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Abstract

The approach of ordinal mind change complexity, intro duced by Freivalds and
Smith, uses (notations for) constructive ordinals to bound the number of mind
changesmade by a learning machine. This approach provides a measureof the ex-
tent to which a learning machine has to keeprevising its estimate of the number of
mind changesit will make before converging to a correct hypothesis for languages
in the classbeing learned.Recently , this notion, which alsoyields a measurefor the
di�cult y of learning a classof languages,has beenusedto analyze the learnabilit y
of rich concept classes.

The present paper further investigates the utilit y of ordinal mind change com-
plexity. It is shown that for identi�cation from both positive and negative data and
n � 1, the ordinal mind change complexity of the class of languagesformed by
unions of up to n + 1 pattern languagesis only ! � O notn(n) (where notn(n) is a
notation for n, ! is a notation for the least limit ordinal and � O represents ordinal
multiplication). This result nicely extends an observation of Lange and Zeugmann
that pattern languagescan be identi�ed from both positive and negative data with
0 mind changes.

Existenceof an ordinal mind changebound for a classof learnable languagescan
be seenas an indication of its learning \tractabilit y." Conditions are investigated
under which a classhas an ordinal mind changebound for identi�cation from pos-
itiv e data. It is shown that an indexed family of languageshas an ordinal mind
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changebound if it has �nite elasticity and can be identi�ed by a conservative ma-
chine. It is also shown that the requirement of conservative identi�cation can be
sacri�ced for the purely topological requirement of M -�nite thickness.Interaction
betweenidenti�cation by monotonic strategiesand existenceof ordinal mind change
bound is also investigated.

Key words: Inductiv e inference,mind changecomplexity, ordinals

1 In tro duction

Natural numbershavebeenusedascounters for bounding the number of mind
changes.However, such boundsdo not take into account scenariosin which a
learning machine, after examiningan element of the languageis in a position
to issuea bound on the number of mind changesit will make beforethe onset
of convergence.For example,considerthe classCOINIT = f L j (9n)[L = f x j
x � ng]g. Intuitiv ely, COINIT is the collection of languagesthat contain all
natural numbers except a �nite initial segment. Clearly, a learning machine
that, at any given time, �nds the minimum element n in the data seenso far
and emits a grammar for the languagef x j x � ng identi�es COINIT in the
limit from positive data. It is also easyto seethat the classCOINIT cannot
be identi�ed by any machine that is required to convergewithin a constant
number of mind changes.However, the machine identifying COINIT can,after
examiningan element of the language,issuean upper bound on the number of
mind changes.It turns out that the classof pattern languages(PATTERN ),
�rst introducedby Angluin [2] and shown to be identi�able in the limit from
only positivedata (texts), displays similar behavior. This is becauseany string
in a pattern languageyieldsa �nite setof patterns that arecandidatepatterns
for the languagebeing learned.Such scenarioscan be modeledby the useof
(notations for) constructive ordinals as mind changecounters introduced by
Freivaldsand Smith [9]. We illustrate the ideawith a few examples;the formal
de�nition is presented later.

TxtEx denotesthe collection of languageclassesthat can be identi�ed in the
limit from texts. TxtEx � denotesthe collection of languageclassesthat can
be identi�ed in the limit from texts with an ordinal mind changebound � . Let
! denotea notation for the least limit ordinal. For � � ! , the notion coincides
with the earlier notion of boundedmind changeidenti�cation [5,7].For � = ! ,
TxtEx ! denoteslearnableclassesfor which there existsa machine that, after
examining someelement(s) of the language,can announcean upper bound
on the number of mind changesit will make before the onset of successful
convergence.Both, COINIT and PATTERN are members of TxtEx ! . Let
notn(n) denote an ordinal notation for natural number n and let � O repre-
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sent ordinal multiplication. Proceedingon, the classTxtEx ! � O notn (2) contains
classesfor which there is a learning machine that after examining someele-
ment(s) of the languageannouncesan upper bound on the number of mind
changes,but reserves the right to revise this upper bound once. Similarly,
in the caseof TxtEx ! � O notn (3) , the machine reserves the right to revise its
upper bound twice,and soon. TxtEx ! � O ! contains classesfor which the ma-
chine announcesan upper bound on the number of times it may revise its
conjecturedupper bound on the number of mind changes,and so on.

Shinohara [31] showed that the classof pattern languagesis not closedun-
der union and many rich conceptscan be represented by unions of pattern
languages;theselanguageshave beenapplied to knowledgeacquisition from
amino acid sequences(see Arikawa et al. [4]). For empirical approaches to
learning unions of simple pattern languages,seeKilp el•ainen, Mannila, and
Ukkonen [18]. In [12,14], the ordinal mind changecomplexity of the classes
of languagesformed by taking unions of pattern languageswas derived. For
n � 1, it wasshown that the classformed by taking unionsof up to n pattern
languages,PATTERN n , is in TxtEx ! n , where! n denotes! � O ! : : : � O ! (!
is multiplied by itself n times). It wasalsoshown that there arecasesfor which
the ! n bound is essential becausePATTERN n 62TxtEx � , for all � � ! n .

In this paper we investigatethe ordinal mind changeboundsfor identi�cation
in the limit of unions of pattern languagesfrom both positive and negative
data (informants). InfEx denotesthe collection of languageclassesthat can
be identi�ed in the limit from informants and InfEx � denotesthe collection
of those classesidenti�able with an ordinal mind changebound of � . Lange
and Zeugmann [20] have observed that PATTERN can be identi�ed from
informants with 0 mind changes.So, it is to be expected that the ordinal
mind changebounds for identi�cation from informants of unions of pattern
languagesbe lower than thosefor identi�cation from texts. We show that this
is indeedthe caseas, for n � 1, PATTERN n+1 2 InfEx ! � O notn (n) .

It is interesting to note that although the unbounded union of pattern lan-
guagesis not identi�able from texts, it is identi�able from informants. Un-
fortunately, there is no ordinal mind change bound for identi�cation from
informants of unbounded unions of pattern languages.This is becausethis
classcontains the classof �nite languages,FIN , for which there is no ordi-
nal mind changecomplexity bound. It may be arguedthat in terms of mind
changecomplexity, FIN is a very di�cult problem.1 Since the existenceof
ordinal mind changebound for a classis a re
ection of its learning \tractabil-
it y", it is therefore useful to investigate conditions under which an ordinal

1 A similar conclusioncan be drawn from the study of intrinsic complexity of FIN
[11,13,15],where it turns out that FIN is a complete class with respect to weak
reduction.
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mind changebound can be guaranteed. We considera number of possibili-
ties, including identi�cation by conservative strategies,topological properties
like �nite thickness,M -�nite thickness,and �nite elasticity, and monotonicity
requirements. We preview someof our results.

We �rst establisha useful technical result which states that if a learning ma-
chine makes a �nite number of mind changeson any text, then the classof
languagesthat can be identi�ed by this machine hasan ordinal mind change
bound. This result is usedto show that if an indexedfamily of languageshas
�nite elasticity and can be conservatively identi�ed then there is an ordinal
mind changebound for this class.We alsoshow that the requirement of con-
servative identi�cation can be sacri�ced in the previous result for the purely
topological requirement that the class have M -�nite thickness in addition
to �nite elasticity. Since�nite thicknessimplies �nite elasticity and M -�nite
thickness,the above results imply that any indexed family of languageswith
�nite thicknesshasan ordinal mind changebound.

The resultsdiscussedabove give generalsu�cien t conditions for identi�abilit y
with ordinal bound on mind changes.However, the mind change bound �
may be arbitrarily large.An interesting questionto ask is whether the ordinal
mind changebound remainsarbitrarily large if someother constraints such as
monotonicity areadded.Weshow a negativeresult in this direction asfor every
constructive ordinal bound � , there existsan indexedfamily of languagesthat
can be identi�ed strong-monotonicallyand has�nite thickness,but cannot be
identi�ed with the ordinal mind changebound of � . A similar result alsoholds
for dual strong-monotonicity.

We now proceedformally.

2 Preliminaries

N denotesthe setof natural numbers,f 0; 1; 2; : : :g; Any unexplainedrecursion
theoretic notation is from [27]. Cardinality of a set S is denotedcard(S). The
maximum and minimum of a setarerepresented by max(�) and min(�), respec-
tiv ely. The symbols � ; � ; � ; � ; and ; respectively stand for subset,superset,
proper subset,proper superset,and the emptyset. A languageis any subsetof
N . L is a typical variable for a language.L is the complement of L, that is,
L = N � L.
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2.1 Identi�c ation

We �rst de�ne the notion of texts for languages.

De�nition 1 [10]

(a) A text T is a mappingfrom N into N [ f # g.
(b) A text T is for a languageL i� L is the set of natural numbers in the

rangeof T.
(c) content( T) denotesthe set of natural numbers in the rangeof T.
(d) The initial sequence of text T of length n is denoted T[n].
(e) The set of all �nite initial sequencesof N and # 's is denoted SEQ.

Membersof SEQ are inputs to machinesthat learn grammars(acceptors)for
r.e. languages.We let � and � , with or without decorations2 , rangeover SEQ.
� denotesthe empty sequence.content(� ) denotesthe set of natural numbers
in the rangeof � and the length of � is denotedj� j. Wesay that � � � (� � T)
to denotethat � is an initial sequenceof � (T).

De�nition 2 A languagelearning machine (from texts) is an algorithmic
mappingfrom SEQ into N [f ?g.

A conjectureof \?" by a machine is interpreted as\no guessat this moment."
This is useful to avoid biasing the number of mind changesof a machine. For
this paper, we assume,without lossof generality, that � � � and M (� ) 6=?
implies M (� ) 6=?.

M denotesa typical variable for a languagelearning machine (from texts or
informants). We also�x an acceptableprogrammingsystem[22]and interpret
the output of a languagelearning machine as the index of a program in this
system.We associate theseprogramswith the domain of the partial functions
computedby them. Then, a program conjecturedby a machine in responseto
a �nite initial sequencemay be viewed asa candidateacceptinggrammar for
the languagebeing learned.We say that M convergeson text T to i (written:
M (T) convergesto i or M (T)# = i ) just in casefor all but �nitely many n,
M (T[n]) = i . The following de�nition introducesGold's criterion for successful
identi�cation of languages.

De�nition 3 [10]

(a) M TxtEx -identi�es a text T just in caseM (T) convergesto a grammar
for content(T).

2 Decorations are subscripts, superscripts and the like.
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(b) M TxtEx -identi�es an r.e. languageL (written: L 2 TxtEx (M )) just
in caseM TxtEx -identi�es each text T for L.

(c) M TxtEx -identi�es a classL of r.e. langauges,i� M TxtEx -identi�es
each L 2 L .

(d) TxtEx denotesthe family of all setsC of r.e. languagessuchthat some
machineTxtEx -identi�es each languagein C.

The next two de�nitions describe the notion of informants asa model of both
positive and negative data presentation and identi�cation in the limit from
informants.

De�nition 4 [10]

(a) An informant I is an in�nite sequence over N � f 0; 1g suchthat for each
n 2 N either (n; 1) or (n; 0) (but not both) appear in the sequence.

(b) An informant I is for L i� (n; 1) appears in I if n 2 L and (n; 0) appears
in I if n 62L.

(c) I [n] denotesthe initial sequence of informant I with length n.
(d) content(I ) = f (x; y) j (x; y) appears in sequence I g. content(I [n]) is

de�ned similarly.
(e) PosInfo(I [n]) = f x j (x; 1) 2 content(I [n])g. NegInfo(I [n]) = f x j

(x; 0) 2 content(I [n])g.
(f ) SEG= f I [n] j I is an informant for someL � N g.

A languagelearning machine (from informants) is an algorithmic mapping
from SEGinto N [ f ?g. Wesay that M convergeson informant I to i (written:
M (I ) convergesto i or M (I )# = i ) just in casefor all but �nitely many n,
M (I [n]) = i .

We now de�ne identi�cation from informants.

De�nition 5 [10]

(a) M InfEx -identi�es an r.e. languageL just in case M , fed any infor-
mant for L, converges to a grammar for L. In this case we say that
L 2 InfEx (M ).

(b) M InfEx -identi�es a collection of languages,C, just in caseM InfEx -
identi�es each languagein C.

(c) InfEx denotesthe family of all setsC of r.e. languagessuch that some
machineInfEx -identi�es C.

The following proposition describesthe relationshipbetweenTxtEx andInfEx .

Prop osition 6 [10] TxtEx � InfEx .

6



2.2 Ordinals as Mind ChangeCounters

We assumea �xed notation system, O, and partial ordering of ordinal no-
tations as usedby, for example,Kleene [19,27,28].� ; � ; � and � on ordinal
notations below refer to the partial ordering of ordinal notations in this sys-
tem. Similarly, � O and + O refer to the addition and multiplication of the
ordinal notations in this system.We do not go into the details of the notation
systemused,but instead refer the readerto [19,27,28,6,9].

For a natural number n, we let notn(n) denote a notation for n. We let !
denotea notation for the least limiting ordinal.

De�nition 7 F, an algorithmic mapping from SEQ (or SEG) into ordinal
notations, is an ordinal mind change counter function just in case (8� �
� )[F(� ) � F(� )]:

De�nition 8 [9] Let � be an ordinal notation.

(a) We say that M , with associated ordinal mind changecounter function
F, TxtEx � -identi�es a text T just in casethe following three conditions
hold:
(i) M (T) convergesto a grammar for content(T),

(ii) F(�) = � and
(iii) (8n)[? 6= M (T[n]) 6= M (T[n + 1]) ) F(T[n]) � F(T[n + 1])].

(b) M , with associated ordinal mind changecounter function F, TxtEx � -
identi�es L (written: L 2 TxtEx � (M ; F)) just in caseM , with associated
ordinal mind changecounter function F, TxtEx � -identi�es each text for
L.

(c) TxtEx � = fC j (9M ; F)[C � TxtEx � (M ; F)]g.

De�nition 9 [9] Let � be an ordinal notation.

(a) We say that M , with associated ordinal mind changecounter function
F, InfEx � -identi�es an informant I for a languageL just in case the
following three conditions hold:
(i) M (I ) convergesto a grammar for L,

(ii) F(�) = � and
(iii) (8n)[? 6= M (I [n]) 6= M (I [n + 1]) ) F(I [n]) � F(I [n + 1])].

(b) M , with associated ordinal mind changecounter function F, InfEx � -
identi�es L (written: L 2 InfEx � (M ; F)) just in caseM , with associated
ordinal mind changecounter function F, InfEx � -identi�es each infor-
mant for L.

(c) InfEx � = fC j (9M ; F)[C � InfEx � (M ; F)]g.

We refer the reader to Ambainis [1] for a discussionon how the learnability
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classesdepend on the choiceof the ordinal notation.

We now formally show that COINIT 2 TxtEx ! . To seethis, for n 2 N , let i n

denotea grammar, obtained e�ectiv ely from n, for the languagef x j x � ng.
We de�ne a learning machine M and an ordinal mind changecounter function
F on text T as follows.

M (T[n]) =

(
?; if content(T[n]) = ; ;
imin(con tent( T [n])) ; otherwise.

F(T[n]) =
�

! ; if content(T[n]) = ; ;
notn(m); if content(T[n]) 6= ; , and m = min(content(T[n])).

It is easyto verify that COINIT � TxtEx (M ; F).

The following Lemma is useful in proving someof our theorems.

Lemma 10 Fix an ordinal notation � . There existsan r.e. sequence of pairs
of learning machinesand corresponding ordinal mind changecounter func-
tions, (M 0; F0); (M 1; F1); : : :, suchthat

(a) for all C 2 TxtEx � , there existsan i suchthat C � TxtEx � (M i ; F i ).
(b) for all i , F i (�) = � .
(c) for all i , for all textsT, for all n, M i (T[n]) 6= M i (T[n+ 1]) ) F i (T[n]) �

F i (T[n + 1]).

The above lemmacan be proved on the lines of the proof of Lemma4.2.2Bin
[25].

3 Ordinal Mind Change Complexit y of Unions of Pattern Lan-
guages

Let � and X be mutually disjoint sets.� is �nite and its elements are referred
to as constant symbols. X is countably in�nite and its elements are referred
to as variables. For the present section, we let a;b;: : : range over constant
symbols and x; y; z; x1; x2; : : : rangeover variables.For a set A, let A � denote
the set of all the �nite strings over A, and A+ denotethe set of all non-empty
�nite strings over A.

De�nition 11 [2] A pattern is an elementof (� [ X )+ . A string is an element
of � + .

8



A substitution is a homomorphismfrom patterns to patterns that mapseach
symbol a 2 � to itself. The image of a pattern p under a substitution � is
denoted p� . We next describe the languagede�ned by a pattern. Note that
there exists a recursive bijective mapping between elements of � + and N .
Thus we can nameelements of � + with elements of N . We implicitly assume
such a mapping whenwe discusslanguagesde�ned usingsubsetsof � + below.
(We do not explicitly usesuch a bijective mapping for easeof notation.)

De�nition 12 [2] The languageassociated with the pattern p is de�ned as
Lang (p) = f p� j � is a substitution and p� 2 � + g. We de�ne the class
PATTERN = f Lang (p) j p is a patterng.

Angluin [2] showed that PATTERN 2 TxtEx . Shinohara [31] showed that
pattern languagesare not closedunder union, and henceit is useful to study
identi�cation of languagesthat are unionsof more than onepattern language,
as they can be used to represent more expressive concepts.We next de�ne
unions of pattern languages.

Let S be a set of patterns. Then Lang (S) is de�ned as
S

p2 S Lang (p). Intu-
itiv ely, Lang (S) is the languageformed by the union of languagesassociated
with the patterns in S.

De�nition 13 [31,33] Let n 2 N . PATTERN n = f Lang (S) j 0 < card(S) �
ng.

Shinohara[31]and Wright [33]showed that for n > 1, PATTERN n 2 TxtEx .
Jain andSharma[14]showedthat PATTERN n 2 TxtEx ! n andPATTERN n =2
TxtEx � for � � ! n .

We now considerthe ordinal mind changecomplexity of identifying unions of
pattern languagesfrom informants. A pattern is canonical [2] i� it satis�es
the following: if k is the number of variables appearing in a pattern p, then
the variables occurring in p are precisely f x1; x2; : : : ; xkg, and, for every i ,
1 � i < k, the leftmost occurrenceof x i in p, is to the left of the leftmost
occurrenceof x i +1 in p. Let PAT denotethe set of all canonicalpatterns. Let
PAT n = f S j S � PAT ^ 0 < card(S) � ng.

Angluin showed that, for p;p0 2 PAT , Lang (p) = Lang (p0) i� p = p0. This
result doesnot hold for elements of PAT n wheren > 1.

SupposePos and Neg are disjoint �nite setssuch that Pos6= ; . Then let

X Pos;Neg
i = f S 2 PAT i j [Pos� Lang (S)] ^ [Neg� Lang (S)]g

Lemma 14 Supposeweare given�nite disjoint setsPos, Neg, where Pos6= ; ,
and a natural number i , suchthat (8j � i )[X Pos;Neg

j = ; ]. Then, e�ectively in

9



Pos, Neg, and i , wecan determineX Pos;Neg
i+1 . (Note that X Pos;Neg

i+1 must be �nite
in this case!)

PR OOF. Suppose Pos, Neg, and i are as given in the hypothesis of the
lemma. Let

P = f p 2 PAT j [Pos\ Lang (p) 6= ; ] ^ [Neg\ Lang (p) = ; ]g

Let
X = f S 2 PAT i +1 j [Pos� Lang (S)] ^ [S � P]g

It is easy to verify that X = X Pos;Neg
i+1 . Also note that X can be obtained

e�ectiv ely from Pos, Neg and i . 2

Corollary 15 SupposePosand Negare disjoint �nite setssuchthat Pos6= ; .
Then e�ectively in Pos, Neg, onecan �nd i , and correspondingX Pos;Neg

i (which
must be �nite) suchthat i = min(f j j X Pos;Neg

j 6= ;g ).

PR OOF. Note that PAT 0 is empty. The corollary now follows by repeated
useof Lemma 14, until one �nds an i such that X Pos;Neg

i 6= ; . 2

Theorem 16 (a) PATTERN 2 InfEx notn (0) .

(b) (8i � 1)[PATTERN i +1 2 InfEx ! � O notn (i ) ].

PR OOF. (a) Shown by Lange and Zeugmann [20]. Also follows from the
proof of Part (b).
(b) Fix i . For Z , a �nite subsetof PAT , let GZ denotea grammar (obtained
e�ectiv ely from Z) for Lang (Z ). Let M (I [n]); F(I [n]) be de�ned as follows.

Let Pos= PosInfo(I [n]) and Neg= NegInfo(I [n]).

If Pos= ; , then M (I [n]) =? and F(I [n]) = ! � O notn(i ).

If Pos 6= ; , then let j = min(f j 0 j X Pos;Neg
j 0 6= ;g ). Note that j (and corre-

sponding X Pos;Neg
j ) can be found e�ectiv ely in I [n], using Corollary 15.

If j = 1 and card(X Pos;Neg
j ) > 1, then M (I [n]) =?, and F(I [n]) = ! � O notn(i ).

If j > 1 or card(X Pos;Neg
j ) = 1, then M (I [n]) = GZ , where Z is the lexico-

graphically least element in X Pos;Neg
j , and F(I [n]) = ! � O notn(k) + O notn(`),

wherek = i + 1 � j , and ` = card(X Pos;Neg
j ) � 1.

It is easyto verify that M ; F witnessthe theorem. 2
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It is open at this stagewhether we cando better than the ! � O notn(i ) bound
for PATTERN i +1 . However, if we consider unions of i + 1 simple pattern
languages3 , then it is easyto seethat the mind changebound for identi�cation
from informants is simply i .

4 Ordinal Complexit y and Conserv ativ eness

We �rst establishan important technical result.

Theorem 17 Let M be a learning machine such that for any text T (ir-
respective of whether M identi�es T or not), M makesonly �nitely many
mind changeson T as input. Let C denotethe classof all languagesTxtEx -
identi�e d by M . Then, for someordinal mind changecounter function F, and
constructive ordinal notation � , C � TxtEx � (M ; F).

PR OOF. We de�ne a conjecture tree TM for machine M . The root of TM

correspondsto the empty sequence,�. Other nodesof the tree correspond to
�nite initial sequencesof texts, T[n + 1], such that M (T[n]) 6= M (T[n + 1]).
Let S = f � g [ f T[n + 1] j n 2 N ; T is a text and M (T[n]) 6= M (T[n + 1])g.
For � 2 S, we use V� to denote the node corresponding to the sequence� .
Node V� 1 is a descendent of node V� 2 i� � 2 � � 1.

We will now de�ne a constructive ordinal notation, � � , corresponding to each
� 2 S. For � 2 S, let S� = f � 2 S j � � � g. Intuitiv ely, S� denotesthe
proper descendants of � in the tree TM . Note that S� is recursively enumerable
(e�ectiv ely in � ). Let Ss

� denotethe �nite set enumerated in s stepsin some,
e�ectiv e in � , enumeration of S� .

� � is de�ned as follows. � � is the limit of f � (0); f � (1); : : :, wheref � is de�ned
as follows.

f � (0) = notn(0). f � (i + 1) = f � (i ) + O � � 1 + O : : : + O � � k + O notn(1), where
� 1; � 2; : : : ; � k are the elements of Si

� .

We �rst needto show that the � � 's constitute a correct notation.

Lemma 18 (a) Let V� be a leaf of TM . Then � � is a correct ordinal notation.

(b) Suppose� 2 S, and � � is a correct ordinal notation for each � 2 S� . Then
� � is a correct ordinal notation.

3 A simple pattern languageis formed by substituting, for each variable, strings of
length exactly one.
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(c) For any � 2 S, � � is a correct ordinal notation.

(d) If � 2 S and � 2 S� , then � � � � � .

PR OOF. (a) If V� is a leaf, then S� is empty. Hence,f � (n) = notn(n). It
follows that � � is a notation for ! .

(b) Since,� � is a limit of f � (0); f � (1); : : :, it su�ces to show that each f � (i )
is a correct ordinal notation. Now, for each � 2 S� , � � is a correct notation.
Thus,sincef � (i + 1) is de�ned usingf � (i ), � � , notn(1) and + O operation only,
f � (i + 1) is a correct ordinal notation.

(c) Supposeby way of contradiction that � � is not a correctnotation. We then
construct an in�nite sequence� 0 � � 1 � : : : such that, for each i , � i 2 S and
� � i is not a correct notation.

Let � 0 = � . Suppose� i has been de�ned. Let � i +1 be such that � i +1 2 S� i

and � � i +1 is not a correct notation. The existenceof such a � i +1 follows from
parts (a) and (b).

Consider the text T =
S

i 2 N � i . Now, since each � i 2 S, we have that M
on T makes in�nitely many mind changes(after reading last element of � 1,
after reading last element of � 2, and soon). This yields a contradiction to the
hypothesisof the theorem.

(d) Note that � � � f � (i ), for each i . Suppose� 2 Ss
� . Then it is easyto see

that f � (s + 1) � � � . Thus � � � � � . 2

We continue with the proof of the theorem.Let � = � � . We now construct an
F such that C � TxtEx � (M ; F). F is de�ned as follows.

F(T[n]) =

8
><

>:

� � ; if T[n] = �;
F(T[n] � 1); if n > 0, and M (T[n + 1]) = M (T[n]);
� T [n]; otherwise.

From the de�nition of � � and Lemma18,it is easyto verify that TxtEx (M ) �
TxtEx � (M ; F). 2

Theorem17allowsus to establishseveral su�cien t conditionsfor the existence
of ordinal boundson mind changesin the context of identi�cation of indexed
families of languages.We �rst adapt learnability notions to the context of
indexedfamilies of languages.
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A sequenceof nonempty languagesL = L 0; L 1; : : : is an indexed family of
languages(sometimescalled just indexedfamily) if there existsa computable
function f such that for each i 2 N and for each x 2 N ,

f (i; x) =
�

1; if x 2 L i ,
0; otherwise.

In other words, there is a uniform decision procedure for languagesin the
family. Here, i may be thought of as a grammar for the languageL i . In the
sequel,we let L , with or without decorations, range over indexed families.
For an indexed family L = L 0; L 1; : : : ; we let range(L ) = f L i j i 2 N g. For
learning indexedfamilies,usually oneconsidersindexedfamiliesashypothesis
spaces[21]. The next de�nition adaptsGold's criterion of identi�cation in the
limit to the identi�cation of indexedfamilieswith respect to a givenhypothesis
space.

De�nition 19 [10,3] Let L be an indexed family and let L 0 = L 0
0; L 0

1; : : : be a
hypothesisspace.

(a) Let L 2 range(L ). A machine M TxtEx -identi�es L with respect to
(hypothesisspace) L 0 just in casefor any text T for L, there existsj such
that M (T)# = j and L = L 0

j .
(b) A machineM TxtEx -identi�es L with respect to L 0 just in casefor each

L 2 range(L ), M TxtEx -identi�es L with respect to L 0.

There are three kinds of identi�cation that have been studied in the liter-
ature: (a) class comprising; (b) class preserving; and (c) exact. If the in-
dexed family L is identi�ed with respect to a hypothesisspaceL 0 such that
range(L ) � range(L 0) then the identi�cation is referredto asclasscomprising.
However, if it is requiredthat the indexedfamily be identi�able with respect to
a hypothesisspaceL 0 such that range(L ) = range(L 0) then the identi�cation
is referred to as classpreserving. Finally, if the identi�cation of the indexed
family L is required to be with respect to L itself, then the identi�cation is re-
ferred to asexact. The readeris directed to the excellent survey by Zeugmann
and Lange[34] for discussionof theseissues.

We can similarly de�ne TxtEx � -identi�cation with respect to hypothesis
spaceL 0. Note that Theorem17 holds with respect to all hypothesisspaces.

We next describe certain topologicalconditions on languageclassesthat yield
su�cien t conditionsfor identi�abilit y of indexedfamilies.The following notion
was introducedby Angluin [2].

De�nition 20 [2] L has�nite thicknessjust in casefor eachn 2 N , card(f L 2
range(L ) j n 2 Lg) is �nite.
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Angluin [2] showed that if L is an indexed family and L has �nite thickness
then L 2 TxtEx . A more interesting topological notion was introduced by
Wright [33] (seealsoMotoki, Shinohara,and Wright [23]) described below.

De�nition 21 [33,23] L has in�nite elasticity just in case there exists an
in�nite sequence of pairwise distinct numbers, f wi 2 N j i 2 N g, and an
in�nite sequence of pairwise distinct languages,f A i 2 range(L ) j i 2 N g,
such that for each k 2 N , f wi j i < kg � Ak , but wk 62Ak . L is said to have
�nite elasticity just in caseL does not havein�nite elasticity.

Wright [33] showed that if L has �nite thicknessthen it has �nite elasticity.
He further showed that if L is an indexed family and L has �nite elasticity,
then L 2 TxtEx .

Finite elasticity is a su�cien t condition for identi�cation of indexed fami-
lies. Also, the property of �nite elasticity is preserved under �nite unions.
As already noted, it was shown in [14] that for each n > 0, PATTERN n 2
TxtEx ! n . It would be interesting to investigate whether, for each indexed
family L that has �nite elasticity, there is an i such that L 2 TxtEx ! i . The
following result establishedin [14] showed that the answer to this question is
negative.

Theorem 22 [14] There exists an indexed family, L , such that (a) L has
�nite elasticity and (b) for each i > 0, L 62TxtEx ! i .

However, we are able to show that an indexedfamily with �nite elasticity has
an ordinal mind changebound if it can be identi�ed conservatively. The next
de�nition describesconservative identi�cation.

De�nition 23 [3] Let L = L 0; L 1; : : : be a hypothesisspace. M is said to be a
conservative learning machine with respect to the hypothesisspaceL just in
casefor all � and � suchthat � � � and content(� ) � L M (� ) , M (� ) = M (� ).

Intuitiv ely, conservative machinesdo not changetheir hypothesisif the input
is contained in the languageconjectured.

Theorem 24 Let L 0 = L 0
0; L 0

1; : : : be an indexed family with �nite elasticity.
Assumethat L is identi�able by a conservativelearning machinewith respect
to the hypothesisspace L 0. Then L 2 TxtEx � with respect to hypothesisspace
L 0, for someconstructive ordinal notation � .

PR OOF. Let M be a conservative learning machine which identi�es L with
respect to hypothesisspaceL 0. We will describe a machine M 0 which identi�es
L with respect to L 0, and changesits mind at most �nitely often on every text.
Theorem17 will then imply the theorem.
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For a given text T, n 2 N , let lmc(M 0; T[n]) be de�ned as follows:

lmc(M 0; T[n]) = max(f m + 1 j m < n ^ M 0(T[m]) 6= M 0(T[m + 1])g)

Intuitiv ely, lmc denotesthe last point where M 0 made a mind change.Note
that if M 0(T[0]) = M 0(T[1]) = � � � = M 0(T[n]), then lmc(M 0; T[n]) = 0. M 0 is
now de�ned as follows:

M 0(T[n]) =

8
><

>:

?; if n = 0 or M (T[n]) =?;
M (T[n]); if content(T[lmc(M 0; T[n � 1])]) � L 0

M (T [n]) ;
M 0(T[n � 1]); otherwise.

It is easyto verify that M 0 TxtEx -identi�es with respect to L 0 any language
which M TxtEx -identi�es with respect to L 0. We prove that M 0 makesonly
�nitely many mind changeson any text T. By Theorem17, this implies that
L 2 TxtEx � with respect to hypothesisspaceL 0, for someconstructiveordinal
notation � .

Supposeby way of contradiction that M 0 makesin�nitely many mind changes
on a text T. Let n1 < n2 < : : : be such that, for each i , M 0(T[ni ]) 6= M 0(T[ni +
1]). Then, it is easy to verify from the construction of M 0 that, for all i ,
content(T[ni + 1]) � L 0

M 0(T [n i +2 ]) . Moreover, sinceM is conservative, we have
content(T[ni + 1]) 6� L 0

M 0(T [n i ]) . It follows that L 0 has in�nite elasticity. A
contradiction. 2

We next introducean interesting topological property of a classof languages
that is connectedto the learnability of the class.

De�nition 25 [24] L j is a minimal conceptof L within L just in caseL �
L j , L j 2 range(L ), and there is no L i 2 range(L ) such that L � L i and
L i � L j .

De�nition 26 [29] L satis�es MEF-condition if for each �nite set D and for
each L i 2 range(L ) with D � L i there is a minimal concept L j of D within L
such that L j � L i . L satis�es MFF-condition if for any nonempty �nite set
D, the cardinality of f L i 2 range(L ) j L i is a minimal concept of D within
Lg is �nite. L has M-�nite thicknessif L satis�es both MEF-condition and
MFF-condition.

Theorem 27 Let L = L 0; L 1; : : : be an indexed family. Assumethat L has
M-�nite thicknessand �nite elasticity. Then L 2 TxtEx � with respect to
hypothesisspace L , for someconstructive ordinal notation � .
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PR OOF. SupposeT is an arbitrary text. We then describe a learning ma-
chine M . De�ne M (T[n]) as follows. Let L (n)

i denoteL i \ f x j x < ng.

If ; 2 L , then let G; denotea grammar for ; in L ; otherwiselet G; = 0.

M (T[n])
Let Cn = content(T[n]).
If Cn = ; then output G; .
Let Sn = f i � n j Cn � L i ^ : (9j � n)[Cn � L j ^ L (n)

j � L (n)
i ]g.

If Sn is not empty then output min(Sn ), elseoutput M (T[n � 1]).
End

The above learning machine is a slight modi�cation of the machine of Muk-
ouchi [24].

Let T be an arbitrary text (for a languageL). Assumewithout lossof general-
it y that content(T) 6= ; . We will show that M makesonly �nitely many mind
changeson T. Supposefor contradiction, M changesits mind in�nitely often
on T. First note that, if M (T[n]) 6= M (T[n + 1]) then content(T[n + 1]) �
LM (T [n+1]) . Considertwo cases:

Case1. card(f M (T[n]) j n 2 N ^ content(T) 6� L M (T [n])g) = 1 . (That is, M ,
on T, outputs in�nitely many distinct conjecturesi such that content(T) 6�
L i .)

Let n1 < n2 < n3 < � � � be such that M (T[ni ]) 6= M (T[ni +1 ]), and
content(T[ni +1 ]) 6� LM (T [n i ]) . Note that thereexist such an ni by the hypoth-
esisof this case.Also, by construction, we have content(T[n i ]) � LM (T [n i +1 ])

becauseany newhypothesisoutput by M is consistent with the input.
It follows that L has in�nite elasticity (by considering the languages

LM (T [n2i ]) , weseethat content(T[n2i+1 ]) � LM (T [n2i +2 ]) , but content(T[n2i+1 ]) 6�
LM (T [n2i ]) .) A contradiction.

Case2. M , on T, issuesonly �nitely many distinct conjecturesi such that
content(T) 6� L i .

Then, for large enoughn, L M (T [n]) � content(T) = L (sinceM changesits
hypothesisin�nitely often and if M (T[n]) 6= M (T[n+ 1]) then content(T[n+
1]) � LM (T [n+1]) ).

Mukouchi [24] showed the following lemma.
Lemma 28 [24] Let L = L 0; L 1; : : : be an indexed family. Let L satisfy the
MEF-condition and have�nite elasticity. Let L be a nonemptylanguage.If
for somen, L � L n , then

(a) there is a minimal concept L j of L within L suchthat L j � L n , and
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(b) if L k is a minimal concept of L within L , then there exists a �nite
X � L suchthat L k is a minimal concept of X within L .

Since, we have already shown that for large enough n, L M (T [n]) � L ,
Lemma 28 implies that there is a minimal conceptof L within L . Let j be
the minimal number such that L j is a minimal conceptof L within L . Let
X � L be a �nite set such that L j is a minimal conceptof X within L (by
Lemma 28 there exists such an X ). Let S = f L k j L k is a minimal concept
of X within Lg. Note that S is �nite, since L satis�es M F F condition.
Let s be so large that for all L k 2 S, such that L k 6= L j , L (s)

k � L (s)
j 6= ;

(there existssuch an s, sinceS is �nite). Note that this implies, for all k, if
X � L k , then either L j � L k , or L (s)

k � L (s)
j 6= ; .

Let m � max(f s; j g), be such that,
(a) X � content(T[m]),
(b) for all k < j , either content(T[m]) 6� L k , or (9k0 � m)[L k0 � L k ^

(9x � m)[L (x)
k0 � L (x)

k ].
Note that there exists such an m | for part (a), existenceof such an m

is obvious; for part (b) existenceof such an m follows from the fact that
noneof L k , k < j , is a minimal conceptfor L within L .

Now supposen � m. ConsiderSn as de�ned in M (T[n]). It follows from
(b) above that for all n � m, Sn doesnot contain any number < j . Further-
more,Sn contains j , sincefor all k such that X � L k , either L (s)

k � L (s)
j 6= ; ,

or L j � L k . It follows that M (T)# = j .

Thus, M must make only �nitely many mind changeson every text T. Simi-
larly to Case2, we can show that on any text for a languageL j , M converges
to the smallestindex for L j . So,M makes�nitely many mind changeson any
input and TxtEx -identi�es L with respect to L . Thus, Theorem 17 implies
that L 2 TxtEx � with respect to L , for someconstructive ordinal notation
� . 2

Corollary 29 Let L be an indexed family with �nite thickness.Then L 2
TxtEx � with respect to L , for someconstructive ordinal notation � .

PR OOF. If L has�nite thickness,then L has�nite elasticity (cf. Wright [33]
and Shinohara [32]) and M-�nite thickness(cf. Mukouchi [24]). Hence, by
Theorem 27, L 2 TxtEx � with respect to L , for someconstructive ordinal
notation � . 2

A special caseof Theorem 27 is the learnability of length-bounded elemen-
tary formal systemswith ordinal-boundedmind changes.(Shinohara[32] has
proved that LBEFS(� n) , the classof languagesde�ned by length-boundedel-
ementary formal systemswith at most n axioms,has�nite elasticity and Sato
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and Moriyama [29] have proved that LBEFS(� n) hasM-�nite thickness.)The
learnability of LBEFS(� n) wasshown by Shinohara[32].Jain and Sharma[14]
provedthat LBEFS(� n) is learnablewith the number of mind changesbounded
by ordinal ! n .

The results discussedin the present paper give generalsu�cien t conditions
for identi�abilit y with ordinal bound on mind changes.However, they do not
give explicit ordinals � . In all thesetheoremswe have \ L 2 TxtEx � for some
constructive ordinal notation � ." It appearsthat ordinal � can be arbitrarily
large.An interestingquestionto askis if the ordinal bound � is still arbitrarily
large if attention is restricted to classesthat are identi�able by strategiesthat
arerestricted to obeyingmonotonicity properties.The next result implies that
even if we require that a classL has�nite thicknessand that it is identi�able
by a strong-monotoniclearning machine, the ordinal mind changebound can
be arbitrarily large.The readershouldhowever note that strong-monotonicity
togetherwith �nite thicknessimplies the existenceof an ordinal boundbecause
strong-monotonicity implies conservatism and �nite-thic kness implies �nite
elasticity (see[21]).

5 Ordinal Complexit y and Monotonicit y

Below we describe the notion of strong-monotonicidenti�cation.

De�nition 30 [16] Let L 0 = L 0
0; L 0

1; : : : be a hypothesisspace.

(a) A learning machineM is said to be strong monotonic with respect to L 0

just in casefor all � and � suchthat � � � , L 0
M (� ) � L 0

M (� ) .
(b) A learning machine M is said to strong-monotonically TxtEx -identify

L with respect to L 0 just in caseM TxtEx -identi�es L with respect to
L 0 and M is strong monotonic with respect to L 0.

(c) M strong-monotonically TxtEx -identi�es L with respect to L 0 just in
case, for each L 2 range(L ), M strong-monotonically TxtEx -identi�es
L with respect to L 0.

Theorem 31 Let � be a constructive ordinal notation. There exists an in-
dexed family L suchthat L can be TxtEx -identi�e d strong-monotonically with
respect to hypothesisspace L , L has �nite thickness,and L =2 TxtEx � with
respect to any hypothesisspace.

PR OOF. Fix constructive ordinal notation � . Let (M 0; F0); (M 1; F1) : : : be
an enumeration of pairs of learning machinesand corresponding ordinal mind
changecounter functions as given by Lemma 10. Using an argument similar
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to the oneusedby [9] for function learning,onecanshow that, for each i 2 N ,
and for each text T, M i makesonly �nitely many mind changeswhen fed T.

Let L i = fhi; xi j x 2 N g. Note that L i is in�nite, and for distinct i , j , L i and
L j are disjoint. Let L s

i = fhi; xi j x � sg. We now give an algorithm which
receivesi and enumerates(e�ectiv ely in i ) a (�nite) sequence4 L i of languages
such that:

(a) if L 2 range(L i ), then L = L s
i for somes;

(b) range(L i ) is �nite (note that one can e�ectiv ely decidethe membership
problem for languagesin L i );

(c) range(L i ) is not TxtEx -identi�ed by M i with respect to any hypothesis
space;

(d) There existsa machine, e�ectiv e in i , that strong-monotonicallyTxtEx -
identi�es range(L i ) with respect to the hypothesisspaceL i .

Now de�ne an indexed family L with range(L ) =
S

i 2 N range(L i ), such that
for L s

i 2 range(L ), onecan e�ectiv ely, in i and s, �nd an index (in L ) for L s
i .

Wewill show that L establishesthe theorem.First, the algorithm enumerating
L i is as follows:

Enumeration of L i .
Initially , let L i consistsof just the languageL 0

i .
Let n = 0 and let � 0 be the least initial sequencesuch that content(� 0) =

L 0
i . Go to Stage0.

Stages.
Add the languageL s+1

i to L i .
Search for a sequence
 extending � s, such that content(
 ) � L s+1

i ,
and M i (� s) 6= M i (
 ).

If and when such a 
 is found, let � s+1 be the least extensionof 

such that content(� s+1 ) = L s+1

i .
Go to Stages + 1.

End Stages
End Enumeration of L i

Wenow show that L i , i 2 N , constructedabovesatisfy the propertiesclaimed.

Lemma 32 For each i 2 N , there are only �nitely many stagesin the enu-
meration procedure for L i . Hence, range(L i ) is �nite.

4 Strictly speaking, an indexed family is an in�nite sequenceof languages.For
easeof presentation, the algorithm here describes enumeration of only a �nite se-
quence.One can easily obtain an in�nite sequenceby just repeating the languages
in range(L i ).
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PR OOF. Supposeby way of contradiction there is an i 2 N such that there
are in�nitely many stagesin the constrution of L i . Then M i on

S
s2 N � s makes

in�nitely many mind changes,a contradiction. 2

Lemma 33 For each i 2 N , M i fails to TxtEx -identify range(L i ) with re-
spect to any hypothesisspace.

PR OOF. Let s be the stagein the enumeration of L i which starts but does
not terminate. Then M i canTxtEx -identify at most oneof L s

i and L s+1
i , both

of which are in range(L i ). 2

Wecontinuewith the proof of the theorem.Now de�ne L such that range(L ) =
S

i 2 N range(L i ), and for L s
i 2 L , onecane�ectiv ely, in i and s, �nd an index (in

L ) for L s
i . It is easyto verify that L canbestrongmonotonically identi�ed with

respect to hypothesisspaceL . Also, L 62TxtEx � , by Lemma 33. Moreover,
note that L i 's arepairwisedisjoint. Thus, sinceeach languagein L i is a subset
of L i and L i is �nite, we have that L has �nite thickness. 2

The reader should note that a similar result in the senseof class-preserving
or exact identi�cation cannot hold for dual strong-monotonicity [17] because
class preserving dual strong monotonic identi�cation is the same as �nite
identi�cation (see[20],[34]).However,wecanestablisha similar result for class
comprisingdual strong monotonic identi�cation which is a proper supersetof
�nite identi�cation (see[21]).

De�nition 34 [17] Let L 0 = L 0
0; L 0

1; : : : be a hypothesisspace.

(a) A learning machine M is said to be dual strong-monotonicwith respect
to the hypothesis spaceL 0 just in case for all � and � such that � � � ,
L 0

M (� ) � L 0
M (� ) .

(b) A learning machineM is said to dual strong-monotonicallyTxtEx -identify
L with respect to the hypothesisspaceL 0 just in caseM TxtEx -identi�es L
with respect to the hypothesisspace L 0 and M is dual strong monotonic with
respect to L 0.

(c) M dual strong-monotonicallyTxtEx -identi�es L with respect to hypoth-
esisspaceL 0 just in case,for eachL 2 range(L ), M dual strong-monotonically
TxtEx -identi�es L with respect to L 0.

Theorem 35 Let � be a constructive ordinal notation. There exists an in-
dexed family L and a hypothesisspace L 0 suchthat L can be TxtEx -identi�e d
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dual strong-monotonically with respect to L 0, L 0 has �nite thickness,and L =2
TxtEx � with respect to any hypothesisspace.

PR OOF. Fix constructive ordinal notation � . Let (M 0; F0); (M 1; F1) : : : be
an enumeration of pairs of learning machinesand corresponding ordinal mind
changecounter functions as given by Lemma 10. Using an argument similar
to the oneusedby [9] for function learning,onecanshow that, for each i 2 N ,
and for any text T, M i makesonly �nitely many mind changeswhen fed T.

For each i , we will de�ne a recursive function gi (where a program for gi can
be found e�ectiv ely in i ). gi will satisfy the following properties:

(A) f x j gi (x) = 1g is nonempty and �nite. Moreover, f x j gi (x) = 1g �
fhi; yi j y 2 N g.

(B) Let L i = f 2x; 2x + 1 j gi (x) = 1g. Let Ci = f L � L i j (8x j gi (x) =
1)(9!b 2 f 0; 1g)[2x + b 2 L]g. Then, Ci 6� TxtEx � (M i ; F i ) (with respect to
any hypothesisspace)5 .

We take L to be an indexedfamily such that range(L ) =
S

i Ci (using the fact
that g� 1

i (1) is �nite, onecaneasilyconstruct such an indexedfamily L ). From
(B) it follows that L 62TxtEx � with respect to any hypothesisspace.

We let L 0 be an hypothesisspacesuch that range(L 0) = f L j (9i )[L � L i ]g,
where an index for L i � D , for any �nite set D, can be obtained e�ectiv ely
from i and D. Note that such an hypothesisspaceL 0 canbeeasilyconstructed.
Clearly, L 0 has �nite thickness.

It remains to construct recursive functions gi as claimed above and to show
that L can be dual strong monotonically identi�ed with respect to hypothesis
spaceL 0.

We now de�ne gi .

De�nition of gi

For x < hi; 0i , let gi (x) = 0. Let gi (hi; 0i ) = 1.
Let x0

i = hi; 0i . Intuitiv ely, xs
i denotes the largest x such that gi (x) is

de�ned to be 1 beforestages.
Let � 0 = �.
Go to Stage0.
Stages
1. Dovetail steps 2 and 3, until step 2 succeeds.If and when step 2

succeeds,go to step 4.

5 Notation : 9! denotes\there exists a unique."
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2. Search for an extension� of � s, and z 2 f 2xs
i ; 2xs

i + 1g such that
(a) M i (� ) 6= M i (� s), and
(b) content(� ) = content(� s) [ f zg.

3. For x = xs
i + 1 to 1 do

Let gi (x) = 0.
EndFor

4. If and whensuch � , z are found, let � s+1 = � . Let xs+1
i 2 fhi; yi j y 2

N g be the least number such that gi (xs+1
i ) has not been de�ned

until now.
Let gi (xs+1

i ) = 1.
For x < xs+1

i such that gi (x) has not been de�ned until now, let
gi (x) = 0.

End Stages
End of de�nition of gi .

Lemma 36 For each i 2 N , there are only �nitely many stagesin the con-
struction of gi .

PR OOF. Supposeby way of contradiction there are in�nitely many stages.
Then, M i on

S
s2 N � s makesin�nitely many mind changes,a contradiction. 2

We continuewith the proof of the theorem.Fix i . Using the above lemma,it is
easyto verify that gi satis�es (A). Wenow show that gi satis�es (B). Supposes
is the stagewhich starts but doesnot terminate. Let L 0 = content(� s) [ f 2xs

i g.
Let L 00= content(� s) [ f 2xs

i + 1g. Let T0, extending� s, be a text for L 0. Let T00

extending� s be a text for L 00. Sincestep 2 in stages did not succeed,we have
that M i (T0) = M i (T00) = M i (� s). It follows that M i doesnot TxtEx -identify
L i with respect to any hypothesisspace.Thus, (B) is satis�ed.

We now give a machine M which, for each L 2 L , dual strong monotonically
identi�es L with respect to hypothesisspaceL 0. Let gram be a recursive func-
tion such that L 0

gram(i;D ) = L i � D (by construction of L 0 such a function gram
clearly exists).

For x 2 N and b 2 f 0; 1g, let mate(2x + b) = 2x + 1 � b.

M (T[n])
If content(T[n]) = ; , then let M (T[n]) =?.

1. Let i be such that content(T[n]) � f 2hi; yi + b j y 2 N ^ b2 f 0; 1gg.
(If no such i exists, then let M (T[n]) = M (T[n � 1]).)

2. Let D = f mate(z) j z 2 content(T[n])g.
3. Output gram(i; D).
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End

It is easyto verify from the de�nition of L i , Ci , L , L 0 that M is dual strong
monotonic and TxtEx -identi�es L with respect to hypothesisspaceL 0. The
theoremfollows. 2

6 Conclusion

The present paper further illustrated the utilit y of ordinal mind changebound
asa measureof the di�cult y of learning a classof languages.From the ordinal
mind changecomplexity results for boundedunionsof pattern languages,it is
clear that the presenceof negative data in addition to positive data makesthe
learning task much simpler.The ordinal bounds,in somesense,givea measure
of \how much simpler." It was argued that the existenceof an ordinal mind
changebound can be viewed as a measureof learning \tractabilit y." Several
su�cien t conditions were derived for the existenceof such a bound in terms
of various topological properties of languageclasses.

The techniquespresented in the paper yield a usefulmeasureto comparethe
complexity of learning of rich classesof conceptswhich are not very amenable
to analysisby more restricted notions of complexity. This is especially true of
conceptclassesthat go beyond propositional representation, e.g., elementary
formal systemsand logic programming systems.For the classesof languages
consideredin the present paper, only negative learnability results are possi-
ble with more restricted models like PAC. For example,the classof pattern
languagesis not PAC learnable even if both positive and negative data are
available (seeSchapire [30]). Hence,models like PAC appear to be too re-
strictiv e for analyzing learning complexity of unions of pattern langaugesor
elementary formal systems.The ordinal mind changecomplexity model con-
sideredin the present paper givesa measureof the mind changecomplexity
that a learner makesin learning theseclasses.At present, this appearsto be
oneof the very few modelsthat quantitativ ely analyzesthe learning di�cult y
of such expressive languages.Other modelsthat attempt the addressthe com-
plexity of identi�cation in the limit are due to Daley and Smith [8] and due
to Pitt [26].
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