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Abstract. In the standard literature on inductiv e inference, a learner
seesas input the course of values of the function to be learned. In the
presert work, it is investigated how reasonable this choice is and how
sensitive the model is with respect to variations lik e the overgraph or un-
dergraph of the function. Seweral implications and separations are showvn
and for the basic notions, a complete picture is obtained. Furthermore,
relations to oracles, additional information and teams are explored.

Keyw ords. Inductiv e inference; recursion theory; various forms of input
presertation; team learning; learning with additional information.

1 Intro duction

The certral guestionof inductiv einferenceis to investigatein clear mathematical
terms, which types of classesof functions or sets can be learned in principle
by an algorithm. This is formalized with notions from recursion theory and
therefore the objects to be learned are { in most scenarios{ either classesof
recursive functions or classesf recursively enumerable sets. Gold [5] intro duced
the notion of learning setsin the limit from positive data: herethe learnerM is a
recursive function which mapsany nite string of data to a hypothesisM ( ).
This hypothesisis then an index from an acceptable numbering Wo; Wy;::: of
all recursively enumerable sets; this numbering is assumedto be basedon an
acceptablenumbering ' o;' 1;::: of the partial-recursive functions by letting We
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be the domain of ' .. More precisely the set W, to be learned is described by
a text T which is a sequencecontaining all members of W, in arbitrary order
and perhaps some pause-synols denoted by #. Now M learns W, from T i
there is an n such that Wy (to)7(1)::1(m)) = We for all m  n. As one cannot
ched e ectiv ely whether W, = Wy for indices d;e; it is restrictive to postulate
in addition that M (T(0)T(1):::T(n)) = M(T@O)T(1):::T(m)) forall m n.
Both notions turned out to bereasonablen inductiv e inference,the more general
notion is called behaviourally correct learning and the more restrictiv e notion
is called explanatory learning. In the present work, only explanatory learning is
considered,but many questionscould also be investigated in the more general
behaviourally correct setting.

Of course,if a learner hasto learn only one set W, it could just output e on
all possibleinput data; therefore one considersthe learnability of classesof sets
instead of single sets. Somewell-known examplesare the following ones.

{ The classof nite sets.Herethe learner outputs at every stagea hypothesis
which enumerates exactly the elemeris seenso far; the hypothesisis only
revisedif a new elemert is discoveredin the input.

{ The classof all setsN fxg consisting of the natural numbers dierent
from x. Here the learner conjectures,at every stage,a hypothesisfor the set
N fxg, wherex is the least elemen not seensofar.

{ Gold [5] showved that many natural classesare not learnable:the classof all
co nite sets;the classof N and all of its nite subsets;the class

fEf :f 2 RECgwith Ef = f(x;y) :y = f(X)g
of all graphs of recursive functions.

Here RE C standsfor the classcontaining all recursive functions from N into N;
note that properly partial-recursive functions are not in REC.

The learning of classesof functions in REC is a paradigm linked to the
learning of setsas follows: A classS REC is learnable (from the viewpoint
of function-learning) i the corresponding classfE¢ : f 2 Sg is learnable from
the viewpoint of learning sets from positive data. The new approac of this
work comparedto previous papers is that here using E; to describe f is only
seenasone possibility among se\eral legitimite ones.Thereforeit is investigated
how the choice of the represenation of the function on the input in uences
the learnability. Now, the following instantiations to replace the sets E; are
considered:

{ D¢ = f(x;y) :y 6 f(X)g, that is, D; is the setof all (x;y) with y dierent
from f (x);

{ L = f(x;y) :y < f(x)g, that is, L; is the set of all (x;y) with y lessthan
f (x);

{ G = f(x;y) :y > f(x)g, that is, G¢ is the set of all (x;y) with y greater
than f (x).

Furthermore, the learning criteria E, D, L and G mean that one is learning
functions f from texts for E¢, D¢, L and D;, respectively.



De nition 1. A learner M is a recursive function which assignsto every initial

segmen of a text T a hypothesise. Let | denote E, D, L or G. The learner
M I-learnsf i M onany text for ¢ outputs almost always the sameindex of
the setEs ; in the Section5, other hypothesesspacesthan E; will be considered
as well. Furthermore, the symbols D, E, G and L also stand for the collection
of all classesS REC suc that somelearner M respectively D -identi es,

E-identi es, G-identies and L-identies every f 2 S.

Example 2. A family fq;f1;f2;::: of functions is called recursively enumerable
i the two-ary function n; x 7! f,(x) is recursive. Every recursively enumeiable
family fo;f1;f5;::: is D-learnable as a learner can easily converge to an index
for the rst function f, suchthat no pair (x;y) with y = f,(x) occurs in the
data.

The recursively enumeiable class of those functions which take on almost all
inputs the samevalue cannot be learned from data of type L or G.

Example 3. A classS of functions is called self-describingi ' ¢ = f for all
functions f 2 S; also other methads of self-description can be considered. The
self-describingfunctions can be learned from all four types of data presentation
as for each one of them one can nd f (0) in the limit.

2 Inclusions

An inclusion like D E would mean that ewvery D-learnable classis also E -
learnable. One of the rst topics of inductiv e inferenceis to determine which of
sudh inclusions are true and which are false; after this is done, further questions
are consideredfor the corresponding inference-criteria.

Theorem 4. Concerning L; G;D;E, theinclusionsL D,D E,L E and
G E hold, but no other ones.

Pro of (sketch). TheinclusionL E is obtained by transitivit y, thus only the
other three inclusions are shovn. Thesethree inclusions of the form | J can
be shown by translating the setsJ; to I+ accordingto the following formulas.

Df = f(xy):926 y((x;2) 2 Ef)g;
Li = f(xy):8z y((x;2) 2 Dy)g;
Gr = f(xy) :92<y((x;2) 2 Ef)g:

These transformations permit to translate texts for these sets as well. The in-
dexesfound by the corresponding learnersneednot to be translated.

The noninclusionsD 6 L, D 6 G, E 6 L, E 6 G are all withessedby the
classof total functions that are constart almost everywhere, that is, the total
functions f that satisfy 9y 8x > y(f (x) = f(y)). The proof of the nonlearn-
ability parts is a direct translation of the proof that the classof co nite setsis
not learnable from positive data. The learning algorithm for this classis called



\learning by enumeration”, that is, given any uniformly recursive enumeration
fo;f1;::: of the class,the learner always conjecturesthe rst fo sudc that no
data-item seenso far contradicts this hypothesis. This meansthat no data-item
(x;y) with y 6 f¢(x) has shavn up in the caseof E and that not data-item
(x;y) with y = fo(x) hasshown up in the caseof D.

The noninclusion G 6 D is witnessedby the family of all recursive functions
satisfying one of the following two conditions:

{ f="¢0 andforall x, f(x)<f(x+ 1)
{ thereisay suc that 8x < y [f(X) = ' (X) < f(x+ 1) =" ¢ (Xx+ 1)
and 8x vy [f (x) = f(y)].

This noninclusion translates alsointo E 6 D asthe f in the above classare also
learnable from the setsEs but not from the setsDs .

The remaining noninclusions are witnessedby standard classeswhich corre-
spond to Gold's example of an unlearnable family [5]. The noninclusionL 6 G
is given by the classof all functions of the form 1"0' plus 1* . The noninclusion
G 6 L is witnessedby the classof all functions of the form 1"2! plus 1* .

3 Oracles

In the following, let A; A1;Ay;As; As;B be sets of natural numbers which are
used as oracles.Let K denote the halting problem. Criteria like E, L, ::: are
modi ed to E[A], L[A], ::: where instead of recursive learners M , one consid-
ers A-recursive learners M A, Adleman and Blum [1] establishedthe following
fundamental result.

Theorem 5 (Adleman and Blum [1]). REC 2 E[A]i A is high. That is,
REC can be learned from data-type E and oracle A i A is high.

The corresponding variants of this theorem are that for D, high oracles are
su cien t, but for the other modesof input presenation, RE C cannot be learned
using any oracle.

Theorem 6. REC 2 D[A]i A is high.

Pro of (sketch). If A is high, then there is an A-recursive procedure Tot(e;t)
such that for every g, limy;  Tot(e;t) = 1,if ' ¢ istotal, andlimy;  Tot(e;t) =
0, if ' ¢ is partial. Then the learner corvergeson any text T for D¢ to the least
e sud that limy; Tot(e;t) = 1 and no pair (X; ' ¢(x)) shons up in the text T.
It is easyto verify that this algorithm is correct.

Recallthat D E. The sameholds for the relativized versionD[A] E[A],
that is, every D[A]-learner for REC can be translated into an E[A]-learner for
REC. Thus such an A hasto be high. Alternativ ely, one can use the second
direction of Theorem 8 below for the necessiy of A being high.



Remark 7. The classof all co nite setscannot be learned from text with re-
spect to any oracle [5]. Using this technique, one can show that

ff 2REC:8x(f(x) 1)and9y8x y(f(x)= 1)g
is G-learnable but not L[A]-learnable for any oracle A. Similarly,
ff 2REC:8x(f(x) 1)and9y8x y(f(x)= 1)g

is L-learnablebut not G[A]-learnablefor any oracleA. Thus onecannot overcome
these separationswith oracles.

Note that in the following, We.s is the set of all elemens which are enumerated
into W, within s steps. Without lossof generality, 8x 2 Wes [X < S].

Theorem 8. G DJ[A]i A is high.

Pro of (sketch). The condition that A is high is certainly su cient for this
inclusion as REC can be D[A]-learned for all high oraclesA.

Now considerthe classffq;f1;f;:::g of functions wheref .(x) is e+ s for the
rst stages suc that at least minf x; jWejg many elemens are enumerated into
Wes; thusf¢(0) = eand givesaway the index of the function in this enumeration.

This classis easily seento be G-learnable. One can nd the value e of the
input function at O in the limit and knows then that f, is the function to be
learnt. Then the learner outputs a program which assignsto every input x the
output s+ efor the rst stageswith jWesj X. In the casethat somepair (x;y)
with jWeyj < x is found, the learner knows that f¢(z) = f¢(x) for all z> x and
can easily determine f ¢ in the limit.

For the corversedirection, one rst shaws that the sets D¢, are uniformly
recursively enumerable. The reasonis that a pair (x;y) is enumerated into D+
i at least one of the following four conditions holds:

{y<e
{ y eandthereisastageswith 0 s<y eandjWesj X;
{ y eandthereisastageswith 0 s<vy eandjWesj= Wey &

{y &jWey e <x andthereis astages with jWe,y o < jWesj.

As these conditions are all  9-conditions, a text T for D¢, can be constructed
uniformly from the index e. Given any e, one can simulate the behaviour of
any D[A]-learner M on T, in the limit and determine with oracle A° the nal
hypothesis €. Note that ' ¢ is total. Now W, is nite i there are valuesx;s
sud that e+ s = " gy and jWe;sj < x. This condition is a 9-condition and
can also be cheded with oracle A°. HenceK® 1 A%and A is high.

Theorem 9. Given recursively enumemblesetsA1; A,; Az; A4 there are classes
SEa,;SDa,;SLa,; SGa, suchthat

SEa, 2E[B] i Ay ;B®

SDA,2D[B] i AY B

SLa,2L[B]i A3 1B

SGa, 2 G[B] i AY 1B



Furthermore, if the r.e. setsAj; Az; Az Ay satisfy that Ay 1 Az, Ay 1 Ag,
A, 1 A4 K<t Ag <T Ag, Ag 61 Ag and Ag 6T Ag then the class

S= SEA1 SDA2 SLA3 SGA4

of the fourfold join of functions in SEa,, SDa,, SLa, and SGa, satis es for
every oracle B that

S2EB]i Ay ;B®
S2D[B]i AY :B%
s2LB]i A ;B®
S2G[B]i A ;B®

So the best possible oracles for the four learning criteria are dier ent in each
case. The choice of suchoraclesA1;A;; As; Ay is possible.

Pro of (sketch). Kummer and Stephan [8] have shawvn that there is a class
TEa, which is E[B]-learnablei AY 1 BC This classconsistsof f0; 1g-valued
functions. Now let

SEa, = fg2 REC:9h 2 TEA, 8n 2 N
[9(2n) = h(n)* g(2n+ 1)=1 h(n)lg

and one can seethat SEx, 2 E[B];D[B];L[B];G[B]i A? 1 BC The reason
is that, from an approximation of g(2n);g(2n + 1) from below, one can exploit
the equation g(2n) + g(2n + 1) = 1 in order to get both values. Similarly for
approximations from above. Hence, for these functions g, texts of Eg, Dy, Lg
and G4 are equally useful for learning.

As A9 is recursively enumerable relative to K, there is a total two-place

approximation  (x; s) such that x 2 A3 i (x;s) = 1for all but nitely many
s. Now one de nes, for every x, the function f, as
g X if y=0;
fo(y) = s for the rst s> f,(y 1) with (x;8)6 1
x{y > if such an s exists;

fx(y 1) otherwise.

Note that the case-distinctionis non-uniform in x. However, f  is still recursive as
either the secondcaseappliesfor all y > 0 or f is evertually constart function.
Let SDa, = ffg;fq1;:::0. Although one cannot e ecitv ely, from x, compute an
index for fy, one can compute an index u(x) of the following variant of f:

8y ify=o;

. _ s forthe rst s>" yn(y 1) with (x;s)6 1
ueo(¥) = > if such an s exists;

otherwise.

Note that the setsDy, ;L¢, areuniformly r.e.in x aswitnessedby the following
two de nitions of these sets. D¢, is the set of all (a;b) satisfying one of the
following conditions:



{ 9¢ af u(x)(c)#> bl;
{ 9¢ af u(x)(a)#< bl;
{ b x™ (x;b=1.

The setL¢, is givenby the rst condition, that is, L, is just the setof all (a;b)
sud that thereisac awith ' ) (c)#> b

Hence,if SD4, is L[B]-learnable or D[B]-learnable then AS 1 B asone
can, for any given x, simulate the learner on Lt _ or D¢ , respectively, nd the
nal hypothesise of the learner using B? and determine whether there is an y
with ' o(y) = ' e(y + 1) using B again; the latter hasthe answer YES if x 2 A9
and the answer NO if x 2 AJ.

The classSD,, is E-learnableand G-learnable,asonecan gure out from the
data, in the limit, the valuesf(0) and x. Furthermore, it can be determined, in
the limit, whetherthereisay with ' (,)(y) beingde ned and (y+ 1," ,x)(y)) 2
Efr, or (y+ 1" up(y) + 1) 2 Gy, respectively. If so,y is found in the limit and
the learner knows that f, equalsthe function which is ' ;) below y and is
constart from y onwards. If not, such ay will never be found and the learner
will conjecture’ vy from the time it has determined x.

The classSD,, is L[B]-learnable and D[B]-learnable for all oraclesB with
A9 1 BC The algorithm is similar to the onebefore.Again the learner obsenes
from the data in the limit the valuesf(0) and x. Furthermore, it can usethe
oracle B to determine in the limit whether x 2 AJ. If so,it nds the maximal
y in the limit where' ,(,(y) is de ned and knows that f, equalsthe function
whichis' (x) below y and is constart from y onwards. If x 2 AS thenf, = ' y)
and the learner corvergesto the hypothesisu(x).

For the setsSLa, and SGp,, one takes functions f A3;f A+ which are A3%
recursive and A,%recursive, respectively, and which furthermore satisfy that ev-
ery function dominating them computesA3°and A,° respectively. Now let

SLa,=f@n+ 1) :n2Ng[ f@2n+ 1)™@2n)* :n2 N;m fA:(n)g;
SGa, = f(2n)* :n2 Ng[ f@n)™@n+ 1)t :n2 N;m  fA4(n)g:

The classSLa, isin L[B]i A3z® 1 B% Ononehand, if As° 1 Bthen the
following algorithm works: One can nd g(0) and the parameter n in the limit.
Then onecan nd an upper bound k for f A3(n) relativeto B in the limit. After

function makes a step only before k and thus the learner can corverge to a
canonical hypothesisfor g(0)g(1) : :: g(k)(g(k))?* .

On the other hand, if oneinfers SLa, with oracle B, onecan nd for eah
function (2n+ 1)! in the limit alocking sequencg3] and let h(n) be the largest
rst coordinate of a pair (x; y) occurring in this locking sequenceThenh 1 B°
and h(n) fA:(n) for all n; henceAs° 1 B®

The argumertation for SGa, 2 G[B]i A? 1 B%is symmetric. Further-
more, one can easily seethat SLa, 2 G;D;E and SGa, 2 L; D;E.

The secondresult on the combined classS is obtained by combining the four
above results including the additional learnability-properties mentioned above.



Recall that g 2 SEx, SDa, SbLa, SGa, i thereareg; 2 SEa,, 02 2
SDa,, 93 2 SLa, and g 2 SGa, sudh that for all x 2 N andy 2 f1,;2;3;4g,
g(@x +y 1) = gy(x). The hardnessresults translate immediately from the
hardnessof learning the componerts. So the more dicult part would be to
verify the learnability.

Now let g, Eg, Dg, Lg and G¢4 be given. If the data is a text for Eg, then
one can learn the componert g; using oracle A; and the componerts g, gs,
g without any oracle. If the data is a text for Dy, then the componert g
can be learned using A, the componernt g, can be learned using A, and the
componerts gz and g4 do not require an oracle. If the data is a text for Lg,
then the oracle Az is sucient asit permits to reconstruct g;, g and gz in
the limit; the componert g, doesnot need an oracle. If the data is a text for
Gy, then the oracle A4 is sucient asit permits to reconstruct g:, g and gs
in the limit; the componernt gz doesnot needan oracle. It is easyto seehow
thesethings generaliseif any oracle B is considered;it is necessaryto use that
A? A 1 AYandAY 1 AY 1 AQ for obtaining this generalization.

4 Degrees of Inference

The question for which oraclesA; B the inclusion E[A] E[B] holds has been
investigatedexhaustively [1,4, 8]. Adleman and Blum [1] establishedthat exactly
the high oraclesB satisfy that E[A] E[B] for all oraclesA. Kummer and
Stephan [8] showed that for non-high r.e. setsA; B, E[A] E[B]i A 1 B.
Besidesthe criterion E { which correspondsto explanatory function learning {
a lot of other convergencecriteria have been studied in the publications [4,8].
The approad taken in the presert work diers from theseby the fact that not
the mode of corvergence(explanatory or learning in the limit) is varied but the
mode of preseration of the input; therefore the standard criterion E coincides
with explanatory learning while for L, G and D other results might be possible.

Remark 10. Assumethat E[A] 6 E[B] for someoraclesA; B. Then there is a
classR of f 0; 1g-valued functions witnessing this [8]. Now one de nes

S=1fg:9h 2 R8x(g2x) = h(x)*g2x+ 1)=1 h(x))g:
This set satis es for every oracle C that

R2 E[C], S2E[C], S2L[C], S2G[C], S2DICI:
As a consequencepne hasthat L[A]6 L[B], G[A] 6 G[B] and D[A] 6 D[B].
The inference-degreef D and E might be quite similar, as previous results
already establishthat the high oraclesare alsoexactly thosewhich are omnisciert

for D. Indeedit can be conjecturedthat they are the same.For L and G, things
are a bit dierent.



Remark 11. Jain and Sharma [6] proved that there is no maximal inference-
degreefor learning recursively enumerable setsfrom positive data. Kummer and
Stephan [8] strengthenedthis result by shawing that inclusion in theseinference
degreesimplies Turing reducibility on the jump. Their witness classesfor this
fact consistedof recursive sets;thus one can translate them into witness-classes
of functions for the input modesL and G, respectively. Soonehasthat wheneer
L[A] L[B]orG[A] G[B]then A° + B In particular, for each oraclethere
is still a strictly more powerful oracle and so the structure of inference-degrees
diers from that of E and D.

Conjecture 12. The inference-degrees of E and D coincide. The inference-
degreesof L and G both coincide with the inference-degreesof learning recursively
enumenble sets from positive data.

5 Additional Information and Teams

An oracle supplies information independert of the concrete learning task. In
contrary to this, additional information and teachers are information linked to
the concretelearning task, although they might not yield any nonrecursiw infor-
mation (lik e a solution for the halting problem). Indeed additional information
is even nite, mostly an index or a bound of an index related to the learning
task. The main result for function learning is that one can learn functions from
any upper bound of any index given as additional information. This is even true
independertly of the chosendata type.

Prop osition 13. REC is L-learnable and G-learnable with an upper bound of
an index of a function as additional information.

The reasonis that one can for ead two indices i;j below the given bound
of functions inconsistert at x nd out in the limit whether ' ;(x) or ' ;(x) is
incorrect. With this method, onecaneventually eliminate all indicesinconsistert
with the data and corvergeto a hypothesiswhich amalgamatesthe set Z of the
remaining programsin the sensethat ' ¢ (z)(x) = yi ' e(x) =y for somee2 Z.

As the traditional setting gives no new insight, the following more general
setting is investigated, where ead learning criterion hasseweral aspects. A class
S is 1J(T)-learnable with 1;J;T 2 fD;E;G;Lgi thereis alearner M doing
the following.

{ M receivwesdata of typel asin the conceptof | -learning in previous sections;

{ M outputs hypothesesof type J, that is, the output of M corvergesto an
index of a recursively enumerable set W which generatesthe set J; linked
to the function to be learnt;

{ The additional information is an index of a recursively enumearble set V
such that V = Ts; in the caseof | J-learning, no additional information is
supplied.



Of courseREC 2 1J(l) asthe additional information already solvesthe learning
task. Similarly, the inclusions from Section 2 carry over and REC 2 LJ (D) for
all J 2 fD;E;G;Lg: that is, an index for D¢ is given as additional information

and an index for L; hasto be learned;soonecan simply translate the additional

information into this form. Furthermore, data and additional information can
complemert ead other; for exampleEJ LJ (G) asthe additional information

G plusthe data L permit to generatethe data E. The next theorem characterises
many relations in this type of inference.

Theorem 14. For |;J 2 fD;E; G;Lg, the following statementsare equivalent.

1. every J-index can be translated into an | -index;

2.1 J, that is, without any additional information and using hypothesesof
type E, every classlearnable from data of type | is also learnable from data
of type J;

3. EE(I) EE(Q), thatis, for everyclassS, if S can be learned with data E,

with hypothesisspace E and with additional information |then S can also be

learned with data E, hypothesisspace E and additional information J;

REC 2 DI(J);

REC 2 EI(J);

REC 2 GI (J);

REC 2 LI (J).

No o

A further important topic is the question of team-learning where a classS is
[m; n]l J-learnablei there is a team of n learnerssuc that on every text for a
setl; for afunction f in S at leastm members of the team corvergeto an index
for the languageJ; . Here are somesampleresults which could be extendedwith
well-known techniques.

Prop osition 15. [23]lE = [1;1]IE for all | 2 fD;E;G;Lg. That is, for all
modes of input presentation, as long as the hypotheseshaveto be of the type E
any [2; 3]l E-learner can be replaed by a [1; 1]l E-learner which is the same as
an | -learner.

Pro of (sketch). Let M1;M»,; M3 beagiven[2; 3]l E-team learning S. Without

lossof generality, the size of the hypothesesof the simulated machinesincreases
at every mind change. Then a new learner N simulates M 1;M,; M3 and con-
sideresat every stages the current outputs of the learning machines; in order
of their sizethey are denoted as e;; e;; e3. In the casethat the ' ¢, (X) = ' ¢,(X)

for all x s wherethesetwo valuesare output within s stagesof computation,

the output doesnot depend on e; and is a value f (e;; &) sud that ' ¢ (¢, e,)(X)

takes' ¢, (x) or ' ¢, (x), whatever converges rst. Otherwise the learner outputs

g(er;ez;€3) sudh that ' g, e,0e,)(X) ISy i at least two of the values' ¢, (x),

"e,(X) and ' ¢, (x) arey. For the veri cation note that at least two machines
convergeand their nal hypothesese;; e, are evertually below the hypothesisof
the third machine. If ' ¢, and' ¢, are consistert then' ¢ (¢, .¢,) equalsf asoneof
thesetwo functions must be f . If they are inconsistert, the third machine must

corvergeaswell to some nal value es and ' g, e, ;) IS €qualto f.



This proof technigue can be generalisedto obtain the following result which was
for EE already obtained by Pitt and Smith [11].
Theorem 16. For | 2 fD;E;G;Lg, [m;n]lE = [LKIIE i <™ L

n

In the caseof E D -learning wherethe data is of type E and the hypothesesof type
D onecanassumethat every inconsistert hypothesis,that is, every hypothesise
for a setD. with (x;f (x)) 2 De, is evertually updated and replacedby another
one. Then [2;3]JED = [1;1JED by simply taking the union of the two oldest
hypothesesin ead stage.Again one can generalisethe result.

Prop osition 17. [m;n]JED = [LKIED i < T 2.

n

The results can be very dierent if neither the data nor the hypothesesare of
the type E; then they have somesimilarity to the caseof languagelearning.

Remark 18. Translating results of language learning obtained by Jain and
Sharma [7] yields [1;1]GG  [2;3]GG  [1;2]GG = [3;6]GG  [2;4]GG and
[1;1LL [2;3]LL [1;2]LL = [3;6]LL  [2;4]LL.

References

1. Lenny Adleman and Manuel Blum. Inductiv e inference and unsolvabilit y. Journal
of Symholic Logic, 56:891{900, 1991.

2. Dana Angluin. Inductiv e inference of formal languagesfrom positive data. Infor-
mation and Control, 45:117{135, 1980.

3. Lenore Blum and Manuel Blum. Towards a mathematical theory of inductiv e
inference. Information and Control, 28:125{155, 1975.

4. Lance Fortnow, William Gasarch, Sanjay Jain, Em Kinber, Martin Kummer,
Steven Kurtz, Mark Pleszkoch, Theodore Slaman, Robert Solovay and Frank
Stephan. Extremes in the degreesof inferability. Annals of Pure and Applied
Logic, 66:231{276, 1994.

5. Mark Gold. Language identi cation in the limit. Information and Control,
10:447{474, 1967.

6. Sanjay Jain and Arun Sharma. On the non-existence of maximal inference degrees
for language identi cation. Information Processing Letters, 47:81{88, 1993.

7. Sanjay Jain and Arun Sharma. Computational limits on team identi cation of
languages. Information and Computation, 130(1):19{60, 1996.

8. Martin Kummer and Frank Stephan. On the structure of degreesof inferabilit y.
Journal of Computer and System Sciences,Special Issue COLT 1993, 52:214{238,
1996.

9. Piergiorgio Odifreddi. Classical Recursion Theory. North-Holland, Amsterdam,
1989.

10. Daniel Osherson, Michael Stob and Scott Weinstein. Systems That Learn, An
Intr oduction to Learning Theory for Cognitive and Computer Scientists. Bradford
| The MIT Press, Cambridge, Massadusetts, 1986.

11. Leonard Pitt and Carl H. Smith. Probabilit y and pluralit y for aggregations of
learning machines. Information and Computation, 77:77{92, 1988.

12. Robert Soare. Recursively Enumerable Sets and Degrees. A Study of Computable
Functions and Computably Generated Sets Springer-Verlag, Heidelberg, 1987.



