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Abstract

Leo Harrington surprisingly constructed a machine which can learn any com-
putable function f according to the following criterion (called Bc � -identi�c ation).
His machine, on the successive graph points of f , outputs a corresponding in�nite
sequenceof programs p0; p1; p2; : : :, and, for somei , the programs pi ; pi +1 ; pi +2 ; : : :
each compute a variant of f which di�ers from f at only �nitely many argu-
ment places.A machine with this property is called general purpose. The sequence
pi ; pi +1 ; pi +2 ; : : : is called a �nal sequence.

For Harrington's generalpurposemachine, for distinct m and n, the �nitely many
argument placeswherepi + m fails to compute f canbevery di�eren t from the �nitely
many argument placeswherepi + n fails to computef . Onewould hopethough, that if
Harrington's machine, or an improvement thereof, inferred the program pi + m based
on the data points f (0); f (1); : : : ; f (k), then pi + m would make very few mistakes
computing f at the \near future" arguments k + 1; k + 2; : : : ; k + `, where ` is
reasonablylarge. Ideally, pi + m 's �nitely many mistakesor anomalieswould (mostly)
occur at arguments x � k, i.e., ideally, its anomalieswould be well placed beyond
near future arguments. In the present paper, for generalpurposelearning machines,
it is analyzedjust how well or badly placed theseanomaliesmay be with respect to
near future arguments and what are the various tradeo�s.

In particular, there is good news and bad. Bad news is that, for any learning
machine M (including general purposeM ), for all m, there exist in�nitely many
computable functions f such that, in�nitely often M incorrectly predicts f 's next m
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near future values.Good newsis that, for a suitably clever generalpurposelearning
machine M , for each computable f , for M on f , the density of any such associated
bad prediction intervals of sizem is vanishingly small.

Considered too is the possibility of providing a general purpose learner which
additionally learns some interesting classeswith respect to much stricter criteria
than Bc � -identi�cation. Again there is good news and bad. The criterion of �-
nite identi�c ation requires for successthat a learner M on a function f output
exactly one program which correctly computes f . Bc n -identi�c ation is just like
Bc � -identi�cation above except that the number of anomalies in each program of
a �nal sequenceis � n. Bad news is that there is a �nitely identi�able class of
computable functions C such that for no general purpose learner M and for no
n, doesM additionally Bc n -identify C. Ex -identi�c ation by M on f requires that
M on f converges,after a few output programs, to a single �nal program which
computes f . A reliable learner (by de�nition) never deceives by false convergence;
more precisely: whenever it convergesto a �nal program on a function f , it must
Ex -identify f . Good newsis that, for any classC that can be reliably Ex -identi�ed,
there is a generalpurposemachine which additionally Ex -identi�es C!

1 In tro duction

The learning situation often studied in inductive inference[JORS99] may be
described as follows. A learner receivesas input, oneat a time, the successive
graph points of a function f . As the learner is receiving its input, it conjec-
tures a sequenceof programsas hypotheses.To be able to learn the function
f , the sequenceof programsconjecturedby the learnermust have somedesir-
able relation to the input function f . By appropriately choosingthis desirable
relation onegetsdi�eren t criteria of successfullearning. One of the �rst such
criteria studied is called Ex -identi�c ation ([Gol67,BB75,CS83]).The learner
is said to Ex -identify a function f i� the sequenceof programsoutput by it
on f , after a few output programs,convergesto a single �nal program which
computesf . 1 A learner is said to Ex -identify a class i� it Ex -identi�es each
function in the class.A classof functions is Ex -identi�able i� somemachine
Ex -identi�es the class.

Even though one cannot Ex -identify the class of all the computable func-
tions [Gol67], there are large and useful classesof functions which can be
Ex -identi�ed. For example,any recursively enumerable classof computable
functions such as the classof polynomials or the classof primitiv e recursive
functions [Rog67] is Ex -identi�able.

[B�ar74,CS83] considered a generalization of Ex -identi�cation called Bc -

1 In generalmore formal de�nitions are in Section 2 below.
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identi�cation. In Bc -identi�cation of a function f by a machine M one re-
quires that the sequenceof programsoutput by M on f either convergesto
a program for f , or the sequenceof programsis in�nite, with all but �nitely
many of them being (possibly di�eren t) programs for f . [CS83] also consid-
ered the variants of the Ex and Bc-identi�cation criteria in which the �nal
programsneednot be perfect, but are allowed to have someanomaliesor mis-
takesin their predictions of I/O behavior. For n a natural number, if the �nal
programsare allowed to make at most n errors, then the criteria of inference
arecalledEx n and Bc n respectively. If the �nal programsareallowed to make
at most �nitely many errors, then the criteria of inferenceare called Ex � and
Bc � respectively.

Harrington [CS83] constructed a machine which Bc � -identi�es each com-
putable function! In the present paper, we call machineswhich do this general
purpose. However, on in�nitely many computablefunctions, the �nal programs
output by Harrington's machine becomemore and more degenerate,i.e., the
�nite setsof anomaliesin successive �nal output programs, in general,grow
in size without bound. We note that this is a property of any generalpur-
pose learner, and, in fact, the number of anomaliesgrows faster than any
computablebound (Theorem 4 in Section3 below).

Since the programs output by any general purpose learning machine make
largenumbersof mistakes(on in�nitely many computablefunctions), it would
be interesting to study how theseerrors are distributed. For example,in real
life one probably caresmore about \near future errors" than \distan t future
errors". Basedon this motivation in Section 4 below we de�ne new criteria
of inferencecalled Bc n

m . Informally, for a machine to Bc n
m -identify a function

f , for its �nal programs,their predictions on the next m inputs should have
at most n errors. In Section4 we completely resolve the relationship between
di�eren t Bc n

m criteria of inference(Corollary 23 in Section 4). In particular,
we show that for any learning machine M , (including generalpurposeM ), for
all m, there exist in�nitely many computablefunctions f such that, in�nitely
often M incorrectly predicts f 's next m near future values (Corollary 24)!
Thus there is an ostensibly unpleasant cost to generalpurposelearning. As
we will see,though, this can, be assuagedat least in someinteresting respects
described below.

In contrast to the result mentioned above that any generalpurposelearning
machine M predicts next m valueswrongly in�nitely often, we show that the
density of such bad prediction intervals can be madevery small (Theorem 28
in Section5 below).

A reliable learner (by de�nition) never deceives by false convergence;more
precisely:whenever it convergesto a �nal program on a function f , it must
Ex -identify f [Min76,BB75,CJNM94]. For example,r.e. classesof computable
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functions (such as the classof polynomial functions and the classof primitiv e
recursive functions [Rog67]) aswell asthe classof total run time functions can
be reliably Ex -identi�ed [BB75,CS83]. On a further positive note, we show
that for every reliably Ex -identi�able classof computable functions S, there
is a generalpurposelearning machine which Ex -identi�es S (Theorem 30 in
Section5 below)!

The criterion of �nite identi�c ation requiresfor successthat a learnerM on a
function f output exactly oneprogram which correctly computesf . Learning
by �nite identi�cation can be thought of as one-shotlearning. We show, by
contrast to the result in the immediately above paragraph(Theorem30), that
there is a classS which is �nitely identi�able, yet for all n, no generalpurpose
learner can additionally Bc n-identify S (Corollary 36 in Section5 below).

Freivalds and Wiehagen [FW79] showed that there exists a machine which
can identify all the recursive functions if, in addition to the graph of the in-
put function, it is given an arbitrary upper bound on the sizeof the minimal
program computing the input function as additional information. Freivalds,
Botuscharov and Wiehagen[FBW98] further showed that in some(but not
all) acceptableprogramming systems,the above machine can producea �nal
program of sizewithin the upper bound given asadditional information. Ma-
chines,as in above, exhibit a di�eren t kind of generalpurposebehaviour. We
will not deal with above type of generalpurposelearnersin this paper.

We now proceedformally.

2 Notation and Preliminaries

Recursion-theoreticconceptsnot explained below are treated in [Rog67]. N
denotesthe set of natural numbers. � denotesa non-member of N and is as-
sumedto satisfy (8n 2 N )[n < � < 1 ]. Let 2; � ; � ; � ; � , respectively denote
membership,subset,proper subset,supersetand proper supersetrelations for
sets.Emptyset is denotedby ; . Cardinality of a set S is denotedby card(S).
So\card(S) � � " meansthat card(S) is �nite. We let min(S) and max(S), re-
spectively, denotethe minimum and maximum element in S. We take min(; )
to be 1 and max(; ) to be 0.

h�; �i denotesa 1-1 computable mapping from pairs of natural numbers onto
natural numbers. � 1; � 2 are the corresponding projection functions. h�; �i is
extendedto n-tuples in a natural way.

� denotesthe empty function. � , with or without decorations(decorations
are subscripts,superscripts, primes and such), rangesover partial functions.
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� (x)# denotesthat � (x) is de�ned. � (x)" denotesthat � (x) is not de�ned. For
a 2 N [ f�g , � 1 = a � 2 meansthat card(f x j � 1(x) 6= � 2(x)g) � a. � 1 6= a � 2

meansthat : [� 1 = a � 2]. (If � 1 and � 2 are both unde�ned on input x, then, as
is standard, we take � 1(x) = � 2(x).) If � = a f , then we often call a program
for � asan a-error program for f . We let domain(� ) and range(� ) respectively
denotethe domain and rangeof the partial function � .

We let f ; g and h, with or without decorations,rangeover total functions. R
denotesthe classof all computablefunctions, i.e., total computablefunctions
with arguments and values from N . C and S, with or without decorations,
range over subsetsof R . ' denotesa �xed acceptableprogramming system
[Rog58,Rog67,Ric80,Ric81,Roy87]. ' i denotesthe partial computablefunction
computedby program i in the ' -system.Note that in this paper all programs
are interpreted with respect to the ' -system.We let � be an arbitrary Blum
complexity measure[Blu67] associated with the acceptableprogrammingsys-
tem ' ; many such measuresexist for any acceptableprogramming system
[Blu67]. Let ' i;s be de�ned as follows.

' i;s (x) =
�

' i (x); if x < s and � i (x) � s;
" ; otherwise.

For a given partial computable function � , we de�ne MinProg(� ) to denote
min(f i j ' i = � g).

Let zeroext(� ) denotea function de�ned as follows.

zeroext(� )(x) =
�

� (x); if x 2 domain(� );
0; otherwise.

2.1 Function Identi�c ation

We �rst describe inductive inferencemachines. We assume,without loss of
generality, that the graph of a function is fed to a machine in canonicalorder.
For any partial function � and n 2 N such that, for all x < n, � (x)#, we let
� [n] denotethe �nite initial segment f (x; � (x)) j x < ng. Clearly, � [0] denotes
the empty segment. We let � denote the empty segment. SEG denotesthe
set of all �nite initial segments, f f [n] j f 2 R ^ n 2 N g. We let � and � ,
with or without decorations,rangeover SEG. Let j� j denotethe length of � .
We often identify (partial) functions with their graphs.Thus for example,for
� = f [n] and for x < n, � (x) denotesf (x). A learning machine (also called
an inductive inference machine (I IM)) [Gol67] is an algorithmic device that
computesa mapping from SEG into N [ f ?g. Intuitiv ely, \?" above denotes
the casewhen the machine may not wish to make a conjecture.Although it
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is not necessaryto consider learners that issue\?" for identi�cation in the
limit, it becomesusefulwhen the number of mind changesa learnercan make
is bounded.In this paper, we assume,without lossof generality, that oncean
IIM has issueda conjectureon someinitial segment of a function, it outputs
a conjectureon all extensionsof that initial segment. This is without lossof
generality becausea machine wishing to emit \?" after making a conjecture
can instead be thought of as repeating its previous conjecture. We let M ,
with or without decorations,range over learning machines. Since the set of
all �nite initial segments, SEG, can be coded onto N , we can view these
machines as taking natural numbers as input and emitting natural numbers
or ?'s as output. We say that M (f ) convergesto i (written: M (f )# = i ) i�
(81 n)[M (f [n]) = i ]; M (f ) is unde�ned if no such i exists.The next de�nitions
describe several criteria of function identi�cation.

De�nition 1 [Gol67,BB75,CS83] Let a 2 N [ f�g . Let f 2 R.

(a) M Ex a-identi�es f (written: f 2 Ex a(M )) just in case,there exists an i
such that M (f )# = i and ' i = a f .

(b) M Ex a-identi�es S i� M Ex a-identi�es each f 2 S.

(c) Ex a = fS � R j (9M )[S � Ex a(M )]g.

We often write Ex for Ex 0.

By de�nition of convergence,only �nitely many data points from a function
f had been observed by an IIM M at the (unknown) point of convergence.
Hence,someform of learningmust takeplacein order for M to learn f . For this
reason,hereafterthe terms identify, learn and infer are usedinterchangeably.

De�nition 2 [B�ar74,CS83] Let a 2 N [ f�g . Let f 2 R.

(a) M Bc a-identi�es f (written: f 2 Bc a(M )) i�, for all but �nitely many
n 2 N , ' M (f [n]) = a f .

(b) M Bc a-identi�es S i� M Bc a-identi�es each f 2 S.

(c) Bc a = fS � R j (9M )[S � Bc a(M )]g.

We often write Bc for Bc 0.

Somerelationshipsbetweenthe abovecriteria aresummarizedin the following
theorem.

Theorem 3 [CS83,BB75,B�ar71]

Ex 0 � Ex 1 � � � � � Ex � � Bc � Bc 1 � � � � � Bc � = 2R .
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Since R 2 Bc � , we often call a machine which Bc � -identi�es R a general
purposelearning machine.

We let I rangeover identi�cation criteria de�ned above.Thereexistsan r.e. se-
quenceM 0; M 1; M 2; : : :, of inductive inferencemachinessuch that, for all cri-
teria I of inferenceconsideredin this paper, onecan show that [JORS99]:

for all C 2 I , there exists an i 2 N such that C � I (M i ).

We assumeM 0; M 1; M 2; : : : to be onesuch sequenceof machines.

3 General Purp ose Mac hines and Their Mistak es

Unfortunately, the programs output by Harrington's machine becomemore
and more degenerate,i.e. the �nite set of anomaliesin �nal programsoutput
grows in sizewithout bound. In fact the �nite setsof anomaliescannot even
be boundedby a computablefunction as the next theoremshows.

Theorem 4 Suppose R � Bc � (M ). Let g be a computablefunction. Then
there exist in�nitely many f 2 R suchthat, for in�nitely manyn, ' M (f [n]) 6= g(n)

f .

Pr oof. SupposeM and g are as given in the hypothesis.We will construct
one f such that for in�nitely many n, ' M (f [n]) 6= g(n) f . The construction
can be easily modi�ed to produce in�nitely many distinct such f . By Kleene
RecursionTheorem[Rog67], there existsan e such that ' e may be de�ned as
follows. Let ' e(0) = e. Let x0 = 1. Go to stage0.

Stages
1. Let h = zeroext(' e[xs]).
2. Search for ns > xs and a set Ss such that (a) ' M (h[ns ]) (y)#, for all y 2 Ss,

(b) min(Ss) > ns, and (c) card(Ss) > g(ns).
3. If and when such ns, Ss are found, let

' e(y) = 1 + ' M (h[ns ]) (y), if y 2 Ss.
' e(y) = h(y), if y � max(Ss) and y 62Ss.

4. Let xs+1 = 1 + max(Ss).
Go to stages + 1.

End stages

We �rst claim that step 2 succeedsin every stage.This is so sinceM Bc � -
identi�es all computable functions, and in particular h. Thus, there exist ns

and Ss such that (a) ' M (h[ns ]) (y)#, for all y 2 Ss, (b) min(Ss) > ns, and
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(c) card(Ss) > g(ns). It follows that ' e is total. Let f = ' e. Now for all
s, ' M (f [ns ]) (x) 6= f (x), for all x 2 Ss. Thus, ' M (f [ns ]) 6= g(ns ) f . Theorem
follows. 2

4 Predicting Near Future Values

Basedon Theorem 4, it would be interesting to study how the anomaliesof
the programs outputted by a machine are distributed. For example, in real
life one probably caresmore about \near future errors" than \distan t future
errors". This leadsus to the following de�nition.

De�nition 5 Let m; n 2 N and f 2 R.

(a) M Bc n
m -identi�es f (written: f 2 Bc n

m (M )), i�, for all but �nitely many
x, card(f z < m j ' M (f [x]) (x + z) 6= f (x + z)g) � n.

(b) M Bc n
m -identi�es C, if it Bc n

m -identi�es each f 2 C.

(c) Bc n
m = fC j someM Bc n

m -identi�es Cg.

Intuitiv ely, one can view Bc n
m -identi�cation of a function by a machine as

follows. At any stage,the learning machine predicts the next m values.At all
but �nitely many stages,at least m � n out of the m predictions are correct.

In this sectionweresolve the relationship betweendi�eren t Bc n
m -identi�cation

criteria.

Following four propositions follow directly from the de�nitions.

Prop osition 6 For m � n, Bc n � Bc n
m .

Prop osition 7 Supposem � n and k 2 N . Then Bc n
m � Bc n+ k

m+ k .

Prop osition 8 Supposem � n � k. Then Bc k
m � Bc n

m .

Prop osition 9 Supposem � k � n. Then Bc n
m � Bc n

k .

Prop osition 10 For all m > 0, Bc = Bc 0
m .

Pr oof. Clearly, for m � 1, Bc � Bc 0
m � Bc 0

1. NV 00 de�ned by Pod-
nieks [Pod74] is identical to Bc 0

1. The proposition follows from NV 00= Bc
[Pod74,CS83]. 2

The following theoremshows someadvantagesof having to predict fewer cor-
rect valuesin the near future.
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Theorem 11 Supposem0 > m. Then, Bc 1
m � Bc m0� m

m0 6= ; .

Pr oof. Let
Zk = f x j k � m0 < x < k � m0+ mg;

Ek = f k � m0g [ f x j k � m0+ m � x < (k + 1) � m0g;

and
Uk = Zk [ Ek = f x j k � m0 � x < (k + 1) � m0g:

We now considerthe following two properties de�ned on total functions.

(PropA) f satis�es PropA i�, for all k, for all x 2 Zk , f (x) = 0.
(PropB) f satis�es PropB i�, for all k, for all x 2 Ek , f (x) = f (k � m0).

Let C= f f 2 R j f satis�es PropA and PropBg.

The above classis easily seento be in Bc 1
m . We now show that C 62Bc m0� m

m0 .

Supposeby way of contradiction that M Bc m0� m
m0 -identi�es C. Let � 0 = �. In

the following construction, in stages we will de�ne � s+1 . Domain of � s will
be

S
k<s Uk . Also, lims!1 � s(x)#. Supposef is de�ned as follows:

f (x) = lim
s!1

� s(x)

Then, f will be in C, and M doesnot Bc m0� m
m0 -identi�es f .

For all k, let errk
0 = 0. Intuitiv ely, at the beginning of stages, for k < s, errk

s
denotesthe number of inputs in Ek on which M (� s[k � m0]) hasbeencurrently
diagonalizedagainst. We will have errk

s = 0, for k � s.

Go to stage0.

Stages
1. For k � s, let Convk

s = card(f x 2 Ek j ' M (� s [k�m0]) ;s(x)#g).
2. Let Cands = f k � s j Convk

s > max(f err k0

s j k � k0 � sg)g.
If Cands = ; , then let Cs = s. Otherwise, let Cs be the minimum element

in Cands.
3. For k < Cs, let errk

s+1 = errk
s .

Let errCs
s+1 = ConvCs

s .
For k > Cs, let errk

s+1 = 0.
4. For x 2

S
k<C s

Uk , let � s+1 (x) = � s(x).
For x 2 ECs , let � s+1 (x) = 1 + max(f ' M (� s [Cs �m0]) (x) j x 2

ECs ^ ' M (� s [Cs �m0]) ;s(x)#g).
For x 2 ZCs [

S
Cs <k <s +1 Uk , let � s+1 (x) = 0.

5. Go to stages + 1.
End stages
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Claim 12 For all s, the following three properties hold.

(a) for all x 2
S

k<C s
Uk , � s+1 (x) = � s(x).

(b) for all k < Cs, errk
s+1 = errk

s , and

(c) either Cs = s, or errCs
s+1 > max(f errk

s j Cs � k � sg).

Pr oof. Follows directly from construction. 2 (Claim 12)

Claim 13 lims!1 errk
s# for every k. Thus, lim inf Cs goes to in�nity, and

lims!1 � s(x)#.

Pr oof.

We show the claim by induction on k. Suppose, for k0 < k, lims!1 errk0

s #.
Let t > k be a stage such that, for all k0 < k, for all s > t, errk0

s = errk0

t .
Thus, by Claim 12(b and c), for all s > t, Cs � k. Hence,by Claim 12(b
and c), for all s > t, errk

s � errk
s+1 . Since errk

s is bounded by m0 � m + 1,
lims!1 errk

s#. Thus, using Claim 12, it follows that lim inf Cs goesto in�nit y,
and thus lims!1 � s(x)#. 2 (Claim 13)

Let

f (x) = lim
s!1

� s(x)

We claim that f 2 C and M doesnot Bc m0� m
m0 -identify f . Note that f clearly

satis�es PropA and PropB. We thus just need to show that f 2 R and M
doesnot Bc m0� m

m0 -identify f .

Let errk denote lims!1 errk
s . Let r � m0 � m + 1, be the largest value such

that errk = r , for in�nitely many k.

Let t1; t2 be large enoughso that, t2 > t1, and

(i) for all k � t1, errk � r ;

(ii) for all k � t1, for all s � t2, errk
s = errk

t2
.

Thus, in particular for all s > t2, errCs
s � r .

Claim 14 For all s > t2, if err Cs
s = r , then for all s0 > s, Cs0 > Cs,

Pr oof. Supposeby way of contradiction that s0 > s is the �rst stage in
which Cs0 � Cs. Then err Cs0

s0 > err Cs
s , by the condition for selectionof Cs0 in

step2 of the construction.This in turn implies that errCs0

s0 > r . A contradiction
to the choiceof t2. 2 (Claim 14)
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It follows from Claims 12 and 14 that, if s > k2 and errCs
s = r , then � s+1 [(Cs +

1) � m0] � f . Moreover, sinceerrCs
s = r , for in�nitely many s, it follows that

S
f sjs>t 2 ^ errC s

s = r g � s+1 [(Cs + 1) � m0] = f .

Sincethe left hand side of above equation is computable, it follows that f is
computable.

Furthermore, for all s > t2, for all k > t1, Convk
s � r (otherwise errCs

s would
be at least r + 1).

Thus, for all Cs > t1, such that errCs
s = r , we have ' M (f [Cs �m0]) (x) 6= f (x),

for all x 2 ECs . It follows that M does not Bc m0� m
m0 -identify f . Theorem

follows. 2 (Theorem 11)

The next theorem shows someadvantagesof being allowed to predict more
wrong valuesin the near future.

Theorem 15 For all n 2 N , Bc n+1 � Bc n
n+1 6= ; .

Pr oof. Let Z f = f x j f ((n + 2) � x) 6= 0g.

Let C = f f j [card(Z f ) = 1 ^ (81 x 2 Z f )[' f (( n+2) �x) = n+1 f ]] _ [0 <
card(Z f ) < 1 ^ ' f (( n+2) �max(Z f )) = n+1 f ]g.

It is easyto verify that C 2 Bc n+1 . We now show that C 62Bc n
n+1 . Suppose

by way of contradiction, M Bc n
n+1 -identi�es C. Then, by operator recursion

theorem[Cas74], there existsa computable,1{1, increasingp such that p(0) >
0, and ' p(i ) may be described in stagesas follows.

Below, let ' s
p(y) denote' p(y) de�ned beforestages. Let X k = f x j (n + 2) � k <

x < (n + 2) � (k + 1)g. Intuitiv ely, for the diagonalizingfunction f constructed,
for in�nitely many k, for all x 2 X k , ' M (f [(n+2) �k+1]) (x) 6= f (x).

We will de�ne variables qi
s (for i � n + 2), � s, and E i

s (for i � n + 1) in
the construction. Intuitiv ely, for the diagonalizing function f which we will
construct, think of qi

s (for i � n + 1) as elements of Z f . � s is an approximate
initial segment of f at the beginning of stage s. The domain of � s will be
f x j x < (n + 2) � (1 + qn+2

s )g. E i
s denotesa set of k's such that qi

s < k � qi +1
s

and ' M (� s [(n+2) �k+1]) makesat least n + 1� i convergent errors on inputs from
X k (with respect to � s).
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For i � n + 2, let qi
0 = i . Initial segment � 0, with domain f x j x < (n + 2) �

(qn+2
0 + 1)g is de�ned as follows.

� 0(x) =

8
><

>:

p(qi
0); if x = qi

0 � (n + 2), for somei < n + 2;
0; if x < (n + 2) � (qn+2

0 + 1) and x is not of
form qi

0 � (n + 2), for any i < n + 2.

For i � n + 1, let ' 0
p(qi

s ) = � s[(n + 2) � (1 + qi +1
s )].

For i < n + 1, let E i
0 = ; , and let E n+1

0 = f qn+2
s g. In stages, we will de�ne

� s+1 and qi
s+1 , for i � n + 2, and correspondingly de�ne E i

s+1 , for i � n + 1.
This will be done is such a way, so that (a) (8x)(81 s)[� s+1 (x) = � s(x)], and
(b) f de�ned as f (x) = lims!1 � s(x), is the diagonalizingfunction.

For all s, we will satisfy the following invariants:

(A) For i � n, qi
s < qi +1

s .

(B) For all i � n + 1, ' s
p(qi

s ) = � s[(n + 2) � (qi +1
s + 1)].

(C) For all i � n + 1, for all k 2 E i
s, card(f x 2 X k j ' s

M (� s [(n+2) �k+1]) (x)# 6=
� s(x)g) � n + 1 � i .

(D) For all i � n + 1, E i
s � f x j qi

s < k � qi +1
s g.

Go to stage0.

Stages
1. Let Cands = f i < n + 1 j (9k 2 E i +1

s )[card(f x 2 X k j
' M (� s [k�(n+2)+1]) ;s(x)#g) � n + 1 � i ]g.

2. If Cands is empty, then let Cs = n + 1. Else, let Cs = min(Cands).
3. If Cs < n + 1, then let ks 2 E Cs +1

s be such that card(f x 2 X ks j
' M (� s [ks �(n+2)+1]) ;s(x)#g) � n + 1 � i .

If Cs < n + 1 and there exists an x 2 X ks such that � s(x) =
' M (� s [ks �(n+2)+1]) ;s(ys)#, then let ys be onesuch x. Else, let ys = " .

4. For i � Cs, let qi
s+1 = qi

s.
For Cs < i � n + 2, let qi

s+1 = qn+2
s + i � Cs.
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5. Let

� s+1 (x) =

8
>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>:

� s(x); if x < (n + 2) � (1 + qn+2
s )

and x 6= ys;
' M (� s [ks �(n+2)+1]) ;s(ys) + 1; if x = ys;
p(qi

s+1 ); if (n + 2) � (1 + qn+2
s ) � x

and x < (n + 2) � (1 + qn+2
s+1 )

and x = qi
s+1 � (n + 2),

for somei < n + 2;
0; if (n + 2) � (1 + qn+2

s ) � x
and x < (n + 2) � (1 + qn+2

s+1 )
and x is not of form
qi

s+1 � (n + 2),
for any i < n + 2.

6. For i < Cs, let E i
s+1 = E i

s.
If Cs < n + 1, then let E Cs

s+1 = E Cs
s [ f ksg.

For Cs < i < n + 1, let E i
s+1 = ; .

Let E n+1
s+1 = f k j qn+1

s+1 < k � qn+2
s+1 g.

7. For i � n + 1, let ' s+1
p(qi

s+1 ) = � s+1 [(n + 2) � (qi +1
s+1 + 1)].

8. For Cs < i � n + 1, let ' p(qi
s ) follow ' p(qC s

s+1 ) on inputs � (n + 2) � (qi +1
s + 1).

(* Note that above implies that ' p(qi
s ) = 1 ' p(qC s

s+1 ) , since' p(qi
s ) and ' p(qC s

s+1 )

may di�er only on ys. *)
9. Go to stages + 1.
End stages

It is easyto verify that invariants (A) to (D) aresatis�ed. Also, note that step7
is consistent since,for i � Cs, � s[(n+ 2)�(qi +1

s + 1)] � � s+1 [(n+ 2)�(qi +1
s+1 + 1)] (by

invariant (D), if Cs < n+ 1, then ks > qCs +1
s and thusys > (n+ 2)�(qCs +1

s + 1)).

Claim 16 For each s, the following are satis�ed.

(a) For i � Cs, qi
s+1 = qi

s.

(b) For Cs < i � n + 2, qi
s+1 > qn+2

s .

(c) qi
s � qi

s+1 .

(d) For i < j , if qi
s < qj

s0, then s � s0 or qi
s = qi

s0.

(e) � s[(n + 2) � (qCs+1
s + 1)] � � s+1 [(n + 2) � (qCs +1

s + 1)].

(f ) For all Cs < i � n + 1, ' p(qi
s ) = 1 ' p(qC s

s ) .
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Pr oof. Parts (a) to (e) follow by induction on stages.For (f ) seenote in
step 8. 2 (Claim 16)

Claim 17 For all s and for all i < n+ 1, card(f x j ' p(qi
s )(x)# 6= ' p(qi +1

s )(x)g) �
1.

Pr oof. If for all s0 � s, qi +1
s0 = qi +1

s , then clearly, ' p(qi
s ) = ' s

p(qi
s ) = � s[(n +

2) � (qi +1
s + 1)] � ' s

p(qi +1
s )

� ' p(qi +1
s ) .

So supposes0 > s is the least number such that qi +1
s0 6= qi +1

s . Then, by con-
struction of � s0 and steps7 and 8 in stages0� 1, the only possiblemember of
f x j ' p(qi

s )(x)# 6= ' p(qi +1
s )(x)g is ys0� 1. Claim follows. 2 (Claim 17)

By inductively applying above claim we get,

Corollary 18 For all s and for all i < j � n + 1, card(f x j ' p(qi
s )(x)# 6=

' p(qj
s )(x)g) � j � i .

Let C � n + 1, be the least value such that Cs = C for in�nitely many s.
Thus, for i � C, lims!1 qi

s#, and for C < i � n + 1, lims!1 qi
s" . For i � C, let

qi = lims!1 qi
s. Claim 16(c) and invariant (B) thus imply that ' p(qC ) is total.

Let f = ' p(qC ) . Note that for all x 2 Z f , f (x) = p(x) and x = qj
s, for some

s 2 N and j � n + 1 (by construction).

Claim 19 f 2 C.

Pr oof. Supposeqj
s > qC , and j � n + 1. Then, we must have j > C, and

thus by Claim 16 (d), qC
s = qC . Thus, by Corollary 18 we have that, for all

qj
s > qC , ' p(qC ) = j � C ' p(qj

s ) . Thus f 2 C. 2 (Claim 19)

Let s be such that, for all s0 � s, qC
s = qC . Let E C =

S
s0� s E C

s . Note that E C

is in�nite.

Claim 20 For all k 2 E C , for all x 2 X k , ' M (f [(n+2) �k+1]) (x) 6= f (x).

Pr oof. For all k 2 E C , ' M (f [(n+2) �k+1]) convergeson at most n + 1 � C
elements in X k (otherwisestep 3 in the construction would make Cs0 < C, for
somes0 > s). Moreover, due to invariant (C), for all k 2 E C , ' M (f [(n+2) �k+1)]

makesat least n + 1 � C convergent errors in X k . It follows that, for k 2 E C ,
for each x 2 X k , ' M (f [(n+2) �k+1]) (x) 6= f (x). 2 (Claim 20)

Since, E C is in�nite it follows from above claim that M does not Bc n
n+1 -

identify f . Theoremfollows. 2 (Theorem 15)

As a corollary to the above theorem, if one looks at the errors committed
by a generalpurposemachine on the next n inputs, then for in�nitely many
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functions, at in�nitely many positions, the machine commits n errors in pre-
dicting the next n inputs. Hence, there is an ostensibly unpleasant cost to
generalpurposelearning. However, as we shall see,this can be assuagedat
least in someinteresting respects (Theorems28 and 30 in Section5 below).

Corollary 21 Supposem > n and m0 > n0. If n > n0, then Bc n
m � Bc n0

m0 6= ; .

Pr oof. Theorem 15 shows that Bc n0+1 � Bc n0

n0+1 6= ; . Now sinceBc n0+1 �
Bc n � Bc n

m (latter inclusionby Proposition 6) and Bc n0

m0 � Bc n0

n0+1 (by Propo-
sition 9), Corollary follows. 2

Corollary 22 Supposem0 > n0 and m > n > 0. If m0 � n0 > m � n, then
Bc n

m � Bc n0

m0 6= ; .

Pr oof. If n0 < n, then corollary follows from Corollary 21. So suppose
n � n0. Theorem 11 shows that Bc 1

m� n+1 � Bc m0� m+ n� 1
m0 6= ; (note that

m0 > m � n + 1). Now, Bc 1+ n� 1
m � Bc 1

m� n+1 (by Proposition 7), and Bc n0

m0 �
Bc m0� m+ n� 1

m0 (since n0 � m0 � m + n � 1, and by Proposition 8). Corollary
follows. 2

The following corollary resolvesall relationshipsamongthe Bc n
m -criteria.

Corollary 23 Supposem > n and m0 > n0. Then: Bc n
m � Bc n0

m0 i� [n = 0 or
[n0 � n and m0 � n0 � m � n]].

Pr oof. If n > n0 then Corollary 21shows that Bc n
m � Bc n0

m0 6= ; . If m0� n0 >
m � n and n > 0, then Corollary 22 shows that Bc n

m � Bc n0

m0 6= ; .

If n = 0, then Bc n
m = Bc � Bc n0

m0.

If n0 � n and m0� n0 � m � n, then Bc n
m � Bc n0

m+ n0� n (by Proposition 7) and
Bc n0

m+ n0� n � Bc n0

m0 (by Proposition 9). Corollary follows. 2

Corollary 24 For all m > n, R 62Bc n
m .

Thus, no generalpurposelearning machine can guarantee that anomaliesare
not concentrated in the near future.

5 Desirable Prop erties Ac hiev able By General Purp ose Learners

Sincethe errors committed by programsoutput by a generalpurposelearner
canbearbitrarily bad,welook at how this may beassuagedfor suitablegeneral
purpose learners, and we also determine someadditional nice properties a
generalpurposelearner can satisfy.
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On can think of a program for a computable function as a predictive expla-
nation for the function's I/O behavior [BB75,CS83].Popper's Refutabilit y
Principle [Pop68] essentially says that explanationswith mistakesshould be
refutable. As pointed out in [CS83] (seealso [CJNM94]), an erroneouspre-
dictive explanation (program) for a computable function satis�es Popper's
Principle if it computesa total function. 2 The following theorem says that
one can construct a generalpurposelearner which, on computable function
input, almost always outputs programs for total functions; hence,it almost
always outputs predictive explanationswhich satisfy Popper's Principle.

Theorem 25 There exists a machine M , such that, for all f 2 R, (i) M
Bc � -identi�es f , and (ii) (81 n)[' M (f [n]) 2 R].

Pr oof. De�ne M as follows. M on f [n], outputs a program pn such that
' pn may be de�ned as follows.

' pn (x)
1. Let Sx = f p � n j f [n] � ' p;xg.
2. If Sx = ; , then let ' pn (x) = 0.
3. Else let p = min(Sx ).
4. Dovetail steps5 and 6 until oneof them succeeds.If step5 succeeds,before

step 6 (if ever) then go to step 7. If step 6 succeeds,before step 5 (if
ever) then go to step 8.

5. Search for s such that ' p;s(x)#.
6. Search for p0 < p, and s such that, (8y < n)[' p0;s(y) = f (y)] and ' p0;s(x)#.
7. Let ' pn (x) = ' p(x), and halt.
8. Let ' pn (x) = ' p0(x).
End

We claim that above M witnessesthe theorem.Supposef 2 R. Let q be the
least program for f . Let m > q be large enoughso that, for all q0 < q, there
exists a y < m such that ' q0(y) 6= f (y). Let pn = M (f [n]), and considerthe
de�nition of ' pn above.

Claim 26 (8n > m)[' pn = � f ]. Thus, M Bc � -identi�es f .

Pr oof. Note that for large enoughx, min(Sx ) = q. Also, by de�nition of
m, search in step 6 cannot succeedfor any p0 < p = q. Also, for p = q, there
exists an s such that search in step 5 succeeds.Thus, for large enough x,
' pn (x) = ' q(x) = f (x). 2 (Claim 26)

Claim 27 (8n > m)[' pn 2 R].

2 Then the halting problem [Rog67] does not stand in the way of algorithmically
locating the mistakes.
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Pr oof. Note that, for n > m, min(Sx ) � q. Thus, for all x, step 6 of
' pn (x) would eventually succeedsincep0 = q and large enoughs satisfy the
requirement for successof step 6. Thus, ' pn (x) would be de�ned at step 8 (if
not earlier de�ned due to step 2 or 7). 2 (Claim 27)

Theoremfollows from above claims. 2 (Theorem 25)

The following shows that even though a generalpurposemachine may be lo-
cally bad for in�nitely many positions,onecanensurethat thesebad positions
have low density.

Theorem 28 For all n, there existsa machineM suchthat,

(a) M Bc � -identi�es R, and

(b) for all f 2 R, limx!1
card(f kjk� x ^ (8z� n)[ ' M ( f [k ]) (k+ z)= f (k+ z)]g)

x+1 = 1.

Pr oof.

SupposeM 0 Bc � -identi�es R. Supposeh is a monotonic non-decreasingcom-
putable function such that limx!1

h(x)
x = 0. Let M be de�ned as follows.

M (f [m]) outputs a program pm de�ned as follows.

' pm (y)
1. If y < m, then ' pm (y) = f (y).
2. If y > m + n, then ' pm (y) = ' M 0(f [m]) (y).
3. If m � y � m + n, then search for a p < h(m) such that f [m] � ' p, and

' p(y)#. If and when such a p is found, let ' pm (y) = ' p(y).
End

Dueto step2, ' M (f [m]) = � ' M 0(f [m]) . Thus,M Bc � -identi�es R. Now �x f 2 R.
Fix x. Considerm � x such that ' M (f [m]) (m + z) 6= f (m + z), for somez � n.
For thesem oneof the following two conditions must hold.

Case1: For all p < h(m), [f [m] 6� ' p or ' p(m + z)" for somez � n].

Case2: There exists a p < h(m) such that f [m] � ' p and ' p(m + z)# 6=
f (m + z), for somez � n.

Case1 can hold for only for h(m) � MinProg(f ). Each p < h(x), can result
in Case2 for at most n + 1 di�eren t m (since if w is the least number such
that ' p(w) 6= f (w), then for Case2 to happen, w � n � m � w). Thus, Case
2 can happen for a total of at most h(x) � (n + 1) di�eren t m � x. Let c
be such that h(c) > MinProg(f ). Thus, Case1 or Case2 can happen for at
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most c+ h(x) � (n + 1) di�eren t m. Now, limx!1
c+ h(x)� (n+1)

x+1 = 0 (sincec and
n are constants and limx!1 h(x)=x = 0). Sincef was arbitrary computable
function, theoremfollows. 2

Sincegeneralpurposelearnersarealwaysquite erroneous(of coursethe density
of erroneous,near future intervals can be made small), it is interesting to
considerwhich classesa generalpurposelearner may additionally identify in
a better or stricter sense.

De�nition 29 [Min76,BB75,CJNM94]

(a) M is said to be reliablei�, for all f such that M (f )#, M Ex -identi�es f .

(b) M is said to reliably Ex -identify C, i� M is reliable and M Ex -identi�es
C.

(c) RelEx = fC j somemachine reliably Ex -identi�es Cg.

Intuitiv ely, reliable machinesdo not deceive us by convergingfalsely. As noted
above, r.e. classesof computable functions (such as the classof polynomial
functions and the classof primitiv e recursive functions) aswell as the classof
total run time functions can be reliably Ex -identi�ed.

The following theoremshows that for any classS in RelEx , onecan createa
generalpurposelearning machine which Ex -identi�es S!

Theorem 30 Suppose S 2 RelEx . Then there exists an M such that M
Bc � -identi�es R and Ex -identi�es S.

Pr oof.

SupposeM H is a machine which Bc � -identi�es R. Below P rangesover �nite
setsof programs.Let Prog be a recursive function such that ' Prog(P;f [n]) may
be de�ned as follows.

' Prog(P;f [n]) (x)
1. If there exists a y � x and i; j 2 P such that

� i (y) � x, � j (y) � x and ' i (y) 6= ' j (y).
Then let ' Prog(P;f [n]) (x) = ' M H (f [n]) (x).

2. Else,search for an i 2 P such that ' i (x)#. If and when such an i is found,
let ' Prog(P;f [n]) (x) = ' i (x).

End

Claim 31 For all f 2 R, for all n, for all P,
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[(9p 2 P)[' p = f ] ^ (8p 2 P)[' p � f ]] ) [' Prog(P;f [n]) = f ].

Pr oof. Fix f 2 R, and n 2 N . Suppose, (9p 2 P)[' p = f ] ^ (8p 2
P)[' p � f ]. Fix any input x. Since (8p 2 P)[' p � f ], `If ' clause in step
1 of ' Prog(P;f [n]) (x) fails. Also, there exists a p0 2 P, such that ' p0(x)#. It
follows that search in step2 of ' Prog(P;f [n]) (x), succeeds.Thus, ' Prog(P;f [n]) (x)#.
' Prog(P;f [n]) (x) = f (x) now follows from the hypothesisthat (8p 2 P)[' p � f ].
2 (Claim 31)

Claim 32 For all f 2 R, for all but �nitely many n, for all P,

(9p 2 P)[' p = f ] ) [' Prog(P;f [n]) = � f ].

Pr oof.

Fix f 2 R. Let n0 be such that, for all n � n0, ' M H (f [n]) = � f .

Supposethere exists a p 2 P such that ' p = f . If, (8p 2 P)[' p � f ], then by
Claim 31 ' Prog(P;f [n]) = f .

If, (9p 2 P)[' p 6� f ], then using (9p 2 P)[' p = f ], it follows that, there exist
i; j 2 P, x0; y0 2 N , such that y0 � x0, and � i (y0) � x0, � j (y0) � x0 and
' i (y0) 6= ' j (y0). Thus, for all x � x0, ' Prog(P;f [n]) (x) = ' M H (f [n]) (x). It follows
that, for n � n0, ' Prog(P;f [n]) = � ' M H (f [n]) = � f . Claim follows. 2 (Claim 32)

Wenow show the theoremusingaboveclaims.SupposeM 0RelEx -identi�es S.
Without lossof generality assumeS = Ex (M 0), and for all n, M 0(f [n]) � n.
Let SB(f [n]) = max(f M 0(f [x]); card(f m < n � 1 j M 0(f [m]) 6= M 0(f [m +
1])g)g). Note that if M 0(f )#, then limn!1 SB(f [n])# � M 0(f ); if M 0(f )" ,
then lim inf n!1 SB(f [n]) = 1 . Also SB(f [n]) � n.

Now M (f [n]) outputs Prog(P f
n ; f [SB(f [n])]), where P f

n = f i � SB(f [n]) j
' i;n � f g.

Claim 33 If f 2 S then M Ex -identi�es f .

Pr oof.

Supposef 2 S. Thus, limn!1 SB(f [n])#. Let SB(f ) denotelimn!1 SB(f [n]).
Note that SB(f ) � MinProg(f ). Let n0 be such that, for all n � n0,
SB(f [n]) = SB(f ), and (8p � SB(f ) j ' p 6� f )[' p;n0 6� f ]. It follows that
for all n � n0, P f

n = f p � SB(f ) j ' p � f g. Since MinProg(f ) � SB(f ),
it follows that MinProg(f ) 2 P f

n . Thus, M (f )# = Prog(P f
n0

; f [SB(f )]). Now,
usingClaim 31we have that ' Prog(P f

n ;f [SB(f )]) = f . Claim follows.2 (Claim 33)

Claim 34 If f 2 R � S, then M Bc � -identi�es f .
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Pr oof. Supposef 2 R � S. Then, lim inf n!1 SB(f [n]) = 1 . Now �x n0

such that

(i) for all n � n0, SB(f [n]) � MinProg(f ), and

(ii) for n � n0, for all P, (9p 2 P)[' p = f ] ) [' Prog(P;f [n]) = � f ].

Note that by Claim 32,n0 satisfying(ii) exists.Note that by (i), and de�nition
of P f

n , for all n � n0, P f
n contains MinProg(f ).

It follows from (ii) that, for all n � n0, [' Prog(P;f [n]) = � f ]. This proves the
claim. 2 (Claim 34)

Theoremfollows from Claim 33 and 34. 2 (Theorem 30)

On the other hand, Corollary 36 below shows that RelEx cannot be replaced
by �nite identi�cation.

De�nition 35 [Gol67]

(a) M �nitely-identi�es f , i� there exists an n and a p such that, ' p = f ,
M (f [m]) =?, for m < n, and M (f [m]) = p, for m � n.

(b) M �nitely-iden ti�es C, i� M �nitely-iden ti�es each f 2 C.

(c) C is �nitely-iden ti�able i� someM �nitely-iden ti�es C.

Let S0 = f f j ' f (0) = f g. Note that S0 is �nitely-iden ti�able.

Corollary 36 Supposen 2 N and M Bc � -identi�es R. Then there existsan
f 2 S0 suchthat M doesnot Bc n -identify f .

Pr oof. SupposeM is asgiven in the hypothesis.Let g(x) = n. Then, proof
of Theorem 4 gives an f 2 S0, such that for in�nitely many x, ' M (f [x]) 6= n

f . 2

It would be interesting to study what other usefulpropertiesa suitablegeneral
purposelearner can be madeto satisfy.

6 Conclusions

Harrington [CS83]surprisingly constructed a generalpurposelearner, i.e., a
machine which Bc � -identi�es all the computablefunctions. However, the pro-
grams output by Harrington's machine becomemore and more degenerate,
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i.e., in general,the �nite set of anomaliesin each �nal program grows without
bound. In this paper we showed that this is unavoidable (Theorem 4 above).

Since the programs output by any general purpose learning machine make
large number of errors on in�nitely many functions, it is interesting to study
how theseerrorsareor canbedistributed. Basedon this motivation wede�ned
new criteria of inferencecalled Bc n

m , and completely resolved the relationship
betweendi�eren t Bc n

m criteria of inference.Among other results, we showed
that any generalpurposelearning machine is poor in predicting near future
values.In particular any generalpurposelearningmachineM predictsthe next
n valueswrongly in�nitely often. In contrast, though, weshow that the density
of such bad prediction points can be made vanishingly small (Theorem 28
above).

We constructed a general purpose learning machine M such that, on any
computable function input, all but �nitely many of the programsoutput by
M are for total functions. Hence,almost all of its conjecturessatisfy Popper's
Refutabilit y Principle.

We also showed that for every classof computable functions, S, which can
be Ex -identi�ed by a reliable machine [Min76,BB75,CJNM94] (seede�nition
in Section5 above), somegeneralpurposelearning machine additionally Ex -
identi�es S. We further show, though, that reliable identi�cation in the just
above statement cannot be replacedby �nite identi�cation.

It would beinterestingto study which other usefulpropertiesa generalpurpose
learner can or cannot have.
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