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Abstract

A new identi cation criterion, motivated by notions of successiely improving approximations in
the philosophy of science,is de ned. It is shownn that the classof recursive functions is identi able
under this criterion. This result is extendedto permit somewhatmore realistic typesof data than
usual. This criterion is then modi ed to considerrestrictions on the quality of approximations, and
the new criteria are comparedto existing criteria.

1 Intro duction

Researt in inductiv e inferencehas historically beenmotivated by considerationsof the philosophy
of science,e.g. Caseand Smith (1983). Howewer, the criteria of successso far proposed seem
unrealistic for science.

In the sequelwe assumethat sciertic experiments and obsenations are encaded as natural
numbers and that the processof sciertic theory formation can be modeled by an algorithmic
device which operateson the encaded experiments and obsenations.

Gold's (Gold (1967)) criterion demandsthat an inductiv e inference machine produce a nal
correct program (in the sensethat it correctly computesthe input function or set); others (e.g.
Caseand Smith (1983)) have liberalized that criterion to allow nal programs that are correct
excepton nitely many inputs. Barzdin (1974) and Caseand Smith (1983) also give criteria that
permit in nite sequence®f programs, nearly all of which are (perhapsonly nearly) correct.

We hold with Peirce(1958)that sciencecannot be expectedto producea nal theory of anything,
nor even a co nal sequenceof nearly correct theories. Instead, the best we can hope for is that
scienceproducesan in nite sequenceof improving approximations to reality.

This position hasbeenassailedon the groundsthat the notion of \appro ximation" and the way
in which one approximation can improve on another have not beengiven a satisfactory de nition
(Belnap, responseto a Paper of Oshersonand Weinstein, given at the conferenceon Scienceand
Discovery at the University of Pittsburgh in March, 1989). The most obvious de nitions involve
somesort of arbitrary choice: of an encaling of experimerts, if limiting density is used, or of a
measureon the set of experiments, or of a metric on experimental results. No sud choice, it has
beenheld, could be justied on a priori grounds. Furthermore, it has even been claimed that no
reasonable\in variant” de nition could be made of \appro ximation."

The main point of this paper is that a reasonable \in variant,” and non-trivial de nition can be
made of \appro ximation" and \impro vemern of approximation.” We investigate the new de nition
(Ap-identi cation) and then investigate some non-invariant strengthenings of Ap. Some of the
strengthenedvariations are interesting as represeting a reasonableextension of Royer's notions of
inferring approximations (Royer (1986), seealso Smith and Velauthapillai (1986)).

2 Notation

N is the set of natural numbers. a, i, j, m, n, r, s, w, x, y, z, with or without decorations’, range
over natural numbers unlessotherwise specied. A, B and S, with or without decorations, range
over subsetsof N. and denote subsetand proper subsetrespectively. d, e range over the real

!Decorations on variables refer to subscripts, superscripts, primes and the like.



interval [0, 1]. f, g range over functions from N to N. ; denotesthe null set. card(S) denotesthe
cardinality of the set S. max, min denote the maximum and minimum of a set respectively. By
convertion max(;) = 0 and min(;) is unde ned. px.[Q(z)] is the least natural number z such that
Q(z) is true (if such exists). b™c denotesmax(fz 2 Njz Tg).

R denotesthe classof recursive functions. C rangesover subsetsof R. ¢ denotesan acceptable
numbering (Rogers (1958), Rogers (1967)). denotes an arbitrary Blum complexity measure
(Blum (1967)) for . We shall speak of programs and numerical namesor codes for programs
interchangeably; sometimesthese numerical namesare referred to asindices In someconexts p
rangesover natural numbersthought of, in those contexts, as programs. In other contexts p ranges
over total functions, in which the range of p is thought of asa set of programs. h, i standsfor an
arbitrary computable oneto one encaling of all pairs of natural numbersonto N (Rogers(1967)).
h, i is extendedto n-tuples in the usual way. domain(n) denotesthe domain of (partial) function
n. For any two partial functions n1 and 72, n1 =" 1, meansthat card(fz j n1(z) 6 n2(x)g) n and
m = n2 meansthat card(fz j ni(x) 6 n2(x)g) is nite. S1AS, denotesthe symmetric di erence
of the sets S; and S,. For any two sets S; and Sy, S; =" S, meansthat card(S;AS;) n and
S1 = S2 meansthat card(S1AS>) is nite.

Any unexplained notation is from Rogers(1967).

3 Preliminaries

In this sectionwe briey discussnotions from recursion theoretic machine learning literature. For
detailed discussionseeOsherson,Stob and Weinstein (1986), Caseand Smith (1983), Gold (1967),
Angluin and Smith (1983), Klette and Wiehagen (1980) and Blum and Blum (1975).

An Inductive Inference Machine (11M) (Gold (1967)) is an algorithmic devicewhich takesasits
input a set of data given one elemer at a time, and which from time to time, asit is receiving its
input, outputs programs. IIMs have beenusedin the study of machine identi cation of programs
for computable functions as well as algorithmic learning of grammars for languages(Blum and
Blum (1975), Caseand Smith (1983), Chen (1981), Fulk (1985), Gold (1967), Osherson,Stob and
Weinstein (1986) and Wiehagen (1978)).

M, with or without decorations, rangesover the class of inductiv e inference machines. For
inferenceof a computable function f by an1IM M, the graph of f isfedto M in any order. Without
lossof generality (Blum and Blum (1975) and Caseand Smith (1983)), we will assumethat M is fed
the graph of f in the sequencd0, f(0)), (1, f(1)), (2, f(2)),.... For all functions f, f[n] denotesthe
nite initial segmen ((0, f(0)), (1, f(1)),...,(n 1, f(n 1))). LetINIT =ff[n]jf2R"*n2 Ng.
Variables ¢ and r, with or without decorations, range over INIT. jrj denotesthe number of
elemeris in 7. Thus jf[n]j = n. content(r) denotesthe set of pairs in the range of 7. Thus
content(f[n]) = f(4, f(i)) j ¢ < ng. M(0o) is the last output of M by the time it hasreceived input
o. We will assume,without loss of generality, that M(o) is always de ned. We say that M(f)
convergesto i (written: M(f)#= 4) i for all but nitely many n, [M(f[n]) = ¢]; M(f) is unde ned
if no sud i exists.

A criterion of succesdcalled Ex-identi cation) is for the macdhine to eventually output a last
program, which computes (nearly computes) f. Formally,

Definition 1 (Gold (1967), Blum and Blum (1975) and Caseand Smith (1983)) Let a2 N[ fg .
(a) M Ex®-identies f (written f2 Ex®(M)) i both M(f)#and ¢y ) =2 f.



(b) Ex? = fC R j(9M)[C Ex*(M)]g.

In the above de nition « stands for the number of anomalies allowed in the nal program.
a = meansthat unboundedbut nite number of anomaliesis allowed in the nal program. Case
and Smith (1983) intro duced another in nite hierarchy of identi cation criterion which we describe
below. \ Bc" stands for behaviorally correct. Barzdin (1974) essetially intro duced the notion BcP.

Definition 2 (Caseand Smith (1983)) Let a2 N[ fg .
(@) M BcP-identies f (written: f 2 Bc?(M)) i, for all but nitely many n, oy ) =2 f-
(b) B2 = fC R j(IM)[C Bcd(M)]g.

We usually write Ex for Ex?, and Bc for BcP.

4 Appro ximation of Recursiv e Functions

Definition 3 M Ap-identies f (written: f 2 Ap(M)) i there is a sequenceof setsS{ N
sud that the following four conditions are satis ed.

(I) For all n, for eath z 2 SL, PM (f [n])(a:) = f($)

(i) Foralln, S, S, .

(iii) For all z, there exists an n such that 2 2 SI.

(iv) There exist in nitely many n sud that 5:1+1 St is in nite.

If M Ap-identies f, then we also say that M approximates f. Note that S| may be a strict
subsetof fx j om ¢ (z) = f(x)g. Also note that, if a machine M Ex-identies f, then it also
Ap-identi es f; although the choice of sets S in this caseis a bit arti cial.

Ap-identi cation is thus a notion of improving approximations that demands correctnesson
ever greater setsof experiments. A physicist's useof approximation often asksthat atheory produce
numbersthat are close,in the usual metric on the real numbers, to a \correct answer." However,
the physicist's notion of a correct answer is really a theoretical construct: the limit of the results
of a sequenceof experiments done to greater and greater degreesof precision, or the limit of the
averageresult of a sequenceof experiments. Approximation in this sensecan be included in the
Ap notion by noting that single experiments are always doneto some nite precision;theories are
better in the physicist's sensewhen they t more experiments, namely the more preciseones.

Theorem 4 There is an inductive inference machine M that approximates every recursive func-
tion.

Pr oof. The idea of the proof is to construct M which partitions N into in nitely many in nite
subsets. M then carries out a separateinduction processfor ead subset. In the inferenceprocess
for a subset, M usesthe number of the subsetas a bound on the Gedel number of programsto be
considered.

When M(f[n]) is run on an input z  n from the i-th elemen of the partition, it usesthe
program, with Gedel number lessthan ¢, that best ts f[n], where n is used as a bound on
computation time to nd the \best t* (seede nition of err and best below). For inputs = < n,
M(f[n]) outputs f(x).

Let patch, select err, and best be recursive functions such that:



(2) = n if (9y)[(x,y) 2 content(o)];
Ppatehe; )Y = i(2), otherwise.

ooy e ()i, if i <ng
Pselectnraoziann) (MW7) = Oy Y otherwise.

err(j,o) = px.[r = jojor j(x) > jojor ¢j(z) & o(x)].
best(b,o) = uifi b~ (85 b)lerr(i,o) err(j,o)]l.
M(o) = patch(selec{joj, best(0, o), ..., best(joj, 0)i), o).

patch patcheso into program i. selectchoosesone of ay, ..., an and runs it accordingto the left
projection of the input. err nds the rst apparert error committed by j relative to o. best nds
the best program, among programs with Gedel number b, for o, as measuredby err. Note that
bestis a total function.

Note that for any su cien tly large i and for su cien tly large n (depending on i) best(i, f[n])
will be a program for f. Let

[
st = fo,...,n 1g

fhk,zi jo2 N2 k<n® (8n° n)lepesycrpgy = /19

Veri cation of the properties (i)-(iv) in De nition 3 is immediate. 2

5 Density Restrictions in the Ap-criterion

The Ap criterion is unsatisfactory in the following respect: the sets S\, can be very sparse. In
fact Theorem 13 below shows that, if M Ap-identies R, then, for somerecursive f, the sets SL
must be exceedingly sparse. We seemto believe that we can predict the outcomesof many new
experiments quite reliably; experienceseemsto indicate that this belief is justi able. The results
of the previous sectiondo not cortribute to any understanding we might have of this phenomenon.

As a rst try at understanding such things, we investigate strengthenings of Ap that depend
on notions of limiting density (Rogers(1967)). Unfortunately, doing sodestroys the \in variance" of
the Ap notion. Theseresults, however, also have a separateinterest. Royer (1986) and Smith and
Velauthapillai (1986) have investigated notions related to Ex?, in which the anomaliesof the nal
program are of boundedlimiting density. The extensionsof their results to Bc-style criteria are all
trivial becauseof the basic result in Caseand Smith (1983) that Bc = R. Our results represen
a more interesting extension of the work of Royer, Smith, and Velauthapillai to Bc-like criteria.

It is easyto choosea pairing function such that, for ead recursivefunction f, limpi;  d(Sf) > 0,
where S is asde ned in the proof of Theorem 4. In this sectionwe study the e ects of requiring
the limiting density of the setsS{,,SL ... asin De nition 3to be above a certain prespeci ed value.
First we formally de ne what we mean by density of a set. SeeSmith and Velauthapillai (1986)
for similar de nitions.

Definition 5 (S. Tennerbaum: seepage156in Rogers(1967), Royer (1986)) The density of a set
A N in a nite and nonempty set B (denoted: d(A; B)) is card(A\ B)/card(B).

Intuitiv ely, d(A; B) can be thought of as the probability of selecting an elemen of A when
choosing an arbitrary elemert from B.



Definition 6 (S. Tennerbaum: seepage156in Rogers(1967), Royer (1986)) The density of a set
A N (denoted: d(A4)) isliminfpy fd(A;fzjz xz9) jx ng.

Note that the above de nitions are only a special caseof Tennerbaum's de nition.

Definition 7 Let d 2 [0,1]. An IIM M DAp®identi es afunction f (written: f 2 DAp%(M)) i
there exists a sequenceof sets S[, N sud that the following v e conditions are satis ed.

(i) For all n, for each = 2 S, o (1 n) (2) = f(2).

(i) Foralln, S& S, .

(iii) For all z, there exists an n such that z 2 S .

(iv) There exist in nitely many n sud that S,‘f,ﬂ St is in nite.

V) limnyy d(St)  d.
Definition 8 Let d2 [0,1]. DAp%=fC R j(9M)[C DAp%(M)]g.

Even though the limiting density of a set may be 1, there may be arbitrarily large gaps. We
thus intro duce another form of identi cation which prohibits sucd large gaps.

Definition 9 (Royer (1986)) The uniform density of a set A in intervals of length  n (denoted:
udn(A4)) isinf(fd(A;fzjx =z yo)jx,y2 Nand y « ng). Uniform density of A (denoted:
ud(A4)) islimp;  udn(A).

Definition 10 Let d 2 [0,1]. An IIM M UDAp%identi es afunction f (written: f 2 UDAp%(M))
i there exists a sequenceof sets S, NN such that the following v e conditions are satis ed.

(I) For all n, for eac = 2 SL, PM (f [n])(x) = f(l“)

(i) Foralln, 8§ S, .

(iii) For all z, there exists an n such that 2 2 S .

(iv) There exist in nitely many n sud that SL+1 St is in nite.

(v) limpyy  ud(SH) d.

Definition 11 Let d 2 [0,1]. UDApY=fC R j(9M)[C UDApY(M)]g.

Harrington (Caseand Smith (1983)) showved that R 2 Bc . Chen (1981) in his thesis proved
seweral results showing that any machine which Be -identies R must necessarilyperform quite
badly on somefunctions. We considerbelow one of Chen's results.

Theorem 12 (Chen (1981), Theorem 5.2) Supmse M Bc -identies R. Then for all recursive
functions g, there exists a recursive function f suchthat, for in nitely many i,

card(fz j om (rpipp(2) € f(2)9) > g(i).

Thus the number of errors committed by programs output by a machine Bc -identifying R cannot
be recursively bounded. We now prove the following theorem (Theorem 13) which is in somesense
analogousto Chen's theoren?. As a consequenceof the following theorem we have that for any
machine which Ap-identi es all the recursive functions, there must exist a recursive f, for which
the corresponding Sf's (asin De nition 3) must be exceedinglysparse. Even though the particular
notion of density employed dependson a particular ad hoc coding of experimerts, this sparseness
property holds for all possibleencading of experimernts.

2This analogy was pointed out to us by an anonymous referee.



Theorem 13 (84,0 <d 1)[R 62DApY].
Corollary 14 (84,0 <d 1)[R 62UDApY).

Pr oof. We prove the theorem for d > 1/3. The proof can be easily generalizedto the casewhen
1/¢g<d 1/(¢g 1),q > 3. Supposeby way of cortradiction that [IM M DAp!=3* -identies R,
e > 0. We will now exhibit a recursive function f, such that M fails to DAp*™3* -identify f. We
will use operator recursiontheorem (Case (1974)) to construct such an f.

By implicit useof operator recursiontheorem (Case(1974)) there exists a recursive, one-to-one
function p, suc that the (partial) functions o,y may be described in stagesas follows.

For ead i, let @E(i) denote the part of ¢y de ned before stages. Let ypp)(0) = 0. Also let
zs denote the least x not in domain(cp;(o)). Go to stagel.

Stages

Dovetail steps1 and 2 until step 1 succeeds.If and when step 1 succeedgjo to step 3.
1. Seard for a 7, extending ¢y [xs], and for m, k, wy, wa, ..., wg sud that the following three
conditions are satis ed.
(la) k>m (2/3+ ¢/2) and jrj < m €/200.
Ab) j1j < w1 < w2 < < wg < m.
(1c) om (y(wi)# for 1 i k.
2. Forxz < s, let vy () = ppo) (7).
Let goz(i; denotethe part of p) de ned beforesubstages®. Let zs.s0 denotethe leastz not in

. s;s0
domaln(wp(s)(x)).

Go to substage.
Substages°
2.1. Seard for a 79 extending pps)[zs:s0], and for m® k9 wf, w3, ..., wd such that the fol-
lowing three conditions are satis ed.
(2.1a) k2> mP® (1/3+ ¢/2) and j7§ < m® ¢/200.
1) jrY <wl<ul<  <wd<md
(2.1¢) om ( o(wi)#, for 1 i K°
2.2. If and when step 2.1 succeedslet 7% m° k% w9,  beasfound in step 2.1.
For z such that zss0 = < 7Y, let pps (z) = y, where (z,y) 2 content(79.
Forz2 fuwljl i k%, let ops)(T) = om( 9(z) + L.
Forz suchthat j7§ 2 m%z6Xwljl i k%, let wpes)(x) = 0.
Go to substages®+ 1.
End substages®.
3. If and when step 1 succeedslet 7, m, k, w, be asfound in step 1.
Forzs = <|j7j, let ¢p)(7) = y, where (z,y) 2 content(r).
Forz 2 fwijl i kg, let opo)(x) = om () + 1.
Forjrj x m,x6Xwijl i kg, letpys(z) = 0.
Go to stages + 1.

End stages.



Now considerthe following cases:
Casel: There arein nitely many stages.

In this case,let f = pp). Clearly f isrecursive. We claim that no SB,S&, ... canexist,
satisfying (i)-(v) in De nition 7, for d = 1/3+ €. Supposeotherwise. Then there exists
n1 such that d(S,fM) > 1/3+ 60¢/100. Also, there exists np such that, for all x  no,
d(sh,;f0,...,2g) > 1/3+ 55/100. Since, for all i, Sif Sif+1, we have that, for all
n,r > max(fny, npg), d(SF;f0,...,rg) 1/3+ 55/100. But, then, in all stagesgreater
than max(f n1,n»2g), due to step 3 and the way 7,m,w1, were chosen,we have that,
there exists an error point for oy () in ijj (sincejtj > max(f n1,n29) and the fraction
of points upto m on which ¢y ( y commits error is at least 2/3+ ¢/2). This cortradicts
() in De nition 7. Thus M doesnot DAp*=* -identify f.

Case?2: Stage s starts but never halts.

In this case, for ewery extension 7 of ppqlzs], for all r 200 j7j/e,
d(domain(em () f0,...,7g) < 2/3+ 51¢/100.

Case?2.1: In stages, there are in nitely many substages.

In this case,let f = ¢y Clearly f is recursive. Now, sincefor all but nitely many
n, for all » 200 n/e, d(domain(ew ¢rnp): fO,...,70) < 2/3+ 51¢/100, arguing asin
casel, we have that M doesnot DAp*3* -identify f.

Case2.2: In stages, substages® starts but never halts.

In this case,we have that on every extensionof ¢y [7s;s0], M fails to output a program
which has a domain of limiting density more than 1/3+ 51¢/100. Let f be sud that

_ ppe(@), ifz<ass;
fe) 0, otherwise.

Then M doesnot DAp'™* -identify f.

From the above caseswe have that M doesnot DAp'=3* -identify R.
When 1/¢g <d 1/(¢ 1) the above proof canbe generalizedby taking ¢ 1 levelsof iteration
instead of 2 as donein the above procedure. We leave the details to the reader. 2

Theorem 15 (8d1,d2j0 di <dp, 1)[UDAp™ DAp® 6 ;].

Pr oof. Without lossof generality, supposed; = m/n and d, = (m+ 1)/n, wherem+ 1 n. Let
C=ff2Rj(rmodn)<m) f(xr)= 0g. An easymodication of the procedureto Ap-identify
all the recursive functions givenin the previous section, givesus a procedureto Ap-identify Cwith
St = fxj(z mod n) < mg. Thus C2 UDAp®.
We now prove that C62DAp®. Supposeby way of contradiction that |IM M DAp%-identi es
C. Let r be a recursive function sud that
X X

ctm+zx (n m) b
n o m n o m

r(zy)=n b c



r IS an oneto one,onto, increasingmapping from N to fz j  mod n  mg. For eadt recursive
function f, de ne fCasfollows.

_  f(r Yz)), ifzmodn m;
@) = 0, otherwise.

Let p be a recursive function sudc that, for all i and «,
op(i) () = wi(r(x))

Let MO be such that, for all f,n, MY f[n]) = p(M(f9n])). It is easyto verify that, if M DAp%-
identies C, then M° DAp™™ " ™.identies R. But this is not possible (Theorem 13). Thus no
such M, DAp%-identifying C, can exist. 2

Theorem 16 (84,0<d 1)[DAp® UDApY6 ;].

Proof. LetC=ff2Rj(8n)(8zj2" <z <2 n)[f(x) = 0]g. Again an easymodi cation
of the procedureto Ap-identify all the recursive functions given in the previous section, givesus a
procedureto Ap-identify Cwith Sg = fzj(9n)2" <z < 2™ n]g. ThusC2 DAp'. Supposeby
way of cortradiction that 1IM M UDApY-identies C. Then M can be easily modi ed to obtain
MO (in a way similar to that usedin the proof of Theorem 15) which UDAp%-identi es all the
recursive functions. But this is not possible(Corollary 14). Thus no such M, UDA p®-identifying
C can exist. 2

Now we shaw that eventhough R cannot be DApU-identied (for d > 0), there are large classes
of functions which can be DAp?-identi ed.

Theorem 17 (8; 2 N)[Bc' DAp!].

Proof. Given IIM M and i, we construct another machine M? which DAp'-identi es
all functions Bc'-identied by M. Let fl(n) = max(f2¥ j 2K ng). Let MY f[n]) =
patch(M( f[fl(n)]), f[n]), where patch is asin the proof of Theorem 4.

Now suppose f 2 Bc'(M). Let ng be such that fi(ng) = no and, for all = ng, vy (f In)) =i 7.
Let Xy = N fx](On  no)lem ¢mp(z) 8 f(x)]g. It is easyto verify that d(X¢) = 1. Thus, M
DApl-identies f. 2

6 Further Considerations and Open Problems

Consider a situation in which an 1M, trying to learn a function f, may initially receiwe incorrect
valuesfor somedata points. However, for eat of the data points, the [IM is evertually told about
the correct value of f. Note that in the above situation M, asin the proof of Theorem 4 (with
minor modi cations), can still approximate all the recursive functions.

Scierti ¢ experiments are not always deterministic; even if quantum medanical indeterminacy
is not important, one can never be certain that all of the signi cant variables have beencortrolled.
On the other hand it is arguablethat the set of possibleoutcomesof an experimert is always nite.

These considerationslead to a formulation of inductiv e inferencein which the function to be
learned carries experimental descriptionsto nite setsof outcomes,and the data to the inductive
inference machine consists of experiments paired with one outcome at a time. It should be clear
that, even under these circumstances,the result of Theorem 4 holds.



In somerespects, theseresults are not very satisfactory. One would like to be able to give some
accourt of the con dence we have in the outcomesof certain experiments. Also, for the inference
machine given in the proof of Theorem 4, the lower numbered partitions of the data are never
completely predicted. Sciencedoespartition experimerts into classesand treat ead classto some
extent separately; but the classesare not simply the arbitrary choicesmade by a pairing function
but re ect, to someextert, the results of the experiments.

It remainsopenwhether or not onecan approximate a setfrom positive data only; we conjecture
not.

Note that the I1IM M givenin the proof of Theorem 4 doesnot Bc -identify R. Also, it is easy
to seethat the IIM My constructed by Harrington (Caseand Smith (1983)), to Bc -identify R,
doesnot Ap-identify R. We do not know if there exists an I[IM which identi es all the recursive
functions, simultaneously in both Ap and Bc sensed. We conjecturethat no [IM can identify all
the recursive functions, simultaneously in both Ap and Bc senses.
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