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1. (6 marks) Consider having a stack where the operation allowed is:

OP (m,x): which pops m items from the stack and then pushes one item x. The m
items from the top of the stack are returned to the user. This operation assumes there
are at least m items in the stack before the operation starts, otherwise the program
ends.

Here m can be 0, and the stack starts as empty.

Note that the worst case time needed to do the operation can be O(n), where the
stack may have up to n items.

Use the potential method done in class for amortized analysis to show that the amor-
tized cost of OP (m,x) is constant.

Answer:

The potential associated with each item in the stack is 1.

Consider the cost of OP (m,x) as being split in two parts: taking out m elements and
pushing one element.

The amortized cost of pushing x in the stack is 2 units: one unit work done for pushing
and one unit for adding to the potential.

Taking out m elements from the stack costs nothing: it require m units of work done
for popping, and the potential is decreased by m units.

Thus the amortized cost for any OP (m,x) is 2 units.
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2. (6 marks) Suppose we have a list of n real numbers. Consider the problem of finding
the largest sum which can be obtained when adding some consecutive elements in the
list.

For example, if the list of elements is −3, 4, 5,−8, 12,−7, 3

Then the largest sum that can be obtained is 4 + 5− 8 + 12 = 13.

Give an efficient algorithm to find the largest sum as above. Prove the correctness
and time complexity bound of your algorithm.

Your marks for this question will depend on how good your algorithm is in terms of
time complexity.

Answer:

Suppose the input numbers are A[1], A[2], . . . , A[n].

Suppose S[i] gives the largest sum which can be obtained when adding some consec-
utive elements in the list which ends at A[i] or is empty (i.e., the best from which we
can continue with A[i + 1]).

Let S[0] = 0.

The recurrence relation for dynamic programming is:

S[i] = max({0, S[i− 1] + A[i]})
The maximum sum is then, max({S[i] : 1 ≤ i ≤ n}).
Each step takes constant time, and thus the whole algorithm takes O(n) time.
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3. (8 marks) An AND-OR Graph is a directed acyclic graph, where each non-terminal
node (vertex) is labeled as either AND node or OR node (but not both). Here a node
is terminal if it has no outgoing edges from it. A node v is a child of node u iff there
is an edge from u to v.

A solution graph for a node S in an AND-OR graph G, is a sub graph G′ of G such
that:

(1) S is in G′;
(2) If a node v in G′ is an AND node of G, then all of v’s children in G also
belong to G′;
(3) If a node v in G′ is an OR node of G, then at least one of v’s children
in G also belongs to G′.

Intuitively, one can consider AND-OR graphs as methods of solving a problem. Solu-
tion graph represents one particular way of solving the problem.

Show that the following problem is NP complete.

Instance: An AND-OR graph G, a node S in G, and a number k.
Question: Does there exist a solution graph for S in G which contains ≤ k
nodes?

Answer: The above problem is in NP: Certificate would be G′ which satisfies the
requirements of being solution graph as in (1) to (3) above. Verification would be to
check that the above properties are satisfied.

To show that it is NP hard, use a reduction from SAT .

For a SAT problem (U,C), the nodes of the graph G are U ∪C∪{s}∪{tu, fu : u ∈ U}.
s is an AND node, and each c ∈ C and u ∈ U is an OR node.

The edges of the graph are {(s, c) : c ∈ C} ∪ {(s, u) : u ∈ U} ∪ {(u, tu), (u, fu) : u ∈
U}∪{(c, tu) : u appears as positive literal in c}∪{(c, fu) : u appears as negated literal
in c}.
The number k is 1 + |U |+ |C|+ |U |.
Clearly, if (U,C) is satisfiable, then we have a solution to the above graph by choosing
s, each u ∈ U , c ∈ C, and all the true literals.

On the other hand, if the graph has a solution, then it must contain s, each u ∈ U ,
c ∈ C, and at most (actually exactly) n literals. By setting the literals chosen in the
solution graph to be true, we see that (U,C) is satisfiable.

4


