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Abstract

Let BC be the model of behaviourally correct function learning as intro duced by
B�arzdins [4] and Case and Smith [8]. We intro duce a mind change hierarchy for
BC, counting the number of extensional di�erences in the hypothesesof a learner.
We compare the resulting models BCn to models from the literature and discuss
con�dence, team learning, and �nitely defective hypotheses.Among other things,
we prove that there is a tradeo� between the number of semantic mind changes
and the number of anomaliesin the hypotheses.We also discussconsequencesfor
languagelearning. In particular we show that, in contrast to the caseof function
learning, the family of classesthat are con�dently BC-learnable from text is not
closedunder �nite unions.

Keyw ords. Modelsof grammar induction, inductive inference,behaviourally
correct learning.

1 In tro duction

Gold [10] introduced an abstract model of learning computable functions,
wherea learner receivesincreasingamounts of data about an unknown func-
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tion and outputs a sequenceof hypothesis that has to converge to a single
explanation, i.e. a program, for the function at hand. This conceptof explana-
tory or Ex-learning has beenwidely studied [8,10,11,15].A recurring theme
is the questionhow often the learner can changeits hypothesisand how con-
sciousit is of this process:does the learner know when it has convergedand
how fast does the learner seewhen new data requires the hypothesis to be
changed.Gold [10] already observed that a learner who knows when the cor-
rect hypothesis has been found is quite restricted: such a learner can wait
until it hasthe correct hypothesisand then output a singlebut correct guess.
Thereforesuch a learner can never learn a denseclassof functions, which re-
quiresoneto be able to withdraw and changeto a newhypothesisat arbitrary
late time points, as in the model Ex.

Another well-studiedparadigmis the model BC of behaviourally correct learn-
ing [4,8]. The di�erence with the Ex-model lies in the notion of convergence:
Whereasin Ex the syntax of the hypothesesof the learner is required to con-
verge, i.e. convergenceis intensional, in BC the semantics of the hypotheses
should converge,i.e. convergenceis extensional. B�arzdins [4] showed that be-
haviourally correct learnerscan learn classeson which no Ex-learnersucceeds.
BC-learnersare quite powerful: Steel[8] noticed that the conceptof syntactic
convergenceto an almost everywhere correct hypothesis can be covered by
an error-free BC-learner. Furthermore, Harrington [8] showed that a further
generalizationof BC-learners,namely thosewhich almost always output �nite
variants of the function to be learned,can learn all recursive functions.

There aremany modelsof learning in which the number of changesin hypoth-
esis,alsocalledmind changes,is counted. Previousstudiesfocussedmainly on
intermediate notions employing syntactic convergence.In particular B�arzdins
and Freivalds [5] initiated the analysis of Ex-learning with a bound on the
number of mind changes.Freivalds and Smith [9] generalizedthis conceptby
using recursive ordinals which are counted down recursively at every mind
change.Just as it is interesting to study syntactic mind changes,we �nd it
interesting to explore semantic mind changes.In Section3 we introduce the
modelsBCn (for n beinga natural number) wherethe BC-learnermay makeat
most n semantic mind changeson any function to be learned.It is shown that
the classesBCn form a proper hierarchy that is incomparableto Ex-learning.

Ambainis, Jain and Sharma[1] showedthat a classof functions is Ex-learnable
with a recursiveordinal number of mind changesif and only if it canbe learned
by a machine which convergeson every function, even on the nonrecursive
ones,to somehypothesis.Following Osherson,Stob and Weinstein[17,Section
4.6.2],we call a learner that convergeson all functions con�dent . This notion
canbegeneralizedto BC: A BC-learneris con�dent if it convergessemantically
on every function. Before we de�ne ordinal mind changebounds for BC, we
take instead the characterization of ConfEx as an alternative starting point
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and study ConfBC. In Section4, we show amongother things that the result
that all classesExn are in con�dent Ex also holds in the caseof semantic
convergence:Every BCn -learnable classhas a con�dent BC-learner. At the
end we show how to introduce ordinal mind changebounds for BC-learning
and note that this conceptis equivalent to the notion ConfBC.

In Section 5 we considerhypotheseswhich are �nitely defective. The more
noticeabledi�erence with the Ex caseis that herethere is a tradeo� between
anomaliesand mind changes.We prove that BC1, the �rst nontrivial level of
the BCn hierarchy (sinceBC0 coincideswith Ex0), is not contained in OEx� ,
a learning criterion from Caseand Smith [8]. This improvesa result from [8].

Finally, in Section 6 we discussconsequencesfor grammatical inference.In
[10] Gold also introduceda model of learning recursively enumerablesets(in
this context also called languages), which is more generalthan the model of
learning recursive functions. The negative resultsobtained in the previoussec-
tions for function learning immediately imply their counterparts for language
learning. In this section we discussthe positive counterparts. In contrast to
the caseof function learning we show that the family of classesthat are con-
�dently BC-learnablefrom text is not closedunder �nite unions. We do this
by constructing a certain classof �nite thicknessthat alsoshows that a result
from [22] is optimal.

2 Preliminaries and Notation

We will usethe following notation. For a function f , f [n] denotesthe string
f (0)f (1)f (2) : : : f (n � 1). Our recursion theoretic notation is standard and
follows Odifreddi [14] and Soare[20]. ' denotesa standard acceptablepro-
gramming system.' e is the e-th partial recursive function, and ' e;s(x) is the
result of running ' e for s stepson input x. N is the set of natural numbers.
h: ; :i denotesa standard pairing function. For a string � , j� j is the length of
� .

We recall the following de�nitions. A recursive function M from �nite se-
quencesof natural numbers to N, Ex-learns (see[10]) a recursive function f
if k = limn!1 M (f [n]) exists and is a code for f , i.e. ' k = f . We say that M
Ex-learnsa classC of recursive functions if and only if M Ex-learnseach func-
tion in the class.M BC-learns (see[4,8]) a recursive function f , if for almost
every n, M (f [n]) is a code for f , i.e. ' M (f [n]) = f . We say that M BC-learns
a classC of recursive functions if and only if M BC-learns each function in
the class.Ex and BC denote the families of classesthat are learnable by a
recursive Ex and BC learner, respectively.
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In the literature on inductive inference,it is customary to allow a learner to
output initially the symbol \?", that doesnot count asa numericalhypothesis.
This is relevant when counting the number of mind changesthat a learner
makeson given input data. We say that a learnerM makesa mind changeon
f at n + 1, if M (f [n]) 6=? and M (f [n]) 6= M (f [n + 1]). A classof recursive
functions C is in Exm , if there is a recursive learner that learns every f 2 C
by making at most m mind changeson f .

We will alsoconsiderteam learning [16,19].Recall that for a learning criterion
I , a classA is in [m; n]I , if there is a team consistingof n learnerssuch that,
for every f 2 A, at least m of theselearnersI -learn f .

3 Semantic mind changes

It is clear that the notion of mind changeasde�ned above is not usefulfor the
study of the model of BC-learning, sincein this model the inductive inference
machine doesnot have to convergeto a particular code for the input function
but may in�nitely often output a di�eren t code, as long as in the limit these
codesare for the input function. In other words, in the limit the outputs of
the function may di�er syntactically but semantically they must be the same.
This brings us to de�ne a notion of mind changefor BC-learning as follows.

De�nition 1 A machine M BCn -learns a recursive function f (or: M BC-
learnsf with at most n semanticmind changes) if M BC-learnsf such that
the cardinality of the set f m : M (f [m]) 6= ? ^ ' M (f [m]) 6= ' M (f [m+1]) g is at
most n.
M BCn -learnsa classC of recursive functions, if M BCn -learnseach function
in C.
BCn denotesthe family of classesthat can be BCn -learnedby somerecursive
learner.

That is, the machine M is allowedonly n semanticmind changes,i.e. a change
of output from e0 to e1 such that ' e0 6= ' e1 . Here, as in the caseof Exn , an
initial sequenceof empty hypotheses\?" is allowed. In the following, whenwe
speak about mind changesit will depend on the model under consideration
what we mean: If the model is de�ned using the basic model Ex we will
always mean`mind change' in the previously de�ned, syntactical, senseand if
the model is a variant of BC we will always usethe semantic meaningof the
word mind change.We now state the basicproperties of the model BCn and
show how it relatesto the other models.

Theorem 2 (a) BC0 = Ex0.
(b) Exn � BCn for n � 1.
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(c) For everyn 2 N it holdsthat Exn+1 6� BCn .
(d) Ex 6�

S
n2 N BCn .

(e) BC1 is not contained in Ex.

Proof. (a) Ex0 � BC0 by de�nition. To Ex0-learn a classC, which is BC0-
learnedby a machine M : on any input function, simply output the �rst hy-
pothesis of M that is unequal to \?". For functions in C, since M is not
permitted to changethe hypothesissemantically, the �rst hypothesismust be
correct.

The strictnessof the inclusion in (b) follows from (e). Items (c) and (d) can
be proven by a well-known argument usedin Theorem 14 in order to obtain
a more generalresult. Item (e) will be proven in Theorem19. 2

The following two propositions are useful for us. The proofs, which are easy
diagonalizationssimilar to the onesfound in [8], are left to the reader.

Prop osition 3 (Basedon [8]) Let n 2 N. Consider the classes

Cn
1 = f f : f (0) = n + 1 and f (x + 1) � f (x) for all xg;

Cn
2 = f f : card(f x : f (x) 6= 0g) � n + 1g:

Both classes,Cn
1 and Cn

2 , cannot be learned (in the Ex-sense) by any (even
non-recursive) learner using at most n mind changes.Thus, Cn

1 ; Cn
2 =2 BCn .

On the other hand, both classes,Cn
1 and Cn

2 , are in Exn+1 .

4 Conf idence

The notion of con�dence was de�ned by Osherson,Stob and Weinstein [17]
for set-learners.We cande�ne con�dencefor function-learnersin the following
analogousway.

De�nition 4 An Ex-learner is called con�dent if it convergeson every func-
tion. (This is in generalnot the sameas only requiring convergenceon all re-
cursive functions, seeAmbainis,Freivaldsand Smith [2], and Sharma,Stephan
and Ventsov [18].) A BC-learneris calledcon�dent if it semantically converges
on every function. We denoteby ConfEx the family of classesthat are learn-
able by a recursive and con�dent Ex-learner and by ConfBC the family of
classesthat are learnableby a recursive and con�dent BC-learner.

Ambainis, Jain and Sharma[1] showed that a classis con�dently Ex-learnable
if and only if it can be Ex-learnedwith a countable ordinal number of mind
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changes.In particular, every classthat is Ex-learnablewith a constant num-
ber of mind changesis also con�dently Ex-learnable. The next result is the
corresponding onefor BC: Every classBCn is in ConfBC, indeedoneeven has
analogousto the Exn -casethat the learner makes at most n semantic mind
changeson every function f . It needsa newproof techniquesincethe semantic
mind changescannot be directly detected and counted down as in the case
of Ex-learning. While one can trivially enforcethat an Exn -learner makesat
most n mind changeson any input function, also on functions not intended
to be learned,the corresponding result for BCn -learnersis more involved.

Theorem 5 Let n 2 N. Every BCn -learner M can be translated into an at
least as powerful BCn -learner making at most n mind changeson every input
function. In particular,

S
n2 N BCn is included in ConfBC.

Proof. Let M be a BCn -learner. We transform M into a BC-learner M 0 that
learns at least the functions that M learns and makesno more than n mind
changeson any input function. In order to do this, we considerthe conceptof
seeds.Not all �nite strings qualify as a seed.

Within this proof, f (0)f (1) : : : f (m) is a seedif and only if

� M (f (0)f (1) : : : f (m)) 2 N and
� ' M (f (0) f (1) :::f (m)) (x) is de�ned and equal to f (x), for x = 0; 1; : : : ; m.

We de�ne the function F � associated with a seed� = f (0)f (1) : : : f (m) as
follows:

F � (x) =

8
>><

>>:

f (x) if x � m;

' M (F � [x]) (x) if x > m and F � (y) # for all y < x;

" otherwise:

Note that a program for F � can be found e�ectiv ely from � .

We say that two seeds� = f (0)f (1) : : : f (m) and � 0 = g(0)g(1) : : : g(m0),
where m0 � m, are equivalent if and only if for all x � m0, F � (x) = g(x).
Note that the equivalencerelation of seedsis recursively enumerableand if �
and � 0 are equivalent then � � � 0 or � 0 � � . Furthermore, if seeds� and � 0

are equivalent, then for every seed� 00such that � � � 00� � 0, � 00is equivalent
to � .

Let � 0
0; � 0

1; : : : be a 1{1 recursive enumeration of all the seeds.Let � 0; � 1; : : :
be obtained from � 0

0; � 0
1; : : :, by suppressingall � 0

i such that for somej < i ,
� 0

i � � 0
j . Thus for any function g, any subsequenceof � i 's, which are also

pre�xes of g, forms a monotonic sequence.
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Now the new learning algorithm M 0 does the following on input g[r ]. If no
� m � g[r ], for m � r , then M 0(g[r ]) outputs ?. Otherwise,M 0 on g[r ] outputs
a program for the function F � m , for the largestm � r such that (i) � m � g[r ]
and (i i) it can be veri�ed in r stepsthat f � i : i < m; � i � g[r ]g, form at most
n equivalenceclasses.

It is now easyto verify that (a) M 0 on any function makesat most n semantic
mind changesand (b) M 0 BC-learns any function BCn-learned by M . This
provesthe theorem. 2

De�nition 6 A recursive learnerM learnsa classC with the ordinal bound �
for the number of hypothesesi� there is a (not necessarilyrecursive) function
Ord that takesarbitrary ordinals as valuessuch that

(a) � > Ord(� ) for all � with M (� ) 6= ? and
(b) for all � with M (� ) 6= ?, Ord(� ) > Ord(� ) whenever � � � and ' M (� ) 6=
' M (� ) .

One can easily show that for every con�dent learner M , one can de�ne Ord
as required in the above de�nition, as one can �rst translate M into a non-
recursive learner M 0 making only the semantical mind changesand omitting
the other onesand then applying the known result for ConfEx-learners(see
for example,[1]).

Theorem 7 A classC is ConfBC-learnable i� C is BC-learnablewith an or-
dinal bound on the number of hypotheses.

If onetakesthe seed-learnerM 0 from Theorem5 onecan easilyverify that by
taking Ord(� ) = n � m, whenever M (� ) 6= ? and m semantic mind changes
have occurred after the �rst � � � with M (� ) 6= ?, one satis�es the require-
ments of De�nition 6. Thus we have the following proposition.

Prop osition 8 Let n 2 N. A class C is learnable with n semantic mind
changesi� C is learnablewith n + 1 hypotheses.

Let � + � + 1 be the �rst ordinal � for which a setof order type � doesnot have
a two-colouringinto red and blue such that the subsetof the red elements has
order type � � and that of the blue elements has order type � � . Then one
can show that � has a predecessorand de�ne � + � to be this predecessor.
The important di�erence of this de�nition of + to the standard one having
1+ ! = ! is that, whenever � � � 0 and � � � 0 and oneof the relations is strict,
that is � < � 0 _ � < � 0, then � + � < � 0 + � 0. The following theorem shows
that whenever onecan learn two classesC1 and C2 with � and � hypotheses,
then onecan learn their union with � + � hypotheses.

Theorem 9 Supposethat C1 is BC-learnablewith � hypothesesand C2 is BC-
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learnablewith � hypotheses.Then C1[ C2 is BC-learnablewith � + � hypotheses.
In particular, wheneverC1 2 BCm and C2 2 BCn for natural numbers m; n,
then C1 [ C2 2 BCm+ n+1 .

Proof. The special casefollows from the �rst statement of Theorem9 in com-
bination with Proposition 8.

The proof of the �rst statement usesa similar trick as in Theorem 5. Sup-
posethat M 1 BC-learns C1 with � hypothesesand M 2 BC-learns C2 with �
hypotheses.We say that f (0)f (1) : : : f (s) is a seedif and only if there exists
an i 2 f 1; 2g such that,

� M i (f (0)f (1) : : : f (s)) 2 N and
� ' M i (f (0) f (1) :::f (s)) (x) is de�ned and equal to f (x), for x = 0; 1; : : : ; s.

We de�ne the function F � associated with a seed� = f (0)f (1) : : : f (s) as
follows:

F � (x) =

8
>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:

f (x) if x � s,

' M i (F � [x]) (x) if x > s, F � (y) # for all y < x, and
the number i 2 f 1; 2g is the �rst el-
ement found, if any, in some standard
search (which depends only on the se-
quenceF � [x]) such that M i (F � [x]) # and
F � (y) = ' M i (F � [x]) (y) for all y < x,

" otherwise.

Note that a program for F � can be found e�ectiv ely from � .

We say that two seeds� = f (0)f (1) : : : f (m) and � 0 = g(0)g(1) : : : g(m0),
where m0 � m, are equivalent if and only if for all x � m0, F � (x) = g(x).
Note that the equivalencerelation of seedsis recursively enumerableand if �
and � 0 are equivalent then � � � 0 or � 0 � � . Furthermore, if seeds� and � 0

are equivalent, then for every seed� 00such that � � � 00� � 0, � 00is equivalent
to � .

Let � 0
0; � 0

1; : : : be a 1{1 recursive enumeration of all the seeds.Let � 0; � 1; : : :
be obtained from � 0

0; � 0
1; : : :, by suppressingall � 0

i such that for somej < i ,
� 0

i � � 0
j . (Thus for any function g, any subsequenceof � i 's, which are also

pre�xes of g, form a monotonic sequence).

Now the new learning algorithm M 0 does the following on input g[r ]. If no
� m � g[r ], for m � r , then M 0(g[r ]) outputs ?. Otherwise,M 0 on g[r ] outputs
a program for F � s for the largest s � r such that � s � g[r ].
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It is easyto verify that M 0 BC-learnsg, if M 1 BC-learnsg or M 2 BC-learns
g with � or � hypotheses,respectively. We now show that M 0 learns using
ordinal bound � + � for the number of hypothesis.

For easeof notation, we make the convention that ' ? doesnot extend � .

For a seed� , let d(� ) be a function such that d(� ) = 1, if ' M i (� ) � � for both
i 2 f 1; 2g. d(� ) = 0 otherwise.De�ne Ord(� ) = (Ord1(� ) + Ord2(� )) + d(� ),
whereOrd1; Ord2 are the ordinal counters for M 1 and M 2 respectively (here
we take Ord1(� ) = � if M 1(� ) =?, and Ord2(� ) = � if M 2(� ) =?).

To show the bound on number of hypothesisusedby M 0 it su�ces to show
that for any two seeds� ; � 0, if � and � 0 are not equivalent and � � � 0, then
Ord(� ) > Ord(� 0).

We considertwo cases.

Case1: Both ' M 1 (� ) and ' M 2(� ) extend � .

In this caseclearly, for somei 2 f 1; 2g, either M i madea mind changebetween
� and � 0 or ' M i (� ) does not extend � 0 (otherwise, we will have that � is
equivalent to � 0). Thus, Ord(� 0) < Ord(� ).

Case2: ' M i (� ) extends� for exactly one i 2 f 1; 2g.

Without lossof generality assumei = 1, that is: ' M 1 (� ) extends� .

Case2.1: M 1 changeshypothesisbetween� and � 0.

Now either M 2 changeshypothesis between � and � 0, or ' M 2 (� 0) does not
extend � 0. In both caseswe have Ord(� 0) < Ord(� ).

Case2.2: M 1 doesnot changehypothesisbetween� and � 0 and ' M 1(� ) does
not extend � 0.

In this case,since � 0 is a seed,' M 2(� 0) must extend � 0. Thus M 2 must have
changedhypothesisbetween� and � 0. It follows that Ord(� 0) < Ord(� ).

Case2.3:M 1 doesnot changehypothesisbetween� and � 0 and ' M 1(� ) extends
� 0.

In this caseM 2 must changehypothesisat least oncebetween� and � 0 (oth-
erwisewe would have that � and � 0 are equivalent).

Case2.3.1:M 2 changeshypothesisat least twice between� and � 0.

In this caseclearly, Ord(� 0) < Ord(� ).
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Case2.3.2:M 2 changeshypothesisexactly oncebetween� and � 0.

If ' M 2 (� 0) extends � 0 then we would have that � is equivalent to � 0. Thus,
' M 2 (� 0) doesnot extend � 0. It follows that Ord(� 0) < Ord(� ).

From the above caseanalysis,we get that Ord(� 0) < Ord(� ). Also, � + � >
Ord(� ), whenever at least oneof M i (� ) 6=?. This provesthe theorem. 2

Note that the simulation in Theorem 9 is optimal, for � and � being natural
numbers, as any classC 2 Exm+ n+1 can be split into two classesC1; C2 such
that C1 [ C2 = C, C1 2 Exm and C2 2 Exn . However, we have by Theorem14
below that Exm+ n+1 6� BCm+ n .

Blum and Blum [6] showed that Ex is not closedunder �nite unions. That
the sameholds for BC was proved by Smith [19]. In contrast to this result,
the con�dent version of BC is closedunder �nite unions, as is the con�dent
versionof Ex [1,18].This is obtained as a direct corollary of the Theorems7
and 9.

Corollary 10 ConfBC is closed under �nite unions.

Note 1 Recall the notion of team learning from Section 2. The previousresult
can be seen as a result on team learning: In the proof of Theorem 9 weshowed
that two con�dent BC-learners can be replaced by one. By induction we see
that a �nite team of con�dent BC-learners can be replaced by one con�dent
learner whichBC-learns all the functions whichare BC-learned by at least one
machine in the team.

The below theoremshows that the inclusion in Theorem5 is strict. It should
be noted that one can generalizeit even to stating that there is a class in
ConfEx which cannot be learned with � hypotheseswhere � is any �xed
recursive ordinal. The diagonalizing classD is obtained by consideringthe
nonincreasingfunctions with respect to a recursive well-orderingon N of order
type � + 1.

Theorem 11 ConfEx is not contained in
S

n2 N BCn .

Proof. Let D be the classof all nonincreasingfunctions. It follows from Propo-
sition 3 that D 62BCn for any n. On the other hand, D 2 ConfEx: Sinceany
f 2 D canstepdown at most f (0) times,wecanlearnD by a con�dent learner
that on any input � makessurethat no morethan � (0) syntactic changeshave
beenmade. 2
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5 Anomalous hyp otheses

In this sectionwe discusslearning with a �nite number of anomalies.In both
the Ex and the BC caseit is known that allowing �nal hypothesesthat are
defective at a �nite number of inputs, either by being unde�ned or by giving
the wrong answer, increasesthe number of classesthat can be e�ectiv ely
learned. For partial functions � and  , let � = �  denote that for almost
every x, � (x) =  (x). (As usual, we take � (x) =  (x) to mean that if one of
� (x), (x) is unde�ned, then the other one is too.) Similarly, � = n  means
that � (x) =  (x) for all x, with the possibility of at most n exceptions.Now
Ex� and Exn are de�ned similarly to Ex except that instead of requiring the
�nal hypothesisk to be a program for f , we require ' k = � f and ' k = n f
respectively. Similarly for BC� and BCn . For exampleM BCn -learnsa function
f if for almost every k, ' M (f [k]) = n f . We de�ne BCn

m as follows.

De�nition 12 Let n; m 2 N. A learnerM BCn
m -learns a function f whenever

M BCn -learns f with at most m semantic mind changes.BCn
m denotesthe

family of classesthat can be recursively BCn
m -learned.

We note that there is at least oneother (nonequivalent) way of de�ning BCn
m ,

where one also counts the semantic mind changesmodulo �nite di�erences.
That is, one considersa mind changeto have taken place by M at f [k + 1],
if M (f [k]) 6= ? and ' M (f [k]) 6= n ' M (f [k+1]) . However, this de�nition is mathe-
matically lesselegant. For examplethe relation \= n" is not transitiv e and so
it might happen that ' M (f [k]) = n ' M (f [k+1]) and ' M (f [k+1]) = n ' M (f [k+2]) while
' M (f [k]) 6= n ' M (f [k+2]) . Furthermore, there would be nontrivial collapseslike
BC1

0 = BC2
0 with respect to the alternative de�nition.

Steel[15] noticed that Ex� � BC. The next result shows that a smallerbound
on the number of mind changescannot be compensatedby permitting errors
and using semantic instead of syntactic mind changes.Note that the result
provides the omitted proofs of parts (c) and (d) of Theorem2.

The following proposition can be proved using easydiagonalizations,similar
to the onesfound in [8]. We leave the details to the reader.

Prop osition 13 (Based on [8]) Let n 2 N. Let Cn
1 be as in Proposition 3.

Then Cn
1 62BC�

n .

Theorem 14 For every n 2 N it holds that Exn+1 6� BC�
n . Furthermore,

Ex 6�
S

n2 N BC�
n .

Proof. The family Cn
1 from Proposition 3 witnessesthat Exn+1 6� BC�

n (by
Proposition 3 andProposition 13).Let C =

S
n2 N Cn

1 . Clearly, C 2 Ex. However,
C 62

S
n2 N BC�

n by Proposition 13. 2
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Blum and Blum [6, page152]stated that Ex� 6� Ex. B�arzdins [4] proved that
BC 6� Ex. Caseand Smith [8, Theorem 2.3] proved that the classS1 = f f :
' f (0) = 1 f g is in Ex1 � Ex. Clearly S1 2 BC1 so it follows immediately that
BC1 6� Ex. Caseand Smith and Harrington [8, Theorem3.1] proved that the
classf f : (81 x) [' f (x) = f ]g is in BC � Ex� . From this proof actually follows
the stronger statement that the smaller class

X = f f : (9n) (8i ) [i � n ! ' f ( i ) = ' f (0) ^ i > n ! ' f ( i ) = f ]g

is in BC � Ex� . SinceX is clearly in BC1 this givesus the following result.

Theorem 15 BC1 is not included in Ex� .

Theorem15 will be improved in Theorem19.

The following result shows that in the BC model there is a tradeo� between
mind changesand anomalies.Note that this is di�eren t in the Ex model where
there is no such tradeo�. Namely, Caseand Smith [8] proved that Ex1

0 is not
contained in Ex. Tradeo� results for a di�eren t notion of mind changein the
context of vacillatory function learningwerestudied in Case,Jain and Sharma
[7].

Theorem 16 Let n; m 2 N. BCn
m is included in BCn(m+1)+ m . For n > 0 the

inclusion is strict. Furthermore, the bound n(m + 1) + m is optimal.

Proof. Proof of the inclusion:Let M bea BCn
m -learner.Wewill try to overcome

anomaliesby hard-wiring bits of the input data, in such a way asto make the
least possiblenumber of semantic changes.Hard-wiring all valuesof the input
data can already make this number recursively unbounded when the �rst
hypothesesof M are wrong, so we have to be more careful. Sincewe know
that the \�nal" hypothesesof M are faulted at at most n places,we never
patch more than n inputs. That is, we transform every hypothesisM (� ) into
an hypothesisM 0(� ) that implements the following algorithm. Compute the
longest � � � such that there are at most n placesx 2 dom(� ) with either
' M (� );s(x) " or ' M (� );s(x) #6= � (x), wheres = j� j. Then let

' M 0(� )(x) =

8
><

>:

� (x) if x 2 dom(� ),

' M (� )(x) if x =2 dom(� ).

So the algorithm has two ingredients: delaying and patching. It is easy to
verify that every mind changeis either causedby patching somex with � (x)
that hasbeenincorrect beforeor by following an original mind changeof M .
Betweentwo (delayed) semantic mind changesof M there areat most n places
at which M 0 causesa mind changeby patching one input. So patching may
induce up to n mind changesbetweentwo delayed onesplus n mind changes

12



before the �rst (delayed) mind changeof M and n mind changesafter the
last (delayed) mind changeof M . Together with the up to m original mind
changesof M this givesaltogether at most n(m + 1) + m mind changes.

Furthermore the last hypothesisof M agreeswith the function to be learned
on all but up to n places.Theseat most n placesare repaired by patching.
So whenever M BCn

m -learns a function f , M 0 BCn(m+1)+ m -learns the same
function f .

Proof of the strictnessof the inclusion when n > 0: This follows immediately
from Theorem14.

Proof of the optimalit y of the bound: We prove that Exn
m is not included in

BCn(m+1)+ m� 1. Consider the classS of functions that are zero at all but up
to n(m + 1) + m inputs. Then S 62BCn(m+1)+ m� 1 by Proposition 3. On the
other hand, S 2 Exn

m becausean Exn
m -learner can output its (j + 1)-th guess

after having seenj (n + 1) nonzerovalues in the input function (where the
guessis the zero-extensionof the function seensofar; note that the (j + 1)-th
guesswould make at most n errors as long as there are � (j + 1)(n + 1) � 1
non-zerovaluesin the input function). In this way, with m mind changesthe
Exn

m -learner can handle upto (n + 1)(m + 1) � 1 nonzerovaluesin the input
function. HenceS 2 Exn

m . 2

Next we considerlearning by team of learners(seeSection2). First we prove
that BCn � [1; n + 1]Ex and that BCn 6� [1; n]Ex� .

Theorem 17 BCn is strictly included in [1; n + 1]Ex for everyn 2 N.

Proof. Let M witness that S 2 BCn and let Sk be the subclass of those
functions in S whereM makesexactly k semantic mind changes.Clearly S =
S0 [ S1 [ : : : [ Sn .

For each classSk there is an Ex-learner M k : The machine M k searches for
the least tuple (� 0; x0; � 1; x1; : : : ; � k� 1; xk� 1; � k) that is a candidate for wit-
nessingk semantic mind changes.M k computesat every f [m] � f an m-th
approximation to this tuple and outputs M (� k) for this approximation.

The search conditions for this tuple to witness the k semantic mind changes
are the following three.

� � 0 � � 1 � : : : � � k � f wheref is the function to be learned,
� M (� h) 6= ? for every h � k,
� ' M (� h )(xh) 6= ' M (� h +1 )(xh) (i.e. either exactly oneof the valuesis unde�ned

or both are de�ned but di�eren t) for every h < k.
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Note that for the learnerM 0 the �rst and the third condition are void so that
the only search condition is to �nd some� 0 � f with M (� 0) 6= ?. The last
condition can only be veri�ed in the limit, so it might happen that either a
correct tuple needssometime until it quali�es or that someincorrect tuple is
consideredto be a candidateuntil it is disquali�ed.

If f 2 Sk then there exist such tuples and M k convergesto the least one of
them. It follows that M k(f [m]) convergesto M (� k) for the � k of this least
tuple. The candidatesfor the mind changesare then correct. So M makesk
mind changesbeforeseeing� k and no mind changelater. SoM (� k) is indeed
a program for f and M k is an Ex-learner for Sk . It follows that the team
M 0; M 1; : : : ; M n infers the whole classS with respect to the criterion [1; n +
1]Ex.

The strictnessof the inclusion followsfrom (the proof of) Theorem11showing
that the classD is in ConfEx and thus in [1; n + 1]Ex, but not in BCn . 2

Theorem 18 BCn is not included in [1; n]Ex� for every n 2 N.

Proof. Let S1 = f f : ' f (0) = 1 f g. (Seealso the discussionprecedingTheo-
rem 15.) Let Sn = f f 1 � � � � � f n : f i 2 S1g. Here,given f 1; : : : ; f n , the function
f = f 1 � � � � � f n is de�ned by f (a � n + b) = f b+1 (a) wherea 2 f 0; 1; 2; : : :g
and b2 f 0; 1; : : : ; n � 1g. It follows from Kummer and Stephan[13, Theorem
8.2] that Sn 62[1; n]Ex, whereasit is easyto see(by combining the codesof
the f i ) that Sn 2 Exn

0 � BCn . To obtain a result for [1; n]Ex� , de�ne the cylin-
dri�cation Cyl(Sn ) = f f : (9g 2 Sn )(8x; y)[f (hx; yi ) = g(x)]g. Sincefor any
classA it holds that Cyl(A) 2 [1; n]Ex if and only if Cyl(A) 2 [1; n]Ex� , and
Cyl(A) 2 [1; n]Ex implies A 2 [1; n]Ex, it follows that Cyl(Sn ) 62[1; n]Ex� .
However, the BCn -algorithm for Sn easily transfers to Cyl(Sn ). 2

Caseand Smith [8] introduced the notion of OEx� -learning. In this criteria,
the learneroutputs �nitely many indicessuch that at leastoneof theseindices
computesa �nite variant of f . Caseand Smith [8] proved that neither of the
classesBC and OEx� is included in the other. The next result improveson one
of thesenoninclusionsby showing that BC1 is not contained in OEx� . Note
that sinceEx� � OEx� , this also improvesTheorem15.

Theorem 19 BC1 is not contained in OEx� .

Proof. The classCyl(S1), the cylindri�cation of the classS1 (seethe proof of
Theorem18), is in BC1. Supposefor a contradiction that Cyl(S1) is in OEx� ,
and that M is a total OEx� -learner for it.

Now a family of partial functions  e is constructed,usingfor each  e a marker
me; after each step s the domain of  e is f 0; 1; : : : ; sg � f me;sg whereme;s is
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the marker position after step s. The intention of construction for  e is to
show that there is a function f e 2 Cyl(S1) that is an extensionof the function
hx; yi 7!  e(x) and which is not OEx� -learnedby M .

� In step 1 de�ne  e(0) = e and place me on the position 1, that is, let
me;1 = 1.

� In step s + 1, s � 1, for all a;b � s + 1 de�ne the strings � a;b such that the
domainof � a;b is the longestinterval f 0; 1; : : : ; ubg whereall pairs hx; yi � ub

satisfy x < b and

� a;b(hx; yi ) =

8
><

>:

 e(x) if x 6= me;s,

a if x = me;s.

� Then check whether there is a value a � s + 1 such that M outputs on
someinput � with � a;m e;s � � � � a;s+1 a newguesswhich hasnot beenseen
before.

� If so, then let  e(me;s) = a and move the marker to the next still unde�ned
position of  e: me;s+1 = s + 1.

� If not, then let  e(s + 1) = 0 and let the marker stay where it is: me;s+1 =
me;s.

If the marker movesin�nitely often then  e is total; otherwise e is de�ned at
all inputs except the end-position me;1 of the marker me. By the Recursion
Theorem there is an index e with ' e =  e; �x such index e and note that all
extensionsof  e are in S1.

If the marker me moves in�nitely often, then  e is total and the function f e

given by f e(hx; yi ) =  e(x) is in Cyl(S1). It follows from the construction that
M outputs in�nitely many di�eren t guesseson f e. SoM doesnot OEx� -learn
f e which givesthe desiredcontradiction for this case.

So it remains to look at the scenariowhen me movesonly �nitely often and
remainson the end-position me;1 . Now de�ne the functions

f e;a(hx; yi ) =

8
><

>:

 e(x) if x 6= me;1 ,

a if x = me;1 .

M showson all thesefunctions the samebehaviour in the sensethat it outputs
the same�nite set E of indices| sinceotherwisethere would be an a permit-
ting a new output outside E and the marker would move again. Furthermore
all functions f e;a are in Cyl(S1) and they di�er on in�nitely many values.
So only �nitely many of thesefunctions have a program in E that computes
them at almost all places.Thus, onecan choosea such that no program in E
computesf e = f e;a with at most �nitely many errors.
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So in both casesthere is a function f e 2 Cyl(S1) which is not learned by
M under the criterion OEx� and it follows that Cyl(S1) is a witness for the
non-inclusionBC1 6� OEx� . 2

Recall the notion of con�dencefrom De�nition 4. A classis in ConfEx� if it is
Ex� -learnedby a learner that convergeson every function. Sinceevery Ex�

m -
learner can easily be converted into a ConfEx� -learner we have the inclusion
[1; n]Ex�

m � [1; n]ConfEx� . Furthermore, every ConfEx� -learner outputs on
every function only �nitely many indices, so a team of n ConfEx� -learners
in total also outputs on every function �nitely many indices.Thus it follows
that [1; n]ConfEx� � OEx� . As a consequence,BC1 is not contained in any
of the just mentioned criteria. Smith [19, Theorem 3.8] proved that BC 6�
S

n2 N[1; n]Ex� . This may be comparedto the following corollary.

Corollary 20 For everyn; m 2 N, BC1 is neither a subclassof
S

n;m 2 N [1; n]Ex�
m

nor a subclassof
S

n2 N [1; n]ConfEx� .

Note that it makessenseto considerteamsin the caseof learning with �nitely
many errors since teams of ConfEx� -learners have more power than single
ConfEx� -learners:The classcontaining the functions that are zeroalmost ev-
erywhereand the functions that are self-describingis learnableby a [1; 2]Ex�

0
team but not by a singleEx� -learner [8, Theorem2.13].

We also remark that the proof of Theorem 11 shows that in fact ConfEx is
not included in

S
n2 N BC�

n .

The resultspresented in this paper do not resolve all the relationship between
di�eren t BCm

n criteria, which is an open problem. Similarly, for the casein-
volving team of learners.In this respect note that sincethe classes[a;b]BC0

and [a;b]Ex0 are the sameand the exact relation betweenthe classes[a;b]Ex0

is still unknown, the sameholds for the classes[a;b]BCn . Neverthelessmany
results have already beenobtained for the inclusion relation of [a;b]Ex0. For
a list of referencessee[11, p 219].

6 Grammar induction

In this sectionwe make someremarks on grammatical inference.In the pre-
vious sectionswe have been concernedwith the inductive inferenceof com-
putable functions. Here we consider the more generalparadigm of learning
recursively enumerable sets, or, when we think of the code of a recursively
enumerable set as a grammar generating the set, the learning of grammars
from piecesof text. The set learning analogsof the models Ex and BC that
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we studied in the previoussectionsare de�ned asfollows (we usethe notation
of [11]): Let We denote the domain of ' e, i.e. the set acceptedby the e-th
program in the standard acceptablenumbering ' .

De�nition 21 Let L be a recursively enumerableset. A text t for L is a (not
necessarilyrecursive) mapping from N to L [ f # g such that all elements of
L appear in the rangeof t (# may or may not appear in the rangeof t; The
usageof # is to allow texts for empty language).

The initial segment of length n of t is denotedby t[n]. A learner M TxtEx -
learns L if for every text t for L, limn!1 M (t[n]) = e exists and We = L.
M TxtBC -learns L if for every text t for L, WM (t[n]) = L for almost every
n. A machine M TxtBC n -learns L (or: M TxtBC-learns L with at most n
semantic mind changes) if M TxtBC-learns L such that the cardinality of
the set f n : M (t[n]) 6= ? ^ WM (t[n]) 6= WM (t[n+1]) g is at most n. A classL
of recursively enumerable sets is in TxtEx [TxtBC, TxtBC n ] when there is
a recursive learner that TxtEx-learns [TxtBC-learns, TxtBC n -learns] every
L 2 L . Variants of these classes,such as the analog TxtBC n of BCn , are
de�ned in the obvious way.

The de�nition of con�dence for language-learnersis as follows:

De�nition 22 A TxtEx -learner is con�dent if it convergeson every text. A
TxtBC-learner is con�dent if it TxtBC-convergeson every text. We denoteby
ConfTxtBC the classesthat are TxtBC-learnable by a con�dent learner.

First we note that a negative result on function learning immediately yields a
corresponding negative result for languagelearning, sincethe latter is a more
generalsetting. (We can embed the �rst into the secondby interpreting the
graph of a recursive function as a simple kind of recursively enumerableset.)
Thus, the Theorems2, 11, 14, 15, 18 and 19 all hold for the corresponding
models of languagelearning. The following simple result shows that Theo-
rem 16 doesnot transfer.

Theorem 23 (See[11, page145, 147]) TxtBC 1
0 is not contained in TxtBC ,

as witnessed by the classf We : We = 1 Ng.

Proof. Considerthe classX = f We : We = 1 Ng. X 2 TxtBC 1
0 sinceit is learned

by the learner that always outputs a code for N. On the other hand, it follows
from Angluin's characterization of learnability without errors [11, Theorem
3.26] that X is not learnableby any learner (even when nonrecursive learners
are allowed). In particular X is not TxtBC-learnable. 2

Finally, it is easyto seethat the idea for the proof of Theorem17 can be used
to show that this result also holds for languagelearning. We now consider
Corollary 10. We want to show that Corollary 10 doesnot hold for language
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learning. For this we use the following result, which is interesting in itself.
First a de�nition:

De�nition 24 Let L be a collection of recursively enumerablesets.

(i) (Angluin [3]) L has�nite thicknessif for every �nite D 6= ; the collection
f L 2 L : D � Lg is �nite.

(i i) L is �nite-to-1 enumerable if there is a recursive function f such that
L = f Wf ( i ) : i 2 Ng and for every member L 2 L there are at most �nitely
many i such that L = Wf ( i ) . (Note that this �nite number may depend on
L.) Similarly, L is 1-1-enumerable if it has an enumeration in which every
set hasonly onecode.

Theorem 25 There exists a uniformly recursively enumerable collection L
that has �nite thicknessand that is not in TxtBC .

Proof. The proof is an adaptation of the proof of Theorem3.1 in Terwijn [22]
(which showed that there is a 1-1-enumerablelearnablecollection of recursive
sets that is not in TxtBC). The collection L contains for every e a subclass
L e such that the e-th partial recursive function ' e doesnot TxtBC -learn L e.
To separatethe strategiesfor di�eren t e we let the elements of L e be subsets
of N[e] = fhe;xi : x 2 Ng.

The classesL e areuniformly enumeratedasfollows.L e will contain L e;0 = N[e],
a certain diagonal set L e;1 and setsL e;j , j > 1, such that at least one of the
following casesholds:

� ' e doesnot TxtBC-learn L e;1. Furthermore, every L e;i , i > 1, will be either
empty or equal to L e;0.

� ' e doesnot TxtBC-learn a L e;j with j > 1. Furthermore, every L e;i , with
1 < i < j , will equalL e;0 and all L e;i with i > j will be empty.

The constructionof L e is now asfollows.Weuseauxiliary variablesxe;j and � j .

Initialization: Let � 0 be the empty string, L e;0 = N[e], L e;j = ; for all j > 0.
In subsequent stageswe may add elements to thesesets.Go to stage1.
Stage j . For all i with 1 < i < j , let L e;i = L e;0 and L e;j +1 = L e;0 �
f xe;1; xe;2; : : : ; xe;j � 1g. Search for a number xe;j in L e;j +1 and an extension
� j of � j � 1 such that the range of � j contains only elements from N[e] �
f xe;1; : : : ; xe;j g, ' e(� j ) is de�ned and the setW' e(� j ) generatedby it contains
xe;j . If theseare found, add the rangeof � j to L e;1, and go to Stagej + 1.

This completesthe construction of the L e. Now there are two possibilities:

� The construction of L e is completedat every stagej . Then the union of all
the � j constitute a text for L e;1, but ' e in�nitely often outputs an hypothesis
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that contains a non-element of L e;1. Hence' e doesnot TxtBC-learn L e;1.
� Stagej in the construction is not completedfor somej . In this casexe;j is

not found and the learner ' doesnot overgeneralizeon any text for L e;j +1

starting with � j � 1. Hence' doesnot TxtBC-learn L e;j +1 .

Note that every L e has �nite thicknesssinceit contains at most the setsL e;0,
L e;1 and possibly someL e;j . 2

Terwijn [22,Theorem5.3]showedthat a �nite-to-1 enumerablecollection that
has �nite thicknessis in TxtBC. Theorem 25 shows that the hypothesis of
�nite-to-1 enumerability is necessaryfor this result. Now we usethe proof of
Theorem25to show that the analogof Corollary 10fails for languagelearning.

Theorem 26 There are classesC0 and C1 in ConfTxtBC 1 suchthat C0 [ C1

is not in TxtBC . Hence neither ConfTxtBC nor TxtBC n , n � 1, is closed
under �nite unions.

Proof. Let L be the collection from the proof of Theorem 25. This collection
contains for every e a set L e;1. Let C0 be the collection consistingof all these
L e;1's, plus the empty set. Clearly C0 is in ConfTxtBC 1. We now prove that
alsoC1 = L � C0 is in ConfTxtBC 1. Sinceby Theorem25 C0 [ C1 = L is not
in TxtBC the theoremfollows. We de�ne a con�dent recursive TxtBC-learner
M for C1. We usethe notation of the proof of Theorem 25. Given a pieceof
text � : If � contains no elements, then M outputs ?. Otherwise M �nds e
such that � contains elements only from N[e]. M then follows the de�nition of
L e;1 for j� j stepsin order to �nd the �rst \gap" xe;1. If xe;1 is not found, M
outputs N[e] as a guess.If xe;1 is found and is in the range of � , then � can
only be a subsetof L e;0 (among languagesin C1). Thus M can safelyoutput
a grammar for L e;0 = N[e]. Otherwise, let M (� ) be the program that searches
for j� j steps for as many gapsxe;i as possible.If after j� j stepsxe;1; : : : ; xe;l

are found, M (� ) starts to enumerateL e;0 � f xe;1; : : : ; xe;lg. If, however, in the
courseof this enumeration another gap xe;l+1 is found, M knows its guessis
wrong and starts to enumerate all of L e;0. Now if there is indeed an in�nite
number of gapsxe;i , then M (� ) is always a code for L e;0. If there is only a
�nite number of gaps xe;1; : : : ; xe;l , then M (� ) is almost always a code for
L e;0 � f xe;1; : : : ; xe;lg. Note that in this last casethere is also at most one
semantic mind change.SoM is con�dent and it TxtBC 1-learnsC1. 2

We note without proof that, in analogyto Theorem 26, there are two classes
in TxtEx 0 whoseunion is not in TxtEx. However, in Theorem26 onecannot
get TxtBC 0 instead of TxtBC 1 sincethe union of two classesin ConfTxtEx
is in ConfTxtBC and every TxtEx n -learnableclassis ConfTxtEx -learnable.
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