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Abstract

Identi cation of programsfor computable functions from their graphsand identi cation
of grammars (r. e. indices) for recursively enumerable languagesfrom positive data are two
extensiwely studied problemsin the recursion theoretic framework of inductiv e inference.

In the context of function identi cation, Freivalds, Kinber, and Wiehagen have shown

that only those collections of functions, S, are identi able in the limit for which there exists



a 1{1 computable numbering and a discrimination function d suc that (a) foreath f 2 S,
the number of indicesi such that ; = f is exactly one and (b) for eadh f 2 S, there are
only nitely many indicesi such that f and ; agreeon the rst d(i) argumerts.

A similar characterization for languageidenti cation in the limit hasturned out to be
dicult. A partial answer is provided in this paper. Se\eral new techniquesare intro duced

which have found usein other investigations on languageidenti cation.

1 Intro duction

Recursive function theory provides a suitable framework for theoretical studies in machine
learning. Identi cation in the limit of programs for computable functions from their graphs
and identi cation in the limit of grammars (r. e. indices) for recursively enumerable languages
from positive data are two extensively studied problems in this framework. We informally
describe these problems.

A madiine M is said to identify a computable function f in the limit just in caseM, fed
a graph of f, one ordered pair at a time, conjecturesa sequenceof computer programs that
cornvergesto a correct program for f . A collection of functions, S, is said to be identi able just
in casethere exists a macdhine that identi es ead function in S.

A machine M is saidto identify a grammar? for a recursively enumerablelanguageL just in
caseM , fed all (and only) the elemers of L in any order, conjecturesa sequenceof grammars
that convergesto a correct grammar for L. A collection of languages,L, is saidto beidenti able
just in casethere exists a machine that identi es ead languagein L. Studies about language
identi cation turn out to be more complex than studies about function identi cation because
the learning machine is only told about what is in the language (positive information) and is
not told about what is not in the language(negative information). It should be noted that in

the context of function identi cation, a machine can evertually determine if an ordered pair

1By a grammar for an r.e. language, we mean an acceptor.



belongsor doesnot belongto the function.

Freivalds, Kinber, and Wiehagen[7] gave an interesting characterization of identi able col-
lections of functions in terms of 1-1 computable numberings. We rst preser somenotation
about computable numberings.

A computable numbering is a computable function of two argumerts. Suppose is a
computable numbering. Then x: (i; x) is often denoted by ;. Intuitively, ; denotesthe
the partial function computed by -program i or equivalertly the i-th partial function in the
numbering

A computable numbering issaidto be 1-1just in case(8i;j ji 6 j)[ i 6 j]. W; denotes
the domain of ;.

Freivalds, Kinber, and Wiehagen shaved that only those collections of functions, S, are
identi able in the limit for which there exists a 1-1 computable numbering and a discrimina-
tion function d sudh that (a) for eath f 2 S, the number of indicesi sudh that ; = f is exactly
oneand (b) for eadh f 2 S, there are only nitely many indicesi such that f and ; agreeon
the rst d(i) argumerts.

A similar characterization, for language identi cation in the limit, has turned out to be
dicult. In this paper a partial answer, informally described below, is provided.

A collection of r. e. languages,L, is identi able in the limit just in casefor someidenti able
LO L, there exists a computable numbering  and a discrimination function d sud that

satis es the following requiremerts:

(a) for every in nite languagelL in L the number of indicesi such that W, = L is exactly

one;
(b) for every in nite languagelL not in LC the number of indicesi suc that W, = L is zero;

(c) for every nite languagel in L the number of indicesi sud that W, =L is at least

one; and



(d) for every nite languagel, the number of indicesi sudh that W, = L is nite.

The de nition of the discrimination function d turns out to be somewhatmore complex. Using
similar techniques, we also give a characterization of languageidenti cation from additional
information.

An important cortribution of this paper is that the techniquesintro duced have beenfound
to be usefulin other investigations about languageidenti cation; for example, see[5, 15].

As already acknowledged, the characterizations of language identi cation presened here
were motivated by related results of Freivalds, Kinber, and Wiehagen [7] in the context of
function identi cation. The only other characterization of languageidenti cation from positive
data that we know appearsin [14]. However, a number of characterizations have appearedin
the literature for identi cation from positive data of indexed families of recursive languages;in
particular we would like to direct the readerto the work of Angluin [1], Kapur [16], Lange and
Zeugmann[18, 19], Lange, Zeugmann,and Kapur [20], Mukoudhi, [22, 21], and Mukouchi and
Arik awa [23].

We now proceedformally. In Section2, we presert somerecursiontheoretic notation and in
Section 3, we present notions from inductiv e inferenceliterature. Section 4 contains the main
characterization result and Section5 contains a characterization of languageidenti cation with

additional information.

2 Notation

Any unexplained recursion theoretic notation is from [26]. The symbol N denotesthe set of
natural numbers, f0;1;2;3;:::9. The symbol N™ denotesthe set of positive natural numbers,
f1;2;3;:::9. Unlessotherwise specied, a; b;i; j; k; I, m; n; r;s; t; X; y; z, with or without

decorations’, range over N. The symbol N, denotesthe setfx 2 N j x mg. Symbols

2Decorations are subscripts, superscripts and the like.



i, , ,and denote empty set, subset, proper subset, superset, and proper superset,
respectively. The symbols B; C; D; S; X; with or without decorations, range over sets. We
denote by Dy the nite set whose canonical index is x [26]. According to this corvention
Do = ;. The cardinality of a nite setS is denoted by card(S). The maximum and minimum
of a setare denotedby max( ), min( ), respectively. By corvention max(;) = Oandmin(;) = 1 .
For any set A, 2* denotesthe power set of A.

The symbols p; q range over partial recursive functions and the symbols c; d; f; g; range
over total recursive functions. The set of all total recursive functions of one variable is denoted
by R. Forn 2 N*, R" denotesthe set of total recursive functions of n variables. For a partial
recursive function p, domain(p) denotesthe domain of p and range(p) denotesthe range of p.
We write p(x)# just in casex 2 domain(p), otherwise we write p(x)".

A languageis a subsetof N. L rangesover recursively enumerable (r.e.) languages. The
collection of all r.e. languagesis denoted by E. L and C, with or without decorations, range
over subsetsof E.

A programming system (also called computable numbering) is a partial computable function
from N2 to N. The symbol rangesover computable numberings. In this paper, by numbering
we mean computable numbering. We denote by i, the partial function, x: (i; X). Thus
denotesthe partial function computed by the program with index i in the numbering
denotesan arbitrary Blum complexity measurefor . We say that numbering is reducible to
numbering  © (written 9 i there exists a recursive function h such that (8i)[ i = ;).
In this casewe say that h witnessesthat 0 An acceptable numbering (acceptable
programming system) is a computable numbering to which every computable numbering can
be reduced. The symbol * denotesa standard acceptable programming system (also referred
to as standard acceptable numbering) [25, 26]. W, denotesthe recursively enumerable set

fxjx 2 domain( i)g. We say that i isa -grammar for W, . If i isa' -grammar for L, then

we sometimesjust sa that i is a grammar for L. W, 4 denotesthe setfxjx s” ( x) sg.



C =1fW, ji 2 Ng. Foreaseof notation, we may omit ' , the standard acceptableprogramming
system, from Wi' . MinProg (f) = min(fij ; = fg). MinProg (f), thus denotesthe minimal
program for f, if any, in the  programming system. MinGram (L) = min(fi j W, = Lg),
denotesthe minimal grammar for L in the programming system.

h: i stands for an arbitrary, one to one, computable mapping from N2 onto N. [26].

Corresponding projection functions are 1 and . (8i;j 2 N)[ 1(h;ji) =i and »(h;ji) =]

and h 1(x); 2(x)i = x]. Similarly, hi1;iz;:::;ini denotesa computable one to one mapping
from N" onto N. Remark: We sometimesabuse notation and write, h::;S;:::i to mean
h::;x;:::,whereDy = S. This is for simplicity of presenation and it will be made clear when

we resort to sud an interpretation.

1 1
8 and 9 respectively denote “for all but nitely many' and “there exist in nitely many"'.

3 Preliminaries

In this section, we brie y describe notions and results from formal languagelearning theory
literature. We rst introduce a notion that facilitates discussionabout elemeris of a language
being fed to a machine.
A sguene is a mapping from an initial segmem of N into (N [ f# Q). The content of a
sequence , denoted content( ), is the set of natural numbersin the range of . The length of
, denoted by j j, is the number of elements in

Intuitiv ely, #'s represen pausesn the presenation of data. Welet and , with or without

decorations,rangeover nite sequencesForn j j, [n] denotesthe nite initial segmem of
with length n. The result of concatenating onto the endof is denotedby . We say that
just in case is aninitial segmen of ,thatis,j j jjand = [ j]. SEQ denotes

the setof all nite sequencesThe setof all nite sequence®f natural numbersand #'s, SEQ,

can be coded onto N. This coding assignsa canonicalindex to eady member of SEQ. We will



abusethe notation somewhat,asareferenceto will meanboth the sequenceand its canonical

index.

De nition 1 A languagelearning machine computes a computable mapping from SEQ into

N.

We let M, with or without decorations, range over learning machines.

A text is a mapping from N into (N [ f# g). The content of atext T, denoted content(T),
is the set of natural numbersin the rangeof T. A text T isfor L i content(T) = L.

Intuitiv ely, a text for a languageis an enumeration or sequetiial preseration of all the
objects in the languagewith the #'s represerting pausesin the listing or presenation of such
objects. For example,the only text for the empty languageis just an in nite sequenceof #'s.

We let T, with or without decorations, range over texts. T[n] denotesthe nite initial
sequenceof T with length n. The reader should note that T[n] does not cortain T(n), the
(n + 1)™ elemer of T. Hence,domain(T[n]) = fx j x < ng. We sa that T just in case
is an initial segmemn of T, that is, = TJ[j |].

We next presert Gold's [11]] criteria for successfuldenti cation of languages.First, we spell
out what it meansfor a learning machine on a text to convergein the limit.

SupposeM is a learning machine and T is a text. M (T)# (read: M (T) converges ()
(9i)(18 n) M(T[n]) = i]. If M(T)#, then M (T) is de ned as the unique i sudc that (18

n)[M (T[n]) = i]; otherwise, we say that M (T) diverges (written: M (T)").
De nition 2 [11]

(@ M TxtEx -identies L (written: L 2 TxtEx (M)) () (8 texts T for L)(9)[W; =

LA M@T#A M(T) = il.

(b) TxtEx =1fL j(OM)[L TxtEx (M)]g:



In the above TxtEx stands for explanatory identi cation from texts. The notation in the
above de nition is from [6]. For a survey of work on Gold's paradigm of languageidenti cation,
the readeris referred to [2, 24, 17, 4].

Our results build on the notion of stabilizing and locking sequencedor learning machines
on languagesand alsoemploy the notions of order independent and rearrangemert independert
learning machines. We now presen these notions.

We rst de ne order independence(slightly di erently from that in [3]) and rearrangemern

independence.

Denition 3 (a) A learning machine M is order-independent just in case (8 texts
T; TY[content(T) = content(TY) M (T) = M (T9].
(b) [9, 10 A learning machine M is rearrangement-indegndent just in case

(8 1; 2)l[content( 1) = content( 2)  j 1j =] 2j]]) M( 1) = M( 2)].
We next describe the technical notions of stabilizing and locking sequences.

De nition 4 (a)[9, 10] isaTxtEx -stabilizing seguen@for M on L just in casecontent( )
L and (8 9[[ On content( 9 L]) M( 9=M()].
(b) [3, 24] isa TxteEx -locking sequene for M on L just in case isa TxtEx -stabilizing

sequencefor M onL and Wy ()= L.

We often refer to TxtEx -locking sequenceby just locking sequence.The following lemma

dueto L. Blum and M. Blum is a useful tool for our purposes.

Lemma 1 [3, 24]If M TxtEx -identies L, thenthereis a TxtEx -locking seguene for M on

L.

The following lemma due to M. Fulk relates order independence,rearrangemen indepen-

dence,and locking sequences.



Lemma 2 [9, 10] From any learning machine M one may e ectively construct M © such that

all the following conditions hold.
(@) TXtEx (M) TxtEx (M9.
(b) M Cis order independent.
(c) M Pis rearrangementindependent.

(d) For everyL 2 E, if for sometext T for L, MYT)# and Wy o7y = L, then MO TxtEx -

identies L.
(e) If thereis a TXtEx -locking sequene for M%on L, thenL 2 TxtEx (M 9.
(f) If L 2 TxtEx (M9, then all texts for L contain a TxtEx -locking sequene for M %on L.

If acollection ofr.e. languagesL , is TxtEx -identied by amachine M, then usingLemma2,
we cansay without lossof generality that L is TxtEx -identi ed by arearrangemern independert
and order independert machine M % Thus we will usually be dealing with rearrangemen
independent machines only, and often refer to a sequence by hx;li (or, abusing notation
slightly, ashcontent( );li) whereDyx = cortent( ) and | =j j.

Lemma 1 states that if M TxtEx -identies L, then there is a TxtEx -locking sequence
for M on L. For rearrangemen independert macines, we can thus de ne the least locking
sequenceas the least number hx; li, such that hDy;li is a locking sequencefor M on L (note

that hDy;li represens the sequence sud that Dy = content( ) and | = j).

4 A Characterization of TxtEx
In this section we characterize TxtEx in terms of computable numberings.

Denition 5 Let a2 N. A nite setD is said to be a-consistent with L 2 E just in case

D LandD\ Na=1L\ Nij.



Intuitiv ely, D L is a-consistert with L i foreachi a,i2L () i2D.

Denition 6 A nite setD isa-partial consistentwith L 2 Ejust in caseD is min(f max(D); ag)-

consisternt with L.

De nition 7 ise ectively sulddiscretefor L just in casethe following conditions are satis ed.

1. L C.
2. (8L2C)[Lisinnite ) card(fijW, = Lg) = 1].
3. (8L 62C )[L isinnite ) card(fijWw, = Lg)= 0].

4. (8L 2 B)[L is nite ) card(fijW, =Lg<1]
5. 9d 2 R sud that both 5a and 5b below hold:
S5a. (8L 2 (L fig (KW, =L) " (Dggy = L\ Nmax(Dyge)!
5b. (8L2 (L fg))(9n_. 2 L)
[card(fj j[(L \ Npn.) Wj ] * [Dy()y is nL-partial consistert with

Llg<1]

Note that for the numbering to be e ectiv ely subdiscrete, is nearly 1{1 (it may cortain
more than one grammar for nite setsf. The recursive function d acts as a discrimination
function. Considerany L 2 L f;,g . At most nitely many grammars,j, in the numbering
satisfy

[(L\ Nn ) W;]”" [Dyg) isn-partial consistert with L]

Note that grammar k from clause5a, does satisfy this constraint. Intuitiv ely, this meansthat
for some grammark for L, Dy contains exactly the elements of L up to max(D g()). Also,
foreadh L 2 L, thereisann, 2 L, sud that, for all but nitely many i, if W, contains all the

elemerts of L up to n., then Dy is not n_-partial consistert with L. Thus, in somesense,

3In fact, Clause3in De nition 7 isincluded only to emphasizethat the numbering is 1-1 for in nite languages.

10



Dg(iy's act asdiscriminating sets. To seart fora grammarforL 2 L, d canbe usedto narrow
down the seard to nitely many grammars. We call the numbering e e ctively suldiscrete for

this reason.
Denition 8 (a) L is e ectively suldiscrete () (9 )[ is e ectiv ely subdiscrete for L ].
(b) Esd = fL  EjL is e ectiv ely subdiscreteg.
The following theorem shaws that the classesTxtEx and Esd are exactly the same.
Theorem 1 TxtEx = Esd.

Pr oof. We rst provethat L 2 TxtEx ) (9 )[ is e ectively subdiscrete for L]. For ease
of presertation, we give a numbering, , which may corntain in nitely many grammars for ;.
This numbering, , can easily be modi ed to give a numbering, © which cortains only nitely
many grammars for ;. To seethis, assumewithout loss of generality that card(L) is in nite.
We then construct a numbering °from  asfollows. Consideran enumeration of grammars for
the nonempty setsin C , ig;i1;i2;i3;:::, such that eadh -grammar for a nonempty set appears
exactly once. Let J-O = ;. Similarly, the discrimination function d preseried below can also
be suitably modied for the new numbering asdj) = d(i;). Now, cleary Co=C fig. A
grammar for ; canalsobe addedif ; 2 L.

SupposeL  Txtex (M), where M is rearrangemett independert and order independert.
We further assumethat for all ~ suc that content( ) = ;, Wy () = ;. Note that if M, does
not satisfy this property, then we can easily modify M to satisfy this property. In the sequel
whenewer nite sets,S;Sp;S%:::; appearin h; ; i, we will interpret them as canonical indices
for S;Sm;S%: .

We now describe the idea behind the construction of . To construct , wetry to construct
exactly one grammar for every languageL 2 TxtEx (M) (this is not fully successful). We

would alsolike to ensuresomeproperties for this grammar sothat the discrimination function

d can be constructed.

11



To assaiate onegrammar with L 2 TxtEx (M), we usethe leastlocking sequencdsS;li for
M on L. Note that for hS;li to be a locking sequencefor M on L, Wy (ns;iy = L (this helps
us determine the languageL with which a sequencemight be assaiated). In other words, we
wish to asseiate hS;li with Wy 1.1y, if BS;li is the leastlocking sequencefor M on Wy (1s)-

Note however that it cannot be determined e ectiv ely if hS;li is the least locking sequence
for M on Wy (s;i)- Hence, we need to constrain the languagesenumerated by grammars
corresponding to hS;li, such that hS;li is not the least locking sequencefor M on Wy ps;iy-
We addressthis problem in two ways basedon the two reasonsdue to which hS;li may not be
the least locking sequencefor M on Wy (rs;i)-

First, there might be a smaller locking sequencefor M on W\ (s;i). For this reasonwe
attach with ead hS;li which is the least locking sequencefor M on Wy (1s:1i), an \evidence"
that smaller sequencesre not locking sequencegor M on Wy (1s;1i)- This is done by attaching
the set

[

Sm = W sy s9
hSCI% h S;li

with hS;li. Now, for any hS%19 < 1S;li, to prove that hS%19 is not a locking sequencefor M
on Wiy (rs:1iy, We just needto ched that either S°6 S, or there exists an extension hS%91%9
of hS%19 sudch that S® Wy (1s.iy, and M (hS%19) 6 M (h8%9199). This ched is r.e. in nature
(and is donein Step (1c) in the construction of below). This Sy, also helpsin de ning the
discrimination function.

The other reason due to which hS;li may not be the least locking sequencefor M on
W (ns:1iy is that 1S;li itself may not be a locking sequencefor M on Wy (1s;1i)- Also, note that
the attaching of S, with hS;li additionally intro ducesthe needfor verifying that S, is indeed
Ww (hsiiy [S rseran sii SY- Thesetwo issuesare addressedin Step 2 of the construction of

. If hS;li is not a locking sequencefor M on Wy (1s.1iy OF Sm 6 Wy (rs11iy \ [S hSOI0 h Sili s9,
then we make the grammar assaiated with hS;Sy;li, enumerate a nite languagein Step 3.

In doing this we take careto satisfy clause4 in the de nition of e ectiv ely subdiscrete and also

12



maintain certain other properties useful in describingthe discrimination function, d.
Basedon the above description, we de ne the following technical notion that facilitates the

description of our proof. Supposek = hS;Sp;li.
(&) We say that k is nice if

(i) bS;li is the least locking sequencefor M on Wy (rs;1iy, and

(i) Sm = (Wwm sty \ Nm,), wheremg = max(fmax(S% j rs%19  hS;lig).
(b) We say that k is nice for L if k is nice and Wy (ns;iy = L.

We now de ne  asfollows:

De nition of W,
Supposei = hS;Sm;li. Letj = M (KS;li), and mg = max(f max(S9 j hS® 14  1S;lig).
(Remark: In Step 1 belowwe attempt to check if i satis es certain properties of being nice.
In Step2 we check for the remaining properties. If i is nice, then we enumenate Wj' (i.e.,
W, = Wj' ). If i is not nice, then either W, is empty, or, in Step 3, we makeW, equal
to a nite setwhich is di er ent from each W;, suchthat i®is not nice.)

1. Ched the following four conditions

@ S Sm W,.

(b) max(Sm) mo.

() (8ms%I19 < KS;li)[(S°6 Sm) _ (9S%91%§[(s® s Wj') A (194 card(S% s9
199 A (M (hS%19) 6 M (FS%I%9))]].

Remark: The atove step checksthat each iS® 14 < hS;li is not a locking sequene for

M on W, .

d) (8MSLIN(S S° Sm)~ (I+card(S® S) 1° I+i+card(Sm))]) [M(hSCI9) =
i1l

If any of the above conditions fails to hold, then let W; = ;.

13



Remark: Note that if the above conditions hold then it can be veried. If it cannot be
veri e d whether the above conditions hold or not, then, by default, W; will be empty.
Also note that Condition (d), above partial ly check if hS;li is a locking sequene for M
on Wy (i), and is used to make the de nition of the discrimination function d work
and it will be usal in the proof of Claim 4.
2. Enumerate more and more elemens of Wj' (Nmy, Sm) until one of the following two
conditions hold
@ W, \ (Nm, Sm)6;, or
(b) (9mstI9)(s <s° WJ-') A (l+card(S° S) 19 A~ (M(hS%19) 8 M (KS;1i))].
in which casego to Step 3.
Remark: In this Step we have tried to check if bS;li is indeed a locking sequene and if
Sm =L\ Nm,. Notethat W, doesnot enumemte any x 2 N, Sp.
3. Output f1+ meg [ f1+Xxjmg<x " (9k<i)[x2 W, * the procedurefor W, reaces
Step 3 ]g.
Note: This step ensures that all nonempty W, , such that the procedure for W, reaches

Step 3 are nite and distinct.

End of de nition of W,

Claim 1 (8L 2 TxtEx (M))(91)[W, =L ~ iis nice for L].

Pr oof. SupposelL 2 TxtEx (M). SupposelsS;li is the leastlocking sequenceor M on L and
Sm = L\ Np,, wheremg = max(fmax(S9 j S%19  hS;lig). Leti = hS;Sy;li. Clearly
i is nice. Now, sinceall the conditions chedked in Step 1 hold and the procedure never leaves
Step2, W; =1L.2

Remark: Note that this claim implies property 1in the de nition of e ectiv e subdiscreteness.
Claim 2 LetX = fijiis not niceand W; 6 ;g. Then

14



(@) (8i 2 X)[card(W; )< 1], and

(b) (8i; %2 X)[i = i®_ W, & Wi].

Proof. Leti = hS;Sy;li. Letj = M (hS;li). We will rst show that if i is not nice, then
either W; is empty or the procedureof W, readesStep 3.

So supposei is not nice. Then one of the following holds:

(A) hS;li is not the least locking sequencdor M on Wi'o;

(B) Sm 6 Wi'o \' Nm,, wheremg = max(fmax(S9 j s%184  hS;lig).

(A) is equivalent to the conjunction of the following two conditions.

(A1) hS;li is not a locking sequencdor M on Wj' ,

(A2) There existshS® 14 < 1S;li, such that hS® 19 is a locking sequencdor M on M (hS;li).

If (B) doesnot hold, but (A2) does,then by Step 1c in the construction of W; , we have
W, = ;.

If max(Sm) > max(fmax(S9 j his%19  1S;lig), then due to Step (1b) in the construction
of W, , we have W; = ;.

If max(Sm) max(fmax(S%jhst1d nS;lig), and (A1) or (B) hold, then either W, s ;
dueto Step 1 of the construction or Step 2 would succeedin nding that i is not nice and thus
W, would reach Step 3.

Now (a) and (b) follow easily using induction on all j, such that W; reachesStep 3. 2

Remark: Note that this claim implies clauses(2), (3) and (4) in the de nition of e ective

subdiscretenesssincethere is a unique nice i for eadh L 2 TxtEx (M).

Claim 3 Leti = hS;Spm;li. Let mg = max(fmax(S9 jhS%I19  hS;lig). Then W, \ (N,

Sm) = ;.

Pr oof. Obvious by Steps2 and 3 in the construction. 2
Note that the above claim says that all elemerts in W, , that are lessthan or equalto mo,

arein Sp,.

15



We now de ne d which will satisfy clause(4) in the de nition of e ectiv e subdiscreteness.

Fori = hS;Sm;li, let d(i) = x, whereDy = Sy,.
Claim 4 d satis es clausesb5a and 5b in the de nition of e ective sultliscreteness.

Proof. ForL2L fig,leti= hS;Sy;li besud that iisniceand W; = L (such ani exists
by proof of Claim 1). Clearly Dyiy = Sm = L \ N paxs,)- Henceclause5ain the de nition
of e ectiv e subdiscretenesss satis ed.

Let n. = max(Sm). Let mg = max(fmax(S9 j hS®I19  hS;lig). We now shaw that there

are only nitely many j suc that j satis es

[(L\ Npn) W; 1~ [Dy)y is ni-partial consistert with L]

This would prove the claim.
Let j = hS%S2:19. Let m§ = max(fmax(S%Y j s%19%  1sS%19g). Clearly j satis es at
least one of the following:
AglL
(B) mg < mo,
(C) s 6L,
(D) mM§ mpandSy 6 S,
(E) (None of the above)j >l andm3 mgandS, S% L.
If j satis es (C), then Dy is not n_-partial consistert with L. If j satis es (D), then the
following four conditions hold:
L\ Nmy= Sm,
L\ Npn, = Sm (By denition of n_. and Sp),
md mo max(Sm) = n.,
W, \ (Npg S§)=: (By Claim 3),
Hencethere exists x 2 Sy, Wj . ThusL \ N, 6 Wj .
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If j satis es (E), then at least one of the cheds in Steps1c and 1d in the construction of
W; will not succeedand, thus, W; = ;.
Sincethere are only nitely many j satisfying cases(A) or (B) we have that there are only

nitely many j which satisfy
[(L\ Nn) W, 1" [Dy)y is ni-partial consistert with L]:

Thus d satis es clause(5a) and (5b) in the de nition of e ectiv e subdiscreteness.2

Claim 1 implies clause (1), Claim 2 implies clauses(2){(4), Claim 4 implies clause(5) in
the de nition of e ectiv e subdiscreteness.This provesone direction of the theorem.

We now prove that (9 )[ is e ectively subdiscrete for L] ) L 2 TxtEx . Let d be as
claimed in the de nition of e ectiv e subdiscreteness. We now describe a machine M that
TxtEx -identies L f;g (clearly, this implies L 2 TxtEx ). Let c be a recursive function

reducing to'.

De nition of M (T[n])

1. (Here the machine tries to nd the j's which satisfy
[(L\ Nn) W;]" [Dgg) isne-partial consistert with L]

Howewer, since the machine doesnot know n_, this is not completely possible. So, for
eat guesss for n., M collectsj s which satisfy the above. We will show later that
this su ces).

For s n, let B = fj | | s ™ (content(T[n]) \ Ng Wj;n) n
" Dy(jy is s-partial consistent with content(T[n])g.

Let B = SS . Bs.

2. if (9j 2 B)[W;,, = content(T [n])],
then Output c(j) for minimum sud j.

else
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Let so = max(fsj (9 2 B)[W;,, content(T[s])* W, content(T[n])]g).
Output c(jo), wherejo = min(fj jj 2B ~ W;,  content(T[so]) * Wi,
content(T[n])g).
endif

(Intuitiv ely, M here outputs the seeminglybest grammar in B, for the input language.)

End of de nition of M

Claim 5 M TxtEx -identies L f;g.

Proof. ForanyL 2 L f;g,letn_ beasin the de nition of e ectiv e subdiscreteness.Suppose

T isatext for L. Let Candidatesbe the nite setof j's which satisfy
[(L\ Nn) W, 1~ [Dy()y is ni-partial consistert with L]:

Let B denote Bs constructed by M on input T[n], and B" denote B constructed by M on
input T[n].

Letny n_ besolargethat L \ N, corntent(T[n1]).

Hence,foralln s ng,ifj 2Bg,thenL\ Np, W, and D 4y is n__-partial consistert
with L (sinces n_). Therefore,foralln s n;, B Candidates Thus,foralln ny,
B" Candidates [ Ny,.

Let jo denote the grammar k, as claimed in clause5a in the de nition of e ectiv e subdis-
cretenessand let Dyj,) content(T[nz]), whereny  max(fny;jog).

Let nzg besuch that L \ Ny, Wjo;nz.

Therefore,wehavethat, foralln  max(fns;n2g), jo 2 Bf,. Hencefor alln  max(f nz; n2g),
jo2 B".

Let C = (Candidates [ Np) \V fj J (9 L\ Ng

W, ) and Dy is s-partial consistert with L]g.
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It is easyto seethat
im B"=C
nil
Let n4 be such that (8n  ny)[B" = C].

We now considerthe following two cases.

Casel: L isin nite.

In this casejq is the only elemer in C, suc that W, =L (by clause(2) in the
de nition of e ectiv e subdiscreteness).

Let ns be solarge that

19 2(C fjog) j (Wi L) " (W content(T[ns]))]].

Let ng be solarge that, (W .,.,;  cortent(T[ne])) * (content(T[ns + 1])
Wi ne)-

Clearly, such ns; ng exist. Now forn  max(f n2; n3; ng; ns; NgQ) j o will be output

at Step 2 of the procedurefor M oninput T[n]. Therefore, M TxtEx -identies L.

Case?2: L is nite.

Let j§ = min(fj jj 2 C » W, = Lg). Now for su cien tly large n, M on input

T[n], will output j§ at Step 2 of the procedure. Hence,M TxtEx -identies L.

From the two casesit followsthat M TxtEx -identies L fg. 2

This proves Theorem 1. |

5 A Characterization of TxtEx with Additional Information

The result of the previous section preseried a characterization of languageidenti cation from
positive data in terms of computable numberings. According to this characterization a collection
of r.e. languagesis identi able if and only if there exists a computable numbering that has

exactly oneindex for all the in nite languagesin the classand nitely many indices for any
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nite languagein the class, with the additional requirement that a suitable discrimination
procedureexist. In this sectionwe presert a similar characterization for languageidenti cation

from positive data in the presenceof additional information, a notion more generalthan TXtEx -
identi cation. In Section5.1, we describe this generalnotion and in Section5.2, we presert the

characterization.

5.1 Identication with Additional Information

In TXtEx -identi cation, the only information provided to a learning agert is the positive data
about the language. Motiv ated by the work of Freivalds and Wiehagen [8] in the context of
function identi cation, Jain and Sharma[13] consideredidenti cation paradigms that allowed
the learnerto have knowledgeof an upper bound on the minimal index grammar for the language
being learned. Seealso [12] for another notion of additional information.

To formally considerthis paradigm, it is technically expediert to treat learning machinesas
computing recursive functions of two argumerts, viz., additional information and nite initial
sequenceof a text for the languagebeing learned. From the context, it will be clear when we
are discussinglearning with additional information as opposedto learning without additional
information.

M (b; ) denotesthe output of M on input  with additional information b. M (b;T)#= i

just in case(ls N[M (b;T[n]) = i]. Wewrite M (b;T)# just in case(9i)[M (b;T)#= i].

De nition 9 [13]
(@) M TxtBex -identies L 2 E (written: L 2 TxtBex (M)) just in case(8T for L)(8b
MinGram- (L))(9i)[Wi' =L "™ M(bT)#=1].

(b) TxtBex =fL Ej(OM)[L TxtBex (M)]g.

Intuitiv ely, machine M TxtBex -identi es alanguagel if M, fed b, an upper bound on the

minimal grammar for L, and a text for L, convergesin the limit to a grammar for L. If we
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further require that the grammar corvergedto in the limit be the samefor any upper-bound,

we get a new languageidenti cation paradigm described below.

De nition 10 [13]
(@) M TxtUniBex -identies L 2 E (written: L 2 TxtUniBex (M)) just in case(9i j Wi' =
L)(8T for L)(8b MinGram: (L))[M (b;T)# = i].

(b) TxtUniBex =1fL Ej(9M)[L TxtUniBex (M)]o.

We refer the readerto Jain and Sharma[13] for an extensive discussionof the two paradigms
introduced above. Note that a counterpart of Lemmas 1 and 2 can easily be obtained for
TxtUniBex -identi cation.

The relationship betweenthe paradigmsintroduced so far is summarizedbelow (see[13]).
TXtEx  TxtUniBex  TxtBex  2F

Toillustrate the techniquespreserned in the previous sectionwe next give a characterization
of TxtUniBex
5.2 Characterization of TxtUniBex

We now intro duce the notion of weak e ectiv ely subdiscrete numbering. This notion is usedto

characterize TxtUniBex

Denition 11 is weak e ectively sulnliscrete for L i the following four conditions are sat-

is ed.

1. L C.
2. (8L 2 L)[L isinnite ) card(fijW; = Lg)= 1].

3. (8L 2 L)[L is nite ) card(fijW; =Lg)<1].
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4. (9d2 R?)(8L 2 (L f;g))(8b> MinGram: (L)) the following two conditions are
satis ed
4a. (9K)[(W, = L) ~ (9hm; si)[(m;si 2 Wegep) » (Ds= L\ Nm)ll
4b.  (9np 2 L)[card(fj j (9hm;si 2 Wy(jp))[Ds is min(f m; n_g)-consistert with L

and (L\ No. W, )]g)< 1]

This de nition is similar to the de nition of e ectiv e subdiscreteness. Here d, does not
directly give a canonical index for a discriminating nite set. Intuitiv ely, in this case,d gives
a gammar for a set of numbers, at least one of which codesthe discriminating nite set. Also
note the restriction in clauses(2) and (3) to the languagesin L. It should be noted that this
notion is weaker than the notion of e ectiv ely subdiscrete becauseClauses1{3 in the de nition
hold only for the languagesin the classand the discrimination function d doesnot directly give

the canonicalindex for discriminating set.

De nition 12
(a) L is weak e ectively suldiscrete () (9 )[ is weake ectiv ely subdiscrete for L ].

(b) Wesd= fL  EjL is weake ectiv ely subdiscrete g.
Theorem 2 TxtUniBex = Wesd.

Pr oof. The proof proceedsalong similar lines asthe proof of Theorem 1.

We rst provethat L 2 TxtUniBex ) (9 )[ is weak e ectiv ely subdiscrete for L]. For
easeof presering the proof we give a numbering which may cortain in nitely many grammars
for ;. This numbering can be modi ed to give a numbering which contains nite number of
grammars for ;, as explainedin the proof of Theorem 1.

SupposeL  TxtUniBex (M), whereM is rearrangemen independert and order indepen-
dert. We further assumethat for all b; suc that content( ) = ;, Wy ;) = ;. Note that

this can easily be ensured.
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The proof of this theoremis quite similar to the proof of Theorem 1. An analogousde nition
of nice in this caseneedsintroduction of the additional information. The construction of is
similar, exceptfor taking care of this additional information. The construction of d is di erent,
sincenot all the properties of hold asbefore (sinceM only TxtUniBex -identies L).

We now introduce a technical notion that facilitates the description of our proof. Suppose
k=hS;Sm;l;ji.

(&) We say that k is niceii
0 W 2L,
(i) M(j; ks;li) =j,
(i) KhS;li is the leastlocking sequencdor M on Wj' with j asthe additional information

and

(iv) Sm = (Wj' \ Nm,), Where mg = max(fmax(S% j hs®19  ns;lig).
(b) Wesay that k = hS;Sm;1;]ji is nice for L if k is nice and Wy (. nsiiy = L.
We de ne asfollows (this is very similar to the corresponding in proof of Theorem 1).

De nition of W,
Let i = hS;Sm;l;ji. Let mg = max(fmax(S9 jhs®I9 Ks;lig).
In Step 1 we attempt to check if i satis es certain properties of being nice. In Step 2 we
check for the remaining properties. If i is nice, then we enumernate WJ-' (e, W, = Wj' ).
If i is not nice, then either W, is empty or W; 62L or in Step3 we makeW, a nite
setdier ent from all W, suchthat j is not nice.
1. Ched the following v e conditions
(@ M bsili)=j.
) S Sm W .

J
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(c) max(Sm) mo.
(d) (8ms%19 < KS;li)[S°6 Sy _ (9S%9199[(S® s Wj') A (194 card(S*° S9
199 ~ (M (j; 1S%19) & M (j; hS0199))]]
Remark: The atove step checks that hS% 19 < hS;li are not a locking sequene for M
on WJ-' , with additional information j.
e) @IS S° Sm) A (I + card(S° S) 1 (I+ i+ card(Sm)))] )
M (j; 1S%19) = j1.

If any one of the above conditions fail to hold, then let WJ- =,

Remark: Note that if the albove conditions hold we can verify the fact. If we cannot verify
whether or not a condition holds, then by default W, will be empty. Step 1e partial ly
checks whether 1S; li is a locking seqguene for M on Wj' , with additional information j
{ this part is needed for proving that the discrimination function d works.

2. Enumerate elemeris of Wj' (Nmy Sm) until it is found that oneof the following conditions

hold:
W, \ (Nm, Sm)6; or
(9rsID)[(S  S® W)~ (1 1+ card(S® S)) * (M(j; h8%19) 8 M (j; hS;li))]

in which casegoto 3.

Remark: In this step we have tried to check if hS;li is indeed a locking sequen®@ with
additional information j andif Sy, = L \ Np,. Also note that W, doesnot output any

X2Nm, Sm.
3. Output f1+ meg[ f1+ xjmg< x " (9k < i)[x 2 W, ~ the procedurefor W, reades
Step 3]g.
Note: This step ensuresthat all W, , suchthat procedure for W, reachesStep 3, are nite

and distinct.

End of de nition of W,
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Proof of the fact that  satis es clauses(1){(3) of the de nition of weak e ectiv e subdis-
cretenessfollows along the samelines as the corresponding proofs in Theorem 1. Veri cation

for clause(4) is di erent.
Claim 6 (8L 2 L)(9i)[W; =L ~ i is nicefor L].

Pr oof. Considerany L 2 L. Let a_ besudthat W, = L andis the grammar output by M in
the limit for any text for L and additional information b MinGram: (L). Leti = hS;Sy;l;aLi
be such that hS;li is the leastlocking sequenceor M on L with additional information a, and
Sm = (L' \ Np,), wheremg = max(fmax(S9 j iS%14  hS;lig). Clearly i is nice and sinceall
the conditions chedked in Step 1 hold and the procedurenever leavesStep 2, W, = L. 2
Remark: Note that this claim implies clause(1) in the de nition of weak e ectiv e subdis-

creteness.

Claim 7 LetX = fijiisnotnice ~ W, 6 ; ~ W, 2Lg Then
(@) (8i 2 X)[card(W; )< 1], and

(b) (8i; %2 X)[i = i®_ W, & Wi].

Proof. Leti = hS;Sm;l;ji. Wewill rst show that if i is not nice, then either W, is empty
or W; 62 or the procedureof W, readesStep 3.
Sosupposei is not nice. Then one of the following four conditions holds:
(A) W, 62,
(B) M(j; kS;li) 8 j,
(C) kS;li is not the least locking sequenceor M on Wj' with additional information j,
(D)Sm 6 (Wj' \' Nm,), Wwhere mg = max(fmax(S% j hs®19  rs;lig).
(C) is equivalent to the conjunction of the following two conditions.
(C1) kS;li is not a locking sequencdor M on Wj' with additional information | .
(C2) There is a hS%19 < hS;li which is a locking sequencefor M on Wj' with additional

information j .
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Below let mg = max(f max(S9 j hs®19  hS;lig).

If (A) holds, then either W; = ; dueto Step 1, or W, = Wj' 62L dueto Step 2, or W,
reaches Step 3.

If (D) doesnot hold but oneof (B) or (C2) holds, then by Stepslaand 1din the construction
of W, , we have W; = ;.

If max(Sm) > mo, then due to Step 1cin the construction W; , we have that W; = ;.

If (D) or (C1) holdsand max(Sm) mo, then either W; is; dueto Step 1 of the construction
or the violation of (C1) and (D) would be detectedin Step 2 and thus W, reacdes Step 3.

Theorem now follows using induction on i, sudh that W, readcesStep 3. 2

Remark: Note that this claim implies clauses(2) and (3) in the de nition of weak e ectiv e
subdiscretenesssincethere is a unique nicei foreach L 2 L.

We now give the construction of d and the proof that it satis es clause4 in the de nition
of weak e ectiv ely subdiscrete.

Let d(i; b) be the index for the following program (note that this index can be e ectiv ely

found from i and b; we give the program as an enumerator). Let i = hS;Sp;l;ji.

De nition  of W)

1. Chedk whether W; 6 ; and Sy W.

If so,then let zo = min(ft j W;;,  Smg) and
proceedto Step 2.
(Note that otherwise Wiy = ;)
2. Seart for z; > zg such that W;.,, Sy and M (b;hW;., ;leni) = j, wherelen= 2 (i +
card(W;,,) + z1).
If and whensuch a z; is found, let len= 2 (i + card(W;,,,) + z1), m = max(ff ig[ W;,,0)
and s be such that Ds = W;., . Enumerate tm; si in Wy(;;) and proceedto Step 3.

3. Dovetail Steps3.1 and 3.2 until the seard in one of them succeeds.If Step 3.1 succeeds

before Step 3.2 does (if ever), then goto Step 3.3. If Step 3.2 succeedsefore Step 3.1
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does (if ever), then goto Step 3.4.
3.1. Seard for x; z; such that x 2 (W;.,, \ Nm) Dy).
3.2. Seard for hS%1% such that (S° W, ) and (I° len+ card(S°® W, )) and
M (b;hs%19)] 6 j.
3.3. Let x;z, be asfound in Step 3.1.
if (8D;DI(W,,, D Wi,,) * (len+ cardD W, ) I 2 (z+i+
card(Wi;.;,))l ) [M (b;hD:1i) = j]].
then
Enumerate tm; s4 in Wy(ip), whereDgo = Ds [ fxg.
Let s= s®and Go to Step 3.
else Let zg = z; and Go to Step 2.

endif

34.Let zo= 21+ 1. Goto Step 2.

End of de nition of Wi

Claim 8 d de ned alove satis es clauses4a and 4b in the de nition of weak e ective suldis-

creteness.

Proof. LetL2L f,g andb MinGram: (L).

We rst show that d satis es clause4a in the de nition of weak e ectiv e subdiscreteness.
Let i, = hS_;S.,,;IL;jLi besud that i, is nice and W, =1L (there exists one as shown in
proof of Claim 6).

We claim that for b> MinGram- (L), Wy, .y is nite. To seethis, let hS;li be a locking

sequencefor M on L with additional information b. Let n > I be so large that W;_ S.

n
Consider the execution of the enumerator for Wy, . described above.

(a) Each execution of Step 2 increasesthe value of z; by at least 1.
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(b) All executionsof Step 2 are followed by execution of Step 3.

(c) Step 3 can be executedonly nitely many times before Step 2 is executedagain.

(d) Step 2 follows Step 3 only if it has beenveried in Step 3 that WV, ., ;leni; where
len= 2 (i+ z3+ card(W,,,)) is not alocking sequenceor M on L with additional information

b.

Thus for Wy, . to bein nite hw leni must not be a locking sequencdor M on L with

iLz10
additional information bfor in nitely many z;. But this is not true for z; > n (sincen > | and

W leni is a locking sequencefor M on L with additional

n

S, which implies that H\Ni_zl;
information b). Thus Wgy(i_;b) is nite.

Let the last elemert in the order of enumeration of Wy, ., asdescribed above be hm, ;s i.
Now, clause(4a) in the de nition of weake ectiv e subdiscretenesss satis ed by taking k = i,
sinceW; =1L,andDs =L \ Np_ (otherwise seard in Step 3.1. would succeed).

We now show that d satis es clause(4b) in the de nition of weak e ectiv e subdiscreteness.
Let n. = max(Ds, ). Also, for somel (say |5, ), hDs_;li is alocking sequencegor M on L with
additional information b, sinceotherwise Step 3.2 would succeedand hm_ ; s_i would not be the

last elemert enumerated in Wy, 1.

We now show that, only nitely many i can satisfy the following

(9hm; si 2 Wyip))[Ds is min(f m; n_g)-consistert with L ~ (L \ N, W; )]

This would prove the claim

Considerany i = hS;Sy;1;ji  max(fni;ls g) sud that hS;li > hSy ;I i. This assumption
is ne, sincethere are only nitely many i = hS;Sy;l;jLi sud that hS;li hS, ;I i and
Sm ShSO;IOih sii S°

We will show that for sudh i, there doesnot exists a hm; si 2 Wy, satisfying

[Ds is min(f m; n_g)-consistert with L ~ (L \ Np, W, )]
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Supposeby way of cortradiction that, hm;si 2 Wy, satis es [Ds is min(f m; n_g)-consistert
with L ~ (L \ Nno W)L

Wehavem i n_ (Step 2 of the proceduremakesm i). Therefore Dg is n,_-consisten
with L. Also, M (b;iDg;2 (card(Ds) + i + z9)i) = j, where z{ is the value of z; when hm; si
is enumerated in Wy(;p) (since Wi,y enumerates hm;si only if this condition is satis ed.)
Therefore, sincehlL \ Ny ;ls i is alocking sequencefor M on L with additional information
b, we have M (b;iDg;2 (card(Ds) + i + z9)i) = j_. Thusj = j_.

Now if Sy, S, then by the construction of , W, = ; (chek performedin Step 1d in the
de nition of W, ). But, if S, 6 S_,then S 6 W, (by the construction of , seeremark at the
end of Step 2 and the assumptionthat hS;li  hS_ ;I i); and henceS, 6 Ds. This contradicts
the fact that Dg is n_-consistert with L (sincen.  max(S.) by Step 1 in the construction of
d). This provesthe claim. 2

The above claims show that L 2 TxtUniBex ) (9 )[ is weak e ectiv ely subdiscrete for
L]

We now show that (9 )[ is weake ectiv ely subdiscretefor L]) L 2 TxtUniBex

Let c bethe function reducing to' . Let d beasclaimedin the de nition of weake ective

subdiscreteness.De ne M on additional information b as follows

De nition of M (b;T[n])

1. Here we are trying to nd i's such that some hm;si 2 Wy, satises
[Ds is min(f m; n_g)-consistert with L ~ (L \ N, W, )], wheren_ is asin clause
4b of the de nition of weak e ectiv ely subdiscrete. Howewer, since M does not know
n_, this is not completely possible. Thus M, for ead guessr for n_, collectsall i r,
satisfying the above. We will seelater that this su ces.

For r n, let B, = fj ] ] r A (9hm; si 2

Wa(j):n)[Ds is min(f m; rg)-consistert with cortent(T[n]) * (T[n]\ N,  W;,)]g.
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Let B = Sr o Br.
2. if (9j 2 B)[W;,, = cortent(T[n])]
then Output c(j) for minimum sud j.
else
Letro = max(fr j(9) 2 B)[(W,, content(T[r]))"(W,,  cortent(T[n]))]g).
Output c(jo), wherejo = min(fj j[] 2 B] [(Wj;n content(T[roD]) *

(W,

Jiro

content(T[n]))] Q).

endif

(Intuitiv ely, M here tries to output the seemingly best grammar in B, for the input lan-
guage.)

End of de nition of M

Claim 9 M TxtUniBex -identies L f;g . ThusL 2 TxtUniBex

Proof. LetL 2L,b MinGram: (L) and T beatext for L. Let n_ be asin the de nition
of weak e ectiv e subdiscreteness.Let Candidatesbe the nite set of i's satisfying (9hm; si 2
Wy(ipy) [Ds is min(fm; n_g)-consistert with L ~ L \ Np, W, ]. Let B! denote B, as
computed by M oninput T[n]. Let B" denote B ascomputed by M on input T[n].

Let ny n_ besudthat L \ N,  content(T[n1]). Hence,foralln r nq,j 2 B!
implies that j 2 Candidates. Therefore,for aln ni, B" Candidates [ Np;.

Let jo be the grammar k asclaimedin clause(4a) in the de nition of weak e ectiv e subdis-
cretenessand let n, be solarge that, for m; si claimed in clause(4a) in the de nition of weak
e ectiv e subdiscretenessDs  content(T[nz]) and hm;si 2 Wy ,.p):n,, Wherenz  jo. Also, let
ng besolargethat L \ Nn, W, ... Therefore, (8n  max(fns;nzg))[jo2 B"].

Let C = (Candidates [ Np,) \ fi j (9hm;si 2 Wygp))(Or

i)[Ds is min(f m; rg)-consistert with L ~ (L \ N, W, )]g.
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Clearly,

lim B" = C:
n'l

Let ns be sud that for all n > n4, B" = C.
We now considerthe following two cases.

Casel: L isin nite.

In this casejg is the only elemer in C sud that W, =L (by clause2 in the
de nition of weak e ectiv e subdiscreteness).

Let ns be solarge that

19 2 (C fjogl(Wiy, L) N (W content(T[ns]))]].

Let ne be solarge that [(W; ...,  content(T[ng])) * (content(T[ns + 1])

Wjo:ns)]'
Clearly, such ns; ng exist. Now for n max(f ny; n3; n4;ns;Ngg), M with ad-

ditional information b, on input T[n], will output jo. Therefore, M TxtUniBex -

identies L.

Case?2: L is nite.

Letj§= min(fjjj2C* W; = Lg). Nowforn fnz;nsnsg, M, with additional
information b, on input T[n], will output jJ at Step 2 of the procedure. Hence,M

TxtUniBex -identies L.

From the above two casesit followsthat (L f;g ) 2 TxtUniBex (M). 2

This proves Theorem 2.

6 Summary

We characterized TxtEx and TxtUniBex . We summarizeour results below.
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TxtEx = Esd TxtUniBex = Wesd TxtBex 2F,

Wefeelthat oneofthe main contributions of this paper are the techniquesdevelopedto dealwith
languageidenti cation. As already noted, we have usedthesetechniquesin other investigations

of languagelearning [5, 15].
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