lpxymn —pxymrn || <2-Pr{(J,K) # (J',K')} < 4e. 3)

Now consider the actual protocol P.

Actual protocol P: Alice and Charlie share 2*4+74 i i.d. copies of the random variable M, denoted {M 1, Mo, ..., Myr +ry }
Bob and Charlie share 275+75 jj d. copies of the random variable /N, denoted {Nl, Ny, ..., Norg+rg } Alice, Bob

and Charlie proceed as in P’. Therefore the only difference in P and P’ is shared randomness. Let (M, N) represent
Charlie’s outputs in P.

From convex-split lemma
IPXY My M,y g Ni Ny ey — PX X DY X DMy X oo X DM,y X PNy X oo X DN gy || < 124/e.
From Fact[3] triangle inequality for ¢; norm and Equation (3) we have,
||pXYMN _pXYMN” < 4e+ 12\5 < ].Gﬁ

This shows the desired. ]

Proof of Theorem[d: The proof follows on similar lines as the proof of Theorem [3]and we provide a proof sketch here.
Let (R4, Rp,ra,7p) be natural numbers such that (existence of these numbers is guaranteed by the Fourier-Motzkin
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elimination technique [19, Appendix D] and the constraints in the statement of the Theorem),
R 1
Ra+71a > Di(pxmlpx x pm) + O | log ok
. 1
Rp +rp > Di(pynllpy x pn) +O log ),
. 1
ra <max{ Di(punzlpm X pnz) — O | log )00
R 1
rp < max  Di(pmzn||pamz X pn) — O | log z 00,
R 1
74 +rp <max { Dy(punz|py X py xpz) — O logg 00

Let Ay, Az, A3 C M x N x Z be such that Pr,,, ., {A;} >1—¢eforalli € {1,2,3} and
Du(punzlpm X pnz) = —log  Pr {Ai};
PMXPNZzZ

Di(pymznlpmz X pn) = —log  Pr {As};

PMZ XPN

Da(pmnzlpm X oy x pz) —log — Pr {As}.

PMXPN Xpz
Define A := A; N Ay N As.

Protocol P: Shared randomness and Alice and Bob’s operations remain same as in the actual protocol P of the proof
of Theorem

Charlie’s operations: Charlie on receiving B(.J) and B(K) from Alice and Bob respectively, performs bipartite
position based decoding (similar to Fact@]) involving Z and the random variables in the subset (J) x B(K). He finds
the first pair (J’, K') (in lexicographic order) such that (Z, M/, Nk/) € A and outputs (M, N) := (M, Ng).

Using arguments as in the proof of Fact[9]we get Pr{(J, K) # (J', K’)} = O(e). Now using Fact[5|and triangle
inequality for ¢; norm it can be argued that ||pxymn — Dyy x|l = O(VE). O

Proof of Theorem 5} Let us invoke bipartite convex-split lemma (Lemma[7) with X < X, M < M,N < N,U «
M,V < N,R; + Rp and Ry < R to obtain joint random variables (J, K, X, My, ..., Myrg, N1,..., Nore).
Let us first consider a fictitious protocol P’ as follows.

Fictitious protocol P’: Let Alice and Bob share (M3, ..., M,r; ) as public randomness. Let Alice and Charlie share
(N1, ..., Nyro) as public randomness.

Alice’s operations: Alice generates (J, K) from (X, My, ..., Myrg, N1, ..., Naro ), using the conditional distri-
bution of (J, K) given (X, My, ..., Myry, N1,..., Nyre). She communicates J to Bob (using Rp bits) and K to
Charlie (using R bits).

Bob’s operations: Bob performs position based decoding as in Fact[§] by letting Y <= Y, M < M and R < Rp
and determines J’'. Bob outputs M’ := M.

Charlie’s operations: Charlie performs position based decoding as in Fact |8 by letting ¥ + Z, M <« N and
R + R and determines K'. Bob outputs N’ := Ng-.

From Fact[8]we have,

lpxmn — pxarn|| < 2Pr{J # J'} + Pr{K # K'}) < 8.

Now consider the actual protocol P.

Actual protocol P: Alice and Bob share 275 i.i.d. copies of the random variable M, denoted {M 1, Ma,..., Myrp }
Alice and Charlie share 27¢ i.i.d. copies of the random variable N, denoted {Nl, Na, ..., Nyrg } Alice, Bob and
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Charlie proceed as in P’. Therefore the only difference in P and P’ is shared randomness. Let (M N ) represent Bob
and Charlie’s outputs respectively in P.

From bipartite convex-split lemma (Lemma/7),
IPXMy. M,y NioNype = PX X DMy X oo X DM gy X PNy X oo X PN || < 15V “)
From Fact[5] triangle inequality for ¢; norm and Equation (@) we have,

IpxmN — Pyl < 8+ 15/ < 23¢/e.
O

Proof of Theorem [6; The proof follows on similar lines as the proof of Theorem [5] and we provide a proof sketch
here. Let (Rp, Ro, 75, 7c) be natural numbers such that,

1
Rp +ry > Di(pxmllpx X pu) + O <log 5) ,
R 1
rp < max § D (pmyllpm X py) — O IOgg ,00p,
R 1
Rc + 1. > Di(pxnlpx X pn) + O (log 5) )
. 1
re < max < Di(pnvzllpy X pz) — O logg 00,

1
Rp + Rc + 1y + 1. > Di(pxmnllpx X pm X py) + O (log 5) .

Let Ay CY x Mand Ay C Z x N be such that Pry,,,, {A;} > 1—¢cand Pry,, {A2} > 1—¢and,

Di(pmy|lpm X py) = —log  Pr - {AL},

pm X

Di(pnzllpy X pz) = —log Pr {As}.
PN Xpz

Let us divide [2%2775] into 22 subsets, each of size 2. This division is known to both Alice and Bob. For
j € [2Be+7rB] let B(j) denote the subset corresponding to j. Similarly let us divide [2#¢+7¢] into 2F*¢ subsets,
each of size 2"¢. This division is known to both Alice and Charlie. For k € [28c*7¢], let B(k) denote the subset
corresponding to k.

Protocol P: Alice and Bob share 224" i.i.d. copies of the random variable M, denoted {Ml, Ms, ..., Myrg+r, }
Alice and Charlie share 2"« j.i.d. copies of the random variable N, denoted { N1, Na, ..., Nyrg+re }.

Alice’s operations: Alice generates (.J, K) as in protocol P in the proof of Theorem|[5| She communicates B(.J) to
Bob (using Rp bits) and B(K) to Charlie (using R¢ bits).

Bob’s operations: Bob performs position based decoding as in Fact[§] by letting Y <~ Y,M < M and R < Rp
and determines J'. Bob outputs M := My

Charlie’s operations: Charlie performs position based decoding as in Fact [8} by letting Y < Z, M < N and
R + R and determines K. Charlie outputs N := Ng-.

Using arguments as in the proof of Fact[8|we get Pr{(J, K) # (J', K')} = O(,/). Now using Fact[5|and triangle

inequality for ¢, norm it can be argued that [|[pxy zuN — Pxy zir 5l = O(WVE)-
O

4 Optimality of the protocol for Task ]|

The aim of this section is to relate our achievability result with the result of Braverman and Rao [3]]. Towards this,
we first discuss the result of Braverman and Rao [5]. We start with the lemma below, which is a rephrased version
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of Theorem 2.1 in [5]]. It may be noted that Braverman and Rao were considering expected communication cost,
whereas we are considering the worst case communication cost. Thus, we have stated the lemma below accordingly.

Lemma 1 ([S]], Theorem 2.1). Let Alice possess a random variable M and Bob possess a random variable N, where
M and N take values over the same set. Suppose Alice and Bob know an upper bound c on the value of Do (prr]|pN )-
Then for every € > 0, there exists a randomness assisted protocol (with uniform shared randomness) in which Bob
outputs the random variable M such that ||py, — pul|| < e, if the amount of communication from Alice to Bob is
c+log(L).
An immediate corollary to this is the following, which is a smooth version of Lemmal[I]

Corollary 4. Let Alice possess a random variable M and Bob possess a random variable N, where M and N
take values over the same set. Fix an ¢ € (0, 2) Suppose Alice and Bob know an upper bound c on the value of

DS (pas|lpn ). Then there exists a randomness-assisted protocol (with uniform shared randomness) where Bob outputs
a random variable M such that ||p x1 — Pl < Be, if the amount of communication from Alice to Bob is c + log(2).

Proof. From the definition of D(pas||pn), it holds that Pr,,,.p,, Z - ((::)) > 2¢} < e. Let us define the following set

Good 1= {m : ngg;; < 2}

Let M’ be a random variable taking values over the set Good, formally defined as

S if m e Good;
Par (m) — Pr{Good} . )
0 otherwise.

It holds that ||par — pas|| < 2¢ and Pr {Good} > 1 — €. This implies

1 pa(m) < 2¢

9Deo(pr/llpn) — _ — | FMATY )
Pr{Good} meGand pn(m) — 1—¢

Suppose Alice possesses the random variable M’ and Bob possesses the random variable N. Alice and Bob execute
the protocol used in the proof of Lemmal 1} Then Bob outputs the random variable M" such that |[prr — par || < e.
The same protocol when now executed on the random variable M produces a random variable M. Tt holds that

a

Ipir —pmll < lpwy — Pyl + [lpae — ol + [lpar — ||
b
< |pm = parll + o — || + llpaer — P ||
< 2e+4¢e+4 2= be,

where (a) follows from triangle inequality and (b) follows from Fact The amount of communication from Alice to
Bob is at most ¢ + log(1) +log(12=) < ¢ + log(2). This proves the corollary. O

Using this, the following achievability result is obtained for Task [T}

Theorem 8 (Braverman and Rao protocol, [5]). Let € > 0. Let R be a natural number such that,

1
R > min max inf D¢ X + 0 (10 >
(X,V,NI) yEsupp(py ) Pn|¥ =y (pXM|Y y||pX|Y =y X PNy = y) g —

where (X, Y, M) satisfies M — X —Y and ||pgs 7 — pxyu| < e and (Y, N) ~ pg . There exists a shared ran-
domness assisted protocol in which Alice communicates R bits to Bob and Bob outputs random variable M satisfying
”pXYM - pxy]ﬁ[” < 8e.

Proof. Let (X,Y, M) and (Y, N) be the random variables that achieve the optimization in the definition of R. Define
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c = max  DE(psorv—, P 19—, ¥ o
yesupp(ps) \s(pXM\Y,y”p)qy,y pN|Y,y)

D1y, (T, m
= max min | ay : Pr { X MY y( ) > 2%} <e
y€Esupp(py) (&m)=Pg 1=y qu{/:y(l’) ‘pN\f/:y(m)
D% 57—y (T
= max min [ ay: Pr {mey() > 2%} <e
y€Esupp(py ) (@,m)Px 77—y pN|f/:y(m)
Prrx=-\M
= max  min | ay : Pr {MX"L() > 2%} <e ®))
yesupp(py ) (@ M) D% i1 7=y pN|f/:y(m)

where the last equality follows because M — X — Y. From Equation (3, we conclude that for all y € supp(py ),

Pr {Dipayx_ilpay—,) > c} << (©)

TEPR T =y

Fictitious protocol P’: Alice possesses random variables ()~( M ) and Bob possess random variable Y. They also
share uniform shared randomness as required for the protocol in Corollary 4} Alice, upon seeing a realization z of
X and Bob, upon seeing a realization y of Y, run the protocol as defined in Corollary 4 with M + M | (X = x),
N « N | (Y = y) and c as defined in Equation At the end of the protocol, let M’ be the random variable output
by Bob. From Equation (6) and Corollary we conclude that for all y € supp(py ),

Ry | <e.
P (s sl 25 <
This implies that ||p gy, — Py arll < 6e.

Actual protocol P: Alice and Bob possess the random variable (X,Y, M). They run the protocol P’ which outputs
the random variable triplet (X, Y, M). Since ||p ¢y 5y — Pxy M| < €, it holds by triangle inequality and Factthat

1Pxyir = Pxymll S IPxy i = Peyarll + 1Pxvar — Pyl + Py — pxyvml < e +6e+e.
The communication costis R = ¢+ O (log %) This completes the proof. O

We now compare our result (Theorem [T) with Theorem [8] To accomplish this, we first define a series of new
quantities and relate them to each other. In what follows, we will use P to represent a protocol for the TasKI|discussed
in Section[Tl

e Opt®: Let P be any shared randomness assisted communication protocol in which Alice and Bob work on
their respective inputs (X,Y’), and Bob outputs a random variable M correlated with XY". Let P(X,Y) :=
(X,Y, M) represent the output of the protocol. We define err(P) := |[pyy y; — Pxv || as the error incurred
by the protocol and C(P) as the communication cost of the protocol. Define

Opt® = i C(P).
P P:cgl(lg)ﬁs ( )

e Optj: Let S be the shared randomness in a protocol P. Note that S is independent of (X,Y"). Let V be a
random variable such that Y — (X, 5) =V, X —(Y,V,S) — M and ||p vy y; — Pxvum|| < €, where M is output
by Bob (as discussed above). The random variable V' represents the message generated by Alice to Bob in P.
Define

Opt] == i~ YréliSnM " Do (pxsvlpxs x pu),

where U is the uniformly distributed random variable taking values over same set as V.

e BR®: The amount of communication needed by the protocol of Braverman and Rao for Task [I}is denoted by
BRE and formally defined below (see also Theorem Eﬂb Let (X,Y, M) be a joint random variable such that
Y - X —Mand|pgyy — pxyuml| < e Further, let (Y, N) ~ py . Define

€ ,__ : : € -~ . - . -
BR" := min max m_f Ds(pXI\/I\Y:prX\Y:y x pN\Y:y)'
(X,Y,N) yEsupp(py ) P v —y
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e Ext°: This is the quantity obtained in the result of Theorem 1] by setting 7" as uniform random variable U. Let

(X,Y, M, E) be a joint random variable such that Y — X — (M, E) and |pg¢ 7 — pxv | < &. Define

Bt = min (DS ellog % 20) = Diloy il x ).

The following theorem relates all the quantities defined above to each other. This in turn allows us to prove the
optimality of our protocol (see Theorem [2)) along with the protocol of Braverman and Rao (Theorem [§).

Theorem 9. Let M — X — Y. Then it holds that

1.

Opt® > Opt].

2. Opt$ > BR®VE — log(2).
3. BR® 4 O(log(1)) > Opt®=.
4.

5. BR® > Ext®.

Ext® + O(log()) > Opt?(v®

Proof. We will prove the inequalities in the order they appear in the Theorem.

1.

In any one-way communication protocol P with a shared randomness S, Alice produces a message V' € V
using (X, .5), and communicates this to Bob. Notice that for this choice of V' we have Y — (X, ) — V. Using
the message V/, shared randomness S and his input Y, Bob outputs M such that ||p ., — pxyam| < € and

X — (Y, V,S) — M. The total number of bits communicated by Alice to Bob is C(P) = log |V|. The inequality
now follows from the relation Do (pxsv |[pxs X pv) < log|V| and the definition of Opt].

Let M be the output of the protocol P such that ||p vy — Pxyu| < e. Define the following set

Good := {y : ||pXM\Y=y —PxMly =yl < ﬁ} ' @

Using the fact that ||p .y ;; — Pxy || < € and Markov’s inequality we have that Pr {Good} > 1 — /.

A closeby Markov chain distribution: We now construct a random variable triplet (X1, Y7, M;) distributed
as follows:

Py (y) . .
. Px i1y —, (@, m) if y € Good;
pxyvian (2, y,m) == F {Good} =y ) )]
0 otherwise.
Further, define the random variable triplet (X5, Y2, M>) distributed as follows
szYzMz(xay7m) =PXivi (xay)phﬂX:x(m)' )]

We observe that My — X5 — Y5 holds. Moreover, we have the following:

IPx, o, — Pxy M| IPx,va01, — DXy |+ 1Px, v ar, — Pxy ]|
HpX2Y2M2 —PxXiviM; || + 2\/5

Ve +2ve =3V, (10)

VAN VA VAN

where (a) follows from ||px, v, am, — Pxy Ml < 2(1 — Pr{Good}) < 24/¢; and (b) follows from the following
set of inequalities:

HszYzMQ _pX1Y11VI1|| = Zpyl (y)HngM2|Y2:y _leMllleyH
Yy
b
= Zpyl W lpxaryy =y —PXM|y1:yH
)

C
< Ve,
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where (a) follows from Definition (@); (b) follows from Definitions (§) and (); (c) follows from the definition
of the set Good (Definition (7).

Lower bound: For the random variables (X, Y, V, S, U) as defined in OptJ, we prove the following:

Do (pxsvpx % ps x pu) = Doo(py xsv [Py x X ps X pu)
= max Doo(pxsviv=yllPx|y=y X Psjy=y X Pv)
yEsupp(py)
b

> max H/liI} Doo(pXSV|Y=y||pX|Y=y X psryr)
y€supp(py ) S’V

C

> max min Doo(poly:prX|Y:y X DNy =y)
yEsupp(py ) PN|y=y

d

> max min Doo(pX]Q[‘y:prX\Y:y X PN\Y:y)

yEsupp(py; ) PNy =y

Vo

. \/E
max min DY (szMz‘Y:y”pX‘Y:y X pN\Y:y)
yesupp(py, ) PN|y=y

f .

= max  min DY (px,nny—yllPxa)y—y X Prjy—y)
yEsupp(Py,) PN|Y =y

g i 4

> max min Di"/g(PXZM2|Y:y||pX2|Y:y X pN|Y:y) — log () .
yEsupp(py, ) PN|y=y €

Above, (a) follows from the fact that Y — X — (S, V); (b) follows by minimizing over all random variables

(S’,V'); (c) follows from Fact [3]; (d) follows from the fact that supp(py,) C supp(py); (e) follows from the

definition of smooth max divergence and the fact that for all y € supp(py, ) = Good, we have:

HpXQJ\/12|Y:y_pXM\Y=y” = ZpX|Y:y(x)HpM2\X:x_pM‘X:x7Y=y‘|
x

ZPXW:y(J?)HPM\X:x - pM‘X:x7Y:yH
T
= lpxmiy=y = Pxxrjy—yll < VE;

(f) follows from the fact that supp(py,) = Good and for all y € Good, px,|y,—y = Px|y—=y; and (g) follows
from Fact[Il

Thus,

: 3Ve 3Ve
max  min Dsf(pX2M2‘Y:y||pX2‘Y:y X PN|y—=y) > BR Ve
yEsupp(py, ) PNy =y

where the inequality above follows because My — X5 — Y5 and ||px,v,nm, — Pxym|l < 3v/€ (Equation (T0))
and from the definition of BR®>V®. This proves the item.

3. This is a direct consequence of Theorem [§]
4. This is a direct consequence of Theorem [T].

5. Let (X,Y, M) and (Y, N) be as obtained from the definition of BR®. From :Fheorembelow, it holds that
there exists a random variable E such that (X,Y, M, E) satisfies Y — X — (M, E) and

maxy DS (P v =y IP%) 7=y X Py =y) 2 Di(pxarelps x pu) — Di(py s llpy X po)-

The item follows by observing that Ext® is obtained by minimizing right hand side over all (X Y. M,E ) and
U,suchthatY — X — (M, E)and |pgy 7 —pxvm| < e

O

The following theorem shows that the information theoretic quantity obtained in Theorem T]is upper bounded by
the information theoretic quantity obtained in Theorem 8]
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Theorem 10. Let (X' Y, M ) and (37, N) be the optimal random variables appearing in the definition of BR®. Then
there exists a random variable E such thatY — X — (M, E) and

maxy DS (p g 71—y 1Px 17—y X Pry=y) = DiPxarplls x po) — Du(py yrglpy % pu),
where U is uniformly distributed over the set over which the random variable pair (M , E) take values.

Proof. The proof is divided in the following steps.

Construction of appropriate extension: Let K be the smallest integer such that Kpy; ¢_, (m) is an integer. This
can be assumed to hold with arbitrarily small error. Further, let £ be a random variable taking values over the set
K:={1,---, K} and jointly distributed with (X, M) as follows: for every (m,e,z) € M x K x X,

(1)

corp(T,m,e) = )
Pxs( ) {O otherwise.
It can be seen that the property Y - X — (M , E) holds. Let U be a uniform random variable distributed over the set
M x K. Now we can establish the following:
max log Pxupl®m,€)
mae " px(@)pu(u)

MK

og ——

a

Ds(pxarellrs % pu)

=

=1
= log | M, 12)

where (a) follows from the definition of Dy (p¢ v pllP% X pr); (b) follows from Equation and the fact that U is
uniform over the set M x .
Lower bounding hypothesis testing relative entropy: For brevity, let

D% = maxyDi(pg i 1v—y 103172 X Prjy—y)-

Define the following set

A= {(y,m,e)nyMxK:e§K2D;pND~,:y(m)}. (13)
We will prove the following
Pr {A} =2 (ogIMI=D)). (14)
Py XpuU
Pr {A} >1—-= (15)
PyryE

The theorem now follows from the definition of D (py 57 |lPy X pv) and Equations (12)),(T4),(T3) as follows:

D% (py g llpy x pu) > log| M| — DX
=Ds(pgiellrs X pv) — D5
> DS (pgmplrs X pv) — DX,

which leads to
Di > Di(psmslps x pv) — Da(py xisllpy X pu).
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Proof of Equation (T4): Towards this notice the following

Pr {A} = Z py (¥)pu(m,e)

Py Xpu

(y,m,e)eA
1

= Z Py (y) Z W

yey (m,e):(y,m,e)€A

K2P~

= Z by (il/)pN\Y/:y(m) W

(y,m)eYxM

oD%
M

_ o (log|M|-D%.)

Proof of Equation (T5). Towards this we have the following:

Pr{A} = "pg(®) Y Py @Pipgoc(m.e)

o )
yME (y,m,e)€A

L Zpg(ﬁ)zp{/p"(:m(y)z Z %

m e:eSKpM‘}g:z(m)

(y,m,e)eA
b
(z,y) m:le)}:I(m)SZDgOlef,:y(m)
§ 1- g,

where a follows from Definition (TTJ), b follows because for every x

{:m.0) pygam) < 27 pygs, (m) and e < Ky (m)} € A

and c follows from the definition of D . This completes the proof. O
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A Deferred proofs

Proof of Fact[6} Let ¢ := DS(px|px % pw). Define,

Good := {(Jc,m) : M < 20}.
px (z)pw (m)
This implies (from definition of ¢) that p := Pr{(X, M) € Good} > 1 — e. Let us define joint random variables
(X', M) as follows:

%W if (x,m) € Good,

0 otherwise.

pX’M’($7m) = {

‘We note that,

V(g,m): DX 2y ) < 22X (16)
px(x)pw(m) = p D
Let us construct joint random variables (J', X', M7, ..., M) from (X', M') in a similar fashion as we constructed

joint random variables (J, X, M1, ..., Msr) from (X, M). We note that,

DX/ 0y a1, — DX Ay || = IPxar — pxoar || < e (17)

19



Consider,

D (pX’M{‘..M;R [px X pwy X ... ¥ pW2R)

Il=

p &
by E (D (PX/M;.HPX X pwj> -D (pX’M]’. XPwy X oo XPW; g X PWigy X oo X PW,p HpX’M{...MéR)>
j=1

[N

2R

1 1 1

oF Z <D (pX’MJ’. [px pwj) -D <pX'MJ< [ grRPx M)+ (1 - 2R> Pxr X pw,))
j=1

2¢ 1
log (1 + 2R> —l—log;

d
< 4e,

Ao

where (a) follows from Fact [2} (b) follows from Fact 3] and (c) follows from Equation (T6) and (d) follows since
log(1 + x) <  for all real = and from choice of R. From Fact[i]we get,

HpX'M{.A.M;R —DPx X pw,; X ...pW2R|| < 2/e.

This along with Equation (T7) and the triangle inequality for ¢; distance gives us the desired. O

Proof of Lemmal(7} Define,

c1 = Di(pxmnlpx X pu X pv), c2 == Di(pxnm|lpx X pv),cs = Di(pxn|px x pv),
pxmN(z,m,n) ; < QQ}’

Good; := {(x,m,n) :

px (z)py (m)py (n

=< (z,m,n): 7PXM(I’m) ©2
Goods '_{( T )'px(x)pU(m) =2 }

Aoy PXNE@) e
Gm“’%”)mﬂmmmSQ}

Good := Good; N Goody N Goods.

This implies (from definitions of ¢, co, ¢3) that p := Pr {(X, M, N) € Good} > 1 — 3e. Let us define joint random
variables (X', M’, N') as follows:

7PXMN;I””’”) if (z,m,n) € Good,

pX/M/N/ r.m.n) = .
(,m, n) {0 otherwise.

We note that V(x, m,n) :

pxoen (@ min) 2% pxow(zm) 2% pxoe(z,n) 2% Spx(@)
px@polmpv(n) = p 1 px@polm) ~ 5 px(pem) S p 0 POOET, 09

P P
Let us construct joint random variables (.J/, K', X', M{, ..., Mg, , Ny, ..., NéRz) from (X', M’, N') in the same
way as we constructed (J, K, X, My, ..., Myr,, N1, ..., Nor,) from (X, M, N). We note that,

||pX'1\4{...zv1;R1 N{ N/ gy~ PX MMy, Ni.o.N,ny | = llpxmn — pxa || < 12¢. (19)
For notational convenience lets define,
. Rit. —
VJ (S [2 1] : pU,j =pu, X ... ><pUj71 XpUj+1 X .. XpU2R17

Vk € [22] 1 py, i=pu X .o XDy, XDy, X .. X PV, -

1 1 1
dxX'M'N’ = WPX’M]{N/C + 9R: (1 - 21,32) Dx'ml X Pvy

1 1 2f 4 2R2 —
+2T2 1_2?1 pX/N,;XpUj+ 1_2&7“'1{2 pxr XpUjXka-
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Consider,

D (pX/M{...M;Rl N{N o DX X Puy X X Uy X pry X X pVQRQ)

1
= BYIEST Z (D (pX'M]’.N,; [px x pu; x pvk) -D (pX'M]’.N,; X pu_; X pv_, ||pX’M{...M;R1 N{..N! g, ))
gk
b 1
< SRt Rz Z D (prM;.N,;HpX X pu; X pvk) -D pX/M;N,;HQX/M/NI
gl
c 21 9e2 9 1
< log (1—&—231%—%2&—1— 2R2> +10g];
d
< 9e,

where (a) follows from Fact (b) follows from Fact (c) follows from Equation (I8) and (d) follows since log(1 +
x) < z for all real x and from choice of parameters. From Fact@this implies

||pX’JV[{...M;R1 N{..N!p, ~PX X DUy X oo X PUpy X PV X oo X DV, | <3ve.
This along with Equation (T9) and the triangle inequality for ¢; distance gives us the desired. O

Proof of Fact[8: Let A C Y x M be such that Pr,,,, {A} > 1—¢, and

c:=Di(pymlpy X pw) = —log Pr {A}.

Py Xpw

Define .J' to be the first index in [2] such that (Y, M) € A. For the arguments below, let us condition on the event
J = j for some fixed j € [2%]. Consider,

Pr{J' # j} < Pr{(Y.M;) ¢ A} + Pr{(Y, M;) € Afor some j' # j}

<e+2R.27¢ < 2.

Therefore,
Pr{J #J'} = Y Pr{J=j}-Pr{J #j|J=j} <2
J€[2R]

Proof of Fact[9} Let A C M x A be such that Pry,,, , {A} > 1—¢, and

¢:=Dx(punllpm x py) = —log Pr {A}.

PM XPN

Define (J’, K') to be the first pair of indices (in lexicographic order) in [271] x [22] such that (M, N) € A. For
the arguments below, let us condition on the event (J, K) = (j, k) for some fixed (j, k) € [2f1] x [2F2] . Consider,

Pr{(J',K') # (j.k)} < Pr{(M;, Ni) ¢ A} + Pr {(M;,N,;) e A for some (j, k) # (J, k)}
< g4 2fitRe i9me < 9g

Therefore,

Pr{(J.K) # (J),K')} = > Pr{(J. K) = (j.k)} - Pr{(J, K') # (j. k) | (J, K) = (j, k)} < 2.

(3.k)€[2R1]x[2F2]
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