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Abstract

Empirical studiesof multitask learning provide someevidencethat the performanceof a
learning systemon its intended targets improveshby presening to the learning systemrelated
tasks, also called contexts as additional input. Angluin, Gasard, and Smith, as well as
Kinber, Smith, Velauthapillai, and Wiehagen have provided mathematical justi cation for
this phenomenonin the inductiv e inferenceframework. However, their proofsrely heavily on
self-referertial coding tricks, that is, they directly code the solution of the learning problem
into the context. Fulk hasshown that for the Ex - and B¢ -anomaly hierarchies, suc results,
which rely on self-referettial coding tricks, do not hold robustly. In this work we analyze
robust versionsof learning aided by context and show that | in cortrast to Fulk's result
above | corntext alsoaids learning robustly. Also, studied is the di cult y of the functional
dependencebetweenthe intended target tasks and useful assaiated corntexts.

1 Intro duction

There is empirical evidencethat in many casesperformanceof learning systemsimproveswhen
they are modi ed to learn auxiliary, \related" tasks (called contexts) in addition to the primary
tasks of interest [6, 7, 22]. For example,an experimental systemto predict the value of German
Daimler stock performed better when it was modi ed to track simultaneously the German
stock-index DAX [2]. The value of the Daimler stock hereis the primary or target conceptand
the value of the DAX|a related concept|pro vides useful auxiliary corntext. The additional
task of recognizingroad strip eswas able to improve empirically the performanceof a system
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learning to steer a car to follow the road [7]. Other exampleswhere multitask learning has
successfullybeenapplied to real world problems appear in [10, 23, 27, 30].

Importantly, theseempirical phenomenaof sud context sensitivity in machine learning [22]
are also supported, for example, by mathematical existene theorems for thesephenomena(and
variants) in the inductiv e inferenceframework [1]. More technical theoretical work appearsin
[18, 20]. For a Bayesian PAC-style approach to multitask learning see[4].

The theoretical papers, [1, 18], provide theoremsin the inductiv e inferenceframework, wit-
nessingsituations in which learnability absolutely (not just empirically) passesrom impossible
to possiblein the presenceof suitable auxiliary contexts to be learned. These theorems are
proved there by meansof self-referenial coding tricks, where, in e ect, correct hypothesesfor
the primary tasks are coded into the auxiliary contexts. The useof suc coding has beencriti-
cized on the grounds of involving (possibly) arti cial tricks.! In the presen paper we attempt
to addressthis criticism and, in this vein, analyze seweral notions of learning in the presenceof
cortext.

Based on a suggestionof Barzdins, Fulk [14] proposed a strict notion of identi cation,
called robust with a view to avoiding self-referertial coding tricks. He showed that seweral
important results like the Ex - and Bc-anomaly hierarchies, which had been establishedusing
self-referenial coding tricks [9], did not hold robustly. While it was earlier believed that ro-
bust identi cation avoids all self-referenial coding tricks, Jain, Smith, and Wiehagen[17] have
recertly shown that it only avoids certain kinds of coding tricks. This result notwithstanding,
establishing robust versionsof results demonstrating advantages of learning in the presenceof
context considerably strengthens them. We employ Fulk's notion of robustidenti ¢ ation to
show that for seweral, partially new, models of learning from context, their robust analogsare
still more powerful than convertional identi cation.

In Section 5, we preseri results about the problem of nding useful auxiliary contexts to
enable the robust learning of classesof functions which might not be learnable without suc
corntexts.

Before we proceedformally, we dewote the rest of this sectionto a discussionof robustness
and of various models of learning in the presenceof context consideredin this paper.

1.1 Robust Identi cation

In this section we introduce the notion of robust identi cation and discussits e ectiv eness
and limitations in avoiding self-referenial coding tricks. We begin with a de nition of Ex-
identi cation.

A machine M Ex-identies a computable function f just in caseM, fed the graph of f,
outputs a sequenceof programs eventually corverging to a program for f [5, 9. A class of
functions S is Ex -identi able just in casethere is a machine that Ex-identies ead member
of S.

Here is a particularly simple example of a self-referetial coding trick. Let SD = f com-
putable f j f (0) is a program for f g. Clearly, SD is Ex -identi able sincea machineonf 2 SD

10On the other hand, the real world may actually have some of its parts coded in other of its parts. As
essetially pointed out in [8], such a view is consistert with both certain Eastern metaphysical principles and
Leibniz' Monadology.



needonly wait for the value f (0) and output it. > However, the Ex -identi cation of SD sewerely
dependson programs for its members being coded into the values (at zero) of those members.

In the 1970's, Barzdins was concerned,among other things, with how to formulate that
an existenceresult in function learnability was proved to hold without resort to such self-
referential coding tricks. He, in e ect, reasonedthat instead of the self-referertial witness, one
should construct a function classS and then show that the desiredresult holds for any class
S%which can be obtained from S by applying a general recursive operator to all functions in
S. The idea was that a suitable general recursive operator would irretrievably scranble the
coding tricks embeddedin the self-referenial class. For example, for SD itself, considerthe
operator ' sudhthat, for all partial functions ,forallx, “( )(x)= (x+1). ' essetally
\shifts the partial function to the left." It is easyto seethat (SD) = REC, the class
of all computable functions. It is well known that REC is not Ex-identi able; hence, "
transforms the identi able class SD into an unidenti able classREC by removing the self-
referertial information from SD that madeit identi able.

Motiv ated by the above proposal by Barzdins, Fulk [14] de ned a classS REC to bero-
bustly Ex -identi able just in casefor all generalrecursive operators , ( S) is Ex -identi able.
Thus, the classSD is Ex -identi able but not robustly Ex-identi able. Fulk also showved that
other important results in function learning like the Ex- and Bc-anomaly hierarchies, which
had beenestablishedusing self-refererial coding tricks [9], did not hold robustly. On the other
hand, Jain, Smith, and Wiehagen [17] have recertly shown that the mind change hierarchy
holds robustly. Furthermore, Jain [15] proved that Bc and Ex are separatedrobustly. So, in
somesensefesults that hold robustly may be considered\strong” asthey appearto hold with-
out resorting to coding tricks. Howewer, as the following discussiondemonstrates, robustness
avoids only certain kinds of coding tricks.

Consider the class

C= ff j(9x)[f (x) & O] and minfx j f (x) 6 Og is a program for f g:

Certainly, C is dened by a self-referenial trick. Howewer, as showvn in [17], C is robustly
learnable, by the following argumert. Fix a generalrecursive operator . Let g2 ( C) be
given. We write fq for the constart O-function. If g = ( fo) then every program for ( fg)
is also a program for g. Otherwise, if g 6 ( fg), a learner will eventually nd an x with
g(x) 6 ( fo)(x). Having this information, the learner can e ectiv ely compute an n such that
g is inconsistert with (0 "). This implies that n is an upper bound for the minimal program
forany f 2 C, with ( f) = g. That is, there exists a program e n such that ' ¢ 2 C, and
g= ( 'e). Computing programsfor all such possible ( ' ¢), € n, yields an upper bound for
a program for g. But it is well known that one can Ex -identify a computable function, in our
caseg, when an upper bound on one of its programsis known [13].

Thus, though Cis de ned by a self-referenial class,Cis robustly learnable. This, in particu-
lar, refutes Barzdins' (and other's) belief, that a suitable generalrecursive operator can destroy
every kind of self-referertial coding trick. Rather, asalready noted in [17], robustnessrules out
\purely numerical" coding tricks like that of SD, but it still allows \top ological" coding tricks
as presert in the classC.

2And it's a very large class of computable functions. Blum and Blum [5] essetially show that such classes
contain a nite variant of each computable function!



Ott and Stephan [26] recertly considereda stronger version of robustnesscalled hyperro-
bustness. In this paper they also showved that if a classis closedunder nite variants and
robustly learnable, then it is contained in a recursively enumerable class. This in somesense
shaws that requiremert of robust learning along with someother natural requiremerts, suc as
closureunder nite variants, may vindicate Barzdin's intuition.

The above discussionnotwithstanding, there is clear merit in showing that a result holds
robustly. In this work we follow the avor of Jain, Smith, and Wiehagen [17] and show, for
seweral models of learning aided by context, that many interesting existencetheoremseven hold
robustly.

1.2 Mo dels of Learning Aided by Context

We now describe the models of learning in the presenceof context and the results preseried in
this paper. To aid in our discussion,we rst de ne the notion of Bc-identi cation.

A machine M Bc-identies computable f just in caseM, fed the graph of f, outputs a
sequencenf programsand beyond somepoint in this sequenceall the programscomputef [3, 9].

In Section 3 we consideressetially the model of Kinber, Smith, Velauthapillai, and Wieha-
gen[18]. They de ned this notion using nite learning, that is, Ex -style learning without any
mind changes. We directly introduce the notion for Ex -style learning (which, thus, contains
nite learning as a special case): a learner M is said to (a;b)Ex-identify a set of b pairwise
distinct functions just in caseM , fed graphs of the b functions simultaneously, Ex -identi es at
least a of them. [18] showed that for all a, there is a classof functions S which cannot even
be Bc-identied but which is (a;a+ 1)Ex-identi able with O mind changes. As we show in
Section 3 below, this result also holds for robust (a;a+ 1)Ex -learning, although no longer with
0 mind changes. However, an only slightly weaker version of this result also holds robustly for
nite learning: there is a classwhich is robustly (a;a+ 2)Ex-learnable with 0 mind changes,
but which is not in Bc.

The above model of parallel learning may be viewed aslearning from arbitrary context. No
distinction is made betweenwhich function is the target conceptand which function provides
the context. Let R REC REC begiven. Intuitiv ely, for (f;g) 2 R, f is the target function
and g is the context. We say the classR is ConEx -identi able if there exists a machine which,
upon being fed graphs of (f;g) 2 R (suitably marked astarget and context), corvergesin the
limit to a program for f . Now, we de ne a classof functions S REC to be SelEx -identi able
if there existsamappingC:S! S sudthat f(f;C(f))jf 2 Sgis ConEx -identi able. Here,
C may be viewed as a context mapping for the concept classS. Of course, the freedom to
chooseany computable corntext is very powerful since,then, even REC can be SelEx -identi ed
with 0 mind changes. To seethis, just considera mapping C that mapseach f 2 REC to a
computable function g sud that g(0) codesa program for f. Then, after reading (f (0); g(0)),
a machine needonly output g(0). Of course,this natural proof resortsto a purely numerical
coding trick. Nevertheless,as we shav in Theorem 4.4 of Section 4, the classREC is even
robustly SelEx -identi ed, although no longer with 0 mind changes!

The model of SelEx -identi cation is similar to the parallel learning model of Angluin,
Gasard, and Smith [1] wherethey require the learnerto output alsoa program for the context g.
Our Theorem 4.5in Section 4 is a robust version of their [1, Theorem 6].

Though REC is robustly SelEx -learnable, the appropriate context mappings may be un-



computable with unpleasart Turing complexity. For this reason,we also investigate the nature

of the appropriate context mapping to gain someunderstanding of the functional dependence
betweenthe target (primary task) and the context. In particular, we look for example classes
that are SelEx -identi able or robustly SelEx -identi able but are not Ex -identi able and are

sud that the context mapping may be more feasible. We considertwo approadcesto implement

the context mappings: operators, which work on values of the target function, and program

mappings, which work on programs for the target function. As a sample result we are able
to show that if the functional dependencebetweenthe target function and the context is \to o

high" then the presenceof context is not of much help as the classis learnable without any

cortext.

2 Preliminaries

The setof natural numbers,i.e., the setof the non-negativeintegers,is denotedby ! . If A ' ",

predicates P, i [P(i)] denotesthe smallesti such that P(i) is true (if no sudh i exists, then
i [P(i)] is unde ned).

We are using an acceptableprogramming system' ;' 1;::: for the classof all partial com-
putable functions [28, 29]. Minind (f) = minfe j ' ¢ = f g is the minimal index of a partial
computable function f with respect to this programming system. The function computed by
the e-th program within s stepsis denotedby ' ¢.s. Without lossof generality we assumethat
dom(' es) f0;:::;s 1g. REC denotesthe set of all (total) computable functions; REC .1
denotesthe classof all f0; 1g-valued functions from REC. A classS REC is computably
enumerbleif Sis empty or S=f' ) ji 2! gfor someh 2 REC.

Seq=! isthe setof all nite sequencesrom ! . For strings ; 2 Seq[ !"', means
that is an initial segmen of . jai:::a,j = n denotesthe length of a string a;:::a, 2 Seaj.
Total functions f : ! ! | areidentied with the innite string f (0)f (1):::2 !'. We write
f [n] for the initial segmen f (0):::f (n 1) of atotal function f. ForsetsD S !' we say

that D is a densesubsetof S, if (8f 2 S)(8n)(9g 2 D)[f [n] g]. This is equivalent to the
usual de nition that all points from S are accunulation points of somesequencefrom D if !
is supplied with the product topology of the discrete topology on! .

Let P denote the classof all partial functions mapping ! to !. For ' 2 P we write
‘ it (8X)[' (x)# =) (x) #="(x)]. Mappings : P ! P are called operators. An
operator is recursive if, for all nite functions , one can e ectively (in code for alpha)
enumerate all (x;y) with ( )(x) #= vy, and furthermore, is

monotone, that is,

8, 2P) =) (") ( ) and

compact, that is, (8" 2 P)[( "' )(X)#=y =) (9 "I nite and ( )(X) #= V]
An operator P! P isgenealif ( f) istotal for all total functions f. For every general

recursive operator C there exists a general recursive operator C° such that for all total f,
CYf) = C(f), and

() for all nite sequences, fxjCYq )(x)#gis nite, and a canonicalindex [29]for it canbe
e ectiv ely determined from



Note that such a C°can easily be constructed by \slowing down" C appropriately. Sincewe are
only interested in the properties of operators on total functions, we may restrict our attention
to generalrecursive operators satisfying condition ( ). Let ¢; 1;:::bea(none ectiv e) listing
of all generalrecursive operators satisfying condition ( ).

The quarti er (18 n) abbreviates (9m)(8n  m). Learning machines are typically total
Turing machines which compute some mapping Seg™ ! (! [ f?g)". Intuitiv ely, output of ?
by M indicates that it has not made up its mind about the hypothesis. It is not necessaryto
consider? when oneis consideringEx or Bc identi cation, but it is useful when one considers
number of mind changes. Bc is the classof all subsetsS of REC sud that there exists a
learning machine M : Seg! ! [ f?g with

(8f 2 S)(8 N ey = 1

S isin Ex if there exists a learning machine M suc that
1
(8f 25)(9¢e) e=f "~ (8 MM (f[n]) = ell:

M makesa mind changeat stagen + 1 oninput f if 76 M(f[n]) 6 M (f [n+ 1]). A learner
M learns S nitely i for every f 2 S, M, fed graph of f, Ex-learnsf without any mind

changes,that is, M outputs only one program (not courting initial ?s), and this program is

correct for f. Fin denotesthe collection of all nitely learnable classes,that is, the classes
which are Ex -learnable without any mind changes It is well known that Fin Ex Bc and

REC .1 62Bc (see,e.g.,[29).

3 Learning From Arbitrary Contexts

A very restricted form of learning aided by context ariseswhen we require that the learning
machine be successfulvith any cortext from the conceptclassunder consideration. In this case
it is most natural (as argued below) to look at the learning problem in a symmetric manner,
that is, we do not distinguish betweenthe target function and the corntext. Instead, we treat

ead input function with the sameimportance and try to learn programs for ead of them (but

may only be successfulon some of the input functions). Howewer, in this casewe do have
to require that the input functions are pairwise di erent; otherwise, we do not get a di erent

learning notion, sincethe ordinary EX -learning problem would reduceto sud a learning type.
The resulting learning notion, which we formally introducein the next de nition, hasessetially

already beenintroduced and studied by Kinber, Smith, Velauthapillai and Wiehagen [18, 19|

(seealsothe work of Kummer and Stephan [20]).

Denition 3.1 S REC isin (a;bEx if there exists a learning machine M such that for all

(9ig;:iigjl 1< :ii<ig b(9%eg;::i;e)8jl j @

In the literature, sofar only the very restrictive nite identi cation variant of (a;b)Ex hasbeen
studied, in which the learner hasto correctly infer a out of b given functions without any mind



changes For this version, it was showvn in [18] that, for all a, there is a classS of functions

which is not in Bc but is (a;a+ 1)Ex-learnable without any mind changes. Thus, presening

a+ 1 functions of a non-Bc-learnable classin parallel may allow nite learnability of at least
a of the a+ 1 functions. This result appearsto provide a very strong casethe usefulness
of parallel learnability. Howewver, the proof of this result usesa purely numerical coding trick.

More precisely ead non-empty nite subsetF of S contains onefunction which holds programs
for all other functions of F in its values. Thus, it is interesting to seewhether this result also
holds for the following robust version of learning with arbitrary cortext.

Denition 3.2 S REC isin (a;b)RobEx if ( S) 2 (a;b)Ex for all generalrecursive oper-
ators .

As the next theorem shawsthere are still classesn (a;a+ 1)RobEx  Bc, that is, the existence
result from [18] holds robustly, although no longer with 0 mind changes® In the proof of
Theorem 3.4, and at several other places,we will usethe following consequencef the result of
Freivalds and Wiehagen,that REC, the classof all the computable functions, can be identi ed
in the Ex sense,if oneis given an upper bound on the minimal program for the input function
in addition to the graph of the input function [13] (seealso [16]).

Fact 3.3 (Freivalds and Wiehagen [13]) Let S REC. If there exists a learning ma-
chine M suchthat 1
(8f 2 S)(9c  MinInd (f))( 8 n)[M (f [n]) = c];

then S is in Ex.

Theorem 3.4 (a;a+ 1)RobEx 6 Bc for alla2!.

Proof. Let Mg;Mzy;::: be an enumeration of all learning machines. We inductively de ne
functions go; g1;::: and sequences o; 1;::: below. Supposewe have de ned g;; ;, fori < n.
Then de ne g, and | asfollows:

(1) Chooseg, suc that, (a) fori  n, M; does not Bc-infer g,, and (b) if n > 0, then
On n 1

(2) Choose , 0n sudhthat, (a) forall m n, for all x Minind (gn), m( n)(X) # and
(b) if n> 0, then n 1.

Now let S = fg, j n 2 ! g. By construction M; does not Bc-identify g,, for n i. Thus,
S 62Bc.

One can prove that S 2 (a;a+ 1)RobEx for all a 2 !, that is, the statement of The-
orem 3.4 actually holds uniformly in the sensethat the class S witnessesthe noninclusion
(a;a+ 1)RobEx 6 Bc for all a2 !. However, here,we only shov S 2 (a;a+ 1)RobEx for

3This result can be \impro ved" to show that there are classesthat are not in Bc, but which can be robustly
(a;a+ 2)-nitely identied (i.e., with 0 mind changes). Furthermore, one can show that there are classesthat
are not in Bc, but which can be robustly (a;a+ 1)- nitely identied if oneis willing to tolerate a nite number
of errors in the output programs. It is open at presert whether (a;a+ 1)RobEx ¢ 6 Bc for somek 2 !, where
RobEx  is RobEx with k mind changes. Note that the classS from the proof of Theorem 3.4 needsan ordinal
mind change bound ! (see[12] for details on ordinal mind change bounds).



a = 1. The generalizationto arbitrary a 2 ! is straightforward. Supposean arbitrary gen-
eral recursive operator  is given. We needto show that f «(g,) jn 2 g2 (1;2)Ex.
Note that (a;b)Ex is closed under union with nite sets. So, by Fact 3.3, it suces to
construct a machine M sud that, for all i and j satisfying i; j k, and (g) 6 «(g).

M( «(g); k(g)# minfMinind ( «(g));Minind ( (g )9
Let e be a program, obtained e ectively from r, for (' ;). Dene M asfollows.

0; if f1[n] = f2[n];

M2 = axte jr yg ify = minfxjfi(x) 6 f2(x)g

We claim that for all i and j such that i;j k, and (g) 6 «(g), M( k(g); «(g))#

min fMinind ( «(gi));Minind ( «(gj))g. Toseethis, supposei; j k,fi1= «(G), f2= «(g),
andfi 6 fp. Letr = minfi;jg. Thus, ; g and  g. It followsby (2) above that, for all
X Minind (gr), f1(x) = f2(x). Thus, minfx jfi(x) 6 f2(x)g Minind (g;). It follows that
M(f;f2)  maxfeojr® Minind (g)g. Thus, M (f1;f2)  minfMinind (f1); Minind (f2)g.
Theorem follows. 2

In addition to Bc, one can also show for all other inferencetypesIT , which do not contain a
coneff 2 REC j fgforany ,that (a;a+ 1)Ex corntains classesvhich arenot in IT . This
is achieved by suitably modifying (1) in the just above proof. For example,for all non-high sets
A there exist (a;a+ 1)RobEx -inferable classeswhich are not in Ex[A] (see[11, 21]).* Note
that for all \natural" inferencetypeslIT , in particular, for Fin , Ex and Bc, the condition that
IT doesnot contain a coneff 2 REC j f g for any is equivalent to REC 62T .
Howewer, along the lines of [18] it follows that (b;b)Ex = Ex, in particular, (b;p)RobEx =
RobEx forallb 1. Thus,it is not possibleto improve Theorem 3.4to (b;b)RobEX -learning.
Furthermore, one may wonder whether it is possibleto guarantee that an (a; b)Ex-learner
always correctly infers, say, the rst of the b input functions. This meansthat we declare
the rst function asthe target function and all other functions as context. Howewer, one can
shaw that this yields exactly the classEx, by choosingthe context functions always from a set

learner on (f;hi,;;:::;hi, ,), whereY = fh;,;;:::;hj, ;0 is a subsetof F  ff g containing
b 1 functions. Thus, variants of learning with arbitrary context, where a target function is
designated,do not increasethe learning power comparedto an ordinary Ex-learner.

4 Learning From Selected Contexts

In Section 3 we have established that an arbitrary context may be enough to increasethe
robust learning ability, if oneis willing to pay the price of not learning at most one of the input
functions. Of course,on intuitiv e grounds, it is to be expectedthat the learning power can be
further increasedif the context given to the learner is not arbitrary, but is carefully seleted.
In order to formally de ne such a notion of learning from selected context, we rst introduce
the notion of asymmetric learning from context. This notion is asymmetric since, in contrast
to Section 3, here we distinguish betweenthe target function and the context:

“Aishighi K% 1 A°



Denition 4.1 P REC REC isin ConEx if there exists a learning machine M that for
all (f;0) 2 P:

1
(98" e= f 7~ (8 MIM(f[n];g[n]) = €]l:
For (f;g) 2 P we call f the target and g the context function.

The concept ConEx is related to the notion of parallel learning studied by Angluin, Gasard
and Smith [1]. The main di erence beingthat in the learning type from [1], the learning machine
was required to infer programs for both input functions, not just the target. In Theorem 4.5
we will also presert a robust version of one of the results from [1] concerning parallel learning.

The next de nition formally intro ducesthe notion of learning in the presenceof a selected
context:

Denition 4.2 S REC isin SelEx if there existsa mapping C: S! S sud that the class
SC = f(f;C(f))jf 2 Sgisin ConEx . C is called a context mapping for S.

Note that in De nition 4.2 we required that the selectedcontexts have alsoto be chosenfrom
the class S instead of just from whole REC. The intuitiv e reasonfor this restriction is that
we want the context task to be \related" to the target task. A formalization of \related" is
dicult. Howewer, to usit seemedto be most reasonableto formalize \related" as\b elonging
to the samelearning problem".

A more mathematical reasonfor restricting the contexts to belongto the classS is asfollows.
As was discussedin the introductory section, using a purely numerical coding trick, one can
easily seethat the freedom of carefully selectinga context yields extreme increasesin learning
power. Indeed, the entire classREC is in SelEx without any mind changes. Furthermore, if
we considerthe robust version of SelEx , as speci ed in De nition 4.3 below, we can still shaw
that freely selectinga context makesit possibleto learn the classof all computable functions.
Thus, if the selectedcontexts are allowedto be any member of REC, then REC 2 (Rob )SelEx
implies that every subsetof REC is in (Rob )SelEx, and thus there are no further interesting
guestionsto consider. But if the contexts are restricted to be from the classS itself, then it is
not necessarythat every subsetof REC is in (robust version of) SelEx . In fact Theorem 4.6
shaws this not to be the case.

De niton 4.3 P REC REC is in RobConEx if the class ( P) := f(( f); ( 9)) j
(f;g) 2 Pgisin ConEx for all generalrecursive operators .

S REC isin RobSelEx if there exists a context mapping C: S! S such that the class
SC is in RobConEx .

We will now shaw that the classREC of all computable functions is in RobSelEx . In Section5
we will seethat the corresponding context mapping cannot be implemented by any general
contin uous operator, in particular, it cannot be implemented by a general A-recursive operator
for any oracle A (Theorem 5.1)! However, Theorem 5.4 shows that at least for the classREC o1
of all f 0; 1g-valued computable functions, REC o1 2 RobSelEx can be witnessedby a program
mapping which is even computable (without any oracle).

Theorem 4.4 If S REC contains a dense, computably enumemble sukrlass, then
S 2 RobSelEx . In particular, REC 2 RobSelEX .



Proof. The proof is basedon similar ideas as that of Theorem 3.4. Let fq;f1;::: be a (not
necessarilycomputable) listing of the functionsin S, and f' p)gi21 , with h 2 REC, be a dense
subsetof S. For ead n choosea sequence , f, sud that

(8m n)(8  Minind (fa))l m( n)(X) #: (1)

We de ne the context mapping C:S! Sby C(fn) = ' ;) for the leasti suchthat ' ).

We want to shaw that S€ isin RobConEx . Let an arbitrary generalrecursive operator
be given. We needto show that f( «(f); k(C(f)) jf 2 Sg2 ConEx . Note that ConEx
is closedunder union with nite sets. So, by Fact 3.3, it suces to construct a machine M
such that, foralln k, (i) if «(fn) = k(C(fn)), then M ( «(fn); «(C(fn)))#to a program
for «(fn) = «(C(fn)), and (i) if «(fn) 6 k(C(fn)), then M( «(fn); «(C(fn))#
Minind ( k(fn)).

Let e be a program, obtained e ectively from r, for (' ;). Dene M asfollows.

8
2 en) if £ [n] = g[n], and
M (f Il oln]) = r=minfrojgnl k(' neo)o:

maxfe jr yg ify=minfx|f(x)6 g(x)g.

We claim that for alln  k (i) if «(fn) = «k(C(fn)), then M ( «(fn); k(C(fn)))# to a pro-
gramfor (fn) = «k(C(fn)), and (ii) if «(fn) & Kk(C(fn)), then M ( «(fn); «(C(fn))#
Minind ( k(fn)).

To seethis, consider any n k. If «(fn) = «k(C(fn)), then in particular, we will
have (fn) 2 f «(' heo) | r®2 1g. Thus, the rst clausein the de niton of M en-
suresthat M ConEx -identies ( «(fn); k(C(fn)). If (fn) 8 «k(C(fn)), then by def-
inition of , and C(fn), we have , fn and |, C(fn). Thus by (1) we have that
minfxj «(fr)(x) 86 «(C(fn))(x)g Minind (f,). Thus by secondclausein the de nition
of M it followsthat M ( k(fn); «k(C(fn))) Minind ( k(fn)). Theorem follows. 2

Theorem 4.4 can be improved in seweral ways. First, one can show that the mapping C :
REC ! REC, which provides a context for ead function in REC, can actually be chosen
one-oneand onto. Furthermore, this one-oneand onto mapping can be constructed in such a
way that not only the target functions but also the context functions can be robustly learned
in parallel. In order to state this result we let ParEx denote the variant of ConEx from
De nition 4.1, where the learning machine is replaced by a machine M : Seg® ! ! 2 such
that M corvergeson ead (f;g) 2 P to a pair of programs (i;j) with ' ; = f and'; = g.
ParEx coincidesexactly with the 2-ary parallel learning type asde ned in [1]. Analogously to
the other robust variants, we let RobP arEx contain all classesP 2 REC REC sucd that
f((f); (09)j(f;g 2Pg2 ParEx for all generalrecursive operators . Thus, the following
theorem provides a robust version of [1, Theorem 6].

Theorem 4.5 There exists a class P REC REC such that Pj; = Pj, = REC, but
P 2 RobP arEx .

Proof. Let (' y))iz:,» U2 REC, bean e ective enumeration without repetitions of F = f 0 j
2! g thatis, F = f' 5 ji2!gand(8i;j)i6j =) 'yi 6 " yjl Furthermore,
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by o; 1;::: we denote an e ective listing of recursive operators, which contains all general
recursive operators  for i 2 !. For a nite function , s( ) is the result (which is a
partial function) of ; oninput after s steps. Without loss of generality we assumethat
dom( is( )) f0;:::;s 1g. Notethat acanonicalindexof s( ) canbecomputeduniformly
from i; s and

We inductiv ely de ne the pgrtial mapping C from REC into REC. In the (non-e ectiv e)
construction we identify C = ,, Ce with its graph. dom(C) = fx j C(x) #g denotesthe
domain, and rg(C) = fC(x) j x 2 dom(C)g denotesthe range of a partial mapping C.

Stage0: Cp = ;.
Stagee+ 1:
If ' ¢istotal and ' ¢ 62dom(C¢) [ rg(Ce) then:
Let i be the smallesti suc that
(1) " (i) 62dom(Ce) [ rg(Ce) [ ' &0,
2) Bm €): (9 [ m( )(X)#E m(" uiy)(x) #.
Let Cer1 = Cel (' e u(ie))9:
Otherwise, let Cey1 = Ce.

Note that condition (2) in particular implies that if ,, with m eis geneal then
@ gl m( eX)= m(" yiX)]
From the de nition, we immediately get the following facts:
dom(C)\ rg(C) = ;,
dom(C) [ rg(C) = REC,
C is one-one.

We set

P=f(f;C(f));(C(f);f)jf 2 dom(C)g:
Obviously, it holdsPj; = Pj, = REC. Wewant to prove P 2 RobP arEx . So, let an arbitrary
geneanl recursive operator ¢ begiven. Part of the proof is basedon similar ideasasin previous
proofs:

(@) It suces to shawvthat P9= f( «(f); k(9)j(f;9) 2 P;k Minind (f);k Minind (g)g
isin Ex.

(b) It suces to infer an upper bound for the minimal index of both input functions by
Fact 3.3.

(c) Assumethat the input functions f = (" ¢) andg= ((C(' ¢)) with ' ¢ 2 dom(C),
e k, aregiven. If f = gthen both functionsf;garein (F). In this casewe caninfer
a program for f and g using \learning by enumeration”. If f 6 g then, by condition (2)
in the construction of C, x°= x [f (x) 6 g(x)] is an upper bound on e, from which one
can compute an upper bound on Minind (f ). So,it remainsto show how to nd an upper
bound on Minind (C(f)) given an upper bound on Minind (f).

11



In order to shaw this last point, we consider,for e;s 2 ! , the computableset| (e;s) of all i such
that

Bm;x O ms(" es)X) #N mis(C u@)(X) #H
=) ms(" es)(X) = mis(" )X
For all e2 !, I (e;s) is monotonically decreasingin s and Tsz! I (e;s) is in nite.

Fix an e®such that ' & is in dom(C). Then, i has beende ned in the construction of C
and, furthermore, i isin | (€% s) for all s2 ! . Choosean s°such that

B8m;x €8 i m( ) HN  m( u)(X) )
=) ( mso(’ e2s0)(X) #N miso(’ ugi))(X) #)]
Then, fors s% everyi 2 (€% s) with i < i satis es condition (2) in the construction of C.

Since
jdom(Ceo) [ rg(Ceo) [ ' cogj 26%+ 1
0

and (' yc))i2: Iis an enumeration without repetitions, we get, for all s s°,
ifi21(es)ji<icg] 26°+ 1:
Fore;s2 ! let
c(e;s)= i [ifj 21(e;s)jj igj= 2e+ 2]
This impliesico c¢(e®s) foralls  s°
Note that c(e;s) is computablle, and, by the properties of | (e;s), corvergesfor all e 2 ! if
stendsto 1 , that is, (8e)(9¢ce)( 8 s)[c(e;S) = cg]. Let

udy;s) = maxfu(i)je y;i c(e;s)g:

Thus, if we have an upper boundy €% then limg;  u9qy;s) corvergesto an upper bound on
Minind (C(" ).

In order to formulate the learning algorithm for P choosefunctions v;w 2 REC with
k(F) = f‘v(e)jGZ!g, and
w(e = k("e), foralle2!:

Now, the following algorithm infers an upper bound on Minind (f) and Minind (g) for all
(f;g) 2 P2
Input (f [n]; g[n]).
If f[n] = g[n] then output v(i [f[n] V(i)]).
If f [n] & g[n] then let x°= x [f (x) 6 g(x)], compute w®= maxfw(i) ji x%, and
output wo+ uqx%n).
2

Our results demonstratethat learning with a selectedcontext is a very powerful learning notion,
in particular, it rendersthe ertire classof computable functions learnable. However, it should
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be noted that in this particular case,the high learning power also results from the very large
function space,namely REC, from which a context can be selected. We required in De ni-

tion 4.2 that for ead classS REC, the context which we assciate with eadh f 2 REC, is
also chosenfrom the set S. So, if one considersproper subsetsS REC, it may happen that

one loseslearning power, just becausethe spaceof possible contexts is reduced. Indeed, one
can shaw that even the non-robust version SelEx of learning from selectedcontexts does not
contain all subsetsof REC. Due to the result from Theorem 4.4 that every classwith a dense,
computably enumerable subclassis in RobSelEx , it is actually not easyto construct such a
classwhich is not in SelEx .°

Theorem 4.6 (9S REC)[S 62SelEx].

The proof of Theorem 4.6 is basedon the notion of trees. We brie y recall somebasicsof this
concept (see[24] for more details). Here,we call amapping T: f0;1g ! f0;1g atree, if

T is total computable,
CI| =) T() T()] and
(8 )[T( 0)and T( 1) areincomparablg.

isanodeof T (orin T)if (9 )] T( )]. Correspondingly, atree Q isasubtree of T (Q T)
if (8 )9)[Q() T(). A total function f is a branch of atree T (or, f ison T) if f is
computableand (8n)(9 )[f [n] T( )]. Note that REC o.1ds \e ectiv ely isomorphic" to the set
of branches of an arbitrary tree T via the mapping f 7! 5, T(f [n]). In other words, every
tree has\su cien tly many" branches. This implies, in particular, the following corollary:

Corollary 4.7 If T is atree, then
ff jf onTg2 Ex i RECq1 2 Ex:
First, we show two lemmata in order to isolate the essetial technical stepsin the proof of
Theorem 4.6. We write M (f;g) 6! h if M, oninput (f;g), doesnot Ex -convergeto h, that is,
1
(Be)[( 8 N)M (f[n];gln]) = €] =) "6 hI:

Lemma 4.8 LetatreeT, alearning machineM and a computablefunction g 2 REC be given.
Then there existsa subtree Q T suchthat

(8f on Q)M (f;g) 6! f and M (f;f) 6! f1]:

That is, for everyf on T, neither g nor f itself provide a suitable context for f with respect to
the learning machine M .

Proof. We rst construct a subtreeQ T which diagonalizesagainst the context g. For this,
we distinguish two cases:

Casel: (8 inT)9 inT,; MM ;90 1D & M( ;9 jD]: Then Q is de ned induc-
tively. We start with Q( ) = . Assumethat Q( ) is already de ned. In order to determine
Q( 0) and Q( 1) we seart for the smallesttwo incomparable strings o; 1 2 T such that, for
i =01,

SFurthermore, this result represerts a rather unusual phenomenon, sincein inductiv e inference most learning
typesare closedwith respect to subclasses.
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Q() i, and
M (Q( );gliQ( )i) & M (i;ali iiD:

Note that 1 and » always exist by hypothesis. Now, we set Q( i) = ; fori = 1;2. By
construction, for every f on Q, M makesin nitely many mind changeson input (f;g), that is,
M(f;g) 6! f.

Case2: (9 inT)8 inT, MM ( ;d iD= M( ;dj jD]: Then we choosea such
that ' v g5 jp is inconsistert with , and let Q be the subtreebelow , that is, Q( )= T( )
for all . Thus, for all g on Q, oninput (f;g), M corvergesto a program e with ' . 6 f, that
is, M (f;g) 6! f.

In order to diagonalizealso againstthe context f for all branchesf of the tree, we reapply
the construction on Q, but replace, this time, ead term of the form M ( ;g[ j]) with the
term M ( ; ). 2

Lemma 4.9 Let a tree T and a learning machine M be given. Then there exists a branch
f onT and a subtree Q T suchthat

(8gon Q)M (f;g) 6! f]:

That is, no g on Q providesa suitable context for f with respgect to the learning machine M .

Proof. Similarly to the proof of Lemma 4.8 we distinguish two cases.

Casel: (9f onT)8 inT)9 inT; ML jl; ) 6 M(f[j jI; )]: In this casewe
can construct Q similarly asin casel of Lemma 4.8.
Case2: (8f onT)(9 inT)8 inT; ML jL, )= M jl; )l: Let W(f) be the

set of all witnesses in T to f on T sud that the above formula holds, that is,
(8 InT,; ML jI; )=MEL I )]

Furthermore, we setu(f; )= M(f[j jl; ) forall 2 W(f).

Assumethat, for all f onT and 2 W(f), we have Minind (f) u(f; ). Then, for all
f on T, we caninfer an upper bound on Minind (f ) in the limit by the following algorithm. In
the algorithm, ¢; 1;::: denotesan e ectiv e enumeration of all nodesof T.

StageO:

Initialize i = 0, = ,h= M(f[O], ).

Stagen > 0:

On input f[n] chedk whether there existsa 2 T\ f0;1g" sud that and
hé M (f[n]; ).

If so,updatei = i+ 1, chooseanew 2 T\ f0;1g" such that is comparable
with ;, and seth = M (f [n]; ).

Output h.

Thus, by Fact 3.3 it followsff jf on Tg2 Ex, and thus, REC .1 2 Ex by Corollary 4.7. We
have a contradiction.
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Hence, there existsan f on T anda ©2 W(f) suc that u(f; 9 < Minind (f). Now,
this f witnessesour claim together with the subtree Q of T below © that is, the subtree Q
with Q( )= T( ©) for all . 2

Proof of Theorem 4.6. We de ne a sequenceof treesTo T1  T»::: and a sequenceof
functions f; on T, i 2 !, using Lemmata 4.8 and 4.9. Let Mg; M;::: be an enumeration of all
learning machines.

StageO: To( )= for all
Stages+ 1. Wedene fgand Tg1 .

Qs Ts sud that
(8i < s)(8f on Qs)[Mg(f;fi) 6! f and Mg(f;f) 6! f]:

2. By applying Lemma4.9 determine a function fs on Qs andatree Ts+1 Qs
Ts sudh that
(8g on Ts+1)[Ms(fs; g) 6! fg:

We clam S = ff; ji 2 ! g 62SelEx. Assume by way of cortradiction that S 2 SelEx as
witnessedby Ms. Thus, there is a function f; 2 S such that Mg on input (fg;f;) converges
to a program for f5. Howewer, if i s then M (fg;f;) 6! fs by Lemma 4.8, sincefs is on Qs.
Otherwise, if i > sthen M (fs;f;) 6! f5 by Lemma 4.9, sincef; isonT; Ts+1. Contradiction.
2

5 Measuring The Functional Dependence

In Section4 we have shown that there are very hard learning problemswhich becomelearnable
when a suitably selected context is supplied to the learner. In this section we analyze the
possiblefunctional dependencebetweenthe target functions and the contexts in sudh examples.
In particular, we attempt to nd exampleswhich are only learnablewith a corntext, but sothat
the functional dependencebetweenthe target function and the context is manageable. The
functional dependenceis measuredfrom a computational theoretic point of view, that is, we
are looking for examplesin RobSelEx Ex and SelEx Ex, sud that the problem of
implemerting a suitable context mapping has low Turing complexity. We will consider two
types of implementations for context mappings: operators, which work on (the values of) the
target functions, and program mappings which work on programs for the target functions.

First we considercontext mappingsC: S! S which areimplementable by operators. Here,
one can show that, if the functional dependencebetweenthe target function and the context
is too manageablethen the multitask problem will not have the desired property, that is, the
learnability with the help of a selectedcontext will imply the learnability of the target functions
without any cortext.

This can easily be seenif one assumeghat a context mapping S! S is implemented by a
generalrecursive operator C. Then, let s be a computable function from Sej to Sey sud that,
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for all total functions f, s(f[n]) C(f), and Snz! s(f [n]) = C(f). Note that sud an s exists
by condition ( ) mentioned in Section 2, and the discussionaround it. This implies that the
machine de ned by N (f [n]) = M (f [js(f [n])j ]; s(f [n])) Ex-infersevery f 2 S.

In the caseof robust learning, this obsenation can even be surprisingly generalizedto the
result that for all classesS REC, which are closedunder nite variants and robustly learnable
from selectedcontexts, the existenceof a generl continuous operator implementing a context
mapping is enoughto guarantee that S is contained in a computably enumerable subclass of
REC, in particular, it guaranteesthe robust learnability of S itself!

An operator , not necessarilycomputable, is continuous (by de nition) i it is compact,
that is, (8f )(8x)(9 ) ( )x) = ( f)Xx)], and monotone, that is, (8 ; )(8X)[ A
( X)# =) ( YX)#= ( )X)] As noted in Section 1 above, the geneal continuous
operators are the contin uous operators which map all total functions into total functions.

Theorem 5.1 If S REC is closal under nite variants and RobSelEx -learnable as wit-
nessel by a (not necessarily computable generl continuous operator C: S! S, then S is
contained in a computably enumemable sultlassof REC, in particular, S is in RobEXx .

Proof. We will prove that S is in RobEx . Since S is closedunder nite variants it then
follows from [26] that S is contained in a computably enumerable subclassof REC.

If C(f) =f forall f 2 S, then S 2 RobEx is obvious. So, assumethat there exists a
function 122 S with C(f9 6 % Choosea f O such that there exists an x < j j with
C( )(x) #6 (x). SinceC is cortinuous, it follows for all total functions f,

f =) 6 C(f):
Let o; 1;::: be an e ective erumeration of ! | I*1 | We choosea general recursive operator
with
af(j+rOF(G j+2)::: if a f,
0] if 6f,

for all total functions f . Note that

(
(f)=

S=f(f)jf2S; fg

since S is closedunder nite variants.

Now, let an arbitrary generalrecursive operator begiven. Then, = is alsogeneral
recursive. Thus, there exists a machine M which ConEx -learnsf(( f); ( C(f))) jf 2 Sg. In
particular, M ConEx -infers the set

fFeefy ce)ifzs,  fg
FCCC £ (C cEyifzs  fg
fF(Cf); 0 ')if 2sg

It followsthat ( S) is Ex-identi able, and hence,S 2 RobEx . 2

Since eadh operator, which is general recursive relative to some oracle A, is already general
cortinuous, we can thus not hope to nd examplesin RobSelEx  Ex sud that the context
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mapping can be implemented by a general A-recursive operator, no matter how complexis the
oracle A!

However, for the non-robust versionsuc examplesexist for all suitably non-trivial oraclesA,
i.e., for all A sudh that EX[A] Ex 6 ;. Sud A's exist in abundanceby [11, 21].

Theorem 5.2 Let S 2 ExX[A] Ex suchthat S contains all almost constant functions. Then
S is SelEx -learnable as withessa by some geneal A-recursive operator.

Proof. Let S2 Ex[A] Ex aswitnessedby the oracle learning machine M A. Without lossof
generality, we can assumethat M # is total. We de ne a general A-computable operator C by

C(f)(n) = MA(f [n]) for all total functions f:

Thus, for all f 2 S, there exists an e with
1
"e=f and (8 N)[C(f)(n) = €

SinceC(f) is almost constart, C(f) isin S. Considerthe learning machine N with N(; )= 10
and N( ; )= (n)for ; 2 1"l |t follows immediately that N ConEx -learns the set
f(f;C(f))jf 2 Sg. Hence,S is in SelEx via the context mapping C. 2

We now turn our attention to context mappingswhich areimplementable by program mappings.
One can show that the context mapping C : REC ! REC constructed in Theorem 4.4 in
Section 4 above is computable relative to K © that is, there exists a partial K -computable
function h:! I 1 with

(8e)[' e 2 REC =) [h(€)# ™ " = C( &)l

Thus, K © provides an upper bound on the Turing degreeof cortext mappings for classesin
RobSelEx  Ex. Howewer, if one wants to reducethis upper bound, the problem arisesthat
these program mappings are generally not invariant with respect to dierent indices of the
same function [24]® And transforming an arbitrary program mapping into an invariant (or
extensional) one generally requires an oracle of degreeK © It is corveniert, then, in the sequel,
to usethe following equivalent de nition for SelEx and RobSelEx instead of De nition 4.2:

Deniton 5.3 S REC isin SelEx if there existsa classS® S S in ConEx and a
partial program mappingh:! ! ! suc that, forevery' ¢2 S, h(e) #and (' ;' n(e)) 2 SO If,
furthermore, S°can be chosenfrom RobConEx , then we say that S is in RobSelEx .

Recall that there are no classesS 2 RobSelEx Ex sud that the corresponding context map-
ping is implementable by any, even noncomputable, general contin uous operator. In cortrast,
the following interesting theorem shows that the classREC ¢ is in RobSelEx aswitnessedby
a program mapping h which is computable,i.e., which requires no oracle to compute

Theorem 5.4 RECy; is RobSelEx -learnable as witnessel by a computableprogram mapping.

5They are not extensional in the terminology of [29].
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Proof. We de ne a computable program mapping h 2 REC by
8

% " e(X) if x < e
, _ - maxfO;1 ' e(e)g if x=eand' ¢(e)#
h(e) (%) = E " if x=eand' ¢(€) ",
0 if x> e

Let F=f 0 j 2f0;1g g. Note that for all ' ¢ 2 REC .1 we have
' h(e) 2F and’' ¢[g] h(e)-

We want to prove that h is a program mapping witnessing REC o.1 2 RobSelEx according
to De nition 5.3. So, let an arbitrary generalrecursive operator  be given. We will exploit
the well known fact that, for every n, one can e ectiv ely compute a number I(n) sud that
( )x)#forallx nandall 2 f0;1g'(™. This can be seen,for example, by consideringthe
computable binary tree’
T=1 jOx mIC )}x) "o

If T is innite, then, by Konigs Lemma, T cortains an in nite branch f 2 f0;1g' . But this
implies ( f)(x) " for somex < n, which contradicts the fact that is general. Thus, actually,
T is nite andI(n) canbe computed by I(n) = m [T\ f0;1g™ = ;].

We will now de ne a learning machine M, which infers, on input (( ' e); ( ' nee)) With
"e 2 RECp:1, an upper bound for Minind (( ' ¢)) in the limit. This implies our claim by
Fact 3.3.

We choosefunctions u;v 2 REC sud that

(F) = f'yelie2!g and
‘v = (o) foralle2!:
The learning machine M works as follows:
1. Input (f [n]; g[n]).
2. If f[n] = g[n] then output u(i [f[n] " ya))-
3. If f[n] 6 g[n] then let x°= x [f (x) 6 g(x)] and output maxfv(i)ji [(x9g.

Let an arbitrary function ' ¢ 2 RECg:1 be given and considerthe input functions f = (' ¢)
andg= (') Clearly,if f = gthenf 2 ( F). In this caseM will, in fact, infer a program
e’for f by step 2 in the description of M. Otherwise, M corvergesto €= maxfv(i)ji 1(x9g
where x®= x [f (x) 6 g(x)]. Recallthat ( )(x)#for all x x%and 2 f0;1g*). Assume
1(x9 < e. Then, we get

Fx9= (" eleDx) #= (" neleh(x) #= g(x9;
which is a contradiction. Thus,e 1(x9 holds. This implies €® v(e) Minind (). 2

On the other hand, one can also show that there is no upper bound on the complexity of
program mappings implemerting context mappings for classesn RobSelEx  Ex:

"For convenience, here, we use a way to de ne trees which is formally dierent from that in Theorem 4.6,
but doesnot change the essetial nature of this concept [24]: A subsetT f0;1g is atree if it is closedunder
initial segmerts.
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Theorem 5.5 For all oracles A, there is a class S 2 RobSelEx Ex such that for every

partial program mapping h : I 1 I witnessing S 2 RobSelEx it holds that A is Turing
reducibleto h.
Proof. Let an arbitrary oracle A be given. We construct strings o; 1;:::and o; 1;:::, as

well as computable functions f; f1;::: satisfying the following conditions for all n 2 ! :

Q) fq n such that M, oninput (f,;fx) doesnot corvergeto (a program for) f, for all
k:m n,

(so, if Mn(fn;fk) convergesto f,, this implies k > n and m > n)

2) n n  fpsudthat ( o)(x) #forall x Minind (fy);k n,

(3) n+1 = naA(0):::A(n) o::: nsudthat a6 fn(j nj) andthe strings o;:::; n establish,
if possible, (fn) 6 i(fn+1), fori = 0;:::;n, asfollows:
Let ;= LaA):::A(n) o::: i 1.
If (8g ) i(9) = i(fn)l thenlet ;=
If (9 X)) i(i )x)#6 i(fn)#thenlet ;=

Now wesetS = ff, jn 2! g. Clearly, S is not in Ex by condition (1).
To seethat S 2 RobSelEx let an arbitrary computable operator  be given sudc that,

without lossof generality, (S) isin nite. Since (S) isin nite, it followsfrom condition (3)
that

@n  Kk)(8m=>n)[ «(fn) & K(fm)l:
Again it suces to provethat f (f,)jn kgisin SelEx. For this we let

P=1( k(fn); «(fns1))in  ka:

Now, P 2 ConEx can be showvn similarly asin previous proofs due to condition (2).

Finally, let us assumethat the partial program mapping h : ! ! | withessesS 2
RobSelEx . So,for all ewith ' ¢ = f,, it followsthat h(e) isde ned. Welet g, = h(Minind (fy))
for all n. SinceS isin RobSelEx via h, it holds, in particular, that somemachine M, withesses
S 2 SelEx viah. Forn m,wegetg, = f¢ for somek > n, sinceg, 2 Sandg, 6Xfp;:::;fng
by condition (1). We inductiv ely de ne a sequenceof indices e, according to:

e = Minind (fn);
en+]_ = h(en)
This implies that e, is an index of somefunction f, with Kk m + n. Now, the following
algorithm decidesA relative to h:

Input: X.

Compute ey; ex+1 -

Compute the rst y sudh that ' ¢ (Y) 6 ' ., (V).
Output A(X) = ' ¢, (X+ y+ 1).
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6 Conclusion

In the presert work we investigated a number of models for learning from cortext in the in-
ductive inference framework, namely, learning from arbitrary context, learning from selected
context, and parallel learning. Our positive results shoved that for eat of these models and
their variants, there exist unlearnable classesof functions that becomelearnable by addition-
ally providing to the learner a suitable context, that is, another function from the class. More
importantly, all these existenceresults hold robustly, which clearly strengthenstheir inherert
claim. In the processof establishing our results on learning from arbitrary context, we general-
ized a theorem due to Kinber, Smith, Velauthapillai, and Wiehagen. Another result on parallel
learning is a generalization of a theorem due to Angluin, Gasard, and Smith.

One of the most unexpected ndings in the paper could be summed up as follows. The
classREC of all computable functions is robustly learnable from selectedcontext. However,
somewhat surprisingly, we are able to construct a subclass of REC which is not learnable
accordingto even the ordinary notion of learning from selectedcontext.

Finally, we also analyzedthe functional dependencebetweenlearning tasks and helpful se-
lected contexts. We showed that in generaleven arbitrary (that is, not necessarilycomputable)
continuous operators are too weak to describe such a dependence. The situation, however,
changesif one considerscontext mappingsimplementable by program mappings. Here, in some
casesthe corntext mapping can even be implemented by a computable program mapping. How-
ever, on the other hand, we also shoved that in generalthere doesnot exist an upper bound
on the Turing degreewhich a program mapping may needto provide useful selectedcontexts
for all tasksin a particular class.

The ordinary (that is nonrobust) variants of our existence theorems can be established
using self-referenial coding tricks. As discussedin the introduction, the notion of robustness
was initially proposedto avoid such coding tricks. Howewer, as shovn in [17], robustness,in
general, can only avoid \purely numerical" coding tricks, and still allows \top ological" self-
referertial coding to go through. The original proofs of the nonrobust variants of Theorem 3.4
and Theorem 4.5 in [18] and [1], respectively, actually used purely numerical coding tricks.
Hence, these proofs do not work in the robust framework. Howewer, a careful analysis of our
robustnessproofs revealsthat numerical coding has beenreplacedby topological coding. So,in
addition to the resultsin [17] our proofscanbe seento provide further evidenceof self-referettial
coding tricks that are able to get around Fulk's notion of robust learning.

A natural questionis if it is possibleto invent a learning notion that \avoids all forms of
self-referenial coding" tricks. Hyperrobust learning, which has just recertly beenintroduced
in [26], is such a learning notion, since every hyperrobustly Ex -learnable classis contained in
a recursively enumerable class. As shawvn in [26], if a classof functions is closedunder nite
variants, then it is robustly Ex-learnablei it is hyperrobustly Ex-learnable. Thus, a class
which is closedunder nite variants and robustly learnable is also contained in a recursively
enumerable class. This may be interpreted as follows. Closure under nite variants prevents
topological coding tric ks while robustnessprevents numerical coding tricks. We can show that
context no longer helps, if, in our de nitions, robustnessis replacedby hyperrobustness.Thus,
sincecontext helpsempirically, this provides evidencethat the real world, in a sense has codes
for somethings buried inside others.

So, the question ariseswhether there is a re ned hierarchy of more and more sophisticated
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coding tricks (beyond directly numerical versustopological)? If so, doessuch a hierarchy inter-
act in any way with the many learnability hierarchies known in inductiv e inference? Answers
to these questionsmay improve our understanding of learnability.
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