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Abstract

It is known that the N-bit parity problem is solvable by a standard feed-
forward neural network having a single hidden layer consisting of (N/2) + 1
hidden units if N is even and (N+1)/2 hidden units if N is odd. The network
does not allow a direct connection between the input layer and the output
layer and the transfer function used in all hidden units and the output unit
is the usual sigmoidal function o(z) = 1/(1 + ezp(—z)). We show that such

a solution can be easily obtained by solving a system of linear equations.
Keywords: Parity problem, feedforward network, sigmoid function.

1. Introduction

The parity problem is one of the more widely used problems for testing neural network
training algorithms. This problem is a mapping problem where the domain set consists
of all distinct N-bit binary vectors and the result of the mapping is 0 if the number of
ones in the vector is even, and 1 otherwise. The problem is considered to be very hard
since the output changes whenever any single bit in the input changes.

Many researchers have proposed solutions for this problem using feedforward neural
networks. Stork and Allen [12] showed that the problem can be solved by a network with
just two hidden units. They made the assumptions that the network consists of three
layers, that the transfer function used is strictly monotonically increasing function and
that no direct connection between the input layer and the output layer is allowed. The

key to their results is the use of an unusual transfer function

fo) = 3 (o - ),

N ar
where « is any constant greater than one. When direct connections between the input
units and the output unit are allowed, it is shown by Brown [3] that in fact just one

hidden unit is needed.



Minor [7] showed that when the sigmoidal function is used as the transfer function
and direct connections from the input layer and the output layer are allowed, the required
number of hidden units is [N/2], where [.] indicates truncation to the nearest integer.

In practice however, the most commonly used network architecture is one where

e there is one hidden layer with connections only between the input layer and the

hidden layer and between the hidden layer and the output layer, and

e the transfer function used in the hidden units and the output unit is the sigmoidal

function o(z) = 1/(1 4 exp(—z)).

With this kind of network architecture, it has been previously thought that N hidden
units are required to solve the N bit parity problem [9]. Many experimentations with
neural network construction and training algorithms were tested with the assumption
that indeed N hidden units are necessary for solving the problem [1, 2, 5, 8]. A neural
network construction algorithm that employs the quasi-Newton method for minimizing
the error function was recently proposed by Setiono and Hui [10]. This algorithm suc-
cessfully built networks having less than N hidden units that were capable to solve the
N bit parity problem for small values of N ranging from 4 to 8.

Indeed, it follows from a result of Sontag [11] that a sufficient number of hidden units
for the network is (N/2) 4+ 1 if N is even and (N + 1)/2 if N is odd. In this paper, an
alternative proof of this result is given by explicitly computing the weights of the neural
network. We show that these weights can, in fact, be easily found by solving a system

of linear equations.

2. Main results
Let us begin this section by defining all the notations used in this paper.
e H is the number of hidden units in the network.

e pN: the ith N-bit pattern, where i = 1,2,...2V. For simplicity, it is assumed

throughout that the patterns are arranged in increasing order.



. pfyk: the kth component of pattern pl, it is either 0O or 1, £ =1,2,...N.
e wl is a real valued weight vector of outgoing arcs connecting the input layer to
i g going g p y

the jth hidden unit, j = 1,2,...H. The dimension of this vector is N + 1 with the

value of wﬁ-\fNH reflecting the bias in the jth hidden unit.

e v; is a real valued weight of arc connecting the jth hidden unit to the output unit.

7 is the bias value of the output unit.

For our proof on the sufficient number of hidden units for the NV bit parity problem,
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if N is even, and the function

1
yN(‘fU):—$1+$2—"'+$N—1—$N+§7

if N is odd. These functions are defined to allow us to divide the input set of the problem
into subsets where all patterns in each subset have the same function value. This is done

in the following lemma which is trivial to prove.

Lemma 1 Let S be the set of all 2N distinct input patterns of the N-bit parity problem,

then S can be divided into N 4+ 1 subsets S1,52,...5n41 such that the cardinality of S;
N

is , and
t—1
1. for each element p € S;,y™N(p) =i —1— % if N is odd

2. for each element p € S;,yN(p) =1 -1 — % if N is even,

foralli=1,2,...N +1.

It follows from the above lemma that all patterns that belong to the same subset will
have the same parity.
As an illustration on how the above lemma will be used, let us consider the simplest

parity problem, which is the 2-bit parity problem, better known as the XOR problem.



It has been established that two hidden units are needed to solve this problem. Let us

2

define the vector z? as the coefficients of the function y?(z):

Let us also define the weight vectors from the input layer to each of the two hidden units

in the network as follows

w% = a2
2 2
wy = oz,

where |aq| # |az| # 0. A bias in each of the hidden unit is incorporated by appending a

one to each of the input pattern. The bias in the output unit is denoted by 7. Since

xll}r_nooo(a:) = 0 and
xh_}n(r)loa(x) = 1,

we would like to find the values of vy, vy and 7 such that the following set of equations

are satisfied

i Pattern p? Equation

1 001 o(wip?)vy + o(wipve+17 = -
2 011 o(wipd)vy + o(wipdlvg + 17 =
3 101 o(wpd vy + o(wipdlvg + 17 =
4 111 o(wipd)vy + o(wipve +17 = -3




for some # > 0. Note that the product between the weight vector w and the pattern p;

is a scalar product, that is
N+1 N+1
N _N N N N _N
w; p; = Z W; kP k — & Z 2k Pik-
k=1 k=1
At first glance, it seems that we have a set of overdetermined system of linear equa-
tions in hand. Lemma 1 however tells us that there should actually be no more than
N + 1 equations. Indeed, the first equation and the fourth equation in the table are
identical since wip? = wip? = a;/2 and wip? = wips = ay/2. Rather than using the

first three equations to solve for vy, v and 7, we replace equation 2 by

vy +v9 + 27 = 0. (1)
Since wipi = —wip? = —a;/2 and wip2 = —wip} = —ay/2, we have
o(wipy)vr +o(wipp)va+ 7 = (1= o(wip))vr+ (1 - o(wipi))vs+ 7

= — (U(w%p%)vl + U(u}%p%)vg + T) 4+ v + vy 427

We see that the second equation will automatically be satisfied as long as the first
equation and Eq. ( 1) are satisfied.

Another advantage of forcing Eq. ( 1) to be satisfied by vy, v and 7 is that the
solution can also be used for the 3-bit parity problem. Consider now a network with 3
input units and 2 hidden units for this problem and let us redefine a new vector 22 to

be the coefficient of the function y*(z)

-1
2= !

-1

1

2

and the weight vectors

wy = oyz?
wy, = agz



Since

2.2 3.3
w;p; = W;p;,

forall2 =1,2,3,4and j = 1,2, the first four patterns will be correctly classified. Now we

consider the remaining four patterns p3_,. Since pattern p3_; is a bit-wise complement

of pattern p? and the number of bit is odd, the parity of these two patterns must be

different. The following equations show that as long as pattern p; is correctly classified,

pattern pg_; will also be correctly classified. First note that

yB(Pg—i) =

= —14pg_is—Po_is+ B

= (I- p?,?) - (1- P?,:a) -

3 3 3
—Py—iq1 T+ Po—j2 — Po—i3+ B

1

1

1
2

1
— _(p? —p? Z
- <p2,1 pz,Q + 2)

= -y ()

Since w? = ;2% we have

3.3
WPy

= ajzgpg—i
= ay’(ps_;)
= —a;y’(p})
= —a;y°(p})
= —ozjz?’pf’

_ 2303
= Tw,;p;.

The fourth equality above follows from the fact that the first digit of the pattern p? is

zero. Hence

o(wips_;)vi + o(wipg_Jva+7 =

o(—wip! vy + o(—wspi)va + 7
(1= owipd)) v+ (1 - o(wipd)) va + 7
— (o(wipd) + o (wip?) +7) + v1 +v2 27

~ (o (wipd) + o (wip?) +7).



Consequently, if pattern p? is correctly classified, pattern p3_, will also be correctly
classified.
If we define the error in prediction to be the absolute difference between the network

output value and the actual target value

error = |Network output — target value|
H
= |o E U(wévpfv)vj + 7| — target value|,
J=1

then the value of error is equal to 1/(1 + €”) for all patterns. This implies that the
output can be made to within any accuracy requirement by selecting a value of 3 that
is sufficiently large.

The output values of two neural networks each with two hidden units for the 3-bit
parity problem are plotted in Figure 1. The weights of the first network have been
obtained by setting the values of ay = 0.5, 03 = 1 and 8 = 1. For the second network,
the same « values are used but the value of 3 is set to 10.

The following two lemmas generalize our results for all values of N

Lemma 2 Solution of the N-bit parity problem where N is even Let N be even

and positive, H = (N/2) 4+ 1 and 3 > 0. Let 2V be an N + 1 dimensional array

1

-1

2
Let 51,59, ...5N+1 be subsets of the input patterns as defined in Lemma 1 and let pi\;,j =
1,2,...H be any pattern that belongs to the subset S;(n/2). A neural network with H
hidden units with connection weights from the input units to the hidden units defined
as wé\f = a;2V for j = 1,2,...H with |a;| # |047| if j # 7, aj # 0 for all j and with

connection weights from the hidden units to the output unit vy, vy, ...vyg and the output



unit bias T defined as the solution of the H + 1 by H + 1 system of linear equations

H

> (o plyv) +7 = -5

g

> (c(lpi)v) +7 = 4 2)

=1

-0 if H is odd
(o(wNpii)e;) +7 =
1 B otherwise,

M=

J
H
ZU]‘—I—QT =0

correctly classifies all 2V input patterns of the problem.

N

Proof First note that in view of Lemma 1 and the definition of the weights w;", correct

classification of a pattern pév € S; implies correct classification of all patterns
1—1

in that set. If V is even, then patterns in the set Sl+§ will have even parity, patterns
in the set SQ+% will have odd parity etc. The first H equations in Eq. ( 2) ensure that
all these patterns are correctly classified. The last equation will be used to ensure that
the remaining patterns in set Sy U S;y...U S% will also be classified correctly.

Let us now consider a pattern pé\f € S;foranyt=1,2,.. . Let pY¥ be any element

of the set Syy1-;, then from Lemma 1 we have that
N¢( N N¢( N
y o (pe) ==y (Pm)-

Hence for the pattern pév we have that

Z( (wp)) )+T:

71=1

M=

(o(-wlpl)) v +7
1

.
Il

I
M=

(1= o(wlpl)) v+
1

= (i( (w! pmvg)+T)+§:Uj+2T

=1 =1

.
Il

-0 if H—11is even

06 otherwise.



Hence we have shown that correct classification of all 2V patterns is guaranteed by the

solution of the system of linear equations (2). 0

We note that the values of a; must be chosen to ensure that the linear system of equations
( 2) has a solution. By choosing «; as described in Lemma 2, we prove in the Appendix
that the columns of the coefficient matrix in Eq. ( 2) are linearly independent.

The solution for the even N-bit parity problem can be used to solve the problem with
one more input bit as shown by Lemma 3 below. The proof of this lemma is similar to

the proof of Lemma 2 and is omitted.

Lemma 3 Solution of the N-bit parity problem where N is odd Let N be odd

and greater than 1 and H = (N +1)/2. Let 2N be an N + 1 dimensional array

-1
1
N =
1
-1
1
2
Let aj,j = 1,2,...H have the same values as in Lemma 2 and let vy, vy,...vg and T

be the solution of the linear system ( 2) for the (N-1)-bit parity problem as defined in
Lemma 2. Define the weight vectors wi\f = ozij for 3 = 1,2,...H. Then the neural
network with weights wﬁv for the connections between the input units and the hidden
units, weights vjv for the connections between the hidden units and the output unit and

an output unit bias of T correctly classifies all input patterns of the problem.

Combining the results of Lemmas 2 and 3, we state below our main result.

Theorem 1 The N-bit parity problem is solvable by a feedforward neural network with a
single hidden layer. Only connections between input layer and hidden layer and between
hidden layer and output layer are allowed in the network. When the sigmoidal transfer
function is used in the hidden units and the output units, a sufficient number of hidden

units is N/2+4 1 if N is even and (N + 1)/2 if N is odd.

10



3. Conclusion

We have shown how the N-bit parity problem can be solved by a feedforward neural
network having N/2 4+ 1 hidden units if N is even and by a network having (N + 1)/2
hidden units if N is odd. The weights for the arcs connecting the input units and the
hidden units can be determined trivially, while the weights for the arcs connecting the
hidden units and the output unit can be easily obtained by solving a system of linear

equations.

11
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Figure 1: Output values of two neural networks with two hidden units for the 3-bit

parity problem plotted as a function of pj and p3. Plots (a) and (b) are from the first

network and (c) and (d) are from the second network. Weights for both networks are

obtained by solving a 3 x 3 system of linear equations. The values of the parameters are

a; =0.5,a5 =1, =1 for (a) and (b) and 3 = 10 for (c) and (d) . For (a) and (c) the

value of p? is set to 0 (hence these plots also depict the predicted values for the XOR

problem) and for (b) and (d) the value of p} is set to 1.
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Appendix

Consider the system of linear equations

Mz =0
where
1 ifi=1,2,.. H:j=H+1
1 fi=H+1;j=1,2.. H
Mij =
P fi=H+1; j=H+1
o (h(2t —1)a;/2) otherwise
T
r = (v1,v2,...,08,7) ,

where h > 0,|h(2H — 1) /2] < 7, |og| # | if i # j and o; #0,Vi=1,2,...H. We
shall prove that zero is the only solution of this linear system.

Upon removing 7 from the system, we get a new system of H linear equations

Cv=0
where
. 1
Cij = o(h(2i—1)a;/2) - 5
= —tanh[h(2] — 1)a;/4]
1 L
=1
where By, k= 1,2,...denote Bernoulli numbers [4]. For all i = 1,2...H, we have
H
0 = Z%‘vy‘

(Z (2% (2% = 1)/(2k)!) Bak [h(2i = 1)ay; /4]2k—1) v

N | —

|
i[™]8 H[\El{m

(2%(2% = 1)/ (2k)!) Ba (i [h(2i — 1)ay; /4]*! vj)

k 7=1

(22’“(22’“ 1)/(2k)!) Boy [h(2i = 1) /477! i a2k

7=1
_ _Za% p2k=1

Il
N | —
||M8

13



where
H
g = (22k(22k - 1)/(2k)!) Bar[(2i — 1) /4771y a2y,
7=1

h?k—l

The equation ) ;2 a; = 0 holds for infinitely many different values of A > 0,

hence we must have a; ; = 0 or equivalently

H
2 af =0
i=1
for all k =1,2,.... The first H of these equations can be written in the matrix form
ay a3 o U1
o ol oy vy
=0
2H-1 2H-1 2H -1
g e ),
or equivalently
VDv=0
where V' is the Vandermonde matrix [6]
1 1 e 1
2 2 2
o o . o
V= 1 2 H
ongH_Q) ang_z) N agH—Z)
and D is a diagonal matrix with ap,a9,...,ayg on the diagonal. The condition

'aj| # |oj| V i # j ensures that the matrix V is invertible, while the condition a; # 0V i
ensures that D is invertible. We conclude that v = 0 is the only solution to the linear
system of equations V Dv = 0 and consequently 2 = 0 is the only solution to the system
of linear equations Mz = 0.
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