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Abstract

A mere bounded number of random bits judiciously employed by a probabilisti-
cally correct algorithmic coordinator is shown to increase the power of learning to
coordinate compared to deterministic algorithmic coordinators. Furthermore, these
probabilistic algorithmic coordinators are provably not characterized in power by
teams of deterministic ones.

An insightful, enumeration technique based, normal form characterization of the
classes that are learnable by total computable coordinators is given. These nor-
mal forms are for insight only since it is shown that the complexity of the normal
form of a total computable coordinator can be infeasible compared to the original
coordinator.

Montagna and Osherson showed that the competence class of a total coordinator
cannot be strictly improved by another total coordinator. It is shown in the present
paper that the competencies of any two total coordinators are the same modulo
isomorphism. Furthermore, a completely effective, index set version of this compe-
tency isomorphism result is given, where all the coordinators are total computable.
We also investigate the competence classes of total coordinators from the points of
view of topology and descriptive set theory.

1 Introduction

The learning theory paradigms descending from Gold’s [9], as summarized
say in [10], do not generally take into account the delicacies of learning with
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timing, feedback, and interaction as one would see with agents learning to
coordinate their activities in real time. In practice such agents could range from
the environment together with individual muscle and brain cells of animals to
furniture movers verbally negotiating in real time how to get a large, irregularly
shaped object through a doorway. On the other hand, also descending from the
Gold paradigm, are [5,11] which study learning to win reactive process-control
games and [3] which studies learning to predict concepts which are changing
with time. These studies, in a sense, capture some aspects of learning to
coordinate. A new paradigm (under Gold’s) very specifically aimed at learning
to coordinate was introduced in [14]. In this paradigm one studies, say, two,
agents, called players (or coordinators) which simultaneously play bits (i.e.,
elements of {0,1}), each taking into account the prior bits played by the other.!
Their goal, successful coordination, is to have their bit streams perfectly match
past some point. [14] gives an example of two people who show up in a park
each day at one of noon (bit 0) or 6pm (bit 1); each silently watches the others
past behavior; and each tries, based on the past behavior of the other, to show
up eventually exactly when the other shows up. If they manage it, they have
learned to coordinate.

Mathematically, we model players as (partial) functions from (finite) bit
strings to bits (or bit strings). A player can be, for example, total, partial
computable, computable, or probabilistic (the latter with some probability of
success).

In the present paper we extend [14] in three interesting directions which we
will discuss briefly in turn. Each direction is considered in a separate section
below and, in the present section, for each direction, we informally discuss
only our main results in that direction.

We are interested in single coordinators which do or do not (learn to) coor-
dinate with a whole class C of coordinators. For example, some algorithmic
player learns to coordinate with C = the class of polynomial-time computable,
0-1 valued functions.

The main results of Section 3 concern probabilistic algorithmic coordinators
PM surprisingly beating deterministic ones (Theorems 3, 4, 6, and 7) or beat-
ing probabilistic ones (Corollary 9) — each at coordinating with some class C
of algorithmic deterministic players. One nice property of these main results of
Section 3 is that each features a PM which tosses a bounded number of coins,
i.e., the PM’s do not require coin tosses on infinitely many inputs. The PM’s
and other (deterministic) machines which are shown to exist also do not have
to remember very much about their past inputs — in memory limited senses
identical to or similar to the senses studied in [16, Page 66] and [4,7,8,14].

I More agents than two can easily be accommodated in the model as can allowing
outputs besides bits.



Theorems 3 and 4 essentially show that there are classes C of deterministic
algorithmic coordinators such that no deterministic algorithmic coordinator
can (learn to) coordinate with each element of C, but some probabilistic algo-
rithmic coordinator can.

For 1 <i<m, TeaminCoord denotes the collection of classes C of algorith-
mic deterministic players such that we have m deterministic algorithmic coor-
dinators M*, ..., M™ so that for each element F' of C, at least i of M, ..., M™

coordinate with F'.

In the setting of learning programs for total computable functions, team learn-
ing by deterministic machines is completely characterized by single machines
learning probabilistically and vice versa [17-19]. Furthermore, the analog of
Team;in in that context has exactly the inferring power of single machines
which succeed with probability at least # One might suspect that such a
characterization holds for learning to coordinate, and that Theorems 3 and 4
mentioned above are readily explainable as deterministic team learning in
disguise. Theorems 6 and 7 show this is not the case, and that no such char-
acterization holds in the case of learning to coordinate! A few random bits
make a big difference in learning to coordinate. One wonders, then, in con-
ceiving the brain and its environment as a collection of coordinators working
together (somewhat as in [13]) for tasks such as muscle movement and speech,
if random bits may need to be employed to achieve learning to coordinate.

Corollary 9 shows that, for probabilities p < ¢, there are classes C of de-
terministic algorithmic coordinators, such that some probabilistic algorithmic
coordinator PM learns to coordinate with each player in C with probability
p, but none can do it with probability q.

The PM’s of Theorems 3 and 6 and Corollary 9 are additionally blind,
i.e., they depend functionally only on the length of the bit strings they
see. Theorems 4 and 7 are uniformizations of Theorems 3 and 6, respec-
tively. More particularly, Theorems 4 and 7 feature the strong quantifier order
(3C)(V probabilities p < 1)[--+]; whereas, Theorems 3 and 6 essentially fea-
ture the weaker order (V probabilities p < 1)(3C)[---]. There are, however,
some apparent costs for the stronger quantifier order of Theorems 4 and 7:
the PM’s in the proofs of Theorems 4 and 7 are not blind, and, as we shall
see, they are not as memory limited as the PM’s in the proofs of Theorems 3
and 6. It is open whether these costs are necessary.

[14, (6), Page 367] shows that any indexed class of total computable players is
learnable (by a total computable player), and the learning strategy employed
is an enumeration strategy [10]. In Section 4 we show (Theorem 18) that any
total computable player P is (extensionally) equivalent to a player Ep based
on enumeration strategy for a suitable indexed class of blind players. The



enumeration strategy based Ep can and should be thought of as a canonical
normal form of P. The canonical computable coordinator Ep corresponding
to a pre-given total computable coordinator P may, though, take exponen-
tially more time than P (Theorem 22 also in Section 4), but, of course, the
point of the existence of Ep (and the “converse” result [14, (6), Page 367])
is the interesting insight that total coordinators can be extensionally concep-
tualized as exploiting an enumeration technique. From Theorem 22, though,
intensionally a total coordinator P can be quite different, e.g., in run time,
from its (enumeration technique based) canonical form Ep.

TSCOPE(P) denotes the class of total coordinators learnable by a total co-
ordinator P and represents the competence of P. In [14] it is shown that the
competence, [14, Page 369], of a total player cannot be strictly improved
by another total player. In Section 5 we prove that the competencies of any
two total players are the same modulo isomorphism. More specifically, The-
orem 27 of Section 5 says that, for every pair P and () of total players, the
sets TSCOPE(P) and TSCOPE(Q) are homeomorphic in Cantor space [15,
Page 424] (computably homeomorphic, if P and @) are computable). We also
investigate TSCOPE(P) from the points of view of of topology and descrip-
tive set theory. We show for instance (Theorem 23) that TSCOPE(P) is an
uncountable, dense, meager and measure zero F, set of Cantor space, which
is Wadge-complete with respect to the class of all F, sets of Cantor space.

Finally we provide a completely effective version of the competency iso-
morphism theorem. Let IND(P) denote the index set of the restriction of
TSCOPE(P) to computable players for a computable coordinator P. Corol-
lary 30 of Section 5 says that IND(P) and IND(Q) are computably isomorphic
for every pair P, () of computable coordinators.

2 Mathematical preliminaries

We denote by {0,1}* the set of all (finite) binary strings. If o € {0,1}* then
|o| denotes the length of o; o (i), with i < |o|, is the i-th bit of o; o | n denotes
the initial segment of o of length equal to n; (clearly o | 0 is the empty string,
denoted by (); if |o| > 0 then 0~ = o | (Jo| — 1). The concatenation of two
strings o and 7 is denoted by o - 7.

We let IN denote the set of natural numbers. Suppose p,, (1, . .., Z,,) is a com-
putable bijection from IN"* to IN. Then #{*,..., 7" denote the corresponding
computable inverses of p,, i.e., 77" (Pm (1, ..., Tm)) = ;.

A player (synonym: a coordinator) is a partial function from {0, 1}* into {0, 1}.
Given two players I’ and G, define two sequences Rp ¢ and Rg r by induction



as follows. For every n, let
Rrg(n) =F(Regr [n)  Rer(n)=G(Rrg | n),

where Rp(n) is defined if and only if, for every i < n R p(7) is defined, and
F(Rgr | n) is defined; similarly for R p(n). We say that F' and G coordinate
or that I learns G, or else that G learns F'if and only if both Rr ¢ and Rg p
are infinite strings and for almost all i, Rp(i) = R r(7). A total player is
simply a player which is total. For example, the identically zero coordinator
and the identically one coordinator are total, but neither learns the other.
Any two total coordinators which output but finitely many ones, do learn to
coordinate with each other, but, if one outputs but finitely many ones and the
other outputs but finitely many zeros, neither learns the other. Deterministic
players will usually be denoted by upper case Latin letters.

A class C of players is said to be learnable by a player F if and only if F' learns
all elements of C: in this case, we say that F' learns C or F' coordinates C.

We observe that alternatively a player can also be viewed as a function from
{0,1}* into {0, 1}*. Indeed, any player F originates a function from {0,1}*
into {0,1}* as follows: if F'(o | j) converges for all j < |o|, then F' maps
o into a string F[o] (with |F[o]| = |o| + 1) such that for every i < |o| + 1,
Flo](i) = F(o | i); F[o] is undefined if F(o | j) diverges for some j < |o|. F[o]
denotes the sequence 7 (of length |o| 4+ 1) that F' outputs while coordinating
with some player which starts with ¢ when coordinating with F. One can
similarly define F'[7] for infinite sequences 7.

Conversely, every monotonic partial function h : {0,1}* — {0, 1}* such that
|hlo]| = |o| +1 (again denoting by h[o] the image of o under k) can be viewed
as a player, by letting h(c) = hlo](|o]).

Throughout the paper we will refer to some effective listing {;}, <N of all
(partial) computable deterministic players.

A probabilistic player is a player, with the ability to toss coins. Probabilistic
players will usually be denoted by PM (with or without subscripts).

For probabilistic coordination, we assume the following model. Consider a
probabilistic player PM, which (i) takes as input two equal length strings
(over {0,1}*),% (ii) does its computation probabilistically (i.e. it has the
ability to toss a fair coin), and (iii) outputs (if defined) either 0 or 1.

2 In the probabilistic case we need two inputs; whereas, in the deterministic case
we needed only one. In the case of M deterministic, M’s outputs can be determined
from the other machine’s data — so M’s prior outputs did not need to be part of
M’s input. In the case of a probabilistic player PM, PM’s responses are the second
input.



We consider PM (o, 7), as being the next output of the probabilistic co-
ordinator PM during coordination game, when the past output from the
other coordinator has been ¢ and the past output of PM has been 7. 3
prob(PM (o, T) = b) denotes the probability that the output of PM (o, 7) is b.
Now we may define probability over PM [o] naturally as follows. prob(PM[0] =
a) = prob(PM(0,0) = a). For n. > 0, prob(PM[by...b,] = ag...anan41) =
prob(PM (by ... by, a0 ... ap) = apyq) * prob(PM[bg.....bp_1] = ag...ay,).

Probability of PM coordinating with a deterministic player M may be defined
as follows (we will not need to consider coordination among two probabilistic
players in this paper). Let

[ M[o](n), if n <|ol;
fo(n) = {M[fa [ n](n), otherwise.

g (n):{a(n), if n < |ol;
7 MIf, | n](n), otherwise.
Intuitively, if M coordinates with another coordinator after seeing ¢ as input,
then f, and g, respectively denote the sequence output by M and the other
coordinator.

Now, probability that PM and M coordinate after PM has output o
is given by, ProbCd(PM,M,c) = [prob(PM[Mlo] | (lo|] — 1)] = o)] *
152 o [orob(PM(fo I n, g5 | 1) = fo(n))].

Let CdSet(PM,M) = {o | ¢ = Qoro(lo] — 1) # Mio](le| — 1)}.
Now, the probability of PM coordinating with M can be given by
Y oecaserpmny ProbCd(PM, M, o) (here we take sum of infinitely many Os
as 0).

Let {PM,}, v be some effective listing of all (partial) computable probabilis-
tic players.

3 Probabilistic vs. deterministic coordinators

N.B. Throughout this section all of our players are algorithmic; also all our
random bits are uniformly distributed, e.g., from fair coin tosses.

3 One may more generally allow PM to use its past coin tosses made during the
output of 7 too. All of our results and proofs, except for Theorem 8 carry over
easily to this generalization. Theorem 8 also holds (with slightly different proof) as
long as our definition of coordination allows that machine M not coordinate with
a probabilistic machine just by being undefined at some point in the coordination
process.



The first result in this section is just a lift of a result from [14].

Theorem 1 For all n > 1, there exist classes Cy,...,C, of coordinators such
that:

(a) For each i, 1 <i <mn, all members of C; coordinate with each other; and
(b) If any coordinator M (even outside above classes) coordinates with all of
Ci, then M cannot coordinate with any member of U< <n j£i C;-

Proof. This can be handled by straightforwardly generalizing the proof for the
n = 2 case in [14]. |

In a sense, then, Cy,...,C, from Theorem 1 are incompatible “camps” of com-
putable coordinators.

Definition 2 [14] A player @ is blind if Q(o) = Q(7) for all 0,7 € {0,1}*
such that |o| = |7|.

The remaining results of this section concern the power of probabilistic coor-
dinators, deterministic coordinators, or teams thereof.

We say a coordinator is k-memory limited iff it depends functionally only on
the (up to) k last bits of its input.

The next four theorems are among the main results of this section mentioned
in Section 1 above.

Theorem 3 Suppose 0 < p < 1. There exists a class of computable determin-
istic players C such that:

(a) No computable deterministic coordinator can coordinate with all of C; and

(b) Fork chosen large enough that 1—27% > p, there exists a blind computable
probabilistic coordinator PM , such that, for each member M of C, PM
can coordinate with M with probability 1 — 27% > p.

Interpretation. PM of Theorem 3 just above succeeds in coordinating with the
class C of deterministic players with probability (at least) p, but no computable
deterministic coordinator can coordinate with every player in C. Hence, prob-
abilistic coordinators beat deterministic ones! Furthermore, PM is blind, i.e.,
it depends functionally only on the length of the bit strings it sees.

Proof. As above, let k be chosen large enough that 1 — 27% > p. Let M,, be
the n-th computable deterministic player. Define player F), as follows. Let 7



be any infinite sequence (over 0, 1). F,[7] is defined as follows.

if r < m;

if r =mn;

ifn<r<n+4+k+1;

if r >n+k+2, and (M,[1"01"]
does not halt within r steps, or

7 does not start with M, [1"01%]);
1 — M,[F.[7 | (r—1)]J(r), otherwise.

= O =

Note that F}, does not coordinate with M,,. Thus no computable deterministic
player can coordinate with C = {F; | i € N}.

Now define PM as follows. PM[r] = [k random bits]1/71=++1,

Note that if the random k bits chosen by PM are such that PM[1"01%] #
M,[1"01%], then PM coordinates with F},. Thus, PM coordinates with each
F,, with probability at least 1 — 27*. |

Furthermore, we can see from the proof just above of Theorem 3 that PM
employs only k£ random bits and is k-memory limited, i.e., it depends func-
tionally only on the (up to) k last bits of its input. This is only so it can keep
track if it is to output one of its first £ bits, its only random bits.

As mentioned in Section 1, the next theorem provides a variant of Theorem 3
with significantly stronger quantifier order: (3C)(V probabilities p < 1)[- -]
instead of (V probabilities p < 1)(3C)][---]. Our witnessing PM is no longer
blind.

Theorem 4 There exists a class of computable deterministic players C such
that:

(a) No computable deterministic coordinator can coordinate with all of C; and
(b) For all p such that 0 < p < 1, for k chosen large enough that 1 —27% > p,
there exists a computable probabilistic coordinator PM such that, for each
member M of C, PM can coordinate with M with probability 1 —27% > p.

Proof. Let M, be the n-th computable deterministic player. Define coordinator
F,, as follows. Let 7 be any infinite sequence (over 0, 1). F,,[r] is defined as
follows.



if r < m;

if r =mn;

ifn<r<n+n+1;

if r >n+n+2, and (M,[1"01"]
does not halt within r steps, or 7
does not start with M,[1"01"]);
1 — M,[F,[7 | (r—1)]](r), otherwise.

_ = O

Note that F}, does not coordinate with M,,. Thus no computable deterministic
player can coordinate with C = {F; | i € N}.

Now let p < 1 be given. Let k be chosen large enough that 1 — 27% > p. For
i <k, let b; € {0,1} be such that M;[1°0] # 1°*1b,. Now define PM as follows.

1i+1bi1|7|*i*1, if 7 starts with 1?0 for some i < k;
PM]|r] = { 1""'[k random bits|1I"I=*=% if 7 starts with 1°0 for some i > k;
17+t otherwise.

Note that PM coordinates with F;, i < k, due to the first clause above. Also
due to the second clause, for ¢ > k, PM coordinates with F; with probability

at least 1 — 27%, as there is at most one set of k-random bits chosen which
would make PM[1°01"] same as M;[1°01"]. i

Furthermore, from the proof of Theorem 4, it can be seen that this theorem’s
PM employs only k random bits and is not k-memory limited before the
first 0 it sees since it needs to remember how many 1’s it saw before the
first 0. However, right after the first 0 it sees, it outputs either a deterministic
bit or k random bits and no more random bits. Hence, after the first 0 it sees,
it becomes k-memory limited from there onward.

Not considered in the last two theorems above is the case of probability p = 1.
The next result handles this case.

Fact 5 There exists a class of total computable coordinators, C, such that no
deterministic total computable coordinator can coordinate with all of C, but
some probabilistic, computable coordinator coordinates with each member of C
with probability 1.

However, this probabilistic coordinator necessarily requires infinitely many
random bits. It is also not blind.

Proof. Let M,, be the n-th computable deterministic player. Define player F,



as follows. Let 7 be any infinite sequence (over 0, 1). F},[7] is defined as follows.

1, if r <m;

0, if r =mn;
Falr](r) =4 ¢ if Mu[Folr | (r=2)]]#7 7
1

— M, 7 T (r=1)]](r), otherwise.

Note that, if M, is total, then F), is total and F, does not coordinate with
M,,. Thus no total deterministic player can coordinate with C = {F; | M; is
total }.

On the other hand the following PM can coordinate with C with probability
one.

Define PM as follows. For any infinite sequence 7 over {0, 1},

(1, ifr(r—1)=1,
PMr](r) = {b, otherwise, where b is a random bit.

Now consider any F,, € C (thus M, is total). Note that PM coordinates with
F,, € C as long as F,,, while coordinating with PM, outputs only finitely many
0s. By definition of F;,, this would happen if PM’s response to F,, differs from
M,,’s response to F}, at least at one place. Thus it suffices to show that, when
7 contains infinitely many Os, PM’s response to 7 differs from M,,’s response
to 7 with probability one. This holds as M, is deterministic and anytime PM
sees a 0 in the last bit of the input, it outputs a random bit.

It follows that PM coordinates with F), with probability one. |

Note that need of infinitely many random bits in above fact is necessary. (If
PM can coordinate with a class C with probability one, using only finitely
many random bits, then it must coordinate with C on all possible random
bits, and in particular when the random bits are all 0. Thus, a deterministic
coordinator can coordinate with all of C).

It is open whether the non-blindness of the probabilistic coordinator in Fact 5
just above is necessary.

For 1 <i<m, TeaminCoord denotes the collection of classes C of algorith-
mic deterministic players such that we have m deterministic algorithmic coor-
dinators M1, ..., M™ so that for each element F of C, at least i of M'', ..., M™
coordinate with F'.

Theorem 6 Suppose 0 < p < 1, and m € IN". Let k be chosen large enough
k
that 5™ > p.

10



Then there ezists a class of computable deterministic players C such that:

(a) C ¢ Team, Coord;

(b) There are m + 1 blind deterministic machines such that, these machines
witness that C € Team,, ;Coord.

(c) There exists a computable probabilistic coordinator PM, such that, for
each member M of C, PM can coordinate with M with probability 2m >

2k
p.

Interpretation. PM of Theorem 6 just above succeeds in coordinating with
the class C of deterministic players with probability (at least) p. However, C €
(Team,,, ,Coord — Team,,Coord). Therefore, probabilistic coordination is
not characterized by deterministic team coordination. C € Team,,,;Coord
is witnessed by m + 1 blind deterministic coordinators.

2k—m
2k 2P

Proof. As above, let k be chosen large enough that

Let M; be the i-th computable deterministic player. Define coordinator F;, as
follows. Let 7 be any infinite sequence (over 0, 1). F,,[7] is defined as follows.

if r < n;

if r =mn;
fn<r<n+k+1;
ifr>n+k+2, and
(Vj|1<j<m)
[Mm ) [1"01%] does not halt
within 7 steps or 7 does not
start with Mo, [1"01%]];
1-— Mﬂ;n(n) [FL.[7 | (r—1)]](r), not above cases, and
Mol Fulr [ (= D)L 27 17
for first such j, 1 < j < m,
found.

—_ = O =

(a) Note that F,, does not coordinate with Mn;n(n); for 1 < 7 < m. Thus
C = {F,|i € N} ¢ Team! Coord.

(b) To show that C € Team,, ;Coord, consider machines M*, ... M™+!
such that M*[r] = w; 11717141 where wy, ws, . .. , Wy, are m distinct strings
over {0, 1} of length [log,(m+1)] each. We claim that for each F},, at least one
of these machines coordinates with Fj,. This is so since at most m of M*(F,)
can start with one of M,,;n(n)[anln], 1 < j < n. Thus, at least one of the

machines M? coordinates with F),.

(c) Define probabilistic machine PM as follows.

11



PM]|r] = [k random bits |1"=*+1. Note that if the random k bits chosen by
PM are such that PM[l"Olk] =+ Mﬂn(n)[anlk], for 1 < j < m, then PM
coordinates with F},. Thus, PM coordinates with each F,, with probability at

least 2

-m
2k

Furthermore, from the proof of Theorem 6 just above, it can be seen that
this theorem’s PM employs only k£ random bits and ¢s k-memory lim-
ited. Also, each of the m + 1 blind deterministic coordinators witnessing
C € Team,,;Coord is [log,(m + 1)]-memory limited.

As mentioned in Section 1, the next theorem provides a variant of Theorem 6
with significantly stronger quantifier order. Our witnessing PM is no longer

blind.

Theorem 7 Suppose m € IN". Then there exists a class of computable deter-
manistic players C such that:

(a) C ¢ Team, Coord;
(b) There are m+1 blind computable deterministic machines witnessing C €
Team!, +1Coord; and
(c) For all p such that 0 < p < 1, for k chosen large enough that =™ > p,
there exists a computable probabilistic coordinator PM such that, for each
member M of C, PM can coordinate with M with probability 2om > .

2k—m

2k

Proof. We use a similar modification of Proof of Theorem 6, as was done for
Proof of Theorem 3 to get Theorem 4.

Details are as follows:

Let M; be the i-th computable deterministic player. Define coordinator F), as
follows. Let 7 be any infinite sequence (over 0, 1). F},[7] is defined as follows.

—_ = O =

L= MoplFalr | (= D)),

12

if r < m;

if r =mn;
ifn<r<n+n4+m-+1;
ifr>n+n+m+ 2, and
(Vj|1<j<m)
[Mﬂyl(n)(ln()l”m) does not halt
within r steps or 7 does not
start with Mﬂ;n(n)(1”01"+m)];
not above cases and

Mm@ [Fulr [ (r =Dl 27 T'r;
for first such j, 1 < j < m,
found.



(a) Note that F,, does not coordinate with Mﬂ;n(n), for 1 < 5 < m. Thus
C = {F;|i € N} ¢ Team! Coord.

(b) To show that C € Team,, ;Coord, consider machines M*,... M™+!
such that M?[7] = w;117=1w+1 where wy, wo, ..., w1 are m distinct strings
over {0, 1} of length [log,(m+1)] each. We claim that for each F},, at least one
of these machines coordinates with F},. This is so since at most m of M*(F,)
can start with one of Mﬁjm(n)[1”01"+m], 1 < j < n. Thus, at least one of the

machines M® coordinates with F,.

2k—m

(c) Suppose 0 < p < 1 is given. Let k be chosen large enough that =™ > p.
For i < k, let b; € {0,1}™ be such that M,T?z(i)[liOl”m] does not start with
171, for 1 < j < m. Now define PM as follows.

17Hp, 1lrl=i-m if 7 starts with 1?0 for some i < k;
PM[r] = ¢ 1""'[k random bits]1/7=*=*if 7 starts with 1°0 for some i > k;
17+t otherwise.

Note that PM coordinates with F;, i < k, due to the first clause above.
Also due to the second clause above, for i > k, M coordinates with F; with
probability at least 2™, as there are at most m sets of k-random bits chosen

2k ’ y y . .
which would make PM[1'01""™"] same as one of Mzm;)[1'017™]. |

Furthermore, from the proof of Theorem 7 just above, it can be seen that
this theorem’s PM employs only k random bits and is not k-memory limited.
However, after the first 0 it sees, it becomes k-memory limited from there
onward. Also, each of the m + 1 blind deterministic coordinators witnessing
C € Team,,,;Coord is [log,(m + 1)]-memory limited.

For probabilities p, Prob,Coord denotes the collection of classes C of de-
terministic players such that some probabilistic coordinator coordinates with
each element of C with probability > p.

Theorem 8 Suppose {,m € IN" and 0 < p < 1 are given such that % < p.

Then, there is a class of computable deterministic players € (TeamfnCoord—
Prob,Coord).

Moreover, for k such that 2% > m, the positive half of this theorem is witnessed
by a team of blind, computable deterministic coordinators which are k-memory
limated.

Proof. As above, choose k such that 28 > m. Let M; be the i-th computable
deterministic player. Let PM; denote the i-th probabilistic player. Define co-
ordinator F;, as follows. Let 7 be any infinite sequence (over 0, 1). F,[7] is
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defined as follows.

Let X be the first m elements of {0, 1}*. Let S¥ be the lexicographically least
subset Y of X of cardinality ¢, such that Prob({ PM,[1"01*] is defined within
w steps, and starts with some o € Y'}) < £. Then:

o if r <n + k then let

1, ifr<mn;

F,[7](r) = {O, if r = n;
1, ifn<r<n+k.

e if r > n + k then search for the first w > r — 1 such that either
(i) 7 starts with an element of S}; or
(i) otherwise and within w — r — 1 steps, for some x € {0,1}, one can verify
that PM, (F,[7 | (r —1)],7 | r) = = with probability at least 1/3.
If such a w is found then let
{ 1, if (i) holds

Falrl(r) = 1 —=a if (ii) holds for some first such z found.

Let F,[7](r) be undefined otherwise.
Let S, = lim, . S;’. Note that S, is well defined, as the limit of S} exists.
Let C ={F, | n € N}.
Now,

(a) The probability that PM,, while interacting with F,, starts with an element
of S, is at most £ (by definition of S,).

(b) Let r > n + 1+ k be large enough so that S = S, for any w > r.
Now consider any o € {0,1}" such that o does not start with any element
of S,. Now, PM,(F,[o | (Jo] —1)],0) # F,(o) with probability at least 1/3
(due to the diagonalization in construction of F,, (see (ii) above)). It follows
that, if PM,, while interacting with F,, does not start with any element of S,,,
then the probability of coordination is zero. Thus, the probability that P, can
coordinate with F;, is at most % It follows that C ¢ Prob,Coord.

(c) F,, coordinates with any infinite sequence 7 which starts with element of
S, and converges to 1. Define m machines M*, ..., M™, such that M[r] =
71171211+ for any 7, where 7; is the i-th string in X. It follows that, for any

n, at least card(S,) = [ of the machines M, ..., M™, coordinate with F,.

Theorem follows. |

The next corollary is one of the main results of this section mentioned in
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Section 1 above. It shows that the power of probabilistic coordination of de-
terministic classes of players is strict in the associated probability.

Corollary 9 Suppose 0 < p < q < 1. Then, there is a class of deterministic

players € (Prob,Coord — Prob,Coord). Moreover, for {,m such that p <

% < q and k = [logy(m)], the positive half of this corollary is witnessed

by a blind probabilistic coordinator which employs only k random bits and is
k-memory limited.

The next two results together completely characterize the relative power of
the coordination classes of the form Team; Coord.

Theorem 10 Suppose {,m,v,w € IN* such that { < m, v < w, and there is
no way to distribute w balls among m boxes such that any combination of ¢
bozes receives at least v balls. Then, Team’, Coord — Team’, Coord # 0.

Proof. Let k be such that 2¥ > m. Let M; be the i-th deterministic player.
Define player F), as follows. Let 7 be any sequence (over 0, 1). F,[7] is defined
as follows.

Let X be the first m elements of {0,1}*. Let S’ be the lexicographically
least subset Y of X of cardinality ¢, such that card({j | 1 < j < w and
M,T;_ﬂ(n)[lTLOlk] halts within ¢ steps, and starts with o € Y'}) < v.

Define F,[7] as follows:

o if r <n+ k then let

1, ifr<mn;

F,[7](r) = {O, if r =n;
1, ifn<r<n+k.

e if r > n + k then search for the first ¢ > r — 1 such that either
(i) 7 starts with an element of S’; or
(ii) otherwise and within ¢ — r — 1 steps, one can find an z such that
Moy [Folm [ (r=1)]]L 2 (7 [ r) -« for some j.
If such a t is found then let

1, if (i) holds;
1 —x if (ii) holds for some first such z, j.

Flrl(r) = {
Let F,[7](r) be undefined otherwise.
Let S, = lim; ., S’. Note that S, is well defined, as the limit of S’ exists.
Let C ={F, | n € N}.

Now,
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(a) Let r > n 4+ 1 + k be large enough so that S, = S, for any ¢t > r.
Now consider any o € {0,1}" such that o does not start with any element
of S,,. Then by the diagonalization clause in the construction of F),, we have
that none of the machines in Mzw(ny, - -« s Mrw(ny, which starts with o while
interacting with F},, can coordinate with F,.

On the other hand, the number of machines in My, .oy My
with o € S, while interacting with F, is <v. Thus, {Mzw () |
not witness that C € Team, Coord.

w(n), Which start

1 <j<w}, do
(b) F, coordinates with any infinite sequence 7 which starts with an element
of S, and converges to 1. Define m machines M!, ..., M™ such that M‘[r] =

71171711+ for any 7, where 7; is the i-th string in X. It follows that, for any
n, at least card(S,) = £ of the machines M, ... M™, coordinate with F,.

Theorem follows. |

Proposition 11 Suppose {,m,v,w € IN" such that { < m, v < w, and there
exists a way to distribute w balls among m bozxes such that any combination
of | bozes receives at least v balls. Then, Team’ Coord C Team?,Coord.

Proof. Assume the boxes and balls in above to be numbered (from 1 to m and 1
to w respectively). Now suppose M, ..., M™ are given. Define M1, ... M
such that M’ follows M7, if the i-ball in the above distribution falls in j-th
box. Now it is easy to verify that the players which can be Teamf;L Coord iden-
tified by M*, ..., M™ are also Team",Coord identified by M"', ... M. |

Corollary 12 Suppose {,m,v,w € INT such that { < m, v < w. Then,
Team’ Coord C Team® Coord iff there exists a way to distribute w balls
among m boxes such that any combination of | boxes receives at least v balls.

4 Normal form characterization of learnable classes of computable
players
N.B. Throughout this section players are always total computable.

Definition 13 An indexed class of computable binary functions (indered
class for short) is a class C of computable binary functions such that there
is a total computable function C(i,z) from IN? into {0, 1} such that

C={\x.C(i,z) | i € N}.

In this case, C(i,z) is said to be an enumerating function for C.
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Definition 14 [1,2] We say that a total function P, NV-identifies a function
f, iff for all but finitely many n, P(f [ n) = f(n).

Definition 15 Let C be an indexed and dense class (“dense” means that for
every o € {0,1}* there is some f € C such that o C f), and let C(i,z) be
an enumerating function for C. We define a total computable function LE(C')
from {0,1}* into {0, 1} as follows. Given o € {0,1}*, let

LE(C)(0) = C(i(9), |o])

where
i(o) =min({i € N : (Vj < |o])[o(j) = C(4,5)]})

(such an i exists because C is dense).

Note that LE(C) is an algorithm which N'V-identifies C by enumeration: given
o, LE(C) first finds the first ¢ such that Az.C(i,z) is consistent with o, and
then outputs the next value C(i, |o|) of Ax.C(i,z). Of course, LE(C) is also a
total computable player. Note also that LE(C') depends on the enumeration
function C(i,z) and not only on C.

Definition 16 Let o € {0,1}*, and let P be a total computable player. We
define a total computable function P, from N into {0, 1} as follows:

_ [o(n) if n < |o|,
Po(n) = {P(PU I'n) otherwise.

Definition 17 Let C and C(i, x) be as in Definition 15. Define
P(C)={P| P is a total player and (3o € {0,1}")[Rprr(c) = LE(C)s]}
(where we identify LE(C'), with the infinite string of its values).

Roughly speaking, P(C') consists of all players which, as far as the opponent
behaves like LE(C), behave as LE(C), for a suitable o € {0,1}*. A moment’s
reflection shows that P(C) is precisely the class of all total computable players
which are learned by LE(C').

Theorem 18 next is a main result of this section mentioned above in Sec-
tion 1. The player LE(Cp) of Theorem 18 can and should be thought of as an
enumeration strategy based canonical normal form of P. This also yields an-
other corroborating evidence of the thesis [12] that for each type of Gold-style
learning, there is an adequate enumeration technique.

Theorem 18 (a) For every total computable player P there are a dense in-
dexed class Cp and an enumerating function Cp(i,z) for Cp such that

P = LE(Cp).
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(b) Hence a class D of total computable players is learnable by a total com-
putable player if and only if there are a dense indezed class C and an
enumerating function C(i,x) for C such that D C P(C).

Proof. (a) Let P be a total computable player. Let {o;}, .y be a 1-1 com-
putable numbering of all binary strings, such that |o;| < |o;| implies i < j.
Given o let of denote the unique i such that o = ;. Let Cp(i,n) = P,,(n).
Clearly, Cp(i,n) is a total computable function from IN* into {0,1}. Let
fi = An.Cp(i,n), and let Cp = {f; : i € IN}. We prove (a) by means of

the following claims.

(i) Cp is a dense indexed class. Indeed, Cp is clearly an indexed class, and
for all o € {0,1}*, f,+ extends o.

(ii) If o C 7 C P,, then P, = P,. Indeed, if 0 C 7 C P, then we can prove
by induction on n, that for every n, P;(n) = P,(n). Suppose the claim
holds for all i < n. If n < |7], then P;(n) = 7(n) = P,(n), as 7 C P,.
Otherwise,

P.(n) = P(P; [ n) = P(P, | n) = Py(n).

(The equality LUE justified by the Induction Hypothesis.)

(iii) o) € o0, where i(0) = min({i € N : (Vj < |o])[Cp(i,j) = o(4)]}).
Indeed, from the definition of Cp(i,n) it follows that o) is a sequence
7 such that ¢ C P, and 7* < p? for every p € {0,1}* with o C P,, thus,
since o C P,, one must have 7¢ < ¢%, and 7 C 0.

(iv) P, = P, . This follows by (ii) and (iii) since 0i,) C o C P,

(v) LE(Cp) = P. Indeed, for every o € {0, 1}*, one has:

LE(CP)(U) = OP(i(U)7 |U|) = P0i<a)(|0'|) = PJ(|0-|)7
(the last equality follows from (iv)), and finally:
LE(Cp)(0) = Fs(lo]) = P(F, | (lo] = 1)) = P(0).
These claims imply part (a).

As regards part (b), let D be a learnable class of total computable players,
and let P be a total computable player that learns D. By claim (a), there are
an indexed class Cp and an enumerating function Cp(7,x) for Cp such that
P = LE(Cp). Moreover, we observed before that P(Cp) is the class of all total
computable players learned by LE(Cp) = P. Thus D C P(Cp), as desired. i

Definition 19 Given a player P, we define:

BLINDSCOPE(P) = {Q : @ total computable blind player and P learns @Q}.
Definition 20 An indexed class of players is a class C such that there is
a total computable function C(i,0) from IN x {0,1}* into {0,1} (called an
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enumerating function for C) such that for all P € C there is an i € IN such
that for all o € {0,1}*, P(o) = C(i,0).

Theorem 21 A class of total computable blind players is learnable by a total
computable player if and only if it is contained in an indexed class of players.

Proof. To any total computable function f from IN into {0, 1} we associate a
blind player Qs defined by Qs(c) = f(|o|). We first show that for every total
computable player P, BLINDSCOPE(P) = B(P) where

B(P) = {Qp, : 0 € {0,1}'}.

Indeed, if ) is blind then there exists a computable function f such that
Q = @y, and P learns @ if and only if P NV-identifies f. On the other
hand, P NV-identifies f if and only if f = P, for some o € {0,1}*. Thus
if @ is blind we have that P learns @ if and only if Q = Qp, for some o,
i.e. BLINDSCOPE(P) = B(P).

Hence a class of total computable blind players is learnable by a total com-
putable player if and only if it is contained in B(P) for some total com-
putable player P, and B(P) is an indexed class of players, being enumerated
by CP(iaT) :Po'i(’TD‘ |

The last result in this section provides a complexity upper bound for canon-
ical normal forms for total coordinators — in terms of the complexity of the
coordinators being put into normal form.

Let P be a given total coordinator. Let C'p denote the enumerating func-
tion of the indexed family Cp generated for this P, and let Ep = LE(Cp)
be the canonical coordinator provided by Theorem 18 exploiting learning by
enumeration for C'p. Clearly,

o], if n < |oyl;

Time(Cotim) <O 20 ime(puoCotin) 1) 1w s i)

Furthermore, note that in above time, one can calculate not only C'p(i,n), but
all of Cp(i,0), Cp(i,1),...,Cp(i,n). Note also that for all o, there is i < 211+,
such that o; = o and o0,y € o by (iii) in the proof of Theorem 18 (a). Thus,
Ep(0) can be computed in time

02 s max({Time(Cp(i, o)) | i < 219171})) (1)

We get, then, our last main result of this section (mentioned above in Section 1)
showing that, while the canonical forms featured above in this section are
insightful, running them in place of the originals can be inefficient.
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Theorem 22 Assume the time Timep(-) used by P is monotonically in-
creasing on length of input and yields the complezity lengthwise (i.e., as the
mazximum over a particular length of inputs).

Then, the time to compute Ep(c) is <

02 « |o| * Timep(|ol)).

Proof. Clearly (1) above is upperbounded by O(2/°! x |o| * Timep(|o|)). §

5 Topological and computability theoretic aspects of learnable
classes of total players

In this section we investigate learnable classes from the points of view of de-
scriptive set theory and computability theory. All unexplained notions and
background material used in this section can be found in [15, Chapter 3]. A
total player can be regarded as an element of the topological space {0, 1}{01}"
(with respect to the product topology, where {0,1} is equipped with the
discrete topology), called Cantor Space. We recall that in this topological
space the clopen (i.e. closed and open) sets form a base: For every finite set
E C {0,1}* and every function f € {0,1} let

Cp ={F € {0,1}!*": (Vo € B)[F(0) = f(o)]};

then a set C'is a basic clopen set if and only if C' = C, for some finite function
f as just described. By compactness of the space it turns out that the clopen
sets are exactly the finite unions of basic clopens sets.

Given a coordinator P, a sequence {A., .}, 2N of clopen sets is said to be
P-computable, if there is some index z such that, for any F € {0, 1}{%1}"]

F,P o 1 if Fe Am,n,
e (myn) = {0 otherwise

Here, o*" is the function computed by the oracle Turing machine with index
z supplied with an oracle for F' and P. If P is computable then we just say
that the sequence {A, .}, N is computable.

In a similar way one defines the notion of a P-computable sequence {A,} N
of clopens, and the notion of a P-computable clopen. A subset X C {0, 1}{0:1}"

is said to be £y if
X = U ﬂ Am,n
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where {A,, .} is a sequence of clopen sets which is P-computable. If X € Zg’P
and P is computable then we just say that X is ¥9. A subset X C {0, 1}{%1}" is
said to be F, if X is a countable union of closed sets: It turns out that X € F,
if and only if X € X5 for some P. A (total) mapping ' : {0,1}{%1" —
{0, 1}%1}" is called P-computable (or simply computable if P is computable)
if, for any F € {0, 1% T'(F) = Ao. P (o), for some index z. We say
that I' is P, Q-computable if T' is P & Q-computable, where P & () is any
coordinator obtained by joining together P and () in some computable way,
e.g. P® Qo) = P(o;) and P @ Q(02i41) = Q(0;), where {0}, |y is a 1-1
computable numbering of all binary strings, as in the proof of (a) of Theorem
18. It turns out that a mapping I'{0, 1}{®1}" — {0, 1}{%1}" is continuous if
and only if it is P-computable for some P.

We are interested in the set of total (but not necessarily computable) players
learned by a total player P. For every total player P, we define:

TSCOPE(P) = {Q € {0,1}1%1" . P learns Q}.

Theorem 23(i) TSCOPE(P) is a £9° subset of {0,111 and for every
oracle () and set X € Zg’Q there is a P, QQ-computable mapping I' such that

X =T (TSCOPE(P)).

It follows that for every F, subset X C {0,1H%}" there is a continuous
mapping T such that X = T~(TSCOPE(P)).

(ii)) TSCOPE(P) is dense.

(11i) TSCOPE(P) is meager.

(iv) TSCOPE(P) has Lebesque measure zero.

(v) TSCOPE(P) has the cardinality of the continuum. In fact, TSCOPE(P)
intersects every Turing degree a, with deg;(P) <r a.

Proof. Let P be given. We prove the claims one by one:
(i). For every n € N, let
A(P,n) ={Q € {0,1}1%Y": Rg.p(n) = Rpo(n)}.
Then A(P,n) is a P-computable clopen set, and
TSCOPE(P) = [ A(P,m).

n m>n
This easily proves that TSCOPE(P) € £

Let now X € Eg’Q, say X = Um Ny Amon, where {4,,,} is a Q-computable
sequence of clopen sets and @ is any oracle. For every F' € {0, 1}{%1}" define

a function Pr € {0,1}%%" and a sequence {mi} N as follows. For every
o€ {0,1}*,
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e if 0 = () then let Pr(0) = 0, and let mg = 0;
e if |o| = k+ 1 and we have defined m; and Pr(7) for every 7 such that
|7| < k, then define

P(Pplo7]) if (Vn <k)[F € An,nl,
Prio) = { 1 — P(Pplo~]) otherwise.

Moreover let

mg (Vn < k)[F € A, nls

M1 = {mk +1 otherwise.

It is easy to see that the mapping I' = A F. Pr is P-computable. Moreover,
if F' € X then limj my, exists and equals the least m such that F' € A,, ,, for
all n. If kg is such that m; = m for all & > ky then for all strings o with
lo| > ko + 1 we have that Pr(c) = P(Pr[o]), hence P and Pr coordinate.
Otherwise, there exist infinitely many k such that m,.; # mg, and for all
strings o with |o| = k 4+ 1 we have that Pr(c) # P(Pp[o~]) hence P and Pg
do not coordinate.

(ii). It is sufficient to prove that TSCOPE(P) intersects any basic open set,
i.e. any function f from a finite subset £ of {0, 1}* into {0, 1} can be extended
to a total player () which coordinates with P.

Given f, @ can be inductively defined as follows: suppose that we have defined
Q(7) for all 7 € {0,1}* with |7] < n, and let o € {0,1}* with |o| = n. Thus
for all © < n we can compute Rp(i) and consequently Rpg [ n. We define:

[ flo) ifoeFE
Qo) = {P(Q[a‘]) otherwise,

(where we understand Q[o~] =0, if 0 = 0).

It is easily seen that @) extends f and coordinates with P.

(iii). It suffices to show that for every n the closed set (>, A(P,m) does
not contain any basic clopen set, where A(P,m) is defined as in the proof of
(i). In other words we aim to prove that any function f from a finite subset

E of {0,1}* into {0,1} can be extended to a total player @) such that @ ¢
Nmsn A(P,m). For this it suffices to define:

[ flo) ifoeF
Qo) = { 1 —P(Q[oc~]) otherwise.

(iv). Since the Lebesgue measure p on {0, 1%} is countably additive, it is
sufficient to prove that for all n € IN, N,,>,, A(P, m) has measure zero.
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For k > m, let B(P,m,k) = N,,<i<r A(P,1). Then B(P,m,k) N A(P,k + 1)
and B(P,m, k) \ A(P,k + 1) have the same measure, therefore

w(B(Pym,k+1)) == u(B(P,m,k)).

1
2
Thus u(B(P,m,m + h)) = 55 - p(A(P,m)), and the claim follows.

2h

(v). Let S be the set of all sequences o such that for some i < |o|, o(i) #
Rp p(i). Notice that S <p P. Let p; be the i-th string of S (in the order given
by identification of {0,1}* with IN). Let f : N — {0, 1} be any function with
P <r f. Define )
f(i ifoes, o=np,,

Pilo) = {P(a) ifo ¢S
Then Py € TSCOPE(P): In fact for every i, Rpp, (i) = Rp;,p(i). In particular
S <r Py, as Rpp(i) = Rp, p,(i) for every i. Then to compute f(7) first find
pi (using an oracle for Py) and then compute Py(p;): thus f < P;. On the
other hand,

Pf ST P ) f =7 f

It follows that f =¢ P;. Thus TSCOPE(P) contains a player of the same
Turing degree as f. i

We remind the reader that one can reformulate (i) of Theorem 23 by saying
that TSCOPE(P) is F,-complete with respect to Wadge reducibility, see e.g.
[15].

For the next corollary we recall that a set X is Gy if it is a countable inter-
section of open sets, i.e. the complement of X is F.

Corollary 24 For every P, TSCOPE(P) € F, \ Gs.

Proof. 1t is known, see e.g. [15], that there exists some X € F, \ Gs (in
fact X € X9\ Gs). Then there exists a continuous mapping I' such that
X =T"YTSCOPE(P)). If TSCOPE(P) were in G5 then X would be in Gs
as well, a contradiction. |

In particular:

Corollary 25 If P is computable then:

(a) TSCOPE(P) is a X9 subset of {0,1H%%" and for every X3 subset of
{0, 1HOB" there is a computable mapping T : {0, 110" — {0, 101
such that

X =T (TSCOPE(P)).
Hence TSCOPE(P) € X9\ Gs.

23



(b) TSCOPE(P) intersects every Turing degree a.

As a side remark to Theorem 23 (v), we note that there are players P such
that the spectrum of Turing degrees of players learned by P consists of exactly
the Turing degrees above deg,(P). In fact:

Corollary 26 If P is a blind player then for every Q € TSCOPE(P) we have
that P <r Q.

Proof. Suppose that P is a blind player, let Q € TSCOPE(P), and let n be
such that for every m > n, Rpg(m) = Rg p(m). Then for every o such that
lo| =m >mn+ 1 we have

P(o) = P(Rq.p | m) =Q(Rpq | m),

which easily implies that P <7 Q). |

Next, as mentioned in Section 1 above, we show a main result of this section,
that the competencies, [14, Page 369], of any two total players are the same
modulo isomorphism, that is,

Theorem 27 If P and Q) are arbitrary total players, then TSCOPE(P) and
TSCOPE(Q) are P,Q-computably homeomorphic. In particular if P,Q are
computable then TSCOPE(P) and TSCOPE(Q) are computably homeomor-
phic.

Proof. We define, for any ordered pair (P, Q) of total players, a map A\S. SF?
on {0, 11?1 "and we show that the map AS. S@* associated to the pair (Q, P)
is the inverse of A\S. S¥. Moreover, we prove that for every total player S, one
has: S € TSCOPE(P) if and only if SP? € TSCOPE(Q). Finally, AS. S¥?
is P,Q-computable. Thus \S. S"? is a P, Q-computable homeomorphism of
{0, 1}%1}" onto itself. This is clearly sufficient to prove Theorem 27.

First of all some notation: for every quadruple of (not necessarily total) players
A, B,C, D defined on all strings 7 with |7| < n and for every nonempty string
o € {0,1}* with |o| = n we define 48P € {0,1}*, with |o4B“P| = |o| as
follows: For i < |o], let

. RC’D(i) if O'(Z) = RA,B(l.)a

ABCD (;
’ (0) = { 1 — Rep(i) otherwise.

Let S be any total player. We define a player S% (computable in S, P, Q) by
induction as follows:
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(al
(a2

First of all, we define:

P QD) if P(0) = S(0);
S"0) = { 1—Q0) otherwise.

Now let ¢ € {0,1}* with |o| = n > 0, and assume that we have defined
SPQ(7) for all 7 € {0,1}* with |r| < n. Note that under this assumption we
can compute (with an oracle for P, @, S) Rg sre(i) and Rgrq (i) for all i < n.
Then we define ST9(o) by cases:

Case (a) For all i < n, 0(i) = Rg gra(i). Then:

) If S(09579PS) = P(S[(095"°PS)7]) then ST9(0) = Q(STRo]).
) Otherwise, ST9 (o) =1 — Q(ST?[o7)).

Case (b) There is ¢ < n such that o(i) # Rgsra(i). Then let S79(0) =
S(UQSPQPS)'

This concludes the definition of ST?. Note that ST¥ is computable in S, P
and @, thus if P and @ are computable players, then S¥% is computable in
S, and the mapping AS. ST? is computable.

Moreover our procedure allows us to define AS. ST? for all pairs (P, Q) of total
players, thus it makes sense to consider e.g. (SAB)P | (the result of applying
to S the composition of the operators 4% and “P) where S, A, B,C, D are
arbitrary total players. The following claim is immediate from the definitions
of S¥@ and (STQ)@F:

Claim A. Let § € {0,1}* with [§| > 0 and let y = §7(5"9)°7Q5™ Then for
i < |9, the following are equivalent:

(i) 6(i) = Rpsrayer(i).

(ii) v(2) = Rg sra(i).

(iii) YRE"IPS(}) = Rpg(i).

Next we prove the following claim:

Claim B. For all total players P,@Q and S, and for all p € {0,1}*, S(p) =
(ST9)9F(p).

Proof of Claim B. We start with the case p = @ If p=
if and only if S¥9(p) = Q(p), if and only if (ST?)@P(p
S(p) = (S79)9" (p).

0, then S(p) = P(p)
) = ( ), therefore

Suppose that |p| = n > 0, and that the claim holds for all 7 € {0,1}* such
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that |7| < n. Then for all i < n, Rpg(i) = Rpsrayer(i), and Rgp(i) =

Rsrayaer p(i). Therefore, letting a = pP (ST QsTe

PQ
aQS PS‘

, by Claim A we get: p =

If (SPQ)9P(p) is defined according to Case (a), then by Claim A, ST@(a) is
also defined according to Case (a), therefore:

(al) If (ST@)QF(p) is defined through case (al), then an easy calculation shows

1
that ST9(a) = Q(STPla]), i.e. SP9(a) is defined through (al) as well.
Then using the Induction Hypothesis,

S<aQSPQPS)

S(p) 2 P(S[p ) 2 P((S79)9[p7])
P((S79)2P[(aQ8"P) 7))
SPQ) (QSPQPS)

£
= (879 (p).

II% Il

(The equahty @D i justified by the definition of S¥% in clause (al). Again,

the equahty = is justified by the Induction Hypothesis.)
(a2) As before we can argue that if (S7?)?(p) is defined through case (a2), then
SPQ(a) # Q(SPPla]), i.e. SPP(a) is defined through (a2) as well. Then

S(@@E) = S(p) = 1= P(S[p])

L= P((S™9) 7 [(a%7%)7])
(a2) (SP)QP (o QSPQPS)

= (5"9)°"(p).

=

(As before, the equality @ i justified by the definition of ST in clause

(a2).)

Now suppose that (ST@)?F(p) is defined according to Case (b). Then, by
Claim A, SP9(«a) is also defined according to Case (b). Thus

(STQ)RP(p) = SP9(a) = S(a?5"*P%) = 5(p),
and Claim B is proved.

We conclude the proof of Theorem 27. By Claim B, for all total players P and
@, the map A\S.S”? is a bijection of {0,1}{%}" onto itself, because AS.S9F
inverts A\S.S7? and viceversa. Clearly A\S.ST? is P, Q-computable, because
for all 7 € {0,1}*, and for every total player S, S¥9(7) only depends on the
values of S on a finite subset of {0,1}* (namely the set of all 6 € {0, 1}* with
81 < I7)).
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In order to conclude the proof of Theorem 27, it remains to prove that S €
TSCOPE(P) if and only if SP? € TSCOPE(Q). Now the definition of SP<,
Case (a), makes sure that for all i € N, Rgp(i) = Rpg(i) if and only if
Rgrq (i) = Rg gra(i). This concludes the proof. |

In the rest of this section we give a completely effective version of the compe-
tency isomorphism result above (Theorem 27). Specifically, we show that, if
P, () are total computable players then the classes of total computable play-
ers learned by P and @), respectively, have computably isomorphic index sets.
Throughout the rest of the section, the symbols X2 and TI9 refer to levels of
the arithmetical hierarchy of sets of natural numbers, see e.g. [21, Chapter IV].

Given a player P define IND(P) to be the index set of the class of total
computable players learned by P, i.e.,

IND(P) = {n: ¢, total and ¢, is learned by P}.

Let Tot = {n : ¢, total}. It is well known (see e.g. [21, Page 66]) that Tot is
a I19 set, in fact TI3-complete. Now,

n € IND(P) < n € Tot and (Iko)(Vk > ko)[Rpy, (k) = Ry, p(k)]-

Thus if P is computable then an easy calculation shows that IND(P) is AY.
We can be more precise about the arithmetical complexity of IND(P). Let us
say that a subset X C N is 2-X9 if X =Y \ Z, where Y, Z € X5. (The 2-X9
sets constitute one of the levels of the Ershov difference hierarchy of the %9
sets. For more on the Ershov hierarchy, see e.g. [6]).

What we have seen above clearly amounts to the following;:
Lemma 28 If P is computable then IND(P) is 2-%9.

Theorem 29 For every total computable player P, the set IND(P) is 2-%9-
complete, i.e. for every 2-X3 set X one has X <; IND(P).

Proof. Let X = YNZ where X € ¥y and Z € 11y, and let Ry (z,t,s), Rz(x,t, )
be computable relations such that

Y ={i: (3t)(Vs)Ry(i,t,s)} Z ={i:(Vt)(3s)Rz(i,t,s)}.
Moreover let P be any total computable player.
By the s-Theorem let g be a 1 — 1 computable function such that:
e (D) = 0; let also mg = 0;

e Suppose |o| = k + 1 and we have inductively defined mj, and ¢, (7) for
all 7 such that |7| < k. Then let @4 (0) =T, if @4¢)(7) =T for some 7 with
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|7| < k; otherwise let:

Pl )i o5 ond
‘Pg(z‘)(U) = o) (Vs < k)[ZRy’(zz M, )]
1 — P(pg@lo™]) otherwise.

Moreover, let

my, if (Vs < k)[Ry (i,my, s)],

m =
h { my + 1 otherwise.

To verify that for all ¢
i€ X < g(i) € IND(P)

first note that if ¢ ¢ Z, then there exists some k such that, for no s do
we have Rz(i,k,s); hence g(i) ¢ IND(P) as @y is not total. Next suppose
that i € Z. In this case p4;) is total. If 7 € Y then m = lim,m;, exists,
and m is the least number such that Ry (i,m,s) for all s. If kg is such that
my = m for all k& > ko, then for all strings o with |o] > ky we have that
©q()(0) = P(pgeyo™]); hence pyi)(o) is learned by P. If i ¢ Y then there are
infinitely many & such that myq # my, and for all strings o with |o| =k + 1
we have that @g)(0) # P(pgey[o~]); hence ¢,y and P do not coordinate. il

Next is the completely effective competency isomorphism result mentioned in
Section 1 as one of the main results of the present section.

Corollary 30 If P and Q are total computable players then IND(P) and
IND(Q) are computably isomorphic.

Proof. Immediate by the Myhill Isomorphism Theorem (see e.g. [20, Page 85])
as by the previous theorem we have IND(P) <; IND(Q) and IND(Q) <;
IND(P). 1

As to be expected, more powerful coordinators can learn more complicated

sets.

Theorem 31 There exists a total player P <p O such that IND(P) is £3-
complete.

Proof. First notice that if P <7 @/ then IND(P) is X3 as for n € Tot the
predicate Rp,, (k) = Ry, p(k) is AJ. Thus we have only to show that there
exists a player P such that S <,, IND(P) for every S € X9.

We refer to the following:
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Lemma 32 If S is a 39 set then there exists a uniformly computably enu-
merable sequence {X (in }in of sets (meaning that the predicate R(x,i,n) <
x € X 15 recursively enumerable) such that

i €SS (In)[ X infinitel.
Proof. See e.g. [21, Page 67]. |

We now continue with the proof of the theorem. Let S be a ¥3-complete set,
and let us fix a uniformly computable enumerable sequence {X;,} of sets
as above. Let {X(; s }in,s be a uniformly computable sequence of finite sets
such that for every i,n

X(z,n) = U X(i,n),s'

By the s"-Theorem let g be a 1 — 1 computable function such that for every
i, Pg(s) 18 defined as follows:

0 if|o| <i
pei(0) =1 iffo|=i
j if otherwise and 0 =07 - j.

We now define P. Let us say that a string o is i, n-reqular if 0°1 C o, and the
string 11 is not a substring of o, and ¢ contains exactly n + 1 occurrences of
the bit 1. Suppose that we have already defined P(7) for every 7 such that
I7| < |o|: We define P(o) and P(o - j) for all j € {0,1} as follows:

0 if o is 4, n-regular for some (necessarily unique) i, n
and (3s > |0])[Xiny.s \ Xim).jol 7 0],
P(o) =41 if ois i, n-regular for some (necessarily unique) i, n
and (Vs > [0])[Xiny,s = Xiny o] = 0],
0 otherwise.

Next, for every j € {0,1} define
P(o-j)=0.

Assume that ¢ € S, and let n be the least number such that X;, is infinite.
Then @g4;) and P play respectively infinite strings of the form

Rq)g(i)vP = Oi10h0010h1010h2 . Olohnflolooo
RP’WQ(i) - 0i00h°100h1100h2 .. 100hn71 10>

thus P and ¢y coordinate. (For every k < n, the number h;, depends on the
cardinality of the finite set X; ). Eventually P always plays 0 because X ;
is infinite.)
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Otherwise, ;) and P play respectively infinite strings of the form

R,,.,.p=0"10"010"010"01...010"01. ..
Rpyg, ., =000"100"100"10...100"10. ..

thus P and ¢g4;) do not coordinate: For each i, following the block 0, Py(i)
always plays 0 and P plays 1.

Then for every i,
i€ S < yg(i) e IND(P)
giving that S <; IND(P), hence IND(P) is ¥3-complete. |
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