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Abstract

We show a direct product result for two-way public coin communication complexity
of all relations in terms of a new complexity measure that we define. Our new measure
is a generalization to non-product distributions of the two-way product subdistribution
bound of J, Klauck and Nayak [JKNO8], thereby our result implying their direct product
result in terms of the two-way product subdistribution bound.

1 Introduction

Let f C X x ) x Z be arelation and € > 0. Let Alice with input x € X', and Bob with
input y € Y, wish to compute a z € Z such that (z,y,z) € f. We consider the model
of public coin two-way communication complexity in which Alice and Bob exchange
messages possibly using pubic coins and at the end output z. Let RZP°(f) denote
the communication of the best protocol P which achieves this with error at most e
(over the public coins) for any input (z,y). Now suppose that Alice and Bob wish to
compute f simultaneously on & inputs (x1,¥1),. .., (2, yx) for some k > 1. They can
achieve this by running k independent copies of P in parallel . However in this case
the overall success could be as low as (1 — ¢)¥. Strong direct product conjecture for
f states that this is roughly the best that Alice and Bob can do. We show a direct
product result in terms of a new complexity measure, the € error two-way conditional
relative entropy bound of f, denoted crent?(f), that we introduce.

Theorem 1.1 Let f C X xY X Z be a relation. Let k > 1 be a natural number. Then,

RIPY o (fF) = Q- crent? (f))
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Our measure crent?(f) forms a lower bound on R¥P*®(f) and forms an upper bound
on the two-way product subdistribution bound of J., Klauck, Nayak [JKNOS]|, thereby
implying their direct product result in terms of the two-way product subdistribution
bound.

There has been substantial prior work on the strong direct product question and
the weaker direct sum and weak direct product questions in various models of commu-
nication complexity, e.g. [[RW94, PRW97, CSWY01, Sha03, JRS03, KSdW04, Kla04,
JRS05, BPSWO07, Gav08, JKNO08, JK09, HIMR09, BBR10, BR10, Klal0].

In the next section we provide some information theory and communication com-
plexity preliminaries that we need. We refer the reader to the texts [CT91, KN97]
for good introductions to these topics respectively. In section 3 we introduce our new
bound and show the direct product result.

2 Preliminaries

Information theory

Let X,) be sets and k be a natural number. Let X* represent X' x --- x X, k times.
Let p be a distribution over X which we denote by u € X'. We use u(x) to represent the
probability of 2 under p. The entropy of j is defined as S(pu) = — > v pu(z) log p(x).
Let X be a random variable distributed according to p which we denote by X ~ pu.
We use the same symbol to represent a random variable and its distribution whenever
it is clear from the context. For distributions u, u1 € X, 4 ® p1 represents the product
distribution (u® p1)(z) = p(x) ® pi(z) and p* represents p® - - - ® p, k times. The ¢;
distance between distributions p, 1 is defined as || — g1 = § 3 ey [1(z) — 1 (2)]-
Let \,u € X x ). We use p(z|y) to represent p(z,y)/u(y). When we say XY ~ pu
we assume that X € X and Y € ). We use u, and Y, to represent Y| X = z. The
conditional entropy of Y given X, is defined as S(Y|X) = Ez. xS(Yz). The relative
entropy between A and p is defined as S(Allp) = > cp A(z)log % We use the
following properties of relative entropy at many places without explicitly mentioning.
Fact 2.1 1. Relative entropy is jointly convex in its arguments, that is for distribu-
tions A1, Aa, f1, (42

SeA+ (A =p)Ae || ppa + (1 = plp2) <p- Sillp) + (1 —p) - S(hellp2) -
2. Let XY, X'Y! € X x ). Relative entropy satisfies the following chain rule,
S(XY[XTYY) = S(X|[X) + By xS} .
This in-particular implies, using joint convexity of relative entropy,

SXY|IXT @Y = S(X[|X") + Eae x S(YallYh) > S(X[IXT) + S(Y|Y)

3. For distributions A\, v = ||A — pll1 < /S(A||p) and S(A||p) > 0.



The relative min-entropy between A and p is defined as S (A||t) = maxzex log % It

is easily seen that S(A||p) < Seo(A||p). Let X,Y, Z be random variables. The mutual
information between X and Y is defined as

(X 1Y) = S(X) +S(V) = S(XY) = By xS(Va[IV) = Eyey S(X,[1X).

The conditional mutual information is defined as I[(X : Y| Z) = E,. zI(X : Y| Z = z).
Random variables XY Z form a Markov chain Z <~ X < Y iff (Y : Z| X =2) =0
for each z in the support of X.

Two-way communication complexity

Let f C X x Y x Z be a relation. We only consider complete relations, that is for all
(z,y) € X x Y, there exists a z € Z such that (z,y,z) € f. In the two-way model of
communication, Alice with input z € X and Bob with input y € ), communicate at
the end of which they are supposed to determine an answer z such that (z,y,z) € f.
Let € > 0 and let p € X x Y be a distribution. We let D2# (f) represent the two-way
distributional communication complexity of f under p with expected error e, i.e., the
communication of the best deterministic two-way protocol for f, with distributional
error (average error over the inputs) at most e under p. Let RZP“®(f) represent the
public-coin two-way communication complexity of f with worst case error ¢, i.e., the
communication of the best public-coin two-way protocol for f with error for each input
(z,y) being at most £. The following is a consequence of the min-max theorem in game
theory [KN97, Theorem 3.20, page 36].

Lemma 2.2 (Yao principle) RZP'°(f) = max, DZ*(f).

3 A strong direct product theorem for two-way
communication complexity

3.1 New bounds

Let f C X x)Y x Z be arelation, u, A € X x Y be distributions and € > 0. Let XY ~ p
and X1Y7 ~ A be random variables. Let S C Z.

Definition 3.1 (Error of a distribution) Error of distribution p with respect to f
and answer in S, denoted erry g(i), is defined as

errps(u) € min{ Pr [(z,y,2) ¢ f]| €S} .

r
(@,y)¢—p

Definition 3.2 (Essentialness of an answer subset) FEssentialness of answer in
S for f with respect to distribution u, denoted esst(f,S), is defined as

ess’(f,5) o Py [there exists z ¢ S such that (x,y,z) € f].

(@,y)p



For example ess#(f, Z) = 1.

Definition 3.3 (One-way distributions) A is called one-way for p with respect to
X, if for all (x,y) in the support of A we have pu(y|x) = A(y|x). Similarly X is called one-
way for w with respect to Y, if for all (z,y) in the support of A we have p(zly) = \(z|y).

Definition 3.4 (SM-like) A\ is called SM-like (simultaneous-message-like) for u, if
there is a distribution 0 on X X Y such that 0 is one-way for p with respect to X and A
s one-way for 6 with respect to Y.

Definition 3.5 (Conditional relative entropy) The )-conditional relative entropy

of \ with respect to u, denoted crent%()\), s defined as

def
crently(\) B,y S((X1),]1,).

Similarly the X -conditional relative entropy of X with respect to p, denoted crenth,(X),
s defined as

crent’.(\) € By x, S((YV1)a][Y).

Definition 3.6 (Conditional relative entropy bound) The two-way e-error con-
ditional relative entropy bound of f with answer in S with respect to distribution pu,
denoted crent>"(f,S), is defined as

crent>*(f, S) o min{crent’, (\) 4 crent},(A) | X is SM-like for i and errps(N) < e} .

The two-way e-error conditional relative entropy bound of f, denoted crent?(f), is

defined as
crent?(f) o max{ess(f, S)-crent>*(f,S) | u is a distribution over XxY and S C Z} .

The following bound is analogous to a bound defined in [JKNO8] where it was
referred to as the two-way subdistribution bound. We call it differently here for consis-
tency of nomenclature with the other bounds. [JKNOS8]| typically considered the cases
where S = Z or S is a singleton set.

Definition 3.7 (Relative min entropy bound) The two-way e-error relative min
entropy bound of f with answer in S with respect to distribution u, denoted ment?’”(f, S),
s defined as

def

ment2#(f, S) = min{Sa(\||p)| A is SM-like for u and errjg(\) < e} .

The two-way e-error relative min entropy bound of f, denoted ment2(f), is defined as

ment?(f) & max{ess”(f, S)-ment>*(f,S) | u is a distribution over XxY and S C Z} .

The following is easily seen from definitions.



Lemma 3.1
crenthy (X) 4 crently (A) < 2+ Soo (A||p)

and hence
crent>(f,S8) < 2-ment>*(f,S) and crent?(f) < 2-ment?(f).

It can be argued using the substate theorem [JRS02] (proof skipped) that when
is a product distribution then ment>*(f,S) = O(crenti’/é(f, S)). Hence our bound
crent?(f) is an upper bound on the product subdistribution bound of [JKNO8] (which

is obtained when in Definition 3.7 maximization is done only over product distributions
1)

3.2 Strong direct product

Notation: Let B be a set. For a random variable distributed in B¥, or a string in
B¥, the portion corresponding to the ith coordinate is represented with subscript i.
Also the portion except the ith coordinate is represented with subscript —i. Similarly
portion corresponding to a subset C' C [k]| is represented with subscript C. For joint
random variables M N, we let M, to represent M| (N = n) and also MN| (N = n)
and is clear from the context.

We start with the following theorem which we prove later.

Theorem 3.2 (Direct product in terms of ment and crent) Let f C X x Y x Z
be a relation, p € X x Y be a distribution and S C Z. Let 0 < e < 1/3, 0 <2006 < 1
and k be a natural number. Fiz z € ZF. Let the number of indices i € [k] with z; € S
be at least 01k . Then

k
ment? sy (5 {21) 2 8- 81 -k - crent2#(£,5) .

We now state and prove our main result.

Theorem 3.3 (Direct product for two-way communication complexity) Let f C
X XY x Z be arelation, p € X x ) be a distribution and S C Z. Let 0 < e < 1/3 and k

be a natural number. Let 6 = ess”(f,S). Let0 < 2008 < 8y. Let &' = 3(1—g/2)L0%2k/2],
Then,

D2 (F5) > 6 6y - ki - crent(f,8) — k .
In other words, by mazimizing over u,S and using Lemma 2.2.

R?fggn(k) (fk) > Q(k - Crent%/:;(f)) :

Proof: Let crenty (f,S) = c. For input (z,y) € XF x V¥ let b(x,y) be the number of
indices ¢ in [k] for which there exists z; ¢ S such that (z;,v;,2) € f. Let

B ={(z,y) € X* x Y¥| b(z,y) > (1 — §2/2)k}.
By Chernoff’s inequality we get,

Pr[(2,y) € B] < exp(~02k/2).
(@,y)—pk



Let P be a protocol for f* with inputs XY ~ p* with communication at most d =
(kcdde/2) — k bits. Let M € M represent the message transcript of P. Let

By = {m € M| Pr[(XY),, € B] > exp(—63k/4)}.
Then Pr[M € By] < exp(—63k/4). Let
Bl ={me M| Pr]M =m] < 274"

Then Pr[M € B},] < 27% Fix m ¢ By U B},. Let zp, be the output of P when
M = m. Let b(z,,) be the number of indices i such that zp,; ¢ S. If b(zy,) > 1 — 92k /2
then success of P when M = m is at most exp(—d3k/4) < (1 —e/2)1992k/2 If b(2,,) <
1—02k/2 then from Theorem 3.2 (by setting z = z,, and §; = d2/2), success of P when
M = m is at most (1 — /2)l992k/2] Therefore overall success of P is at most

8" = 27F + exp(—03k/4) + (1 — 27 — exp(—03k/4) (1 — £/2)L9%2k/2]
S 3(1 o 8/2) L552k/2J.

Proof of Theorem 3.2: Let ¢ = crentz¥(f,S). Let A € X* x V¥ be a distribution
which is SM-like for p* and with S (\||u¥) < 651ck. We show that errpr (3(A) =
1 — (1 —&/2)l9%) This shows the desired.

Let XY ~ A. For a coordinate i, let the binary random variable T; € {0, 1},
correlated with XY, denote success in the ith coordinate. That is T; = 1iff XY = (z,y)

such that (x;,vi,2;) € f. We make the following claim which we prove later. Let
K = 1601k].

Claim 3.4 There exists k' distinct coordinates i1, ..., ik such that Pr[T;, =1 <1—
e/2 and for each r < K/,

1. either Pr[Ty, x Ty, x - x Tj, =1] < (1 —¢/2)¥,
2. 0orPr[T; =1 (Tiy x Ty x ---xT;,, =1)] <1—¢/2.

r—+1

r

This shows that the overall success is

Pr[ly x Ty X -+ x Ty =1 < Pr[Ty, x Tjy x -~ x T;, =1] < (1 —¢/2)* .

k!

Proof of Claim 3.4: Let us say we have identified » < k¥’ coordinates i1, ...%, . Let
C = {i1,ig,...,ir}. Let T=Ty x Ty x --- x T, . If Pr[T = 1] < (1 — £/2)¥ then we
will be done. So assume that Pr[T = 1] > (1 — g/2)¥ > 279k Let X'V’ ~ pu. Let
X1Y! = (XY| T =1). Let D be uniformly distributed in {0,1}* and independent of
X Let Uy = X! if Dy =0and U; = Y if D; = 1. Let U = U;...U;. Below
for any random variable X 17, we let X f@u, represent the random variable obtained by



appropriate conditioning on XY: for all i, Xi = u; if d; = 0 otherwise }N/Z =y ifd=1
. Let I be the set of indices ¢ such that z; € S. Consider,

601k + 601k > Soo (XY |XY) 4+ Soo (XY ||(X'Y)®F)
> Soo(XTYH|(X'Y)FF) > S(XTYH|[(X'Y)EF) = Bge pS(XTYH|(X'Y)EF)
> E(d,u,mc,yc)e(DUXéYé)S((lel)d,u,xc,yc (XYY g ze e )
> Egume y0) (00X S X duze o 1 Xy sewe © - © Xy upaowe)
2 Blguzcye)—(DUXLYY) Z S((X;,u,xc,yc)iHX(lii,ui)

i¢Cicl
= Z E(d,u,xc,yc)e(DUXéYé)S((Xcll,u,arc,yc)i|’thi,-,ui) . (31)
1¢CLiel
Similarly,
001k + do1ck > Z E(d,u,mc,yc)e(DUXéYé)S((Ydl,u,mc,yc)i|’Ydli,ui) : (32)
i¢Cicl

From Eq. 3.1 and Eq. 3.2 and using Markov’s inequality we get a coordinate j outside
of C' but in I such that

26(c+1

L E(d,u,mg,yg)(—(DUXéY(})S((Xé,u,zc,yc)j"Xz/ij,u]-) < (1(6_5)) < 4dc, and
20(c+1

2. E(d,u,xc,yc)e(DUXéYé)S((Ydl,u,:vc,yc)j||Yc2j,uj) < (1(6_5)) < 4dc.

Therefore,

4dc > E(d,u,zc,yc)e(DUXéY(})S((Xé,u,xc,yc )j ‘ |Xc,l] JUj )
/

_ 1
= B, uj0090) (DU XY E(d; ) (D07 (DU XEY S =(d_yu—jwcwe)d (Xduee e )il Xa;u;)-
And,
1 /
4oc > E(d,u,xc,ycy—(DUXéYé)S((Yd,u,xc,yc )j ‘ ’Ydj,uj)
_ 1 e
=Ea_; u_jzewe)(D_;U_; XLY2 B uy) e (D;0;)] (DU XLY2)=(d_;uswewe)d (Yduae ye)illYd; ;)

Now using Markov’s inequality, there exists set G with Pr[Y_lj € G1] > 1-0.2, such
that for all (d—;,u—j,zc,yc) € G,

L. ]E(dJ"uj)(*(DjUj” (D*jU*jXé'Ycl‘):(dfj’U—j,ClZc,yc)S((Xcll,u@c,yc)j|‘Xéjyuj) S 40567 and
2. E(dj,Uj)F(DjUj)l (D—jU—jXéYcl):(d—j,U—j,wc7yc)S((Yd{u,wc7yc)jHYéj,ug') < 40dc.

Fix (d—j,u—j,zc,yc) € Gi. Conditioning on D; =1 (which happens with probability
1/2) in inequality 1. above we get,

1 l
Ey]-<—Y]-1|(D_jU_jX(1jYé):(d_j,u_j,zc,yc)S((Xd,j,u,j,yj,xc,yc)j ’ ’ij) S 8056 (33)

Conditioning on D; = 0 (which happens with probability 1/2) in inequality 2. above
we get,

]Ez’j<—X]1|(D,jU,jXé.Ycl,):(d,j7u,j,xc7yc)S((Ydl_j,u_j,zj,zc,yc)jHY:E/j) S 8056 (34)
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Let X2Y?2

= ((X'YYa_,u_,z00)j- Note that X?Y? is SM-like for pu. From Eq. 3.3

and Eq. 3.4 we get that

Hence,

crenthy (X?Y?) + crent), (X?Y?) < c.

This implies,

Pl"[T‘] = 1| (1,d,j,u,j,xc,yc) = (TD,]‘U,J‘X0YC)] <1l-—e.

Therefore overall

PrT; = 1] (T =1)] <08(1—¢)+02<1—¢g/2.
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