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Abstract

Leo Harrington surprisingly constructed a machine which can learn any com-
putable function f accordingto the following criterion (called Bc -identi ¢ ation).
His machine, on the successie graph points of f , outputs a corresponding in nite
sequenceof programs po; p1; P2; - - :, and, for somei, the programsp;; pi+1; Pi+2; :::
eat compute a variant of f which diers from f at only nitely many argu-
ment places.A machine with this property is called geneal purpose The sequence
Pi;pi+1;Pi+2; :.:iscalleda nal seuenc.

For Harrington's generalpurposemadhine, for distinct m and n, the nitely many
argumert placeswherep;. m fails to computef canbevery di erent from the nitely
many argumernt placeswherep;. , fails to computef . One would hope though, that if
Harrington's machine, or an improvemert thereof, inferred the program p;+ » based

computing f at the \near future" argumens k + 1,k + 2;:::;k + °, where " is
reasonablylarge. Ideally, pi+ m's nitely many mistakesor anomalieswould (mostly)
occur at argumerts x Kk, i.e., ideally, its anomalieswould be well placed beyond
near future argumerts. In the presen paper, for generalpurposelearning machines,
it is analyzedjust how well or badly placedtheseanomaliesmay be with respect to
near future argumens and what are the various tradeo s.

In particular, there is good news and bad. Bad news is that, for any learning
machine M (including general purpose M), for all m, there exist in nitely many
computable functions f such that, in nitely often M incorrectly predictsf 's next m
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near future values.Good newsis that, for a suitably clever generalpurposelearning
machine M, for each computable f , for M on f, the density of any such assciated
bad prediction intervals of sizem is vanishingly small.

Consideredtoo is the possibility of providing a general purpose learner which
additionally learns someinteresting classeswith respect to much stricter criteria
than Bc -identi cation. Again there is good news and bad. The criterion of -
nite identi c ation requires for successthat a learner M on a function f output
exactly one program which correctly computes f . B¢ "-identi ¢ ation is just like
Bc -identi cation above except that the number of anomaliesin ead program of
a nal sequenceis n. Bad newsis that there is a nitely identi able class of
computable functions C such that for no general purpose learner M and for no
n, doesM additionally Bc"-identify C. Ex-identi c ation by M on f requiresthat
M on f cornverges,after a few output programs, to a single nal program which
computesf . A reliable learner (by de nition) never deceivesby false convergence;
more precisely: whenewer it corvergesto a nal program on a function f, it must
Ex -identify f. Good newsis that, for any classCthat can be reliably Ex -identi ed,
there is a general purposemachine which additionally Ex-identies Cl

1 Intro duction

The learning situation often studied in inductive inference[JORS99 may be
descrilted asfollows. A learnerreceivesasinput, oneat atime, the successig
graph points of a function f . As the learner is receivingits input, it conjec-
tures a sequenceof programsas hypotheses.To be able to learn the function
f , the sequencef programsconjecturedby the learner must have somedesir-
ablerelation to the input function f . By appropriately choosingthis desirable
relation one getsdi erent criteria of successfulearning. One of the rst sud
criteria studied is called Ex-identi c ation ([Gol67,BB75,CS83]). The learner
is said to Ex-identify a function f i the sequenceof programsoutput by it
on f, after a few output programs,convergesto a single nal program which
computesf .! A learneris saidto Ex-identify a classi it Ex-identi es ead
function in the class.A classof functions is Ex-identi able i somemadine
Ex-idernti es the class.

Even though one cannot Ex-idertify the classof all the computable func-
tions [Gol67], there are large and useful classesof functions which can be
Ex-identi ed. For example,any recursively erumerable classof computable
functions sud as the classof polynomials or the classof primitiv e recursive
functions [Rog67 is Ex-identi able.

[Bar74,CS83] considered a generalization of Ex-iderti cation called Bc-

1 In generalmore formal de nitions are in Section 2 below.



identi cation. In Bc-identi cation of a function f by a madine M onere-
quires that the sequenceof programsoutput by M on f either convergesto
a program for f , or the sequenceof programsis in nite, with all but nitely
many of them being (possibly di erent) programsfor f. [CS83 also consid-
ered the variants of the Ex and Bc-iderti cation criteria in which the nal
programsneednot be perfect, but are allowedto have someanomaliesor mis-
takesin their predictionsof I/O behavior. For n a natural number, if the nal
programsare allowed to make at most n errors, then the criteria of inference
arecalledEx" and Bc" respectively. If the nal programsare allowedto make
at most nitely many errors, then the criteria of inferenceare calledEx and
Bc respectively.

Harrington [CS83 constructed a madiine which Bc -iderties ead com-
putable function! In the presen paper, we call machineswhich do this geneal
purpose Howewer, onin nitely many computablefunctions, the nal programs
output by Harrington's macine becomemore and more degeneratej.e., the
nite setsof anomaliesin successig nal output programs,in general,grow
in size without bound. We note that this is a property of any general pur-
pose learner, and, in fact, the number of anomaliesgrows faster than any
computablebound (Theorem 4 in Section3 below).

Since the programs output by any general purpose learning machine make
large numbersof mistakes(on in nitely many computablefunctions), it would
be interesting to study how theseerrors are distributed. For example,in real
life one probably caresmore about \near future errors” than \distant future
errors”. Basedon this motivation in Section4 belonv we de ne new criteria
of inferencecalled Bc,. Informally, for a machine to Bc, -identify a function
f, for its nal programs,their predictions on the next m inputs should have
at most n errors. In Section4 we completely resole the relationship between
di erent Bc], criteria of inference(Corollary 23 in Section4). In particular,
we shaw that for any learning machine M, (including generalpurposeM ), for
all m, there exist in nitely many computablefunctionsf sud that, in nitely
often M incorrectly predicts f's next m near future values (Corollary 24)!
Thus there is an ostensibly unpleasam cost to generalpurposelearning. As
we will see though, this can, be assuagedt leastin someinteresting respects
described below.

In contrast to the result merntioned above that any generalpurposelearning
madiine M predicts next m valueswrongly in nitely often, we show that the
density of sudh bad prediction intervals can be madevery small (Theorem 28
in Section5 below).

A reliable learner (by de nition) newer deceiwes by false convergence;more
precisely:whene\er it corvergesto a nal program on a function f, it must
Ex-idertify f [Min76,BB75,CINM94. For example,r.e. classe®f computable



functions (such asthe classof polynomial functions and the classof primitiv e
recursive functions [Rog67) aswell asthe classof total run time functions can
be reliably Ex-identied [BB75,CS83. On a further positive note, we show
that for ewvery reliably Ex-identi able classof computable functions S, there
is a generalpurposelearning machine which Ex-identies S (Theorem 30 in
Section5 below)!

The criterion of nite identi c ation requiresfor successhat alearnerM ona
function f output exactly one program which correctly computesf . Learning
by nite identi cation can be thought of as one-shotlearning. We show, by
cortrast to the result in the immediately above paragraph(Theorem 30), that
thereis a classS which is nitely iderti able, yet for all n, no generalpurpose
learner can additionally Bc"-idertify S (Corollary 36in Section5 below).

Freivalds and Wiehagen [FW79] shaved that there exists a madcine which
can identify all the recursive functions if, in addition to the graph of the in-
put function, it is given an arbitrary upper bound on the sizeof the minimal
program computing the input function as additional information. Freivalds,
Botuscharov and Wiehagen [FBW98] further showved that in some(but not
all) acceptableprogramming systems,the above machine can producea nal
program of sizewithin the upper bound given as additional information. Ma-
chines,asin above, exhibit a di erent kind of generalpurposebehaviour. We
will not deal with above type of generalpurposelearnersin this paper.

We now proceedformally.

2 Notation and Preliminaries

Recursion-theoreticconceptsnot explained below are treated in [Rog67. N

denotesthe set of natural numbers. denotesa non-menber of N and is as-
sumedto satisfy (8n 2 N)[n< < 1] Let2; ; ; ; ,respectivelydenote
membership, subset,proper subset,supersetand proper supersetrelations for
sets.Emptyset is denotedby ;. Cardinality of a set S is denotedby card(S).

So\card(S) " meansthat card(S) is nite. Welet min(S) and max(S), re-
spectively, denotethe minimum and maximum elemen in S. We take min(; )
to bel and max(;) to beO.

h; i denotesa 1-1 computable mapping from pairs of natural numbers onto
natural numbers. i; , are the correspnding projection functions. h; i is
extendedto n-tuplesin a natural way.

denotesthe empty function. , with or without decorations(decorations
are subscripts, superscripts, primes and sud), rangesover partial functions.



(X)# denotesthat (x) isde ned. (x)" denotesthat (x) is not de ned. For
a2N[fg, 1= ,meansthat card(fx | 1(X) 6 »(X)g a 162 >
meansthat : [ ; =2 ,]. (If ;and , areboth unde ned on input X, then, as
is standard, we take 1(x) = ,(x).) If =2f, then we often call a program
for asana-error programfor f . We let domain( ) and rangd ) respectively
denotethe domain and range of the partial function

We let ;g and h, with or without decorations,range over total functions. R
denotesthe classof all computablefunctions, i.e., total computable functions
with argumens and valuesfrom N. C and S, with or without decorations,
range over subsetsof R. ' denotesa xed acceptableprogramming system
[Rog58Ro0g67Ric80,Ric81,Roy87]. ' ; denotesthe partial computablefunction
computedby programi in the ' -system.Note that in this paper all programs
are interpreted with respect to the ' -system.We let be an arbitrary Blum
complexity measure[Blu67] assaiated with the acceptableprogramming sys-
tem ' ; many sud measuresexist for any acceptableprogramming system
[Blu67]. Let ' ;s be de ned asfollows.

: _ tix); ifx<sand i(x) s
s (X) = " otherwise.

For a given partial computable function , we de ne MinProg( ) to denote

min(fij'i= 9.

Let zercext( ) denotea function de ned asfollows.

; 1f x 2 domain( );
zeroext( )(x) = 0-(X) :)t;](erwise. "

2.1 Function Identi c ation

We rst descrike inductive inference machines. We assume,without loss of
generality, that the graph of a function is fed to a machine in canonicalorder.
For any partial function andn 2 N sud that, for all x < n, (x)#, we let
[n] denotethe nite initial segmenf(x; (x)) j X < ng. Clearly, [0] denotes
the empty segmeh We let denotethe empty segmeh SEG denotesthe
set of all nite initial segmets, ff[n]jf 2 R*n 2 Ng. Welet and |,
with or without decorations,rangeover SEG. Let j j denotethe length of
We often identify (partial) functions with their graphs. Thus for example,for
= f[n] and for x < n, (x) denotesf (x). A learning macine (also called
an inductive inferenee machine (11M)) [Gol67] is an algorithmic device that
computesa mapping from SEG into N [ f?g. Intuitiv ely, \?" above denotes
the casewhen the machine may not wish to make a conjecture. Although it



is not necessaryto considerlearnersthat issue\?" for identi cation in the
limit, it becomeausefulwhenthe number of mind changesa learnercan make
is bounded.In this paper, we assumewithout lossof generality, that oncean
I[IM hasissueda conjecture on someinitial segmen of a function, it outputs
a conjectureon all extensionsof that initial segmen This is without loss of
generality becausea madine wishing to emit \?" after making a conjecture
can instead be thought of as repeating its previous conjecture. We let M,
with or without decorations,range over learning madines. Since the set of
all nite initial segmeis, SEG, can be coded onto N, we can view these
madines as taking natural numbers as input and emitting natural numbers
or ?'s as output. We say that M (f ) corvergesto i (written: M (f)# = i) i
(81 N)[M (f [n]) = i]; M (f ) isunde ned if nosud i exists.The next de nitions
descrike se\eral criteria of function identi cation.

De nition 1 [Gol67,BB75,CS83Leta2 N[ fg.Letf 2 R.

(a) M Ex?-identies f (written: f 2 Ex?(M)) just in case,there existsan i
such that M (f)#=iand'; =2f.

(b) M Ex?-identies Si M Ex?®-iderties eah f 2 S.
C©)Ex® =fS R (OM)[S Ex3(M)g.
We often write Ex for Ex°.

By de nition of corvergence,only nitely many data points from a function
f had beenobsened by an IIM M at the (unknown) point of corvergence.
Hence,someform of learning must take placein orderfor M to learnf . For this
reason,hereafterthe terms identify, learn and infer are usedinterchangeably

De nition 2 [Bar74CS83 Leta2 N[ fg.Letf 2 R.

(@) M Bc?-identies f (written: f 2 Bc®M)) i, for all but nitely many
n2N,' M (f [n]) =af,

(b) M Bc?-identies Si M Bc?-identies eah f 2 S.
(c)Bc?® =fS R j(OM)[S Bc?*M)]o.
We often write Bc for Bc®.

Somerelationshipsbetweenthe above criteria are summarizedin the following
theorem.

Theorem 3 [CS83BB75,Bar7]]

Ex? Ex? Ex Bc Bc! Bc = 2R,



SinceR 2 Bc , we often call a madcine which Bc -identies R a general
purposelearning madine.

Welet | rangeover iderti cation criteria de ned above. There existsanr.e. se-
guenceM o; M 1; M ,; :::, of inductive inferencemachinessud that, for all cri-
teria | of inferenceconsideredin this paper, one can show that [JORS99]:

forall C2 1, there existsani 2 N sudh that C | (M)).

We assumeM o; M 1; M ,;::: to be one sud sequenceof madines.

3 General Purp ose Machines and Their Mistak es

Unfortunately, the programs output by Harrington's machine becomemore
and more degeneratej.e. the nite setof anomaliesin nal programsoutput
grows in sizewithout bound. In fact the nite setsof anomaliescannot even
be boundedby a computablefunction asthe next theorem shows.

Theorem 4 SupmseR Bc (M). Let g be a computablefunction. Then
there existin nitely manyf 2 R suchthat, for in nitely manyn, ' y ¢ ) 6 %™
f.

Pr oof. SupposeM and g are asgivenin the hypothesis.We will construct
one f sud that for innitely many n, ' yny 6% f. The construction
can be easilymodi ed to producein nitely many distinct sud f . By Kleene
RecursionTheorem[Rog67, there existsan e sud that ' ¢ may be de ned as
follows. Let ' ¢(0) = e. Let xo = 1. Go to stageO.

Stages
1. Let h = zercext(" ¢[Xs]).
2. Seard for ng > x5 and a setSs sudh that (a) ' wm (npn.p(Y)# forally 2 S,
(b) min(Ss) > ng, and (c) card(Ss) > g(ns).
3. If and whensud ng, S are found, let
Ye(Y) = 1+ M (Y), ify 2 Ss.
"e(y) = h(y), if y max(Ss) andy 62S;.
4. Let Xg¢1 = 1+ max(Sy).
Goto stages+ 1.
End stages

We rst claim that step 2 succeedsn ewery stage. This is sosinceM Bc -
identi es all computable functions, and in particular h. Thus, there exist ng
and Ss sudh that (a) ' wnp(Y)# for ally 2 S, (b) min(Ss) > ns, and



(c) card(Ss) > g(ns). It follows that ' ¢ is total. Let f = ' .. Now for all
S, "m@mg(X) 8 f(x), for all x 2 Ss. Thus, ' mp. 694" f. Theorem
follows. 2

4 Predicting Near Future Values

Basedon Theorem 4, it would be interesting to study how the anomaliesof
the programsoutputted by a macdhine are distributed. For example,in real
life one probably caresmore about \near future errors” than \distant future
errors". This leadsus to the following de nition.

Denition 5 Letm;n2 N andf 2 R.

(@) M Bc) -identies f (written: f 2 Bcp (M), i, for all but nitely many
x,cardfz< mj' muepp(Xx+2) 6 f(x+2)g) n.

(b) M Bc -identies C, if it Bc -identies eath f 2 C.
(c) Bcy, = fC j someM Bcj -iderti es Cg.

Intuitiv ely, one can view Bc -iderti cation of a function by a madine as
follows. At any stage,the learning madine predicts the next m values.At all
but nitely many stages,at leastm n out of the m predictions are correct.

In this sectionwe resole the relationship betweendi erent Bc ), -identi cation
criteria.

Following four propositions follow directly from the de nitions.
Prop osition 6 Form n, Bc" Bcj.

Prop osition 7 Supmsem nandk2 N. ThenBc — Bc'X.
Prop osition 8 Supmsem n k. ThenBck  Bc!.

Prop osition 9 Supmsem k n. ThenBc,, Bcy.

Prop osition 10 For all m> 0, B¢ = Bc?.

Proof. Clearly, form 1,Bc  Bc?  Bc? NV ?°dened by Pod-
nieks [Pod74 is idertical to Bc{. The proposition follows from NV ®= Bc
[Pod74,CS83]. 2

The following theorem showvs someadvantagesof having to predict fewer cor-
rect valuesin the near future.



Theorem 11 Supwsem®> m. Then, Bc}, chg me ;.
Pr oof. Let
Zc=fxjk m°< x<k m°+ mg;
Ex=fk mO[ fxjk m°+m x< (k+1) m%;
and
Uc= Ze[ Ex=fxjk m® x< (k+1) m%:
We now considerthe following two properties de ned on total functions.

(PropA) f satis es PropA i, for all k, for all x 2 Z, f(x) = 0.
(PropB) f satis es PropB i, for all k, for all x 2 E,, f(x) = f(k m9.

Let C=ff 2 R jf satis es PropA and PropBg.
The above classis easily seento be in Bc . We now shaw that C62ch8 m,

Supposeby way of cortradiction that M chg M_identies C.Let o= . In
the_following construction, in stages we will de ne ;. Domain of ¢ will
be . Uk. Also, limgy  s(X)# Supposef is de ned asfollows:

(0= Jim <

Then, f will bein C, and M doesnot Bc™, ™-iderties f.

For all k, let err§ = 0. Intuitiv ely, at the beginning of stages, for k < s, errf
denotesthe number of inputs in E, onwhich M ( s[k m9) hasbeencurrertly
diagonalizedagainst. We will have errt = 0, for k s.

Go to stageO.

Stages
1. Fork s, let ConvE = card(fx 2 Exj "' m( <k ms(X)#0).
2. LetCands = fk sjConvk > max(ferrjk k° sg)g.

If Cands = ;, then let C5 = s. Otherwise, let C5 be the minimum elemen
in Cands.
3. Fork < Cg, let err%,, = errX,
Let errSs; = Corves,
Fork > Cs, let errf,; = 0.

4. Forx 2 o, Uk let g (X) = s(X).
For x 2 Egc,, let <1(x) = 1+ max(f’ M ( s[Cs mOJ)(X) j x 2
Ec. M’ M ( sfCs m°]);s(x)#g)-
For x 2 ZCS [ Cs<k <s+1 Uk, let s+l (X) = 0.
5. Goto stages+ 1.
End stages



Claim 12 For all s, the following three properties hold.
(@) for all x 2 Sk<cs U, s«1(X) = s(X).

(b) for all k < Cg, err&,, = err&, and

(c) either Cs = s, or enrSsy, > max(ferr$ jCs  k  sg).
Pr oof. Follows directly from construction. 2 (Claim 12)

Claim 13 limg; err’# for every k. Thus, liminf Cs gees to in nity, and
limgy  s(X)#

Pr oof.

We show the claim by induction on k. Suppose, for k° < k, limg; err';O#.
Let t > k be a stagesuc that, for all k°< k, for all s > t, errs’ = err’,
Thus, by Claim 12(b and c), for all s > t, Cs k. Hence,by Claim 12(b
and c), for all s > t, err¢  errX,;. Sinceerrf is boundedby m® m+ 1,
limg; err$#. Thus, using Claim 12, it follows that lim inf Cs goesto in nit y,
andthuslimg;  s(X)# 2 (Claim 13)

Let
00 = fm +()

We claim that f 2 Cand M doesnot Bcﬂg M_identify f . Note that f clearly
satis es Prop,OA and PropB. We thus just needto shav that f 2 R and M
doesnot Bcpo M-idertify f.

Let err* denotelimg; er. Letr m® m+ 1, be the largest value suc
that err® = r, for in nitely many k.

Let t,;t, be large enoughsothat, t, > t;, and

(i) forall k tq, er* r;

(i) forallk ty, foralls t,, errs= errf.

Thus, in particular for all s> t,, errgs r.

Claim 14 For all s> t,, if err$s = r, thenfor all s°> s, Ceo > Cs,

Pr oof. Supposeby way of cortradiction that s° > s is the rst stagein
which Coo  Cs. Then errgfo > errSs, by the condition for selectionof C in
step 2 of the construction. This in turn impliesthat errgos0 > r. A cortradiction
to the choiceof t,. 2 (Claim 14)

10



It followsfrom Claims 12 and 14that, if s> k, anderrSs = r, then ¢ [(Cs+
1) m9 f. Moreover, sinceerrs = r, for in nitely many s, it follows that

S
fsjs>to A EHSCS:I’Q s+1 [(CS+ 1) m0_| =f.

Sincethe left hand side of above equation is computable,it followsthat f is
computable.

Furthermore, for all s > t,, for all k > t4, Conv§ r (otherwise err$s would
be at leastr + 1).

Thus, for all Cs > ty, sud that errss = r, we have ' v (r[c, moy(X) 6 f(X),
for all x 2 Ec,. It follows that M does not chg M-identify f. Theorem
follows. 2 (Theorem11)

The next theorem shovs someadvantages of being allowed to predict more
wrong valuesin the near future.

Theorem 15 Foralln2 N, Bc"*  Bcl,, 6 ;.
Proof. LetZ; =fxjf((n+ 2) x)6 0Og.

Let C = ff J [Card(Zf) =17 (81X 2 Zf)[I f(n+2) x) =N+l f]] _ [O <
card(Zs) < 1 ™ ' f(n+2) maxzey =" flo.

It is easyto verify that C2 Bc"*'. We now show that C 62Bc!,, . Suppose
by way of cortradiction, M Bc,, -identies C. Then, by operator recursion
theorem|[Cas74, there existsa computable,1{1, increasingp suc that p(0) >

0, and’' i) may be descriked in stagesas follows.

Below, let ' [, denote’ ) de ned beforestages. Let X = fXx j (n+ 2) k <
X < (n+ 2) (k+ 1)g. Intuitiv ely, for the diagonalizingfunction f constructed,
for in nitely many k, for all x 2 Xy, " m (f (n+2) k+17) (X) 6 T (X).

We will de ne variablesg, (fori n+ 2), s, andE. (fori n+ 1)in
the construction. Intuitiv ely, for the diagonalizing function f which we will
construct, think of ¢, (fori n+ 1) aselemers of Z;.  is an approximate
initial segmen of f at the beginning of stages. The domain of ¢ will be
fxjx< (n+2) (L+ ¢*?)g. EL denotesa setof k's such that ¢, < k ¢.**
and' v ( ,n+2) k+1) Makesat leastn+ 1 i corvergert errorson inputs from
Xk (with respectto ).

11



Fori n+ 2, letq = i.Initial segmeh o, with domainfx jx < (n+ 2)
(gf*? + 1)g is de ned asfollows.

8 .

2 p(q); ifx=gq (n+ 2),forsomei < n+ 2;
oX) = G; if x < (n+2) (gf** + 1) and x is not of

' formd, (n+ 2),foranyi<n+ 2,

Fori n+1/let' 0, = sl(n+2) 1+aq))
Fori<n+1,let Ej=;,andlet EJ*™* = fq{*?g. In stages, we will de ne

s1 andd,,,, fori  n+ 2, and correspndingly de ne EL,,, fori n+ 1,
This will be doneis such a way, sothat (a) (8x)(8! S)[ s:1(x) = s(X)], and
(b) f dened asf (x) = limgy  s(x), is the diagonalizingfunction.

For all s, we will satisfy the following invariants:
(A) Fori n,d < g™,
(B) Foralli n+1," 5. = s[(n+2) (¢ + 1)

(C) For all i n+ 1, forall k 2 EL, card(fx 2 Xy j ' M ( <[(n+2) k+1)) (X)H# 6
sxX)g9 n+1 i

(D) Foralli n+1,E. fxjd<k d'g.

Go to stageO.

Stages
1. Let Cands = fi < n+ 1 j (9 2 EIMYcardfx 2 Xy |
"M (sl 21 s(X)HQ)  n+ 1 i]g.
2. If Cand, is empty, then let Cg = n+ 1. Else,let C5 = min(Cands).
3. If Cs < n+ 1, then let k¢ 2 ES*' be sud that card(fx 2 Xy, j
"M (ke (i1 s(X)HQ) N+ 10
If Cs < n+ 1 and there exists an x 2 Xy, sud that ¢(x) =
"M slks (n+2)+1]) :s(Ys)# then let ys be onesud x. Else,let ys =".
4, Fori Csletd,, = d.
ForCs<i n+2letd,, =2 +i C..

12



5. Let

X) = :
s+ (X) for somei < n+ 2:

0; if (n+2) (1+ q*?)

and x is not of form

ois+1 (n+ 2)1
foranyi<n+ 2.

" VORRRRRRRRRRRRRRR/  /AKKXRRRRRRRRRRRRRRAR/ ©O

6. Fori< Cg, letEL,, = EL.
If Cs< n+ 1,thenlet ESy = ESs [ fkeg.
ForCs<i<n+1,letEL, =;.
Let ELT = fkjdii <k difg
7. Fori n+1,let’ ;&sﬂ) = sal(n+2) (di + ).
8. ForCs<i n+1let’ g follow' co

(* Note that above implies that " pq) =*
may di er only onys. *)
9. Goto stages+ 1.
End stages

p(ass )

andx< (n+2) (1+

s(X); if x < (n+2) (1+q*?)
and x 6 ys;
"M (slks (n+2)+1) s(Ys) T L if X =y
P(Ck+1); if(n+2) (1+d™?) x

andx < (n+2) (1+d.f)
andx = d,; (n+2),

X
n+2)

Gk+1

cs ) oninputs  (n+2) (¢! + 1)
since’ pq) and’

s )

It is easyto verify that invariants (A) to (D) aresatis ed. Also, notethat step7

isconsiste since,fori  Cs, [(N+2) (A +1)]  sa[(n+2) (i3

+1)] (by

invariant (D), if Cs < n+1,thenks > =™ andthusys > (n+2) (¢€=*! + 1)).

Claim 16 For eachs, the following are satis ed.

(@ Fori Cs d,; =d.

(b) For Cs<i n+ 2 d,, > q*2.

©d d.-

(d) Fori<j,if o < do thens sPord, = d.

@ slin+2) (= + 1] sulln+2) (o= + 1)

(F) Forall Cs< i n+ 1" pq =1" yeesy:

13



Pr oof. Parts (a) to (e) follow by induction on stages.For (f) seenote in
step 8. 2 (Claim 16)

Claim 17 Forall sandfor alli < n+1, card(fx j ' pq)(X)#6 ' ;4+1,(X)0)
1.

i+

Proof. If foralls® s, d¢' = d', thenclearly, ' yq) ="' 5q) = sl(n+

2) (qi;+l + 1)] ' ;(q|S+1) ' p(qis+1).

So supposes® > s is the least number sud that ois* 6 d.**. Then, by con-
struction of ¢ and steps7 and 8 in stages® 1, the only possiblemenber of
FX]" p)(X)#6 " gy (X)gis Yso 1. Claim follows. 2 (Claim 17)

By inductively applying above claim we get,

Corollary 18 For all s and for all i < | n+ 1 card(fx j ' pq)(X)# 6
I p(cﬂs)(x)g) J I

Let C n+ 1, be the least value sud that Cs = C for in nitely many s.
Thus,fori C,limgy d# andforC<i n+1,limg; d". Fori C,let
d = limgy d. Claim 16(c) and invariant (B) thusimply that ' yc) is total.

Let f ="' pqc). Note that for all x 2 Z¢, f (x) = p(x) and x = ¢, for some
s2 N andj n+ 1 (by construction).

Clam 19 f 2 C

Proof. Supposed, > g%, andj n+ 1. Then, we must havej > C, and
thus by Claim 16 (d), ¢¢ = ¢°. Thus, by Corollary 18 we have that, for all
&> %" pee) =) © gy Thusf 2 C 2 (Claim 19)

S
Let s besud that, forall s° s, o = °. Let E€ = " (ES. Note that E€
is in nite.
Claim 20 For all k 2 EC, for all x 2 Xy, ' wm ¢ n+2) k+1p (X) & f (X).
Proof. Forall k 2 EC," M (f [(n+2) k+1]) corvergeson at mostn+ 1 C
elemerns in Xy (otherwisestep 3 in the construction would make Cs < C, for
somes®> s). Moreover, due to invariant (C), for all k 2 E€, ' v (t(n+2) k+1)]

makesat leastn+ 1 C corvergert errorsin X,. It followsthat, for k 2 E€,
for eady x 2 Xy, ' m(fn+2) k+1p (X) & F(x). 2 (Claim 20)

Since, E€ is innite it follows from above claim that M does not Bc1,, -
identify f. Theoremfollows. 2 (Theorem 15)

As a corollary to the above theorem, if one looks at the errors committed
by a generalpurposemadine on the next n inputs, then for in nitely many
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functions, at in nitely many positions, the madine commits n errorsin pre-
dicting the next n inputs. Hence,there is an ostensibly unpleasam cost to
generalpurposelearning. Howewer, as we shall see,this can be assuagedat
leastin someinteresting respects (Theorems28 and 30 in Section5 below).

Corollary 21 Supmsem > n andm®> nC If n > n° thenBc? Bchu 6 ;.

n%1 n%1

Pr oof. Theorem 15 shaws that Bc Bco,, 6 ;. Now sinceBc
Bc" Bcp, (latter inclusionby Proposition 6) and Bc ”moo Bcﬂg+l (by Propo-
sition 9), Corollary follows. 2

Corollary 22 Supmsem®> nandm > n> 0. If m® n°> m n, then
Bc,, Bclo6 ;.

Proof. If n® < n, then corollary follows from Corollary 21. So suppose
n  n°% Theorem 11 shaws that B¢k .., Bc™ ™" ' 6 ; (note that
m°> m n+ 1). Now, BcX*" ' Bcl ., (by Proposition 7), and B¢

Bc™, ™" 1 (sincen® m® m+n 1, and by Proposition 8). Corollary

follows. 2
The following corollary resohesall relationshipsamongthe Bc ,-criteria.

Corollary 23 Supmsem > n and m®> n® Then: Bc"  Bc"ui [n= Oor
M nandm® n® m n.

Proof. If n> n°then Corollary 21 shovsthat B¢, Bcho6 ;. If m® no>
m nandn> 0, then Corollary 22 shavsthat Bc”, Bc", 6 ;.

If n=0,thenBc", = Bc Bc.

fn® nandm® n® m n, thenBc? Bch (by Proposition 7) and

m+n0 n

Bc ”m°+no ., Bc ”moo (by Proposition 9). Corollary follows. 2
Corollary 24 For all m> n, R 62Bc,.

Thus, no generalpurposelearning madine can guarartee that anomaliesare
not concetrated in the near future.

5 Desirable Prop erties Achievable By General Purp ose Learners

Sincethe errors committed by programsoutput by a generalpurposelearner
canbearbitrarily bad,welook at how this may be assuagedor suitable general
purpose learners, and we also determine some additional nice properties a
generalpurposelearner can satisfy.
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On can think of a program for a computable function as a predictive expla-
nation for the function's I/O behavior [BB75,CS83]. Popper's Refutability
Principle [Pop69 essetially says that explanationswith mistakes should be
refutable. As pointed out in [CS83 (seealso [CINM94]), an erroneouspre-
dictive explanation (program) for a computable function satis es Popper's
Principle if it computesa total function.? The following theorem says that
one can construct a general purposelearner which, on computable function
input, almost always outputs programsfor total functions; hence,it almost
always outputs predictive explanationswhich satisfy Popper's Principle.

Theorem 25 There exists a machine M, suchthat, for all f 2 R, (i) M
Bc -identies f, and (II) (81 n)[' M (f [n]) 2 R]

Proof. Dene M asfollows. M on f[n], outputs a program p, sud that
' p» May be de ned asfollows.

" e (X)
. LetS,=fp njf[n] ' o0

If Sx =, thenlet’ , (x) = 0.

Elselet p= min(Sy).

Dovetail steps5 and 6 until oneof them succeedslf step5 succeedshefore
step 6 (if ever) then go to step 7. If step 6 succeedspefore step 5 (if
ewver) then goto step 8.

Seard for s sud that ' ,s(X)#.

Seard for p°< p, and s sudh that, (8y < n)[' pes(y) = f(y)] and ' pes(X)#.

Let ' p,(X) =" p(x), and halt.

. Let!' 5, (X) =" po(X).

nd

BwN e

m o N o o0

We claim that above M witnessesthe theorem. Supposef 2 R. Let g be the
least program for f . Let m > q be large enoughsothat, for all ¢°< q, there
existsay < m sud that ' p(y) 6 f (y). Let p, = M (f [n]), and considerthe
de nition of ' , above.

Claim 26 (8n> m)[' ,, = f]. Thus, M Bc -identies f.

Pr oof. Note that for large enoughx, min(Ss) = g. Also, by de nition of
m, seart in step 6 cannot succeedor any p°< p = q. Also, for p = g, there
exists an s sud that seart in step 5 succeedsThus, for large enoughx,
"on(X) = g(x) = f(X). 2 (Claim 26)

Claim 27 (8n> m)[' ,, 2 R].
2 Then the halting problem [Rog67 does not stand in the way of algorithmically

locating the mistakes.
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Pr oof. Note that, for n > m, min(S) g. Thus, for all x, step 6 of
" on (X) Would evertually succeedsincep®= g and large enoughs satisfy the
requirement for succesf step 6. Thus,' ,, (x) would be de ned at step 8 (if
not earlier de ned dueto step2 or 7). 2 (Claim 27)

Theoremfollows from above claims. 2 (Theorem 25)

The following shows that even though a generalpurposemacdine may be lo-
cally bad for in nitely many positions,onecanensurethat thesebad positions
have low density.

Theorem 28 For all n, there existsa machineM suchthat,

(& M Bc -identies R, and

card(fkjk x " (8z n)[' m (t k) (k+2)=f (k+2)]g) _
x+1 -

1.

(b) for all f 2 R, limy;
Pr oof.

SupposeM °Bc -identies R. Supposeh is a monotonic non-decreasingcom-

putable function sudh that limy; ") = 0.Let M be de ned asfollows.

M (f [m]) outputs a program p,, de ned as follows.

I Pm (y)

1. If y<m,then' p (y) = f(y).

2. Ify>m+n,then’ 5 () =" motmp(y)

3. fm 'y m+n,thenseard for ap< h(m) sud that f[m] ', and
' p(Y)#. If andwhensud apis found, let' , (y) =" o(y).

End

Dueto Step2,' M (f[m]) = "M (f [m]) - Thus,M Bc -identies R.Now x f 2 R.
Fix x. Considerm  x sudhthat ' y (¢ mp(m+ z) 6 f (m+ z), for somez n.
For thesem one of the following two conditions must hold.

Casel: For all p< h(m), [f[m]6 ' , or' ,(m+ z)" for somez n].

Case2: There existsa p < h(m) sud that f[m] ', and' ,(m+ z)# 6
f(m+ z), for somez n.

Casel can hold for only for h(m)  MinProg(f ). Each p < h(x), can result
in Case?2 for at mostn + 1 dierent m (sinceif w is the least number sut
that ' ,(w) 6 f (w), then for Case2 to happen,w n m w). Thus, Case
2 can happen for a total of at most h(x) (n+ 1) dierent m Xx. Let c
be sud that h(c) > MinProg(f). Thus, Casel or Case2 can happen for at
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mostc+ h(x) (n+ 1) dierent m. Now, limy,; "0 = g (sincec and

n are constarts and limy,; h(x)=x = 0). Sincef was arbitrary computable
function, theoremfollows. 2

Sincegeneralpurposelearnersare always quite erroneougof coursethe density
of erroneous,near future intervals can be made small), it is interesting to
considerwhich classesa generalpurposelearner may additionally idertify in
a better or stricter sense.

De nition 29 [Min76,BB75CJNM94]
(@) M is saidto bereliablei, for all f sud that M (f )#, M Ex-iderties f.

(b) M is said to reliably Ex-identify C,i M is reliable and M Ex-identi es
C.

(c) RelEx = fC j somemadhine reliably Ex-identi es Cg.

Intuitiv ely, reliable machinesdo not deceiwe us by convergingfalsely As noted
above, r.e. classesof computable functions (such as the classof polynomial
functions and the classof primitiv e recursive functions) as well asthe classof
total run time functions can be reliably Ex -identi ed.

The following theoremshaws that for any classS in RelEx , onecan createa
generalpurposelearning macine which Ex-iderti es S!

Theorem 30 Supmse S 2 RelEx . Then there existsan M such that M
Bc -identies R and Ex-identies S.

Pr oof.

SupposeM  is a machine which Bc -identi es R. Below P rangesover nite
setsof programs.Let Prog be a recursive function sud that ' pg(p:f ny May
be de ned asfollows.

I Prog (P;f [n]) (X)
1. If thereexistsay x andi;j 2 P sud that

i(y) X, j(y) xand'i(y)6"(y).
Then let ' progpis () (X) = " My (¢ (] (X)-
2. Else,seart for ani 2 P sud that ' j(x)#. If and whensud ani is found,

let Prog(P;f [n])(x) =" i(X)-
End

Claim 31 For all f 2 R, for all n, for all P,
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[(Op2 P) p=Ff1"Bp2P)'p, fII) [ progrsny = 1

Proof. Fix f 2 R,andn 2 N. Suppose,(9p 2 P)[', = f]" (8p 2
P)I'p f] Fix any input x. Since(8p 2 P)[', f], 'If' clausein step
1 of ' prog(p:f ) (X) fails. Also, there exists a p® 2 P, sud that ' p(x)#. It
follows that seart in step2 of ' prog(p:f () (X), SUCCEEASTNUS," prog(p:f (n]) (X)#.
" prog(p:f [n) (X) = f (X) now follows from the hypothesisthat (8p2 P)[' , f].
2 (Claim 31)

Claim 32 For all f 2 R, for all but nitely many n, for all P,
Op2P)' p=1]) [ progpsmp = Fl

Pr oof.

Fix f 2 R. Let ng besud that, foralln ng, " m,@mp = f.

Supposethere existsap2 P sudhthat ' = f.If, (8p2 P)[' , f], then by
Claim 31' Prog(P:f [n]) = f.

If, (Op2 P)[' » 6 f], thenusing(9p 2 P)[' , = f], it follows that, there exist
] 2 P,Xo;Yo 2 N, sudh that yo  Xo, and i(Yo) Xo, j(Yo) Xo and
"i(Yo) & " j(Yo). Thus,for all X  Xo, " prog(p:f (n)(X) = " M ¢t (np (X). 1t follows
that, forn  no, ' progriin) = "mup = . Claim follows.2 (Claim 32)

We now show the theoremusingabove claims. SupposeM °RelEx -iderti es S.
Without lossof generality assumeS = Ex(M 9, and for all n, MYf[n]) n.
Let SB(f [n]) = max(fM Yf [x]);cardfm < n 1) MYf[m]) 6 MYf[m+
1])g)g). Note that if M Yf)#, then lim,, SB(f[n)# MYAf); if MYF)",
then liminf,; SB(f[n])=1 . Also SB(f[n]) n.

Now M (f [n]) outputs Prog(P;;f [SB(f [n])]), where P} = fi  SB(f[n]) ]
' in fg

Clam 33 If f 2 SthenM Ex-identies f.
Pr oof.

Supposef 2 S. Thus,lim,; SB(f [n])#. Let SB(f ) denotelim,;; SB(f [n]).
Note that SB(f) MinProg(f). Let ng be sud that, for all n No,
SB(f[n]) = SB(f), and (8p SB(f) j'p 6 f)[' pn, 6 f]. It follows that
foralln no P} =fp SB(f)j', fg. SinceMinProg(f) SB(f),
it follows that MinProg(f) 2 Pf. Thus, M (f )# = Prog(P/ ;f [SB(f )]). Now,

No!?
using Claim 31 we havethat ' = f. Claim follz)ws.z (Claim 33)

Prog (Py ;f [SB(f)])

Clam 34 Iff 2R S, thenM Bc -identies f.
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Proof. Supposef 2 R S. Then, liminf,; SB(f[n]) = 1 . Now X ng
sud that

(i) foralln  ng, SB(f[n]) MinProg(f), and
(i) forn no, forall P, (9p2 P)[' y=1f1) [ erogriip = fl

Note that by Claim 32, ng satisfying (ii) exists.Note that by (i), and de nition
of P, foralln ng, P/ cortains MinProg(f ).

It follows from (ii) that, for all N no, [' prog(p:in) = f1. This provesthe
claim. 2 (Claim 34)

Theoremfollows from Claim 33 and 34. 2 (Theorem 30)

On the other hand, Corollary 36 below shavsthat RelEx cannot be replaced
by nite iderti cation.

De nition 35 [Gol67]

(a) M nitely-identies f, i there existsann and a p sudh that, ' , = f,
M (f[m]) =?, form< n,andM (f[m]) = p, form n.

(b) M nitely-identies C,i M nitely-identies eath f 2 C.
(c) Cis nitely-identiable i someM nitely-identies C.
Let So = ff ' 10 = fg. Notethat Sy is nitely-iden ti able.

Corollary 36 Supmsen 2 N and M Bc -identies R. Then there existsan
f 2 Sy suchthat M doesnot Bc"-identify f.

Pr oof. SupposeM is asgivenin the hypothesis.Let g(x) = n. Then, proof
of Theorem4 givesan f 2 Sy, sud that for in nitely many X, ' wv ) 6"
f. 2

It would be interestingto study what other usefulpropertiesa suitable general
purposelearner can be madeto satisfy.

6 Conclusions

Harrington [CS83]surprisingly constructed a generalpurposelearner,i.e., a
madine which Bc -iderti es all the computablefunctions. Howewer, the pro-
grams output by Harrington's maciine becomemore and more degenerate,
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i.e.,in general,the nite setof anomaliesin eaty nal program grows without
bound. In this paper we shaved that this is unavoidable (Theorem 4 above).

Since the programs output by any general purpose learning madine make
large number of errors on in nitely many functions, it is interesting to study
how theseerrorsare or canbe distributed. Basedon this motivation we de ned
new criteria of inferencecalled Bc},, and completely resoled the relationship
betweendi erent Bc, criteria of inference.Among other results, we shoved
that any generalpurposelearning macdine is poor in predicting near future
values.In particular any generalpurposelearningmachine M predictsthe next
n valueswrongly in nitely often. In cortrast, though, we show that the density
of sudh bad prediction points can be made vanishingly small (Theorem 28
above).

We constructed a general purpose learning machine M sud that, on any
computable function input, all but nitely many of the programsoutput by
M are for total functions. Hence,almost all of its conjecturessatisfy Popper's
Refutability Principle.

We also showed that for every classof computable functions, S, which can
be Ex-iderti ed by a reliable madiine [Min76,BB75CJNM94] (seede nition
in Section5 above), somegeneralpurposelearning macdine additionally Ex -
identi es S. We further show, though, that reliable iderti cation in the just
above statemert cannot be replacedby nite identi cation.

It would beinterestingto study which other usefulpropertiesa generalpurpose
learner can or cannot have.
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