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Abstract

Let BC be the model of behaviourally correct function learning as intro duced by
Barzdins [4] and Case and Smith [8]. We introduce a mind change hierarchy for
BC, cournting the number of extensional di erences in the hypothesesof a learner.
We compare the resulting models BC,, to models from the literature and discuss
con dence, team learning, and nitely defective hypotheses.Among other things,
we prove that there is a tradeo betweenthe number of semaric mind changes
and the number of anomaliesin the hypotheses.We also discussconsequencesor
languagelearning. In particular we show that, in contrast to the caseof function
learning, the family of classesthat are con dently BC-learnable from text is not
closedunder nite unions.

Keyw ords. Modelsof grammarinduction, inductive inference,behaviourally
correct learning.

1 Intro duction

Gold [10] introduced an abstract model of learning computable functions,
where a learner receivesincreasingamourts of data about an unknown func-
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tion and outputs a sequenceof hypothesisthat hasto corvergeto a single
explanation, i.e. a program, for the function at hand. This conceptof explana-
tory or Ex-learning has beenwidely studied [8,10,11,15].A recurring theme
is the questionhow often the learner can changeits hypothesisand how con-
sciousit is of this process:doesthe learner know whenit has corvergedand

how fast doesthe learner seewhen new data requiresthe hypothesisto be
changed.Gold [10] already obsened that a learner who knows when the cor-
rect hypothesis has been found is quite restricted: sud a learner can wait

until it hasthe correct hypothesisand then output a singlebut correct guess.
Thereforesud a learner can newer learn a denseclassof functions, which re-
guiresoneto be ableto withdraw and changeto a new hypothesisat arbitrary

late time points, asin the model Ex.

Another well-studied paradigmis the model BC of behaviourally correctlearn-
ing [4,8]. The di erence with the Ex-model liesin the notion of corvergence:
Whereasin Ex the syntax of the hypothesesof the learneris requiredto con-
verge,i.e. corvergenceis intensional, in BC the semartics of the hypotheses
should cornverge,i.e. corvergenceis extensional Barzdins [4] shaved that be-
haviourally correctlearnerscanlearn classen which no Ex-learnersucceeds.
BC-learnersare quite powerful: Steel[8] noticed that the conceptof syntactic
convergenceto an almost everywhere correct hypothesis can be covered by
an error-free BC-learner. Furthermore, Harrington [8] showved that a further
generalizationof BC-learners,namely thosewhich almost always output nite
variants of the function to be learned, can learn all recursiwe functions.

There are many modelsof learning in which the number of changesin hypoth-
esis,alsocalled mind changes,s courted. Previousstudiesfocussedmainly on
intermediate notions employing syntactic convergenceln particular Barzdins
and Freivalds [5] initiated the analysis of Ex-learning with a bound on the
number of mind changes.Freivalds and Smith [9] generalizedthis conceptby
using recursive ordinals which are courted down recursiwely at every mind
change.Just asit is interesting to study syntactic mind changes,we nd it
interesting to explore semartic mind changes.In Section 3 we introduce the
modelsBC,, (for n beinga natural number) wherethe BC-learnermay make at
most n semanic mind changeson any function to be learned.lIt is shown that
the classeBC, form a proper hierarchy that is incomparableto Ex-learning.

Ambainis, Jain and Sharma[1] shonvedthat a classof functionsis Ex-learnable
with arecursiwve ordinal number of mind changesf and only if it canbe learned
by a madine which corvergeson ewery function, even on the nonrecursiwe
ones,to somehypothesis.Following Osherson Stob and Weinstein[17, Section
4.6.2],we call a learnerthat corvergeson all functions con dent. This notion
canbegeneralizedo BC: A BC-learneris con dent if it corvergessemanically
on ewery function. Before we de ne ordinal mind changeboundsfor BC, we
take instead the characterization of ConfEx as an alternative starting point



and study ConfBC. In Section4, we shov amongother things that the result
that all classesEx,, are in con dent Ex also holds in the caseof semartic
cornvergence:Every BC,-learnable classhas a con dent BC-learner. At the
end we shov how to introduce ordinal mind changebounds for BC-learning
and note that this conceptis equivalert to the notion ConfBC.

In Section 5 we consider hypotheseswhich are nitely defective. The more
noticeabledi erence with the Ex caseis that herethere is a tradeo between
anomaliesand mind changes.We prove that BC,, the rst nortrivial level of
the BC,, hierarchy (since BC, coincideswith EXg), is not cortained in OEX ,
a learning criterion from Caseand Smith [8]. This improvesa result from [8].

Finally, in Section 6 we discussconsequence$for grammatical inference.In

[10] Gold alsointroduced a model of learning recursively erumerablesets (in

this corntext also called language$, which is more generalthan the model of
learning recursive functions. The negative resultsobtainedin the previoussec-
tions for function learning immediately imply their courterparts for language
learning. In this section we discussthe positive courterparts. In cortrast to

the caseof function learning we shawv that the family of classeghat are con-
dently BC-learnablefrom text is not closedunder nite unions. We do this

by constructing a certain classof nite thicknessthat alsoshowsthat a result
from [22] is optimal.

2 Preliminaries and Notation

We will usethe following notation. For a function f , f [n] denotesthe string
f(O)f ()f(2):::f (n 1). Our recursion theoretic notation is standard and
follows Odifreddi [14] and Soare[20]. ' denotesa standard acceptablepro-
gramming system." ¢ is the e-th partial recursive function, and ' ..s(x) is the
result of running ' ¢ for s stepson input x. N is the set of natural numbers.
ht;:i denotesa standard pairing function. For a string , j j is the length of

We recall the following de nitions. A recursive function M from nite se-
guencesof natural numbersto N, Ex-learns (see[10]) a recursiwe function f

if k=1lim,; M(f[n]) existsandis acodeforf,ie.' (= 1f.Wesa that M

Ex-learnsa classC of recursive functions if and only if M Ex-learnsead func-
tion in the class.M BC-learns (see[4,8]) a recursiwe function f , if for almost
ewvery n, M (f [n]) isacodefor f,ie.' y¢pn) = f. Wesay that M BC-learns
a classC of recursiwe functions if and only if M BC-learns ead function in
the class.Ex and BC denote the families of classesthat are learnable by a
recursive Ex and BC learner, respectively.



In the literature on inductive inference,it is customaryto allow a learnerto
output initially the symbol\?", that doesnot court asa numerical hypothesis.
This is relevant when courting the number of mind changesthat a learner
makeson given input data. We say that alearnerM makesa mind changeon
fatn+ 1,if M(f[n]) 62 and M (f[n]) & M (f [n + 1]). A classof recursiwe
functions C is in Exy,, if there is a recursiwe learnerthat learnsewery f 2 C
by making at most m mind changeson f .

We will alsoconsiderteam learning [16,19].Recallthat for a learning criterion
I, aclassA isin [m;n]l, if there is a team consistingof n learnerssud that,
for every f 2 A, at leastm of theselearnersl-learnf .

3 Semantic mind changes

It is clearthat the notion of mind changeasde ned above is not usefulfor the
study of the model of BC-learning, sincein this model the inductive inference
madhine doesnot have to corvergeto a particular code for the input function
but may in nitely often output a di erent code, aslong asin the limit these
codesare for the input function. In other words, in the limit the outputs of
the function may di er syntactically but semantially they must be the same.
This brings usto de ne a notion of mind changefor BC-learning as follows.

De nition 1 A macdine M BC,-learns a recursiwe function f (or: M BC-
learnsf with at most n semanticmind change$ if M BC-learnsf sud that
the cardinality of the setfm : M (f[m]) 6 ?™ " y¢m) & ' m@m+1p 9 is at
most n.

M BC,-learnsa classC of recursiwe functions, if M BC,-learnsead function
in C.

BC, denotesthe family of classeghat canbe BC,-learnedby somerecursive
learner.

That is, the madcine M is allowed only n semanticmind changesj.e. a change
of output from e, to e; sudh that ' o, 6 ' o,. Here,asin the caseof Ex,, an
initial sequencef empty hypotheses?" is allowed. In the following, whenwe
speak about mind changesit will depend on the model under consideration
what we mean: If the model is de ned using the basic model Ex we will

always mean mind change'in the previously de ned, syntactical, senseand if

the model is a variant of BC we will always usethe semarttic meaningof the
word mind change.We now state the basic properties of the model BC,, and
shav how it relatesto the other models.

Theorem 2 (a) BCy = EXo.
(b) Ex, BC,forn 1.



(c) For everyn 2 N it holdsthat Ex,+1 6 BC,.
(d) Ex6 ,,yBC,.
(e) BC; is not contained in EX.

Proof. (a) EXg BCy by de nition. To Exp-learn a classC, which is BCp-
learned by a machine M : on any input function, simply output the rst hy-
pothesis of M that is unequal to \?". For functions in C, since M is not
permitted to changethe hypothesissemattically, the rst hypothesismust be
correct.

The strictnessof the inclusionin (b) follows from (e). Items (c) and (d) can
be proven by a well-known argumert usedin Theorem 14 in order to obtain
a more generalresult. Iltem (e) will be provenin Theorem19. 2

The following two propositions are useful for us. The proofs, which are easy
diagonalizationssimilar to the onesfound in [8], are left to the reader.

Prop osition 3 (Basedon [8]) Let n 2 N. Considerthe classes

Cl=ff:f(0)=n+1andf(x+ 1) f(x) forall xg;
C=ff: card(fx:f(x) 6 0g) n+ 1g:

Both classes,C] and C}, cannot be learned (in the Ex-sensg by any (even
non-recursive) learner using at most n mind changes.Thus, C};C 2 BC,,.
On the other hand, both classes,C] and C}, are in EXp4; .

4 Confidence

The notion of con dence was de ned by Osherson,Stob and Weinstein [17]
for set-learnersWe cande ne con dencefor function-learnersin the following
analogousway.

De nition 4 An Ex-learneris called con dent if it corvergeson every func-
tion. (This is in generalnot the sameas only requiring corvergenceon all re-
cursive functions, seeAmbainis, Freivalds and Smith [2], and Sharma,Stephan
and Ventsov [18].) A BC-learneris calledcon dent if it semanically corverges
on ewery function. We denoteby ConfEx the family of classeghat are learn-
able by a recursive and con dent Ex-learner and by ConfBC the family of
classeghat are learnableby a recursive and con dent BC-learner.

Ambainis, Jain and Sharma[1] shavedthat a classis con dently Ex-learnable
if and only if it can be Ex-learnedwith a courtable ordinal number of mind



changes.In particular, every classthat is Ex-learnablewith a constart num-
ber of mind changesis also con dently Ex-learnable. The next result is the
correspnding onefor BC: Every classBC,, isin ConfBC, indeedoneeven has
analogousto the Ex,-casethat the learner makesat most n semanic mind
changeson every function f . It needsa new proof technique sincethe semairtic
mind changescannot be directly detectedand courted down asin the case
of Ex-learning. While one can trivially enforcethat an Ex,-learner makesat
most n mind changeson any input function, also on functions not intended
to be learned,the correspnding result for BC,,-learnersis more involved.

Theorem 5 Letn 2 N. Every BC,-learner M can be translatal into an at
least as powerful BC,,-learner making at most n mind changeson everyinput
function. In particular, |,y BC, is included in ConfBC.

Proof. Let M be a BC,-learner. We transform M into a BC-learner M ° that
learns at least the functions that M learns and makesno more than n mind
changeson any input function. In order to do this, we considerthe conceptof
seedsNot all nite strings qualify asa seed.

Within this proof, f (0)f (1):::f (m) is a seedif and only if

M (f (O)f (1) :::f (m)) 2 N and
"M (F (O)F (1):::F (m)) (X) is de ned and equal to f (X), forx = 0;1;:::;m.

We de ne the function F asseiated with a seed = f (0)f (1):::f(m) as
follows:
8
3f(x) if x m;
F (x)= SI mE xpX)  ifx>mandF (y)# forally< x;
- otherwise

Note that a programfor F can be found e ectiv ely from

We sa that two seeds = f(0)f (1):::f(m) and ©°= g(0)g(1):::g(m9,
wherem® m, are equivalert if and only if for all x m% F (x) = g(x).
Note that the equivalencerelation of seedss recursiwely erumerableand if

and °are equivalert then %or © . Furthermore, if seeds and °
are equivalert, then for every seed “sud that 00 0 005 equivalert
to

Let 3; 9 ::: bea 1{1 recursive erumeration of all the seedsLet o; 1;:::
be obtained from §; 9;:::, by suppressingall ? sud that for somej < i,

0 JO Thus for any function g, any subsequencef ;'s, which are also
pre xes of g, forms a monotonic sequence.



Now the new learning algorithm M © does the following on input g[r]. If no

m o], form r, then MY(g[r]) outputs ?. Otherwise,M °on g[r] outputs
a programfor the function F ™, for the largestm r sudhthat (i) , g[r]
and (i) it canbeveried inr stepsthat f ;:i<m; ; (g[r]g, form at most
n equivalenceclasses.

It is now easyto verify that (a) M °on any function makesat most n semartic
mind changesand (b) M ° BC-learns any function BC,-learnedby M. This
provesthe theorem. 2

De nition 6 A recursiwelearnerM learnsa classC with the ordinal bound
for the number of hypotheses thereis a (not necessarilyrecursiwe) function
Ord that takesarbitrary ordinals asvaluessud that

(@ > Ord( ) forall with M( )6 ?and
(b) for all  with M( )6 ?,0rd( ) > Ord( ) wheneer and' y()6

" M()-

One can easily shav that for every con dent learner M, one can de ne Ord
asrequired in the above de nition, asonecan rst translate M into a non-
recursive learner M © making only the semartical mind changesand omitting

the other onesand then applying the known result for ConfEx-learners(see
for example,[1]).

Theorem 7 A classCis ConfBC-learnablei C is BC-learnablewith an or-
dinal bound on the numler of hypotheses.

If onetakesthe seed-learneM °from Theorem5 onecan easily verify that by
taking Ord( ) = n m, whenewer M( ) 6 ? and m semaric mind changes
have occurred after the rst with M ( ) 6 ?, one satis es the require-
merts of De nition 6. Thus we have the following proposition.

Prop osition 8 Let n 2 N. A class C is learnable with n semantic mind
changes Cis learnablewith n + 1 hypotheses.

Let + + 1bethe rst ordinal for which a setof ordertype doesnot have
a two-colouringinto red and blue sud that the subsetof the red elemens has
order type and that of the blue elemens has order type . Then one
can shav that hasa predecessoand dene + to be this predecessor.
The important di erence of this de nition of + to the standard one having
1+! =1 isthat, whenewer %and %and oneof the relationsis strict,
thatis < ° < Othen + < 9+ 9 The following theorem shaws
that wheneer one can learn two classesC, and C, with and hypotheses,
then onecan learn their union with + hypotheses.

Theorem 9 Suppmsethat C; is BC-learnablewith hypthesesand G, is BC-



learnablewith hypothesesThen C,[ G, is BC-learnablewith + hypotheses.
In particular, wheneverC, 2 BC,, and G, 2 BC,, for natural numbers m;n,

thenC, [ C, 2 BCrsn+1-

Proof. The special casefollows from the rst statemert of Theorem9 in com-
bination with Proposition 8.

The proof of the rst statemert usesa similar trick asin Theorem 5. Sup-
posethat M, BC-learns C, with  hypothesesand M, BC-learns C, with
hypotheses.We say that f (0)f (1):::f (s) is a seedif and only if there exists
ani 2 f1;2g sud that,

M, (f (0)f (1)::: (s)) 2 N and
' M (f (0)F (1):::f (s)) (X) is de ned and equal to f (X), forx =0;1;:::;s.

We de ne the function F assaiated with a seed = f(0)f (1):::f(s) as
follows:

8
f (x) if x s,

"wmie xp(X) if x > s, F (y) #foraly < x, and

the number i 2 f1;2g is the rst el-

F (x)= ement found, if any, in some standard

seart (which depends only on the se-

quenceF [x]) sudh that M;(F [x]) # and
F () ="wmF xy forally<x,

- otherwise.

Note that a programfor F can be found e ectiv ely from

We say that two seeds = f(0)f (1):::f(m) and ©= g(0)g(1):::g(m9,
wherem® m, are equivalert if and only if for all x m% F (x) = g(x).
Note that the equivalencerelation of seedss recursively erumerableand if

and ©are equivalert then %or ° . Furthermore, if seeds and °
are equivalert, then for every seed %sud that 0 0 00s equivalent
to

Let 3; 9 ::: bea 1{1 recursive erumeration of all the seedsLet o; 1;:::
be obtained from §; 9;:::, by suppressingall ? sud that for somej < i,
0 JO (Thus for any function g, any subsequencef ;'s, which are also

pre xes of g, form a monotonic sequence).

Now the new learning algorithm M © does the following on input g[r]. If no
m g[r], form r, then MY(g[r]) outputs ?. Otherwise,M °on g[r] outputs
a programfor F s for the largests r sudhthat s g[r].



It is easyto verify that M ° BC-learnsg, if M, BC-learnsg or M, BC-learns
g with  or hypotheses,respectively. We now shav that M © learns using
ordinal bound + for the number of hypothesis.

For easeof notation, we make the convention that ' » doesnot extend

For aseed , let d( ) beafunction suc that d( ) = 1,if ' v,( ) for both
i 211;2g.d( ) = 0otherwise.De ne Ord( ) = (Ordy( )+ Ordy( ))+ d( ),
where Ord;; Ord, are the ordinal courters for M; and M, respectively (here
wetake Ordy( ) = if My( ) =?, andOrdy( )= if Mo( ) =?).

To show the bound on number of hypothesisusedby M it suces to show
that for any two seeds ; ©if and ©arenot equivalert and 0 then
Ord( ) > Ord( 9.

We considertwo cases.
Casel: Both ' y,( ) and' v, ) extend

In this caseclearly, for somei 2 f 1; 29, either M; madea mind changebetween
and °or 'y, ) doesnot extend ° (otherwise, we will have that s
equivalert to 9. Thus, Ord( 9 < Ord( ).

Case2:' y,( ) extends for exactly onei 2 f1;2g.
Without lossof generality assumei = 1, that is:' y,( ) extends .
Case2.1: M, changeshypothesisbetween and °

Now either M, changeshypothesisbetween and © or ' y,( o does not
extend © In both caseswe have Ord( 9 < Ord( ).

Case2.2: M; doesnot changehypothesisbetween and °and’ \, ) does
not extend °

In this case,since %is a seed,’ w,( o must extend © Thus M, must have
changedhypothesisbetween and © It followsthat Ord( 9 < Ord( ).

Case2.3:M; doesnot changehypothesisbetween and °and' y,( ) extends
0

In this caseM, must changehypothesisat leastoncebetween and ° (oth-
erwisewe would havethat and ©are equivalert).

Case2.3.1:M, changeshypothesisat least twice between and ©°

In this caseclearly, Ord( 9 < Ord( ).



Case2.3.2:M, changeshypothesisexactly oncebetween and °.

If ' m,( 9 extends °then we would have that is equivalert to ° Thus,
' mo( o doesnot extend °© It followsthat Ord( 9 < Ord( ).

From the above caseanalysis,we get that Ord( 9 < Ord( ). Also, + >
Ord( ), wheneer at leastoneof M;( ) 6?. This provesthe theorem. 2

Note that the simulation in Theorem9 is optimal, for and being natural
numbers, as any classC 2 Exny+n+1 Can be split into two classesC;; G, sud
that C,[ G = C, C, 2 Ex, and C, 2 Ex,. Howewer, we have by Theorem 14
belov that EXpysns1 6 BChen.

Blum and Blum [6] shoved that Ex is not closedunder nite unions. That
the sameholds for BC was proved by Smith [19]. In cortrast to this result,
the con dent versionof BC is closedunder nite unions, asis the con dent
versionof Ex [1,18]. This is obtained as a direct corollary of the Theorems7
and 9.

Corollary 10 ConfBC is closal under nite unions.

Note 1 Recall the notion of team learning from Section 2. The previousresult
can be seen as a resulton team learning: In the proof of Theorem 9 we showel
that two con dent BC-learners can be replaed by one. By induction we see
that a nite team of con dent BC-learners can be replaed by one con dent
learner which BC-learns all the functions which are BC-learned by at least one
machinein the team.

The belowv theorem shaws that the inclusionin Theorem5 is strict. It should
be noted that one can generalizeit even to stating that there is a classin
ConfEx which cannot be learned with  hypotheseswhere is any xed
recursive ordinal. The diagonalizing classD is obtained by consideringthe
nonincreasingfunctions with respectto a recursive well-orderingon N of order
type + 1.

Theorem 11 ConfEx is not contained in SHZN BC,.

Proof. Let D bethe classof all nonincreasingfunctions. It follows from Propo-
sition 3 that D 62BC,, for any n. On the other hand, D 2 ConfEx: Sinceany
f 2 D canstepdown at mostf (0) times, we canlearnD by acon dent learner
that onany input makessurethat no morethan (0) syntactic changeshave
beenmade. 2

10



5 Anomalous hyp otheses

In this sectionwe discusslearning with a nite number of anomalies.In both
the Ex and the BC caseit is known that allowing nal hypothesesthat are
defective at a nite number of inputs, either by being unde ned or by giving
the wrong answer, increasesthe number of classesthat can be e ectively

learned. For partial functions and ,let = denote that for almost
every X, (X) = (x). (As usual,wetake (x)= (x) to meanthat if oneof
(x), (x) is unde ned, then the other oneis too.) Similarly, =" means

that (x) = (x) for all x, with the possibility of at most n exceptions.Now
Ex and Ex" are de ned similarly to Ex exceptthat instead of requiring the
nal hypothesisk to be a program for f, we require’ ( = f and' ( =" f
respectively. Similarly for BC and BC". For exampleM BC"-learnsa function
f if for almostevery k, ' w ) =" f. We de ne BC], asfollows.

De nition 12 Letn;m 2 N. A learnerM BC_,-learns a function f whene\er
M BC"-learnsf with at most m semanic mind changes.BC; denotesthe
family of classeghat can be recursiwely BC/ -learned.

We note that there is at least oneother (nonequiwalert) way of de ning BC,,
where one also courts the semariic mind changesmodulo nite di erences.
That is, one considersa mind changeto have taken placeby M at f [k + 1],
if M(f[k]) 6 2and’ vy 6" " v+ - HOwever, this de nition is mathe-
matically lesselegan. For examplethe relation \= "" is not transitive and so
it mlght happen that ' M (f [K]) =nt M (f [k+1]) and' M (f [k+1]) =nt M (f [k+2]) while
"Mk 8" ' wmk+2) - Furthermore, there would be nontrivial collapseslike
BC} = BC3 with respect to the alternative de nition.

Steel[15] noticedthat Ex  BC. The next result shavsthat a smallerbound
on the number of mind changescannot be compensatedby permitting errors
and using semartic instead of syntactic mind changes.Note that the result
providesthe omitted proofs of parts (c) and (d) of Theorem 2.

The following proposition can be proved using easydiagonalizations,similar
to the onesfound in [8]. We leave the details to the reader.

Prop osition 13 (Basedon [8]) Let n 2 N. Let C! be as in Proposition 3.
Then C! 62BC,,.

Theorgm 14 For everyn 2 N it holdsthat Ex,.; 6 BC,. Furthermore,
Ex6 ,,nBC,.

Proof. The family C} from Proposition 3 gvitnessesthat Exns1 6 BC, (by

Pro%osition 3andProposition13).Let C= .y C]. Clearly, C2 Ex. Howe\er,
C62 ,,,yBC, by Proposition 13. 2

11



Blum and Blum [6, page152]stated that Ex 6 Ex. Barzdins[4] proved that
BC 6 Ex. Caseand Smith [8, Theorem 2.3] proved that the classS* = ff :
't =+ fgisin ExX* Ex. Clearly St 2 BC; soit follows immediately that
BC; 6 Ex. Caseand Smith and Harrington [8, Theorem 3.1] proved that the
classff : (8 X)[' t(x) = flgisin BC Ex . From this proof actually follows
the stronger statemen that the smaller class

X=ff:On)@)[i n! "sG="toi>n! "¢45="]g
isin BC EXx . SinceX is clearly in BC, this givesus the following result.
Theorem 15 BC; is not included in Ex .

Theorem 15 will be improved in Theorem 19.

The following result shaws that in the BC model there is a tradeo between
mind changesand anomalies.Note that this is di erent in the Ex model where
there is no sud tradeo . Namely, Caseand Smith [8] proved that Exj is not
contained in Ex. Tradeo resultsfor a di erent notion of mind changein the
context of vacillatory function learningwerestudiedin Case,Jain and Sharma

[7].

Theorem 16 Letn;m 2 N. BCy, is included in BCp(m+1)+ m- FOr n > 0 the
inclusion is strict. Furthermore, the bound n(m + 1) + m is optimal.

Proof. Proof of the inclusion: Let M bea BC}, -learner.Wewill try to overcome
anomaliesby hard-wiring bits of the input data, in sud a way asto make the
least possiblenumber of semartic changes.Hard-wiring all valuesof the input
data can already make this number recursively unbounded when the rst
hypothesesof M are wrong, so we have to be more careful. Since we know
that the \nal" hypothesesof M are faulted at at most n places,we newer
patch more than n inputs. That is, we transform every hypothesisM ( ) into
an hypothesisM { ) that implemerts the following algorithm. Compute the

longest sudh that there are at most n placesx 2 dom( ) with either
"M)s(X) " or' me)s(X) #8  (x), wheres=j j. Then let
8

2 (x) if x 2 dom(),
ey (X) = |
"m(H(X) if x Z2dom( ).

So the algorithm has two ingredierts: delaying and patching. It is easyto
verify that every mind changeis either causedby patching somex with (x)
that hasbeenincorrect beforeor by following an original mind changeof M.
Betweentwo (delayed) semarnic mind changesof M there are at mostn places
at which M © causesa mind changeby patching oneinput. So patching may
induce up to n mind changesbetweentwo delayed onesplus n mind changes

12



beforethe rst (delayed) mind changeof M and n mind changesafter the
last (delayed) mind changeof M. Togetherwith the up to m original mind
changesof M this givesaltogether at most n(m + 1) + m mind changes.

Furthermore the last hypothesisof M agreeswith the function to be learned
on all but up to n places.Theseat most n placesare repaired by patching.
So whenewer M BC! -learns a function f, M?° BCh(m+1)+ m-learns the same
function f .

Proof of the strictnessof the inclusion whenn > 0: This follows immediately
from Theorem 14.

Proof of the optimality of the bound: We prove that Ex], is not included in

BChm+1+ m 1. Considerthe classS of functions that are zeroat all but up

to n(m + 1) + m inputs. Then S 62BC(m+1)+ m 1 by Proposition 3. On the

other hand, S2 Ex], becausean Ex},-learner can output its (j + 1)-th guess
after having seenj(n + 1) nonzerovaluesin the input function (where the

guesss the zero-extensiorof the function seensofar; note that the (j + 1)-th

guesswould make at most n errorsaslong asthereare (j + 1)(n+1) 1

non-zerovaluesin the input function). In this way, with m mind changesthe

Ex},-learner can handleupto (n + 1)(m + 1) 1 nonzerovaluesin the input

function. HenceS2 Exp,. 2

Next we considerlearning by team of learners(seeSection2). First we prove
that BC, [1;n+ 1l]Ex andthat BC, 6 [1;n]EX .

Theorem 17 BC, is strictly included in [1;n + 1]Ex for everyn 2 N.

Proof. Let M witnessthat S 2 BC, and let S, be the subclass of those
functionsin SwhereM makesexactly k semaric mind changes.Clearly S=

S[ S S
For eat class S, there is an Ex-learner M: The madcine My seardes for

nessingk semanic mind changes.My computesat every f [m] f an m-th
approximation to this tuple and outputs M (' ) for this approximation.

The seart conditions for this tuple to witnessthe k semanic mind changes
are the following three.

0 1L « T wheref isthe function to be learned,
M( ) 6 ?foreveryh Kk,

"M (Xn) 8" m( ,..)(Xn) (i.e. either exactly oneof the valuesis unde ned
or both are de ned but di erent) for every h < k.

13



Note that for the learnerM, the rst and the third condition are void sothat
the only seart condition isto nd some o f with M( o) 6 ?. The last
condition can only be veri ed in the limit, soit might happen that either a
correcttuple needssometime until it quali es or that someincorrect tuple is
consideredto be a candidate until it is disquali ed.

If f 2 S then there exist sud tuples and My convergesto the least one of
them. It follows that M (f [m]) corvergesto M ( ) for the | of this least
tuple. The candidatesfor the mind changesare then correct. SoM makesk
mind changesbeforeseeing ¢ and no mind changelater. SoM ( ) is indeed
a program for f and My is an Ex-learner for S. It follows that the team

The strictnessof the inclusion follows from (the proof of) Theorem11 shawing
that the classD is in ConfEx and thusin [1;n + 1]Ex, but not in BC,. 2

Theorem 18 BC, is not included in [1;n]Ex for everyn 2 N.

Proof. Let St = ff : ' ¢ =* fg. (Seealsothe discussionpreceding Theo-
rem15.)Let " = ff, f,:fi 2 S'g. Here,givenf;:::;f,, the function
f =1 fnoisdened by f(a n+ b = fn.i(a) wherea2 f0;1;2;:::9
andb2 f0;1;:::;n 1g. It follows from Kummer and Stephan[13, Theorem
8.2] that §" 62[1; n]EX, whereasit is easyto see(by conbining the codes of
the f;) that ' 2 Exg BC,. Toobtain aresult for [1; n]Ex , de ne the cylin-
dri cation Cyl(S") = ff :(9g 2 S")(8x;y)[f (hx;yi) = g(x)]g. Sincefor any
classA it holdsthat Cyl(A) 2 [1;n]Ex if and only if Cyl(A) 2 [1;n]Ex , and
Cyl(A) 2 [1;n]Ex implies A 2 [1;n]EX, it follows that Cyl(S") 62[1;n]EX .
Howeer, the BC,-algorithm for S" easilytransfersto Cyl(S"). 2

Caseand Smith [8] introduced the notion of OEX -learning. In this criteria,
the learneroutputs nitely many indicessud that at leastoneof theseindices
computesa nite variant of f . Caseand Smith [8] proved that neither of the
classeBBC and OEx isincludedin the other. The next resultimproveson one
of these noninclusionsby shawing that BC; is not contained in OEx . Note
that sinceEx  OEXx , this alsoimproves Theorem 15.

Theorem 19 BC; is not contained in OEX .

Proof. The classCyl(S'), the cylindri cation of the classS' (seethe proof of
Theorem 18), is in BC;. Supposefor a cortradiction that Cyl(S!) isin OEx ,
and that M is a total OEx -learnerfor it.

Now a family of partial functions . is constructed,usingfor eacr  a marker
me; after ead step s the domainof isf0;1;:::;59 fmesg Wheremegs is
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the marker position after step s. The intention of construction for . is to
show that thereis a function f, 2 Cyl(S?) that is an extensionof the function
hx; yi 7! ¢(x) and which is not OEx -learnedby M.

In step 1 dene ¢(0) = e and place me on the position 1, that is, let
Me.1 = 1.

In steps+ 1,s 1,forall a;b s+ 1dene the strings ,, sud that the
domainof 4y isthelongestinterval f0;1;:::;upgwhereall pairshx;yi  up
satisfy x < band

8
2 (X)) if X 6 Mes,
a(yi)=_
~a if X = Me.s.

Then chek whether there is a valuea s+ 1 sud that M outputs on
someinput  with .. as+1 anewguesswhich hasnot beenseen
before.

If so,thenlet ¢(me.s) = a and move the marker to the next still unde ned

position of ¢! Mesi; = S+ 1.

If not, then let ¢(s+ 1) = 0 and let the marker stay whereit is: Megsi1 =

Me:s.

If the marker movesin nitely oftenthen . is total; otherwise . is de ned at
all inputs exceptthe end-position me; of the marker me. By the Recursion
Theoremthereis an index e with ' ¢ = ¢; X sud index e and note that all
extensionsof . arein S'.

If the marker me movesin nitely often, then . is total and the function f
givenby fe(hx;yi) = o(x) isin Cyl(S?). It follows from the construction that
M outputs in nitely many di erent guesse®n f.. SoM doesnot OEx -learn
f e which givesthe desiredcontradiction for this case.

Soit remainsto look at the scenariowhen m, movesonly nitely often and
remainson the end-position me; . Now de ne the functions

8
2 (X)if X6 Meq ,
fea(Gyi)=_ ° °
T a If X = Mgy .

M shaws on all thesefunctions the samebehaviour in the sensehat it outputs
the same nite setE of indices| sinceotherwisethere would be an a permit-

ting a new output outside E and the marker would move again. Furthermore
all functions f., are in Cyl(S') and they dier on innitely many values.
Soonly nitely many of thesefunctions have a program in E that computes
them at almost all places.Thus, one can choosea sud that no programin E

computesf, = e, With at most nitely many errors.
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Soin both casesthere is a function f. 2 Cyl(S') which is not learned by
M under the criterion OEx and it follows that Cyl(S?) is a witnessfor the
non-inclusionBC; 6 OEx . 2

Recallthe notion of con dencefrom De nition 4. A classis in ConfEx if it is
Ex -learnedby a learnerthat corvergeson every function. Sinceevery Ex,,-
learner can easily be converted into a ConfEx -learner we have the inclusion
[1; n]EX,, [1; n]ConfEXx . Furthermore, every ConfEx -learner outputs on
ewvery function only nitely many indices, so a team of n ConfEx -learners
in total alsooutputs on ewery function nitely many indices. Thus it follows
that [1;n]ConfEx OEx . As a consequenceBC; is not cortained in any
gf the just mertioned criteria. Smith [19, Theorem 3.8] proved that BC 6
n2n[L NJEX . This may be comparedto the following corollary.

. . S
Corollary 20 For everyn;m 2 N, BC; is neither a sulelassof ., o [1; NJEX,,
nor a sulclassof |, [1; n]ConfEX .

Note that it makessensedo considerteamsin the caseof learningwith nitely
many errors since teams of ConfEx -learners have more power than single
ConfEx -learners:The classcortaining the functions that are zeroalmost ev-
erywhereand the functions that are self-describingis learnableby a [1; 2]EX,
team but not by a singleEx -learner[8, Theorem2.13].

We also remark that the proof of Theorem 11 shaws that in fact ConfEx is
not includedin —,,5BC,,.

The results presetted in this paper do not resole all the relationship between
dierent BC)' criteria, which is an open problem. Similarly, for the casein-
volving team of learners.In this respect note that sincethe classeqa;hbBC,
and [a; b|Exo are the sameand the exactrelation betweenthe classeda;b|Exg
is still unknown, the sameholds for the classeda;b|BC,. Neverthelessmany
results have already been obtained for the inclusion relation of [a;bExq. For
a list of referencessee[11, p 219].

6 Grammar induction

In this sectionwe make someremarks on grammatical inference.In the pre-
vious sectionswe have beenconcernedwith the inductive inferenceof com-
putable functions. Here we considerthe more general paradigm of learning
recursively enumerable sets, or, when we think of the code of a recursiwely
enumerable set as a grammar generating the set, the learning of grammars
from piecesof text. The set learning analogsof the models Ex and BC that
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we studied in the previoussectionsare de ned as follows (we usethe notation
of [11]): Let W, denote the domain of ' ¢, i.e. the set acceptedby the e-th
program in the standard acceptablenumbering ' .

De nition 21 Let L be arecursiwely erumerableset. A text t for L is a (not
necessarilyrecursive) mapping from N to L [ f# g sud that all elemens of
L appearin the rangeoft (# may or may not appearin the rangeof t; The
usageof # is to allow texts for empty language).

The initial segmen of length n of t is denoted by t[n]. A learnerM TxtEX -
learns L if for every text t for L, lim,; M (t[n]) = e existsand W, = L.
M TxtBC -learns L if for every text t for L, Wy ¢n) = L for almost every
n. A madine M TxtBC ,-learns L (or: M TxtBC-learns L with at most n
semantic mind change$ if M TxtBC-learns L sud that the cardinality of
the setfn : M (t[n]) 6 ?N Wy (t[n)) 6 Wy (tin+1]) 9 is at most n. A classL
of recursiwely erumerable setsis in TxtEx [TxtBC, TxtBC ,] when there is
a recursiwe learner that TxtEx-learns [TxtBC-learns, TxtBC ,-learns] every
L 2 L. Variants of these classes,such as the analog TxtBC " of BC", are
de ned in the obvious way.

The de nition of con dence for language-learnerss as follows:

De nition 22 A TxtEx -learneris con dent if it corvergeson ewvery text. A
TxtBC-learner is con dent if it TxtBC-convergeson every text. We denoteby
ConfTxtBC the classeghat are TxtBC-learnable by a con dent learner.

First we note that a negative result on function learning immediately yields a
correspnding negative result for languagelearning, sincethe latter is a more
generalsetting. (We can embed the rst into the secondby interpreting the
graph of a recursiwe function as a simple kind of recursively enumerableset.)
Thus, the Theorems2, 11, 14, 15, 18 and 19 all hold for the correspnding
models of languagelearning. The following simple result shavs that Theo-
rem 16 doesnot transfer.

Theorem 23 (See[l1, page145,147]) TxtBC } is not contained in TxtBC,
as witnesse@ by the classf W, : We =* Ng.

Proof. Considerthe classX = fW, : We =1 Ng. X 2 TxtBC é sinceit is learned
by the learnerthat always outputs a code for N. On the other hand, it follows
from Angluin's characterization of learnability without errors [11, Theorem
3.26]that X is not learnableby any learner (even when nonrecursiwe learners
are allowed). In particular X is not TxtBC-learnable. 2

Finally, it is easyto seethat the ideafor the proof of Theorem17 canbe used
to show that this result also holds for languagelearning. We now consider
Corollary 10. We want to show that Corollary 10 doesnot hold for language
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learning. For this we use the following result, which is interesting in itself.
First a de nition:

De nition 24 Let L be a collection of recursiwely enumerablesets.

() (Angluin [3]) L has nite thicknessif for every nite D 6 ; the collection
fL2L:D Lgis nite.

(i) L is nite-to-1 enumerbleif there is a recursive function f sud that
L = fW;) 11 2 Ng and for every member L 2 L there are at most nitely
many i sud that L = W ). (Note that this nite number may depend on
L.) Similarly, L is 1-1-enumearbleif it hasan enumeration in which every
set hasonly onecode.

Theorem 25 There exists a uniformly recursively enumeable collection L
that has nite thicknessand that is not in TxtBC .

Proof. The proof is an adaptation of the proof of Theorem3.1in Terwijn [22]
(which shonvedthat thereis a 1-1-erumerablelearnablecollection of recursive
setsthat is not in TxtBC). The collection L contains for ewvery e a subclass
L sud that the e-th partial recursive function ' ¢ doesnot TxtBC -learn L .
To separatethe strategiesfor di erent e we let the elemeits of L ¢ be subsets
of Nl¥l = fhe;xi : x 2 Ng.

The classed . are uniformly enumeratedasfollows. L . will cortain Leg = N,
a certain diagonalsetL¢; and setslLe;, ] > 1, sud that at least one of the
following casesholds:

' ¢ doesnot TxtBC-learn L¢.;. Furthermore, every L, i > 1, will be either
empty or equalto Ley.

' ¢ doesnot TxtBC-learn a Le; with j > 1. Furthermore, every L¢;, with
1<i<j,will equalLeo and all Le with i > j will be empty.

The construction of L ¢ is now asfollows. We useauxiliary variablesxe; and ;.
Initialization: Let o bethe empty string, Leo = N, Lo = ; forallj > 0.

In subsequen stageswe may add elemerts to thesesets.Go to stagel.

fXe1; Xe2; 1111 Xej 10. Seart for a number Xej in Lej+1 and an extension
; of ; 4 sud that the range of ; cortains only elemerts from N[
fXe1; 1117 Xej 0, " e( j) isde ned andthe setW: () generatedby it cortains

Xe;j. If theseare found, add the rangeof ; to Les, and goto Stagej + 1.
This completesthe construction of the L .. Now there are two possibilities:
The construction of L . is completedat every stagej . Then the union of all

the ; constitute atext for Le.1, but ' ¢ in nitely often outputs an hypothesis

18



that cortains a non-elemen of L¢;. Hence' ¢ doesnot TxtBC-learn L.
Stagej in the construction is not completedfor somej. In this casexg; is
not found and the learner' doesnot overgeneralizeon any text for Le;+1
starting with ; ;. Hence' doesnot TxtBC-learn Lg;4; .

Note that every L. has nite thicknesssinceit cortains at most the setsL ¢,
Leq and possiblysomeLej. 2

Terwijn [22, Theorem5.3]shavedthat a nite-to-1 enumerablecollectionthat
has nite thicknessis in TxtBC. Theorem 25 shows that the hypothesis of
nite-to-1 enumerability is necessaryfor this result. Now we usethe proof of
Theorem25to shaw that the analogof Corollary 10fails for languagelearning.

Theorem 26 There are classesCy, and C; in ConfTxtBC; suchthat Cy[ C;
is not in TxtBC . Henee neither ConfTxtBC nor TxtBC ,, n 1, is closal
under nite unions.

Proof. Let L be the collection from the proof of Theorem 25. This collection
cortains for every e a setlL;. Let Gy be the collection consistingof all these
Les's, plus the empty set. Clearly Gy is in ConfTxtBC ;. We now prove that
alsoC, = L Gisin ConfTxtBC;. Sinceby Theorem25C,[ C, = L is not
in TxtBC the theoremfollows. We de ne a con dent recursive TxtBC-learner
M for C,. We usethe notation of the proof of Theorem 25. Given a piece of
text :If cortains no elemerts, then M outputs ?. Otherwise M nds e
sudh that  cortains elemers only from NI, M then follows the de nition of
Leq for j j stepsin orderto nd the rst \gap" Xea. If Xeq IS not found, M

outputs N® asa guess.If xe, is found and is in the rangeof , then can
only be a subsetof L., (amonglanguagesn C;). Thus M can safely output

a grammar for Leo = NI, Otherwise, let M ( ) be the program that searhes

arefound, M ( ) starts to erumerateLqo fXeq;:::;Xeng. If, however, in the
courseof this enumeration another gap Xe.+1 is found, M knows its guessis
wrong and starts to enumerate all of L. Now if there is indeed an in nite
number of gapsXe;, then M ( ) is always a code for L. If there is only a

Leo fXe1;::1;Xen0. Note that in this last casethere is also at most one
semanic mind change.SoM is con dent and it TxtBC ;-learnsC,. 2

We note without proof that, in analogyto Theorem 26, there are two classes
in TXtEx o whoseunion is not in TxtEx. Howewer, in Theorem 26 one cannot
get TxtBC g instead of TxtBC ; sincethe union of two classesn ConfTxtEx
isin ConfTxtBC and every TxtEx ,-learnableclassis ConfTxtEx -learnable.

19



AcknowledgementsWe thank William Gasard for helpful discussionsA pre-
vious version of this paper appearedas[21].

References

[1] A. Ambainis, S. Jain and A. Sharma, Ordinal mind change complexity of
language identi ¢ ation, Theoretical Computer Science, 220 (1999) 323-343.
Special issueon Australasian Computer Science.

[2] A. Ambainis, R. Freivalds and C. H. Smith, Inductive Inferenae with
Procrastination: Back to De nitions , Fundamerta Informaticae 40 (1999) 1{
16.

[3] D. Angluin, Inductive inferencee of formal languages from positive data,
Information and Control 45 (1980) 117{135.

[4] J. M. Barzdins, Two theorems on the limiting synthesis of functions, Theory
of Algorithms and Programs (Latvian State University) 1 (1974) 82-88 (in
Russian).

[5] J. M. Barzdins and R. Freivalds, On the prediction of geneml recursive
functions, Soviet Mathematics Doklady 13 (1972) 1224-1228.

[6] L. Blum and M. Blum, Toward a mathematical theory of inductive inference,
Information and Control 28 (1975) 125-155.

[7] J. Case, S. Jain and A. Sharma, Complexity issues for vacillatory function
identi ¢ ation, Information and Computation 116(2) (1995) 174{192.

[8] J. Case and C. Smith, Comparison of identic ation criteria for machine
inductive inference, Theoretical Computer Science25 (1983) 193-220.

[9] R. Freivalds and C. Smith, On the role of procrastination in machine learning,
Information and Computation 107 (1993), 237{271.

[10]E. M. Gold, Languageidenti c ation in the limit, Information and Control 10
(1967) 447-474.

[11]S. Jain, D. Osherson,J. S. Royer and A. Sharma, Systemsthat learn, An
intr oduction to learning theory, secondedition, MIT Press,1999.

[12] M. J. Kearns, U. V. Vazirani, An intr oduction to computational learning theory,
MIT Press,1994.

[13]M. Kummer and F. Stephan, On the structure of degrees of inferability, Journal
of Computer and System Sciencesb2 (1996) 214{238.

[14] P. Odifreddi, Classi@al Recursion Theory, North-Holland, Amsterdam, 1989.

20



[15]P. Odifreddi, Inductive inference of total functions, in: S. B. Cooper, T.
A. Slaman, S. S. Wainer (eds.), Computability, Enumerability, Unsolvability.
Directions in Recursion Theory, London Math. Scoc. Lecture Note Series224
(1996) 259{288.

[16]D. N. Osherson,M. Stob and S. Weinstein, Aggregating inductive expertise,
Information and Computation 70(1) (1986) 69{95.

[17]1D. Osherson,M. Stob and S. Weinstein, Systemsthat learn, An intr oduction to
learning theory, MIT Press,1986.

[18]A. Sharma, F. Stephan, Y. Vensov, Genemnlized notions of mind change
complexity, Proceedingsof the Tenth Conferenceon Computational Learning
Theory (COLT'97), Nashville (1997) 96{108.

[19] C. Smith, The power of pluralism for automatic program synthesis J. ACM 29,
Vol. 4 (1982) 1144-1165.

[20]R. I. Soare,Recursively enumerable sets and degrees Springer-Verlag, 1987.

[21] F. Stephanand S. A. Terwijn, Counting extensionaldi er enaesin BC-learning,
Proceedingsof the 5th International Colloquium on Grammatical Inference
(ICGI 2000), Springer Lecture Notesin A. 1. 1891(2000) 256{269.

[22] S. A. Terwijn, Extensional set learning, Proceedingsof The Twelfth Annual
Conferenceon Computational Learning Theory (COLT '99), Sarta Cruz (1999)
243{248.

21



