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Abstract

Karp and Zhang developed a general randomized parallel algorithm for solving

branch and bound problems.They showedthat with high probabilit y their algorithm

attained optimal speedup within a constant factor (for p � n=(log n)c, where p is

the number of processors,n is the \size" of the problem, and c is a constant).

Ranade later simpli�ed the analysis and obtained a better processorbound. Karp

and Zhang's algorithm works on models of computation where communication cost

is constant. The present paper considersthe Branch and Bound problem on networks

where the communication cost is high.

Supposesending a messagein a p processornetwork takes G = O(log p) time and

node expansion(de�ned below) takesunit time (other operations being free). Then

a simple randomizedalgorithm is presented which is, asymptotically, nearly optimal

for p = O(2logc n ), where c is any constant < 1=3 and n is the number of nodes in

the input tree with cost no greater than the cost of the optimal leaf in the tree.

Keywords: Branch and Bound, Parallel Algorithms

1 In tro duction

Branch and Bound algorithms are frequently used for solving
optimization problems.Becauseof the importanceof several such
optimization problems,and the fact that most of thesejobs are
computation intensive, it is useful to look at parallelizing such
algorithms.
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Karp and Zhang [KZ88] presented a simple randomizedoptimal
algorithm for such problems.They showedthat the algorithm was
optimally fast (upto a constant multiplicativ e factor) on every
problem instancewith high probability. Their analysiswas later
simpli�ed and improved by Ranade [Ran90]. (Karp and Zhang
also improved their original analysis in the journal version of
their paper [KZ93]).

Karp and Zhang(Ranade)assumeda constant time communica-
tion betweenthe processors(with local memory only). However,
in reality networks are not fully connectedand communication
cost could go up depending on the number of processors.We
consider Branch and Bound on a model in which communica-
tion cost dependson the number of processors.In Section2 we
present the genericBranch and Bound problem and our model.
Section 3 gives a lemma useful in proving our result. Our algo-
rithm is presented in Section 4. Section 5 gives the analysis of
the algorithm.

2 Mo del

Karp and Zhang model a genericBranch and Bound problem as
follows. A tree H with costsassociated with each node is given.
The cost function has the property that if v is the parent of
w then Cost(v) < Cost(w). The goal is to �nd a least cost leaf.
For simplicity we assumethat all costsaredi�eren t. The input to
the algorithm is the root of H , and the other nodesaregenerated
during executionusinga procedurecallednode expansion.When
this procedureis applied to a node v, it either determinesthat v
is a leaf,or it generatesthe children of v alongwith the associated
costs.A node can be expandedonly if it is a root or it hasbeen
generatedby expanding its parent earlier. We assumethat the
degreeof nodesof H are boundedby a constant. Speci�cally, we
assumethat H is a binary tree, even though our analysisworks
for any b-ary tree. In many applications (such as in branch-and-
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bound algorithm for Travelling SalesmanProblem) the degreeof
the branch and bound tree can be made constant by replacing
a node with d children by a binary tree with height logd (this
increasesthe height by a multiplicativ e factor logarithmic in the
maximum degree).Let ~H denotethe subtreeof H formed using
nodeswith costno greaterthan the costof the minimal cost leaf.
Let n denotethe number of nodesin ~H and h denotethe height
of ~H . It is easyto seethat any sequential algorithm for branch
and bound must do at least n node expansions,and that any
parallel algorithm must take at least 
( n=p+ h) steps,wherep is
the number of processorsused.In a parallel computation model
with communication costbeingconstant, Karp and Zhang[KZ88]
gave an algorithm which achievesthe above lower bound for p <
n=(log n)k, for someconstant k. Ranade[Ran90] later simpli�ed
the analysisand improved the processorbound to n=logn. Karp
and Zhang [KZ93] also improved their original analysisto get a
processorbound of n=logn.

We use the following model of parallel computation (see
[BNK92,CKP+ 93,KSSS93]for similar models). There are p pro-
cessorsnumbered from 1 to p. Each processorhas local memory
and there is no global memory. There is no global control but the
processorsoperate synchronously (this is only for the analysis,
and not for the algorithm). We assumethat the processorshave
capability to do independent random coin tosses.Expanding a
node takesoneunit of time, sendinga messagetakesG units of
time, and receivinga messageis free? . Thus, a messagesent by
processorPi to processorPj at time t will be received by proces-
sor Pj at time t + G and processorPi is unavailable for doing any
work betweentime t and t + G. In any message,a processorcan

? Anonymous refereepointed out that the model consideredin this paper is known
as Telephonemodel in the literature. Our algorithm and analysis can be easily
modi�ed to work for the casewhen receiving a messagecosts G units of time, as
long as simultaneous multiple receives are allowed or when received messagesare
queuedin the input bu�er according to a priorit y basedon the cost of the nodes.
To keepthe presentation simple we do not considersuch variants in this paper. At
present we do not know what other models (for receives) our algorithm/analysis
can be made to work.
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transmit at most onenode of the tree H .

In our model, as in the model of Karp and Zhang and that of
Ranade,we charge a processorjust for node expansions(1 unit
of time) and communication. Everything elseis free.This is based
on the assumptionthat in realapplicationscostof communication
and node expansionwould dominate.

Karp and Zhang's algorithm (as modi�ed by Ranade) is essen-
tially the algorithm given below for the casewhen G = 1. Our
main result is that for communication time logarithmic in the
number of processors,branch and bound can be implemented in
nearlyoptimal randomizedtime, for processorboundof O(2(log n)c

)
(for c < 1=3).

Notation: All logarithms in this paper are base2. Sizeof a tree
T, denoted Size(T), is the number of nodes in T. For a tree or
forest F and node v in F , let Sizesub(F; v), denote the size of
the subtreerooted at v in F . Level of node v in tree T is de�ned
as the distanceof v from the root of T. Thus level of root is 0.
Height of a tree is the maximum over the level of the nodes of
the tree. A node v is an ancestorof node u in tree T, i� v lies in
the unique path from root of T to v. v is a proper ancestorof u,
i� v is an ancestorof u but u 6= v. A node u is descendant of v,
i� v is ancestorof u. A node u is proper descendant of v, i� v is
proper ancestorof u.

3 A Useful Lemma

In this sectionwe prove a lemmawhich is useful in bounding the
sizeof treesobtained in the analysisof our algorithm.

For a tree T, let F G
T denotea forest obtained when each edgeof

T is retained with probability 1 � 1=G. Let P G
T (w) denote the

probability that the tree in F G
T containing the root of T hassize

more than w.
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In this section we will be proving a lemma (Lemma 8 below)
which givesa reasonableupper bound on P G

T (w), for binary trees
T and certain valuesof w.

Before giving the lemma for general binary trees, we will �rst
consider\balanced" trees(which may be non-binary).

De�nition 1 A tree T is said to be r -balanced i� for any node v
in the tree

(i) for all children u of v, Sizesub(T; u) � 2dSizesub(T;v)
r e� 1;

(ii) there are at most two children u of v with Sizesub(T; u) <
dSizesub(T;v)

r e.

Thus almost all children of any node in a balanced tree have
nearly samesize.For a r -balancedtree T, let us color any non-
root node u red, if Sizesub(T; u) < dSizesub(T;parent(u))

r e. Other
nodes(including the root) are coloredblue.

The following proposition gives some properties of r -balanced
trees.

Prop osition 2 Supposer � 5. SupposeT is an r -balanced tree.
In the following, reference to children, parent and levelof a node
refers to tree T. SupposeSize(T) = l. Supposev is a node in T
and Sizesub(T; v) = s.

(a) Each node in T hasat most two children with red color, and
at most r children of bluecolor.

(b) For any red colored child u of v, Sizesub(T; u) � ds
r e� 1 < s

r .
For any bluecolored child u of v, ds

r e � Sizesub(T; u) � 2ds
r e�

1 � 1 + (2s=r).
(c) Sizesub(T; u) � Sizesub(T; v)=2, for any child u of v.
(d) The height of the tree T is � logl.
(e) � f uju is red colored child of vgSizesub(T; u) � 2s=r.
(f ) The total number of nodeswhich havea red colored ancestor

is at most 2l(log l)
r .
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Pr oof. (a), (b) follow from the de�nition of balancedtree and
red/blue nodes.

(c) By part (b), for any child u of v in T, Sizesub(T; u) �
2dSizesub(T;v)

r e � 1 � Sizesub(T;v)
2 (note that Sizesub(T; v) must be

at least 2, for v to have a child in T).

(d) Follows from part (c).

(e) Follows using part (a) and (b).

(f ) It follows from part (e) that, for each level i in T,
� f uju is red coloredand at level i gSizesub(T; u) � 2l=r. Sinceby
part (d), the height of the tree T is at most logl, part (f ) fol-
lows.

Lemma 3 SupposeT is an r -balanced tree. Supposev is a node
in T and Sizesub(T; v) = s.

(a) min(f r =3; s � 1g) � number of children of v in T � r + 2.
(b) Supposev has k blue children in T. Then, for any bluechild

u of v in T, Sizesub(T; u) � Sizesub(T;v)� 1
2k+1 .

Pr oof. (a) The upper bound on the number of children follows
from Proposition 2(a). Since the size of subtree rooted at any
child of v in T is at most 2ds

r e � 1, the degreeof v is at least
(s � 1)=(2ds

r e� 1). For r � s, (s � 1)=(2ds
r e� 1) = s � 1; and for

r < s, (s � 1)=(2ds
r e� 1) � (s � 1)=(2( s� 1

r + 1) � 1) � r =3.

(b) Fix any blue child u of v. Note that for any
blue child u0 of v, Sizesub(T; u0) � 2Sizesub(T; u) (by
Proposition 2(b)). Also, for any red child u0 of v,
Sizesub(T; u0) � Sizesub(T; u). Let Sb = f u0 j u0 is a blue
child of vg, and Sr = f u0 j u0 is a red child of vg. Now,
Sizesub(T; v) = 1 + � u02Sb�f ug[Sizesub(T; u0)] + Sizesub(T; u) +
� u02Sr [Sizesub(T; u0)] � � u02Sb�f ug[2Sizesub(T; u)] +
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Sizesub(T; u) + � u02Sr [Sizesub(T; u)] � 1+ (2k + 1)Sizesub(T; u).
Part (b) follows.

Now considera forest F G
T formed by keepingeach edgeof a r -

balancedtree T with probability 1 � 1=G. Let the color of any
node in F G

T be sameas its color in T.

Lemma 4 Suppose r > 30. Suppose T is an r -balanced tree of
sizel, and G log2 n � r � l � n. Then, for somepositive constant
c0

1

(a) The probability that there exists a node v in T, with
Sizesub(T; v) � r , such that at most 1

1:5G fraction of v's blue
colored children in T are not its children in F G

T is bounded by
l � n� c0

1 logn,
(b) With probability at least 1 � l � n� c0

1 logn, for any node v in T
with Sizesub(T; v) � r , � f u2Sv gSizesub(T; u) � Sizesub(T; v) �
1

4G , where Sv = f u j u is a blue colored child of v in T but is
not a child of v in F G

T g.
(c) With probability at least 1� l � n� c0

1 logn, the number of nodes,
with no red ancestor, in the tree of F G

T containing the root is
bounded by l

r + 2le� log l
8G log r .

Pr oof. (a) Considerany nodev in T such that Sizesub(T; v) �
r . Supposev has k blue children. Note that the total number
of children of v is at least r =3, at most two of which are red
(by Lemma 3(a) and Proposition 2(a)). Thus, k � r =3 � 2. The
probability that any blue child of v in T is not its child in F G

T

is 1=G. Thus, by Cherno� bounds, for somepositive constant
c00

1, the probability that at most 1
1:5G of v's blue coloredchildren

are not its children in F G
T is boundedby 2� c00

1 ( r
3 � 2)=G � 2� c0

1r =G �
2� c0

1 log2 n = n� c0
1 logn, for somepositive constant c0

1. Part (a) now
followssincethereareat most l nodesv in T with Sizesub(T; v) �
r .

(b) By part (a), with probability at least 1 � l � n � c0
1 logn,
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for any nodev in T with Sizesub(T; v) � r , at least 1
1:5G fraction

of v's blue coloredchildren in T are not its children in F G
T .

Supposethe above holds.Considera node v with k blue children
in T, and satisfying Sizesub(T; v) � r . Let Sv = f u j u is blue
coloredchild of v in T but is not a child of v in F G

T g.

� f u2Sv gSizesub(T; u)

� � f u2Sv g
Sizesub(T; v) � 1

2k + 1
(by Lemma 3(b))

�
k

1:5G
�

Sizesub(T; v) � 1
2k + 1

�
Sizesub(T; v)

4G
(Note that Sizesub(T; v) � r > 30 and k � r

3 � 2 � 8)

(c) Assume,without lossof generality that l � r 4 (otherwisepart
(c) trivially holds, since2le� log l

8G log r would be � l). Note that any
blue node, which has no red ancestor and is at level � log l

2 logr ,
satis�es Sizesub(T; u) � l(1=r) log l=(2 logr ) = r log l=(2 logr ) � r .

Let the tree in F G
T , which contains the root of T, be calledTroot.

Thus, (using part (b)) with probability at least 1 � l � n � c0
1 logn,

we have that the number of blue nodes(in Troot) which have no
red ancestorand are at level > log l

2 logr in Troot is boundedby

l(1 � 1
4G)

log l
2 log r � l (1 � 1

4G)(4G)( log l
8G log r ) � le� log l

8G log r � 2le� log l
8G log r .

On the other hand, sinceany node in T hasat most r blue chil-
dren, the number of nodes at level � log l

2 logr in T, with no red

ancestor,is boundedby r 1+ log l
2 log r � l=r. Part (c) follows.

Corollary 5 Supposer > 30. SupposeT is an r -balanced tree of
size l and G log2 n � r � l � n. Let B(l ; r ) = min(l ; 3l log l

r + 2l �
e� log l=(8G logr )). Then, PG

T (B (l ; r )) � n� c1 logn for some positive
constant c1.
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Pr oof. Supposev is the root of T. Then by Lemma 4(c) and
Proposition 2(f) we have that, for large enoughn, with proba-
bilit y at least 1 � l � n� c0

1 logn � 1 � n� c1 logn for somepositive
constant c1,

Sizesub(F G
T ; v) � min(l ;

2l logl
r

+
l
r
+2 l� e� (log l)=(8G logr ))) � B (l ; r )

Corollary follows.

We will now show that for any binary tree T, one can trans-
form it to a (possibly non-binary) r -balancedtree T 0, such that
PG

T (w) � PG
T0(w), for all w. This would allow us to usethe bound

in Corollary 5 for all binary trees.

First, it is easyto seethe following proposition.

Prop osition 6 For any tree T1, if v1 is a proper ancestor of
v2 in T1 and T00

1 is obtained from T1 by deleting the edge from
parent(v2) to v2 and adding v2 as a child of v1, then for all w,
PG

T1
(w) � PG

T00
1
(w).

Now, supposeT1 is a tree such that subtree rooted at node v
of T1 is binary. Then, the following procedure,Balance(r; T1; v)
\balances" the node v of tree T1.

Balance(r; T1; v)
(Here v is a node of tree T1.)

Let s be the sizeof the subtreerooted at v.
Initialize T �

1 = T1.
While there exists a proper descendant u of v such that

(i) u is not a child of v, and
(ii) Sizesub(T �

1 ; u) � s=r and Sizesub(T �
1 ; u0) < s=r for

each child u0 of u.
Pick onesuch u.
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In tree T �
1 deletethe edgefrom parent(u) to u and add u as

child of v.
Endwhile
Return T �

1 .
End

The following proposition shows that the above proceduremakes
node v \ r -balanced."

Prop osition 7 SupposeT1 is a tree, v is a node in T1 suchthat
the subtree rooted at v is binary. Suppose Sizesub(T1; v) = s.
Then, for the tree T �

1 obtained by executing Balance(r; T1; v), the
following hold

(a) Sizesub(T �
1 ; u) � 2ds=re� 1, for any child u of v (in T �

1 ).

(b) For all but at most two childrenu of v (in T �
1 ), Sizesub(T �

1 ; u) �
ds=re.

(c) For each w, PG
T1

(w) � PG
T �

1
(w).

(d) Subtrees rooted at each child of v is binary.

Pr oof. (a) Note that Sizesub(T �
1 ; u0) is lessthan s=r for any

grandchild u0 of v in T �
1 . Thus Sizesub(T �

1 ; u) � 1 + 2(ds
r e � 1),

for any child u of v in T �
1 .

(b) For any new child u of v in T �
1 (i.e. u not a child of v in T1)

Sizesub(T �
1 ; u) � s=r. (b) follows sincev has at most 2 children

in T1.

(c) Follows using proposition 6.

(d) Followsfrom construction,sincethe procedureBalance(r; T1; v),
does not increasethe number of children of any proper descen-
dant of v.

Thus, the procedureBalance(r; T1; v) nearly balancesthe node
v of T1. Transform a binary tree T to T0 by repeatedly using
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Balance(r; �; �), for balancing all the nodesof T, where a parent
is balancedbeforeits child (for example,by balancing in the dfs
order of nodesin T). It is now easyto verify using Proposition 7
that T0 is r -balanced,and for each w, P G

T (w) � PG
T0(w).

It immediately follows using Lemma 4 that

Lemma 8 Suppose a binary tree T is given with l � n nodes.
Suppose r is given such that G log2 n � r � l . Let B(l ; r ) =
min(l ; 3l log l

r + 2l � e� log l=(8G logr )). Then PG
T (B (l ; r )) � n� c1 logn

for somepositive constant c1, and largeenoughn.

4 Branc h and Bound Pro cedure

We now present our algorithm for branch and bound when com-
munication costsarehigh. The following algorithm is a local best
�rst algorithm with a bias towardschildren remaining in the pro-
cessorwheretheir parents are expanded.Initially root is present
at processor1. Each processormaintains two data structures:
(1) a local priorit y queueof unexpandednodes,and (2) a bound
LCLD on the least cost leaf discovered.Each processorexecutes
the following algorithm.

BandB1
Let LCLD = 1 .
Rep eat

1. Node ExpansionPhase
Repeatedly executethe following loop for a total time

usage?? of G logp steps (if one of the last G steps
involves transmission of a node, then complete that
transmissionbeforegoing to step 2).

begin Lo op

??Note that node expansiontakes unit time step, node transmission takes G time
steps,and other operations do not take any time.
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1.1 Expand the leastcostunexpandednode,v, in the
local queue.

1.2 If v is a leafthen let LCLD = min(LCLD ; Cost(v)).
1.3 Otherwise, for each child w of v:

1.3.1 With probability 1=G, transmit w to a
random processor.

1.3.2 With probability 1 � 1=G, add w to the
local queue.

1.4 Update the local queue with any arrivals from
outside.

end Lo op
2. Termination Detection Phase

Find the minimum, m, of LCLD on all the pro-
cessorsand update LCLD to m.

Halt if no processorhas any unexpandednode
with cost lessthan m.

forev er
end

Note that the termination detection phasecan be executedin
O(G logp) steps. Thus, from now on we assumethat the pro-
cessorsdo not executethe Termination Detection Phasebut au-
tomatically know when to stop. This would only a�ect the run
time by a constant multiplicativ e factor and an additive factor of
O(G logp). Note that no processorexpandsany node in H � ~H , if
it hassomenode in ~H left to expand.Thus,only the expansionof
nodesin ~H (and corresponding possibletransmissionof children
of nodesin ~H ) can a�ect the performanceof the algorithm. Let
Ĥ denote ~H plus the children of the leaves of ~H . Basedon the
above discussion,for the analysisbelow we may assumewithout
lossof generality that H = Ĥ . Note that the sizeof Ĥ is at most
3 times the sizeof ~H , and height of Ĥ is at most onemore than
the height of ~H .

From now on, we let n denote the number of nodesin Ĥ and h
denote the height of Ĥ (though earlier in the paper we basedn
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and h on the sizeand height of ~H , the modi�cation only e�ects
the time boundsby a constant multiplicativ e factor).

Furthermore, for easeof giving the analysiswe assumethat the
randomnessin step 1.3 of BandB1, is shifted to the beginningof
the algorithm. That is, beforethe start of the algorithm, for every
node v (except the root) in H , v is ticked with probability 1=G.
In the stepcorresponding to step1.3,a nodev is randomly trans-
mitted to another processor,i� v is ticked. This clearly doesn't
changethe probabilistic time boundson the runtime of the algo-
rithm above. The following describesthe modi�ed algorithm.

BandB2
Each node (except the root) in H is ticked with probability

1=G.
Rep eat

Expand the leastcostnode,v, in the local queue.
If any of v's children is ticked, then transmit it

to a random processor.Unticked children are
retained in the local queue.

Update the local queuewith any arrivals.
forev er

end

We dropped the referenceto LCLD sinceit is usedonly for de-
tection of termination. As discussedabove, we assumethat the
algorithm automatically stops oncethe least cost leaf is discov-
ered.

It is easyto seethat the running time of the above procedurehas
sameprobabilistic time bounds (except for constant multiplica-
tiv e factor, and additive factor of O(G logp)) as the procedure
BandB1. We prove the following theorem about the run time of
BandB2 in the next section.

Theorem 9 SupposeĤ has n nodes,and height of Ĥ is h. Let
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p be the number of processors(we assumep < n1=12) and G be
the communication cost as described above. Supposer and q are
suchthat

(a) q < n1=12,
(b) r > max(Gplogq; G log2 n), and
(c) logq > 8G logr log(Gp),

then the algorithm BandB2 completesexecution in time O(hq2 +
n=p) with probability � 1 � n� c0 logn, for somepositive constant
c0.

Corollary 10 Suppose p = 2logc n, where c < 1=3 and G =
blogp. Then the algorithm for branch and bound given above
completesthe execution in time O(hq2 + n=p) with probability
� 1 � n� c0 logn, for somepositive constant c0, where q = O(n� ),
for any constant � > 0.

Pr oof. Let r = Gplog2 n and q = 28G logr log(Gp) + 1. Note that
q � 28G log(p2log2n) log(Gp) + 1 � 2c0log3 p � n� , for some positive
constant c0, any � > 0, and largeenoughn. Corollary now follows
from Theorem9.

Thus for communication time logarithmic in the number of pro-
cessors,branch and bound canbe implemented in nearly optimal
time, for p < 2logc n, c < 1=3. (The \nearly" in the previousstate-
ment is due to the multiplicativ e factor of q2 in h. As long ash is
smaller than n=(pq2), the algorithm is optimal. For example,if h
is not more that n1� � , for somepositive constant � , the algorithm
is optimal.)

5 Analysis of the Algorithm: Pro of of Theorem 9

For a given H (Ĥ ), whereĤ has n nodesand is of height h, �x
p, G, r and q as in Theorem 9. In this sectionwe will show the
bound on executiontime of BabdB2 as claimed in the theorem.
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Let Ĥ0; Ĥ1; Ĥ2; : : : denotea �xed disjoint partition of Ĥ into sub-
trees,such that the subtreesare of sizebetweenq and 2q, except
possibly for onesubtreewhich is of size< q. Note that the num-
ber of Ĥ i 's is at most 1 + n=q.

Consider a forest F formed from Ĥ by deleting the edge
(parent(v); v) for each ticked node v in Ĥ . For use in analy-
sis, we place G marks on parent(v) for each such deleted edge
(parent(v); v). This would represent the extra work done when
expanding parent(v). A node with marks placed on it is some-
times refered to as marked node. Note that there is one-to-one
correspondencebetweenticked nodesand the roots of treesin F .
In the following lemma we claim that F satis�es certain proper-
ties with high probability. B (l ; r ) is as de�ned in Lemma 8.

Lemma 11 For large enough n, with probability at least 1 �
n� c2 logn (for somepositive constant c2), the following hold:

(a) For all i , the intersection of any tree in F with Ĥ i has at
most B(2q; r ) nodes.

(b) For all i , the number of marks placed on nodes in Ĥ i is at
most 8q.

(c) The sum of sizesof treesin F which are not subtreesof some
Ĥ i is at most 2B(2q; r ) � (1 + n=q)

Pr oof. For a �xed i :

By Lemma8, for any particular node v in Ĥ i , probability that
Sizesub(Ĥ i \ F; v) � B (2q; r ), is at most n� c1 logn. Sincethere
are a total of at most n nodes in Ĥ i , the probability that for
somev in Ĥ i , Sizesub(̂H i \ F; v) � B (2q; r ), is at most n �
n� c1 logn.

The total number of children of nodesin Ĥ i is at most 2� 2q.
The probability that the number of marks in Ĥ i > 8q is the
probability that at least 8q=G children (in Ĥ ) of the nodesin
Ĥ i areticked.Thus,by Cherno� bounds,the probability of this
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happening is at most 2� c0
2q=G � 2� c0

2 log2 n = n� c0
2 logn, for some

positive constant c0
2.

Thus, the probability that for some i , (a) or (b) fails to hold
is boundedby n � (n � n� c1 logn + n� c0

2 logn) � n� c2 logn, for some
positive constant c2 and large enoughn.

For (c) note that a tree in F which is not a subtreeof any Ĥ i must
contain an edgeconnectingtwo distinct Ĥ i 's in Ĥ . Sincethereare
at most 1 + n=q edgesconnectingdi�eren t treesof F , whenever
(a) holds, the sum of sizesof trees in F which are not subtrees
of someĤ i is boundedby 2B(2q; r ) � (1 + n=q) (sinceeach edge
connectingtwo di�eren t Ĥ i 's could give rise to subtreesof sizeat
most B(2q; r ) on the two Ĥ i 's it connects).Lemma follows.

We say that F formed from Ĥ is good i� it satis�es (a) to (c) in
Lemma11.Thus,F is good with probability at least1� n � c2 logn,
for large enoughn.

For S, a tree in F , let weight of S = Size(S)+ the number of
marks on nodesin S. Weight of S thus represents the total work
doneby the processorexpandingnodesin S (and possiblytrans-
mitting their children).

If a tree S in F is a subtreeof someĤ j , then we say that S is of
type A; otherwisewe say that S is of type B. Let n i denotethe
number of trees in F of type A and weight i .

Prop osition 12 SupposeF is good. Then,

(a) Each tree of type A hasweightat most 10q.

(b) Total number of nodesin treesof type B is bounded by 2(1+
n=q) � B (2q; r ). Thus total weight of trees of type B is bounded
by 2(1+ n=q) � B (2q; r ) � (2G + 1).

(c)
P

i [i � ni ] � (2q+ 8q)(1 + n=q) � 20n.

(a) and (c) in the above proposition follow from Lemma 11 (b).
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(b) follows from Lemma 11(c).

Lemma 13 Suppose F is good. Fix a node v of ~H . Then, the
algorithm BandB2 expandsv within time c4(hq2+ n=p) with prob-
ability � 1 � n� c3 logn, for somepositive constantsc3 and c4.

Pr oof. Wecall ancestorsof v (in Ĥ ) specialnodesand the trees
in F which contain any ancestorof v asspecial trees.Clearly, at
any particular time instant, at most one processorhas a special
node in its local queue.Werefer to such a processorasthe special
processor(for that time instant).

Note that the total time taken beforev is expandedconsistsof

T1: time taken to expandv and its ancestorsand possiblytrans-
mit their children, and

T2: delay encountered by the ancestorsof v dueto specialproces-
sor expandinga non-special node (of lower cost) and subsequent
possibletransmissionof its children.

Time delays in (T2) can be causedby oneof the following:

T2.1: Special processorexpandsa node (or transmits a child of
a marked node) from a tree of type B.

T2.2: Special processorexpandsa node (or transmits a child of
a marked node) in a special tree (of Type A) of F .

T2.3: (post-delay) Special processorexpandsa node in a non-
special tree S of type A (or transmits a child of a marked node in
S), such that the root of S arrived at the special processorafter
the root of the tree (in F ) containing the special node.

T2.4: (pre-delay) Special processorexpands a node in a non-
special tree S of type A (or transmits a child of a marked node in
S), such that the root of S arrivedat the specialprocessorbefore
the root of the tree containing the special node.

The above division of delays in groups is similar in spirit to the
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division in [KZ88]. In the following subsections,assumingthat F
is good, we will show that

(i) Time taken due to T1 is boundedby h � (2G + 1);

(ii) Time taken due to T2.1 is boundedby 2(n=q+ 1) � B (2q; r ) �
(2G + 1);

(iii) Time taken dueto T2.2 is boundedby h� B(2q; r ) � (2G+ 1);

(iv) Time taken due to T2.3 is boundedby 40n
p + 100n1=4q2, with

probability at least 1 � nc00
5 logn, for somepositive constant c00

5.

(v) Time taken due to T2.4 is boundedby a[(n1=4 + h)(100q2) +
20n
p ], with probability at least 1� n� c6 logn, for somepositive con-

stants a and c6.

Using the above boundson T1, T2.1{T2.4, we have that:

With probability at least 1 � nc7 logn, for somepositive constant
c7, the total time taken beforev is expandedis boundedby

h � (2G + 1) + 2(2G + 1) � (n=q+ 1) � B (2q; r ) +

h � B(2q; r ) � (2G + 1) + [
40n
p

+ 100n1=4q2] +

a[(n1=4 + h)(100q2) +
20n
p

]

� 3hG + 6GnB (2q; r )=q+ 3hGB(2q; r ) + 40n=p+ 100n1=4q2 +

100an1=4q2 + 100ahq2 + 20an=p

� O((n=q)B(2q; r )G + hq2 + n1=4q2 + n=p)
(Note that G � q and B(2q; r ) � 2q)

= O((nG=q)[
2qlogq

r
+ 2qe� log q

8G log r ] + hq2 + n1=4q2 + n=p)

= O(
nG logq

r
+ nGe� log q

8G log r + hq2 + n1=4q2 + n=p)

= O(hq2 + n=p)
(sinceq; p < n1=12, r > Gplogq, and logq > 8G logr log(Gp)).
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This provesLemma13.Wenow proceedto show the abovebounds
on T1, T2.1{T2.4.

Time tak en due to T1

Sincethere are at most h special nodes,each having at most 2
children which may be transmitted, the time taken due to T1 is
boundedby h � (2G + 1).

Time tak en due to T2.1

Sincethere are at most 2(1 + n=q) � B (2q; r )) nodes in trees of
type B, the total time taken due to T2.1 is boundedby 2(n=q+
1) � B (2q; r ) � (2G + 1).

Time tak en due to T2.2

Sincethere are at most h special trees, and each tree of type A
hassizeat most B(2q; r ), time taken due to T2.2 is boundedby
h � B(2q; r ) � (2G + 1).

Time tak en due to T2.3

For any tree of type A to causea post-delay, the root of the
tree must be sent to the special processor.Probability of this
happening is 1=p.

If ni � n1=4, then, using Cherno� bounds, the probability that
the total amount of post-delay due to nodes in trees of type A
and weight i is greater than (2ni =p)i , is bounded by 2� c0

5ni =p �
2� c0

5n1=4=p, for somepositive constant c0
5. On the other hand, if

ni < n1=4, then the total amount of post-delays due to nodes
from treesof type A and weight i is clearly � n1=4 � i .

Thus, if p < n1=5, then with probability at least 1 � n� c00
5 logn (for

somepositiveconstant c00
5), total amount of post-delay is bounded

by
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� i [2� i � n i
p ]+

P
i [n1=4� i ] � 40n

p + n1=4� (10q)(10q+ 1)=2 (since� i i � ni �
20n and maximum value of i , the weight of a tree of type A, is
boundedby 10q).

Thus, time taken by T2.3 is bounded by 40n
p + 100n1=4q2, with

probability at least 1 � nc00
5 logn, for somepositive constant c00

5.

Time tak en due to T2.4

We now considerpre-delays.

To model the pre-delays we considerthe following queuingprob-
lem. In this problem the goal of the adversary is to get a high
payo� with signi�cant probability.

There are k groups of customers,X 1; X 2; : : : ; X k. Somegroups
of customersare of type A and someare of type B. Number of
customersin any group of type A is bounded by 10q. Number
of groupsof customersof type A having i customersis n i . Total
number of customersin groupsof type B is boundedby 2(2G +
1)(1 + n=q)B(2q; r ). Also

P
i ni � i � 20n. Somegroups contain

special customers(such groupsare called special). Total number
of special customersin all the groups is bounded by h. X 1 is a
special group.

At the start of the queuingprocess,group X 1 is assignedto pro-
cessor1. The queuing processalternates between sequencesof
arrival and servicephases.At each servicephase,oneof the cus-
tomers (if present) in each queueis serviced.In an arrival phase,
a group of customersarrives. Each such group is assignedto a
random processor(by assigninga group to a processor,we mean
assigningall members of the group to the processor).A special
group can arrive only if no special customersare present at any
processor.The choice of arrival/service phaseand the group at
any arrival phasedependsonly on the the randomchoices(of pro-
cessorassignment) madeearlier in the queuingprocess.Note that
at any stepat most oneprocessorhasa specialcustomer.Let the
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processorhaving a special customerbe called special processor.

Payo�: The payo� (to adversary) for servicephasesis computed
as follows. If the special processor(if any) in the servicephase
servesa customerfrom a group, X i , such that

X i is of type A,
X i is not a special group, and
X i arrived beforethe special customers,

then the payo� is 1 unit. Otherwise there is no payo�.

It is easyto seethat the following holds.

Prop osition 14 There existsan adversarialstrategy so that the
probability of the adversarygetting a payo� of � x, in the above
queuingmodel, is at least as muchas the probability of pre-delays
(time taken due to T2.4) being � x.

Further, wemay assumewithout lossof generality that any group
contains at most 1 special customer (we can consider the last
special customer served in any special group to be the special
customerof that group). Also, without lossof generality we can
assumethat the specialgroupsconsistonly of onecustomerwhich
is a special customer.

The goal of the adversary is to maximize the chancesthat the
payo� in the above processexceedsa[(n1=4 + h)(100q2) + 20n

p ]
(where a is a constant given by Lemma 16 below).

A destination sequence,d1; d2; : : : ; dk, is a sequenceof numbers,
each from the set f 1; : : : ; pg. We interpret di as the processor
to which the i th arrival in the above processgoes.Clearly, each
sequenceof randomchoicein the above processhasan associated
unique destination sequence.

The following proposition can be proved essentially along the
lines of Proposition 7 in Chapter 5 of [Zha89].
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Prop osition 15 The following strategy maximizesthe payo� for
the adversaryfor any �xed destination sequence.

1. Schedule no arrivals while a special customeris present.

2. Alwaysserveother customersbefore a special customer.

3. Schedule no service phases,if there is no special customer
present.

We omit the proof of above proposition which is essentially the
sameas given in [Zha89].

We can thus assumewithout lossof generality that the adversary
follows the strategy as in Proposition 15. Beforeproceedingwith
the proof, we�rst statea specialcaseof the abovequeuingprocess
which was analyzedby Karp and Zhang.

Lemma 16 [Zha89] Suppose there are � h groups containing
onespecial customereachand j groups(of type A) containing one
non-special customereach. Then the probability that the payo� to
the adversaryis greater than a(j =p+ h) is bounded by 2� j c0

, for
somepositive constantsa and c0, if p < j 1=3.

Weassumewithout lossof generality that constant a aboveis > 1.
We now modify the processin favour of adversaryas follows.

1. If at the special processora customer from a group of type
B or a special customeris being served, then no servicetakes
placeat the other processors.

2. If, at the specialprocessor,a non-specialcustomerfrom a group
of typeA with i customers,is beingservedthen only a customer
from a group of type A with i customers,if present, is served
at any other processor.

Lemma 17 Fix i . Supposep < n1=12. Then, for largeenoughn,
probability that the adversarygetsa payo� of at least a(max(i �
n1=4; i (ni=p+ h))) , (where a is the constant as in Lemma16) due
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to service phasesin which the special processorservesa customer
from a non-special group of type A with i customers,is bounded
by n� c6 logn, for somepositive constant c6.

Pr oof. If ni < n1=4 then clearly the bound holds. So assume
ni � n1=4.

To prove the bound in the lemma, we assume(as an advantage
to the adversary) that the goal of the adversary is to maximize
the probability that the payo� due to servicephasesin which
the special processorserves a customer from a group of type A
with i customers,is at least a(max(i � n1=4; i (ni=p+ h))). As an
added advantage to the adversary (just for proving the bound
for this �xed i ) we allow the adversary to choosethe destination
for every group exceptthe special groupsand the groupsof type
A with i customers.Clearly, in this situation, all groupsof cus-
tomers,except the special groupsand the groupsof type A with
i customers,can be ignored.

We are thus left with the following groupsof customers:

(a) ni groupsof i customerseach.

(b) � h special customers.

Now it follows from Lemma 16 that the payo� to the adver-
sary due to service phasesin which a special customer from
a group of type A, with i customers,is served is bounded by
a(max(i � n1=4; i (ni=p+ h))), with probability at least1� 2� nc0=4

�
1 � n� c6 logn, for some positive constant c6 and large enough
n. (Lemma 17)

Thus, by Lemma 17, the probability that the adversary gets a
payo� of more than

P
i [amax(i � n1=4; i (ni=p+ h))]) is boundedby

n� n� c6 logn for somepositiveconstant c6, for largeenoughn. Note
that

P
i [amax(i � n1=4; i (ni=p+ h))]) � a[(n1=4 + h)

P
i i +

P
i in i

p ] �
a[(n1=4 + h)(10q)(10q+ 1)=2 + 20n

p ] � a[(n1=4 + h)(100q2) + 20n
p ].
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Thus, by Proposition 14, time taken for T2.4 is bounded by
a[(n1=4 + h)(100q2) + 20n

p ], with probability at least 1 � n� c6 logn,
for somepositive constant c6.

This completesthe proof of Lemma 13.

5.1 Proof of Theorem 9

From Lemma 11 and Lemma 13 it follows that, the probability
that somenode of ~H is not expandedwithin time c4(hq2 + n=p)
is boundedby n � n� c3 logn + n� c2 logn � n� c0 logn, for somepositive
constant c0 and large enoughn. Theorem9 follows.

6 Lower Bound on the Run time of Our Branc h and Bound Pro ce-
dure

Considera tree such that ~H is a completebalancedbinary tree.
Then the expectednumber of nodeswhich are expandedby pro-
cessor1 (which starts with the root) is at least n(1 � 1=G) logn.
Thus with signi�cant probability (> 1

Gn ), processor1 does at
least n

2(1 � 1
G) logn node expansions(since the maximum work

for any processoris bounded by nG). Thus for G = logp, the
algorithm can be optimal (with probability > 1 � 1

Gn ) only for
p < 2O((log n)1=2).

7 Conclusion

In this paper we gave a simple parallel algorithm (which is a
modi�ed version of an algorithm given by Karp and Zhang) for
Branch and Bound problems.Weshowedthat this algorithm per-
forms nearly optimally for a modest number of processors,in a
model wherecommunication costsare high. It is easyto formu-
late several variants of the algorithm by allowing the probability
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bias to be dependent on the sizeof the local queue.However all
such variants, though seeminglybetter, are very hard to analyze.

Our analysis is built upon the methods developed by Karp and
Zhang. We could not use the simpli�cation of Ranade, since
Ranade'sanalysis crucially dependedon symmetry of distribu-
tion of di�eren t nodes to di�eren t processors.It will be inter-
esting to seeif the techniquesusedhere can be combined with
Ranade'smethods to simplify the analysis.
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