Control Structures in Hyp othesis Spaces: The
In uence on Learning

John Casé?, Sanjay Jain®, Mandayam Suraj 2
aDepartment of Computer and Information Scienes, University of Delaware,
Newark, DE 19716, USA. Email: f case,suajg@cis.udel.du

bSchml of Computing, National University of Singagore, Singapore 117543,
Republic of Singapre. Email: sanjay@omp.nus.alu.sg

Abstract

In any learnability setting, hypothesesare conjectured from some hypothesis space.
Studied herein are the in uence on learnability of the presene or absene of cer-
tain control structures in the hypothesis space.First preserted are control struc-
ture characterizations of somerather specic but illustrativ e learnability results.
The presenceof thesecortrol structures is thereby showvn essetial to maintain full
learning power. Then presened are the main theorems. Each of these non-trivially
characterizes the invariance of a learning class over hypothesis spaceV and the
presenceof a particular projection cortrol structure, called pro j, in V as:V has
suitable instancesof all denotational control structures. In a sensethen, pro j epito-
mizesthe cortrol structures whosepresene needn't help and whoseabsene needn't
hinder learning power.

Keyw ords: Computational Learning Theory, Inductive Inference,R.E. Lan-
guagesNumberings, Control Structures.

1 Intro duction

In any learnability setting, hypothesesare conjectured from some hypothe-
sis space, for example,in [17] from general purpose programming systems,
in [34,32]from subrecursie systems,and in [22] from very simple classesof

classi catory decisiontrees.For example,with the latter onecan, nonetheless,
train an autopilot from ight simulator data on real pilots [29]. Much is known

theoretically about the restrictions on learning power resulting from restricted

hypothesisspaceq34].
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In the presen paper we begin to study the in uence on learnability of the
presene or absene of certain control structures in the hypothesisspace.We
considerhereingeneralpurposesystemsV for the ertire classof r.e. languages,
which systemsmay or may not have available particular cortrol structures.
[4] considered,in e ect, whether a particular learnability result P character-
izedthe generalpurposehypothesisspacesaving available all possiblecortrol

structures; they discoveredtheir particular P failed very badly to do so. We
beganour study with the ideain mind of seeingif certain cortrol structures
(in general purpose systems)were necessaryand su cient to maintain the
invariance (comparedwith a systemwith all possiblecortrol structures avail-

able) of standard learning classesWe haven't quite achieved that, and our
paper is an initial progressreport on the endeaor. ([33] quite interestingly
characterizeslearning criteria invariances,but asin [32,12],not in terms of
cortrol structures.)

In Section2.1we presen the basicsof the sorts of generalpurposerecognizing
systemswe consider. We treat (see Section 2.2) mostly the standard learn-
ing criteria of learning in the limit and learning in one-shot,recognizers(or
grammars[16,31])for r.e. languageq from text (or positive information). In
Section 2.3 we provide su cient badkground material from [23,24,27]about
cortrol structuresin generalpurposeprogramming systems.

In Section3 we rst presen cortrol structure characterizations of somerather
speci ¢ but illustrativ elearnability results. The presencef thesecontrol struc-
turesis thereby shavn essetial to maintain full learning power. In the remain-
der of this sectionwe consider,for the cortrol structures involved, whether or
not they are available in any hypothesisspace.

In Section4 we presen our two main characterizationtheorems,Theorems39
and 40. Each, essenally, non-trivially characterizesthe invarianceof a learn-
ing classover hypothesisspaceV and the presenceof a particular projection
cortrol structure, called proj, in V as:V has suitable instancesof all de-
notational cortrol structures. In a sense,then, proj epitomizesthe cortrol
structures whose presene needn't help and whose absene needn't hinder
learning power. Some parts of these theoremsare the most di cult in the
paper, namely, the independenceof the presenceof proj from the learning
classinvariances.

Lastly in Section5 we presert someconclusions,problems, and future direc-
tions.



2 Notations and De nitions

We let N denotethe set of natural numbers,i.e., f0;1;2;3;:::9. We let lower
casemath font letters (exceptd;f;g; h;t), with or without decorations(deco-
rations are the subscripts,superscripts, and the like), rangeover N. ; denotes
the empty set. 2V denotesthe set of all subsetsof N. 2;62 ; respectively
denote ‘is a member of', “is not a member of', “is a subsetof' and is a proper
subsetof'. For setsA andB,A B = (f2xjx2 Ag[ f2 x+1jx 2 Bg) [26].
When iterating the  operator, we will assumedeft-assaiativity (to avoid ex-
cessie parerthesization). For S, a subsetof N, card(S) denotesthe cardinality
of S. max(S) and min(S) denote, respectively, the maximum and minimum
of the set S, wheremax(;) = 0 and min(;) = 1 . Dy denotesthe nite set
with canonicalindex x [26]. h; i denotesa xed pairing function [26],a com-
putable, surjective and injective mappingfrom N N into N. h; i is useful,
for example,for speaking of two inputs to a one-input program. d;f; g; h and
t with or without decorationsrange over total (not necessarilycomputable)
functions with argumerts and valuesfrom N.

Let ' , be the partial computable function: N ! N computed (according
to somestandard 1/0O corvertions) by Turing macdine number p in some
standard numbering of Turing madines [25,26,23,24,27]Let W, denote the
domainof' ,. Then W, is the setrecognized [16,31]by Turing macdine number
p, i.e., the setof natural number inputs on which Turing madine p halts. Let
denotea step-couring Blum complexity measurefor ' , [6,8]. We let

. - ' p(x) if x sand ,(X) s;
ps(X) unde ned otherwise.

We then let W,s be the domain of ' .

The setof all recursively enumerablelanguagess denotedby E. L and S, with
or without decorations,rangeover E. L denotesthe complemen of L. L, with
or without decorations,rangesover subsetsof E. For a setL, we use | to
denotethe characteristic function of L, the function whichisl1onL and0o
L. L denotescomplemen of L, i.e., N L.

1 1
The quarti ers "8', and 9" essetially from [6], mean for all but nitely many'
and ‘there exist in nitely many’, respectively.

We next de ne a limiting-computablefunction. For this, we rst de ne

( 1
lime, h(xt)y= Y if (8 t)[h(x;t) =yl
unde ned otherwise.

We write h(x;1 ) for limy; h(x;t). Function g : N ! N is limiting-



computablei (9 computableh: (N N)! N)(8X)[g(x) = h(x;1)].

Intuitiv ely, h(x; t) isthe output at discretetime t of amind changingalgorithm
for g (acting oninput x); hence for g limiting computableasjust above, for all
X, for all but nitely many timest, the output of the mind changingalgorithm
on input X is g(x).

In this paper we freely use Church's lambda notation [7,26,1]to de ne
functions: N ! N. For example, x .x + 1 denotesthe function that maps
eati x 2 N to x + 1.

2.1 ComputableRecognizing Systems

As we noted in Sectionl, in any learnability setting, hypothesesare conjec-
tured from somehypothesisspace. Furthermore, we noted that in the presen
paper we focus our attention on hypothesisspacesfor recognizingthe ertire
classof r.e. sets. The collection of Turing madines (or their code numbers)
de ning the setsW,, p = 0;1;2;::: (from Section?2 above) forms sud an
hypothesisspace We write W asthe nameof this particular hypothesisspace.
Of courseTuring madhineshave a universalinterpreter which is alsoa Turing
madine. We are also interestedin the presen paper in focusing our atten-
tion on hypothesisspacesontaining a universalinterpreter for the hypothesis
space.Formally this can be handled as follows, wherefor mappingsV in this
de nition, we write V, for the value of the mapping V at p.

De nition 1 V is a computablerecognizing system (abbreviated: c.r.s.) i
V :N 1" E sud that for somecomputablet, for every p, V,, = Wy,

Intuitiv ely, for a c.r.s. V, ead r.e. setis someV,, and we have some uni-
form computableway to map any V-recognizerp into a correspnding Turing
madhine recognizert(p) which recognizeghe set V.

De nition 2 SupposeV isac.r.s.ForL r.e.,MinGramy (L) denotesmin(fp |
Vp, = Lo).

We de ne next someinteresting sensesn which one can translate from one
c.r.s.into another. Part (b) of this de nition is basedon a de nition in [25].
[34] notesthe relevanceto learning theory of the sensen part (c).

De nition 3 SupposeV?! andV? arec.r.s.'s

(a) We sa that t translatesV* into V2 (written: t: V' V?)i (8p)[Viy, =
Vpl],_ i.e, for ead p, t(p), the translation of V !-recognizerp, is a V ?-recognizer
equivalert to p.



(b) V! computablytranslatesinto V2 (written: V!  V?) i (9 computable
t[t: vt V3.

(c) V* limiting-computably translatesinto V2 (written: V' i, V) i (9
limiting-computable t)[t : V1 V?2].

The next de nition is alsobasedon a de nition in [25].

De nition 4 (a) V is an aceptablerecognizing system(abbreviated a.r.s.)
i Visac.rs.and(8c.rs.U)JU V]

(b) V is alimiting-acceptablerecognizing system(abbreviatedlim-a.r.s.) i V
isacr.s.and (8 crs.U)JU iy VI

Clearly, W is an acceptablesystem (intuitiv ely, a systemin which one can
interpret an arbitrary c.r.s.). The acceptablesystemsare the onesmaximal
with respectto , the limiting-acceptable systemsare the onesmaximal with
respectto  |im-

De nition 5 Vs = Wy(p):s, Wheret is somearbitrary but xed computable
function such that t: V. W.

De nition 6 Friedkerg computablerecognizing systemsare c.r.s.'s in which
there exists exactly onerecognizerfor ead r.e. set.

Sud systemswere rst shown to exist by Friedberg [13], and they are useful
in providing cournterexamples.U and V, with or without superscripts, range
over c.r.s.'s.

2.2 Learning Theory De nitions

A sgquene is a mapping from an initial segmeh of N into (N [ f# Q). The
content of a sequence , denotedcortent( ), is the set of natural numbersin
the rangeof . The lengthof , denotedby j j, is the number of elemerts in

denotesan empty sequenceSEQ denotesthe set of all nite sequences.
The setof all nite sequencesf natural numbersand #'s, SEQ, canbe coded
onto N. This latter fact will be usedimplicitly in someof our proofs.

A text T for alanguageL is a mappingfrom N into (N [ f# g) sudthat L is
the setof natural numbersin the rangeof T. The content of atext T, denoted
cortent(T), is the setof natural numbersin the rangeof T. Intuitiv ely, a text
for a languageis an erumeration or sequetial presenation of all the objects
in the languagewith the #'s represeting pausesn the listing or presenation
of sudh objects. For example, the only text for the empty languageis just



an in nite sequenceof #s. We let T, with or without superscripts, range
over texts. T[n] denotesthe nite initial sequenceof T with length n. Hence,
domain(T[n]) = fxj x < ng.

A languagdearning machineis an algorithmic devicethat mapsSEQinto N [

f ?29. Intuitiv ely, the output ?'srepresen the madine not yet committing to an
output program. The reasonwe allow the ?'sis sothat a learning macine can
wait until it hasseena long enoughinput beforeit outputs its rst numerical
output, if at all. M rangesover languagelearning madines. In this paper we
assumewithout lossof generality, that for all ,IM( )86?]) [M()867].

SupposeM is a learning machine and T is a text. M (T)# (read: M (T) con-
1
verges i (91)(8 n) [M(T[n]) = i]. If M(T)#, then M (T) is de ned = the
1
uniquei sud that (8 n)[M (T[n]) = i].

We now introducea criterion for a learningmadine to be consideredsuaessful
on languages.

De nition 7 SupposeV isac.r.s.

(&) M TxtEx y-identies L i (8textsT for L)(9ijV, = L)[M(T)#=i].
(b) M TxtEx y-identies L,i M TxtEx y-identies eachiL 2 L.

(c) Forall M, TxtEx v(M)=fL M TxtEx y-iderties Lg.

(d) TxXtEx v = fL j(OM)[L  TxtEx v (M)]o:

Gold [15] introducedthe criterion we call TXtEX .

We next introduceone-shotlanguageidenti cation for which the rst program
conjecturedmust be correct.

De nition 8 SupposeV isac.r.s.

(@) M TxtFin y-identies L i (8 texts T for L)(9i j V; = L)(9n)[(8n°
NIM (TN = i1 ~ (8n°< n)[M (T[nT) =7]].

(b) M TxtFin y-identies L,i M TxtFin y-identies eachhL 2 L.
(c) Forall M, TxtFin y(M)=fL M TxtFin y-identies Lg.

(d) TxtFin v =fL j(OM)[L  TxtFin y(M)]g:

De nition 9 SupposeV isac.r.s.

(@ M TxtMinEx y-identies L i (8 texts T for L)M(T)# =



MinGramy, (L)].

(b) M TxXtMIinEx y-identies L i M TxtMinEx -iderties eahL 2 L.
(c) Forall M, TxtMIinEx (M) =fL M TxtMinEx y-iderties Lg.
(d) TXtMinEx y =fL j(9M)[L TxtMinEx v (M)]g:

We sometimeswrite TxtEx for TxtEx v and similarly for the other criteria
just discussed.

The following lemma allows us to work with a computable enumeration of
learning madines.

Lemma 10 (Lemma 4.2.2B of [17]) There exists a computable erumera-
tion Mo; Mq;::: of (total) learning machinessud that, for ead learning cri-
terion | usedin the presen paper, foreveryL 2 1, L is| -idertied by some
madine in this enumeration. Moreover, this enumeration satis es an S-m-n
property: given a description, computablein x, of the behavior of a macdine
M, onecancomputably nd a madine M¢ ) whosel -iderti cation behavior
is idertical to that of M.

2.3 Control Structuresin C.R.S.'s

[23,24,27hon how to de ne cortrol structuresin the cortext of programming
systemg(e ectiv e numberings)for the partial computablefunctions[25]. These
ideascan be straightforwardly adaptedto the context of c.r.s.'s. We will omit
someof the details of this adaptation, but De nition 13 below will provide all
that is really essetial to the presern paper.

Of course,while-lo op and if-then-else are natural (intuitiv e) examplecon-
trol structuresfor systemsfor the partial computablefunctions. We exhibit in
the next de nition two natural examplecortrol structures in the cortext of
c.r.s.'s. Later we presern formal notions about control structuresin general.

De nition 11

(a) An instance of the control structure union in V is a function f sud that,
for all p and q,

Vigpg = TX]X2V, _ X2 V40

(b) An instance of the control structure intersect in V is a function g sud



that, for all p and g,

Intuitiv ely, for example,an instanceg of intersect in V appliedto constituert
V -programsp and g, producesg(p;d), a composite V -program for recognizing
the intersection of the respective setsrecognizedby p and g.

In the presern paper, it will su ce for usto considerthe extensional[27] (syn-
onym: denotational [30]) cortrol structures. Instancesof extensionalcontrol
structures provide a meansof forming a composite program from given con-
stituent programs (and/or data), whete the 1/0O behavior of that composite
program dependsonly on the I1/0O behavior of the constituent programs(and
on the data). So, for example,when applying extensionalcortrol structures,
the 1/0 behavior of a composite program cannot generally depend on the
number of synmbols in or the run-time complexity of a constituert program.
Clearly, in the context of c.r.s.'s, union and intersect from De nition 11
above are extensional.Also, instancesof eat conbine two programs(and no
data) to form a third (composite) recognizerprogram. [23,24,27]provide an
even more generaltype of cortrol structure called intensional (synorym: con-
notational). Also, the extensionalcortrol structures, asrigorously de ned in
[27],include ([27, Theorem 2.3.3]) the recursive extensionalcortrol structures
under minimal xed point semairtics.

De nition 12 [26] An enumertion operator is a mapping from 2V to 2V,
sud that for somerecursiwely enrumerableset X,

forall A, (A)=fij(9)[h;ji2X ~ D; Ag.

Intuitiv ely, an enumeation operator  is a mapping from all setsof natural
numbersinto the samesud that somealgorithm transformsarbitrary erumer-
ations of any set A into correspndings erumerationsof ( A). [26] provides
an excellen discussionof erumeration operators.

Formally, ead control structure for c.r.s.'sis determined by an erumeration
operator . In [23,24,27)we seethat corntrol structuresin the cortext of pro-
grammingsystemsfor the partial computablefunctions are determinedinstead
by recursive operators [26]. As noted earlier, we provide below the de nition

of extensional(or denotational) cortrol structures only sincethat is all that
is really essetial to the presen paper. Also, asnoted above, this de nition is
the obvious analogfor c.r.s.'sof the corresppnding conceptsin [27].

De nition 13

(@) Supposen > 0. Suppose0 m n. Suppose is an enumeration
operator. SupposeV isac.r.s.



f : N" I N is an instance of the extensional control structure in V
determinad by (m;n; ) i (8P i Pmy Xt Xn m)IVE (puiopm xaixn m) =
(Voo i Voo )(X43 i Xn m)]-

(b) Supposen > 0. Suppose 0 m n. Suppose is an erumeration
operator.

The extensionalcontrol structure determined by (m;n; ) isf(V;f) |V isa
crs. ~f :N"! N is aninstanceof the extensionalcortrol structure in V
determinedby (m;n; ) g.

(c) s is an extensionalcontrol structure i (9n > 0)(9m j O m  n)(9
enumeration operator )[ sisthe extensionalcornrol structure determinedby

(m;n; )] :

program whosel/O behavior dependson that of the program argumeris and
which also depends on the data argumerts. It is easyto arguethat all the
examplesin the presen paper of instancesof cortrol structuresin a c.r.s.V
satisfy De nition 13(a) for suitably chosen(m;n; ). In these exampleswe
suppressexplicit mertion of the (m; n; ).

If f is an instance of a cortrol structure in V, then f may or may not be
computable or even limiting-computable. In the c.r.s. W, one has, of course,
computableinstancesof union and intersect . Similarly, in typical, practical
programming languages,one has instancesof while-lo op and if-then-else
which are not only computable, but, sincethey can be realized by simple
substitution of the constituent programsinto some xed template, they are
computablein linear-time [27,20].

The learning criteria we considerin Section3 below feature corvergingto a
correct hypothesisin the limit. Hence,it is not surprising that only limiting -
computableinstancesof the cortrol structures are relevant there. Howewer, in
Section4 further below, computableinstancesare sometimesrelevant.

Caseshawved [23,27]that the acceptableprogramming systems(for the partial
computable functions) are characterizedby having a computable instance of
each cortrol structure. This result easilycarriesoverto a correspnding cortrol
structure characterization of acceptablec.r.s.'s. It is a straightforward lift to
shaw the following

Theorem 14 A c.r.s.is limiting-acceptable, it hasa limiting-computable
instance of ead extensionalcortrol structure.

It is currently open whether in Theorem 14 just above, the word “exten-



sional' can be removed. It is straightforward to show that “extensional’ can
be added (before "cortrol structure') with no problem in the characterization
of acceptablec.r.s.'s. Thesecortrol structure characterizationsof acceptability
and limiting-acceptability motivate their partly learning-theoretic characteri-
zationsin Section4 below.

De nition 15 We write V F s to meanthere is a computable instance of
the control structure sin V, and we write V E lim-s to meanthat thereis a
limiting-computable instanceof sin V.

We presen next, examplesof (extensional) cortrol structures of relevanceto
the sectionswhich follow. In the remainder of the paper, for corvenience we
will many times drop the modi er “extensional'in discussionsof extensional
cortrol structures.

The rst example,s-1-1, is a cortrol structure intuitiv ely for storing a datum
X in a recognizingprogram p, more speci cally, for replacingthe rst of two
(coded) input parametersto p by the constart x. In the c.r.s. W, Kleene's
S-m-nfunction [26] essetially providesa computableinstance.

De nition 16 An instance of the control structure s-1-1 in V is a function
f sud that, for all pand x, Vi px) = fyj X yi 2 V0.

[25] characterizedacceptability for programming systems(numberings) of the
partial recursive functions in terms of Kleene's S-m-n Theorem. His proof
straightforwardly adaptsto shaw the following

Theorem 17

(a) For all c.r.s.'sV, V is acceptable, V F s-1-1.

(b) For all c.r.s.'sV, V is limiting-acceptable, V F lim-s-1-1.

The next example, n , is a cortrol structure which hasno programargumens
and onedata argumernt X. Its instances,applied to x, return a recognizerfor

the canonical nite setDy.

De nition 18 An instance of the control structure n in V is a function f
sud that, for all x, V() = Dy.

The next example,coinit , is a cortrol structure which hasno program argu-
merts and onedata argumert x. Its instancesappliedto x, return arecognizer
for the set of all integers  x.

De nition 19 An instance of the control structure coinit in V is a function
f sud that, for all x, Vi) = fyjy xo.

10



The next example, cosingle, is a cortrol structure which has no program
argumens and one data argumen X. Its instances,applied to x, return a
recognizerfor the set of all natural numbers6é x.

De nition 20 An instance of the control structure cosingle in V is a func-
tion f sud that, for all x, V() = fyjy 6 xg.

The next example, pro j, is a cortrol structure which has one program ar-
gumert p and no data argumerts. For pro j, it is usefulto think of V, asa
(coded) set of ordered pairs. Then an instance of pro j, applied to p, returns
a recognizerfor the rst (or x-axis) projection of V.

De nition 21 An instance of the control structure proj in V is a function f
sud that, for all p, Vs (p) = £xj (9y)[hx; yi 2 Vp]o.

3 Control Structure Characterizations of Learnabilit y Results

As we noted in Section1, in any learnability setting, hypothesesare conjec-
tured from somehypothesisspace. Furthermore, we noted that in the presen

paper we focus our attention on hypothesisspacesfor recognizingthe ertire

classofr.e. sets,and any suth hypothesisspacewill have available somecortrol

structures but perhapsnot others. The presene of certain cortrol structures
is, aswe will seein this section,essenial to certain learnability results. In the
presern sectionwe rst presen cortrol structure characterizations of some
rather speci c but illustrativ e learnability results. In the remainder of this
section we consider,for the control structures involved, whether or not they
are available in any hypothesisspace(of the sort we considerherein). As we
will see,someare always available and someare not.

In De nition 22 below, we list somestandard classesn TxtEx .
De nition 22

(a) FiniteSets= fD;ji 2 Ng.

(b) Co-Init = fLj(9)[L=fjjj id]o.

(c) Co-Single= fL j (9)[L = fig]g.

For ead classfrom De nition 22 just above, Theorem 23 just below provides
a characterization of its being in TxtEx . Eadh sud characterization fea-
tures the presene of a particular limiting -computablecortrol structure in the
hypothesisspaceV.

11



Theorem 23 SupposeV is ac.r.s.. Then,
(a) FiniteSets2 TxtEx v, V E lim-n .
(b) Co-Init 2 TxtEx v , V E lim-coinit .
(c) Co-Single2 TxtEx v , V E lim-cosingle.

Pr oof. We only prove part (b). Rest of the parts can be proved similarly.
SupposeV isac.r.s.

() ): SupposeCo-Init 2 TxtEx y as witnessedby M. We de ne f,(; ) as
follows.

Given any i, it is possibleto compute a text T; for the languagefn |j
n ig uniformly in i. For all i;n, let f,(i;n) = M(T;[n]). Further, let
f = i.limy fo(i; n).

It is straightforward to shaw that f is an instanceof lim-coinit in V.

(( ): SupposeV E lim-coinit aswitnessedby limiting computablef . Suppose
f is limiting-computable aswitnessedby computablef,(; ). Wede ne M as
follows.

M ( ) = fo(min(content( )[ fj jg);j j). It is straightforward to show that M
TXtEx y-identi es Co-Init. |

We next prepareto generalizeTheorem 23.

De nition 24 A classL of languagesis uniformly decidablei L can be
written asfLo;Ly;:::g, where(9 computabled)(8i)[ x .d(i; x) = ,].

For example,FiniteSets is uniformly decidable:let

1 ifx2D;;

d(i; x) = 0 otherwise;

then d is computable,and, with L; = D;, d withesseghat FiniteSetsis a uni-
formly decidableclass.Similarly, we seethat Co-Init and Co-Singleare also
uniformly decidableclassesOf courseall theseclassesare in TxtEx . Actu-
ally, uniformly decidableclassef languagesare ubiquitous in computational
learning theory [34] and are many times also called indexal families of recur-
sive languagesimportant further examplesof sud classesare the classof all
pattern languages[3,2] and the classof all context free languages[16]. The
formerisin TxtEx [3,2], but the latter is not [15].

12



Next, we de ne a classof control structures useful for uniformly decidable
classesJust after that we provide Theorem 26 which generalizesTheorem 23
above.

Let L = fL; ji 2 Ng be a uniformly decidableclassof recursive languages,
where (9 computabled)(8i)[ x .d(i; X) = ,]. We ass@iate with L (and the

listing of L asLg;L;;:::) acortrol structure cs. which has no program ar-

gumerts and onedata argumert i. An instanceof cs,, appliedto i, returns a
recognizerfor the languagel ;. N.B. The parameteri herewithin the systemV

doesserne as a datum; howewer, within the subrecursie systemh_; ji 2 Ni

it can be construedasa program (for decidingL;).

De nition 25 For L asjust above, an instance of the control structure cs,
in V is afunction f sud that, for all i,

Viiy = Li:

For example,if L = FiniteSetsand L; = Dj, thencs. = n .
Theorem 23 generalizesas follows.

Theorem 26 SupposelL 2 TxtEx is a uniformly decidableclass.Then,
(8V)[L 2 TXtEx v, V F lim-cs_].

In the remainderof this sectionwe presern (amongother things) results show-
ing that someof the necessaryorirol structuresfeaturedabovein this section
are presert in ewery c.r.s. and someare not.

From Theorem 27 and Theorem 29 below, we will seethat FiniteSets can
be TxtEx -idertied in all c.r.s.'s,but that there is a c.r.s. in which Co-Init
cannot be TxtEx -identied. From this perspective, then, FiniteSets is eas-
ier than Co-Init. By cortrast, with respect to an intrinsic complexity notion
from [10,18],FiniteSets is harder than Co-Init for TxtEx -iderti cation.

Theorem 27 For all c.r.s.'sV, FiniteSets2 TxtEx v.

Pr oof. SupposeV isac.r.s.Wede ne a macine M sud that M TxtEx -
identi es FiniteSets.

Let M( ) =i, wherei isthe leastj | j = nsud that V;, = content( ), if
any; 0, otherwise.

Clearly, givenatext for a nite set,M corvergesin the limit to the minimum
recognizerfor that set. |

From Theorem 23 and Theorem 27, we have the following
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Corollary 28 For all c.r.s.'sV,V F lim-n .

For the classCo-Init, howewer, we get the following result. Its proof is tech-
nically interesting since it involves a pleasing, subtle non-constructivity in
the way the ertire classof r.e. setsis embeddedin the examplec.r.s. of the
Theorem.

Theorem 29 There existsa c.r.s. V sud that V 6 lim-coinit (and hence
Co-Init 62TXtEX v/).

Pr oof. We usethe symbol # to denotethat a computation halts. We de ne
V in stagesbelow. Go to stageO.

Begin stagen
For all i n, do the following steps.For all i, let s; = max(fs n |
“in (i; S)#Q); let pp = ' i(i; s), if 5 6 O (recall that max(;) = 0); other-
wise, p; is unde ned.
1. Forallq2fp ji ng, letClaimSet = fi njp = qg; for all other
g, let ClaimSet, = ;.
2. If min(W;,) 62ClaimSet;, then erumerate W;., into V.
3. If min(W;,) 62ClaimSet;.;, then erumerate W;., into V.1 .
4. Goto stagen + 1.
End stagen.

Claim 30 V 6j lim-coinit (and henceCo-Init 62TXtEx v ).

Pr oof of Claim 30. It suces to shawthat thereis nolimiting-computable

function f sudh that, for all i, Vi) = fx j x ig. Supposef is limiting-

computable as witnessedby computablef,(; ). Let ' ; = fo. " i(i; 1 )# = p,

s&. Therefore,V, = fx j x ig. Hence,from the construction, V, = W,
1

where q = bp=2c. Thus, i = min(W,). Therefore, (8 n)[i 2 Wg,]. Also,

(18 n)[i 2 ClaimSet, at stagen]. Hence,by the construction above, V, is a
nite set, a cortradiction. 2 (Claim 30)

Claim 31 For all p, there existsan i sud that V; = W,,.

Proof of Claim 31. Letj = min(W,). From the construction, at any stage
s, either j 62ClaimSet;, or j 62ClaimSeb.; . Hence,at least one of V,, and
Vops1 IS the setW,,. 2 (Claim 31)

It follows from the above claims that V is a c.r.s., V 6 lim-coinit , and

Co-Init 62TXtEX . B (Theorem29)
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The proof of Theorem 29, can be easily generalizedto uniformly decidable
classef in nite recursiwe languageso give

Theorem 32 SupposeL 2 TxtEx isain nite uniformly decidableclasscon-
taining only in nite (recursiwe) languagesThen, (9 ac.r.s.V)[L 62TxtEx v ].

We then have the following

Corollary 33 There exists a c.r.s. V sud that V & lim-cosingle (and
Co-Single6ZTxtEx v ).

In another vein, Theorem 27 givesus the following
Corollary 34 (9L j card(L) in nite)( 8 c.r.s.V)[L 2 TxtEx v].

The immediately above corollary corntrasts with [9, Lemmas25 & 26] which
yield programmingsystemg(for the partial computablefunctions) with respect
to which onecannotlearnin the limit any in nite classof (total) computable
functions. An explanation for this and the next cortrasting result is that, in
learning computable functions, there are no nite objects to be learned.

As an even more corrasting result, an easy generalization of the proof of
Theorem 27 gives,

Theorem 35 SupposelL 2 TxtEx cortains at most nitely many in -
nite sets(with no restriction on how many nite setsit cortains). Then (8
c.rs.V)[L 2 TxtEx v].

From Theorems26 and 35 we have, then, the following

Corollary 36 Suppose uniformly decidable L = flLg;Ly;:::g 2 TxtEX
cortains at most nitely many innite sets, where (9 computable
d)(8i)[ x .d(i; x) = ,]. Then (8 c.r.s.V)[V F lim-cs_]

4 Partly Learning-Theoretic  Characterizations of Having \All"
Control Structures

In this section we presert our two main characterization theorems, The-
orems 39 and 40. The rst characterizesTxtFin  being = TxtFin and
the presenceof a computable instance of pro j, in V as:V has computable
instances of all (extensional) cortrol structures. The second characterizes
TxtEx v being= TxtEx and the presenceof a limiting-computable instance
of proj,inV as:V haslimiting-computable instancesof all extensionalcortrol
structures. Of course,by remarksin Section 2.3 above, these are just char-

15



acterizations of acceptability and limiting-acceptability, respectively; hence,
we expressthem in sud terms. In a sense,then, proj epitomizesthe con-
trol structures whosepresene or absene is not relevant for invarianceof the
learning classesAs we will see,the hardest part of eat of thesetheoremsis
its crucial furthermore clause.After our main theoremswe considera number
of related matters and consequences.

The following Theoremis usefulin proving part of our rst main theoremand
is of interest in its own right. Essetially, it implies that there is a c.r.s. V
which: haslimiting-computable instancesof all extensionalcortrol structures,
is missingany computableinstanceof someextensionalcontrol structure, but,
nonethelessthe missingcomputableinstancedoesnot lessenlearning power.
By Theorem 17,V hasa limiting-computable instance of the extensionalcon-
trol structure s-1-1, but V doesnot have a computableinstanceof s-1-1.

E m Kinber suggesteahe c.r.s. usedin the particular proof we give of this
theorem.

Theorem 37 There exists a limiting-acceptable c.r.s. V that is not accept-
able, sud that TxtEx = TxtEx and TxtFin y = TxtFin .

Pr oof. Wede ne ac.r.s.V asfollows.
tog ifi=o0:
Vi= if i > 0andW,; = f0g;

"W, otherwise.

Clearly, V isac.r.s.Also, it is straightforward to seethat TxtEx , = TxtEx ,
TxtFin v = TxtFin and that V is limiting-acceptable. Supposeby way of
cortradiction that V is an a.r.s. Then, from the de nition of a.r.s. (Def-
inition 4), W V. Supposet computable suc that t : W V. Then,
W; = f0g, t(i) = 0,and, hence,fi j W; = f0gg is recursiwe, a cortradiction
to Rice's Theorem|[26,8]. |

By replacingf Og in the above proof to fj g, for arbitrary j 2 N, we obtain

Theorem 38 There exists in nitely many pairwise -incomparable non-
acceptablec.r.s.'sVi; V,; 111, sudh that TxtEx y, = TxtEX y, = ::: = TxtEX .

Hereis our rst main

Theorem 39 V is acceptable, [TxtFin , = TxtFin " V E proj].
Furthermore, the clausedn the right hand sideare independen of ead other.

The proof of the , part of Theorem 39 is a straightforward variant of the
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proof of the, part of Theorem40below. For the furthermore part: (9V)[V F
proj 6) TxtFin y = TxtFin ] follows from the , part of Theorem 39 and
Theorem41 below; (9V)[TxtFin y = TxtFin 6) V F pro j] follows from the
, part of Theorem 39 and Theorem 37 above.

Our secondmain theoremis next.

Theorem 40 V is limiting-acceptable, [TxtEx y = TxtEx ~ V E lim-

pro j].
Furthermore, the clausedn the right hand sideare independert of ead other.

We rst prove the , part of this theorem. Then the furthermore part will
follow from this , part together with Theorems41 and 42 below.

Pr oof of the , part of Theorem 40.
() ): SupposeV is limiting-acceptable.Let f : W |;, V. Let f be limiting-
computableaswitnessedby computablef,(; ) (i.e.,f = x .limyy  f2(x; n)).

SupposelL 2 TxtEx  aswitnessedby M. We shaw that L 2 TxtEx v .

We de ne alearningmachine M °thus: For all texts T, for all n, let M{T[n]) =
fo(M (T[n]); n). Clearly, for all T, M(T)#=p) MAT)#= f(p). Hence,M?°
TxXtEx y-identies L.

Also, clearly, W F proj. Let g be a computableinstanceof proj in W. So,
for all i, Wyiy = fx ] (9y)[hx; yi 2 Wilg.

We next de ne computable h,(; ) sud that h = i .lim,; hy(i;n) is a
limiting-computable instance of proj in V. Let t be a computable function
suhthat t:V  W. Clearly, such at exists.

Let hy(i;n) = f(g(t(i));n). For all i, h(i) limy: hy(i;n) =
limny  f2(g(t(i));n) = f(g(t(i))). Therefore, Vi Vi ey = Wiy -
But Wyiiy = fxj (Qy)[hxyi 2 Wiiy]lg. Since Wiy = Vi, h is a limiting-
computableinstanceof proj in V. So,V E lim-proj.

(( ): SupposeTxtEx y = TxtEx  and h is a limiting-computable instance
of proj in V (as witnessedby computableh,( ; )).

We usethe classL txex  from [18], which we descrile below. This classL tyex
is shavn to bein TxtEx  in [18].

Let S| = fhx;ji jx 2 Lg. Then, Ltyex = Sl jL 2 TXtEx (M;)g.
Let M bealearningmacdhinethat TxtEx \-identies Lrqex . Also,thereexists

a computablef sud that for ead i, M¢ ;) TXtEx -identi es W;. Hence,for
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all i, the languageS) in Lryec is TXEX v-idertied by M.

For eath Ianguages\f,\,(ii), let T; beatext for this language that canbe computel
uniformly in i.

We next de ne computablet, such that t = i .limp,; ty(i; n) is sud that
t: W lim V.

Let tz(i; n) = ho(M (Ti[n]); n).

Now, for ead i, t(i) = limpy to(i;n) = limyy ho(M(Ti[N]);n) =
limaa h2(M (Ti);n) = h(M (T)).

Hence,Viiy = Vo (ry) = Wi.
Therefore, W i, V, i.e., V is limiting-acceptable. B (, partof
Theorem40)

Theorem 41 (9V)[V F proj and TxtFin 6 TxtEx v].

(Thus, the above V is not limiting-acceptableand V F lim-proj.)

Proof. LetL; = fhj;xi j x 2 Ng. Let L = fL; jj 2 Ng. Clearly, L 2
TxtFin . We will constructac.r.s.V sudthat V E proj but L 62TxtEX .
This will prove the theorem.

For a languagelL, let Proj(L) = fx j (9y)[lx;yi 2 L]g. Let Proj°(L) denote
L, and Proj'** (L) denote Proj(Proj'(L)).

Let ProjSet(L) = fL%j (9i)[L°= Proj'(L)]g.

Without lossof generality assumehat W is an a.r.s.sud that, for all j, which
arenot powersof 2, W, = L;. Note that this implies, there existin nitely many
j sud that (1) MinGram(L;) = j and (2) (8i < )[L; 62ProjSet(W,)]. This is
what we will utilize in our construction.

Wenow de ne V. Forall X; y, let Viyy+1i = Proj(Viyi). (Note that this ensures
V E proj.)

We now only needto de ne Vi.oi for ead x. We do sonext. Let h be de ned
as follows:

Foralli,forallj (i+ 2% h(i;j)= |5((k+ 132+ 1)+].
Note that S = fh(i;j) J | (i + 1)°g is a disjoint partition of N and
card(S) = (i + 1)* + 1.
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Wede ne, foreahi andj (i + 1)?, Vin(ij ).0i» asfollows. Vin(ij y.0i Will either
be W, or a nite subsetof W,.

Let T; denotesomestandard (e ectivein i) text for W;.

De nition of Vi'h(i;j ):0i +

Go to stageO.

Stages.

1. If fhh(i%j);ki ji%k 2 Ng\ fM(Ty[s))jv i~ w ig=;,then
Enumerate Wi .

2. Goto stages+ 1.

End stages

It is straightforward to verify that Vingjy.oi = Wi, or a nite subsetof W;.
Also, for ead i, there existsa j sud that Vingj)xi = Wi. ThusV isac.r.s.
Moreover, if M, onW,, corvergegto hh(i%j 9; k4, then,foralli  max(f v; wg),
Vlh(i;jO);Oi is nite.

Supposeby way of cortradiction that M, TxtEx y-idernties L. Let i belarge
enoughsud that i > v, MinGramy (L;) = i, (8i° < i)[L; 62ProjSet(W;o)].
Note that there existssud an i, by the assumptionon W. We claim that M,
cannot TxtEx v -identify L;.

So suppose My(L)# = M(i%j9: k4. If i° i, then by construction above
Vrh(io;jO);Oi is nite. ThUSV}-h(iO;jO);kOi 6 L. If i0< i, then eitherVrh(io;jO);koi is nite
or a menber of ProjSet(W;o). But L; 62ProjSet(Wio). Thus Vixiojo.xa 6 L;.

It followsthat L 62TxtEx y. Thus, by the , part of Theorem 40, we have
that V is not limiting-acceptable. |

Theorem 42 (9V)[V is not limiting-acceptable and TxtEx y = TxtEx ].

The proof of this theorem proceedsemploying a seriesof lemmasand propo-
sitions.

Let Init = fLj (9)[L = fiji<]glg.

Lemma 43 SupposeV is ac.r.s.sud that Vo = N. Then onecan e ectively
(in algorithmic description of V) obtain a Friedberg c.r.s. U and a limiting
recursive function f sud that,

(8i Vi 6ATNg[ Init) ~ i= MinGramy (V)))[Us ) = Vi].
Pr oof. Odifreddi's construction ([21, Theoreml1.5.22, Page230]) provesthis

lemma. B (Lemma43)

19



Prop osition 44 SupposelL®is nite, U isac.r.s.,L [ L°2 TxtEx , and
L 2 TXtEX y. ThenL [ L°2 TxtEx y.

Pr oof of Pr oposition 44. Supposethe hypothesis.Let M be sud that
L[ L° TxtEx (M). Let M%be such that L  TxtEx y(M9. Let S =
fM(L)jL2 LY. Foreahi 2 SandL 2 L° sudthat M(L) = i, let j; be
sudh that U;, = L.

De ne M %asfollows:

g y_ Im¢y FM()2S;
M) = MY ); otherwise.

It is straightforward to verify that M9 TxtEx y-iderties,
L[ LC 1 (Proposition 44)
As a corollary to Theorem 27 and its proof we have,
Corollary 45 For all c.r.s.'sU, Init 2 TXtMINEx .

The following Lemmais proved using Lemma 43, Proposition 44, and Corol-
lary 45.

Lemma 46 SupposeV is a c.r.s. Then one can e ectively (in algorithmic
description of V) construct a Friedberg c.r.s. U sud that TxtMinEx v
TxtEX y = TXtMInEx .

Proof of Lemma 46. Without lossof generaliy assumethat V, = N.
We assumethis property of V just for easeof notation, sinceone can e ec-
tively transform V into a c.r.s. VO such that VY = N and TxtMinEx
TXtMIinEX yo (to do this, let V2= N, and V2, = V).

Let U be the Friedberg c.r.s. which we get by using Lemma 43.

SupposeL 2 TxtMIinEx . Clearly, L (fNg[ Init) 2 TxtEx y (since,using
f asin Lemma 43, we can corvert, in the limit, minimal V-recognizerfor
L 6fNg[ Init), to U-recognizerfor L). Let L°= L\ (fNg[ Init).

We now considertwo cases:
Casel: N 2 L.
In this case,clearly, L° must be nite. Hencewe get L 2 TxtEx y by

Proposition 44.
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Case2: N 6.

In this case,clearly L° Init. Let M be a machine which witnessesthat
L  (fNg[ Init) 2 TxtEx y. Let M be a machine which witnessesthat
Init 2 TxXtEX .

De ne M %asfollows:

_ MY ); if cortent( ) 2 Init;
M) = M( ); otherwise.

It is straightforward to verify that M TxtEx y-iderties
L. B (Lemma46)

For proving Lemma 49 below, we needthe notion of order independence.

De nition 47 ([5,14]) A madiine M is order independenti, for all texts
T and T if content(T) = content(T9 and M (T)#, then M (TOY#= M (T).

Lemma 48 ([5,14]) Suppose M is given. Then one can e ectively (from
M) construct an order independert machine M ° such that, for all c.r.s.'sV,
TXtEx v(M) TxtEx y(M?9.

For an order independent madine M we often use M (L) to denote M (T),
for any text T for L. Note that this notion of M (L) is well de ned for order
independert maciinesM .

Lemma 49 SupposeM is given. Let L = TxtEx (M). Then one can e ec-
tively construct a c.r.s.V and a machine M % such that

(@ L TxtEx y(M9, and

(b) Forinnite L 2 L, MOTxtMinEx v-iderties L.

Pr oof of Lemma 49. By Lemma48onecan,e ectively from M, construct
an order independent machine M °such that TxtEx (M) TxtEx (M9.

Let T; denotea text for W;, which can be obtained e ectively from j. V is
de ned in stagesasfollows.

De nition of V,.

Go to stageO.

Stages.

1. If [MYTi[s]) 68 M{T[s+ 1])] or [MAT[s]) i], then
Enumerate W;s.

2. Goto stages+ 1.

End stages
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We now prove that V satis es the requiremerts of the theorem.

V isac.r.s.:Considerany languageL. If MYL)", thenclearlyW, = L) V, =
L.If MAL)#=j, thenforanyi > j, sudthat W; = L, wehaveV; = L. Thus
Visac.rs.

MO TxtEx y-iderties L: ForL 2 L, M{L)# = j, such that L = W;. Thus
MYT;) = j. Thus, by constructionV, = W; = L.

Forinnite L 2 L, M® TxtMinEx y-identies L: First note that, for all j,
eitherV is nite orV, = W;. Thusit su ces to shawv that for everyin nite L 2
L, for all i sudhthat W; = L andi < MYL), V: is nite. But this immediately
follows from the construction, since the if condition (in construction of V;)
holds only for nitely many stages. B (Lemma49)

Lemma 50 SupposeV is a c.r.s. Further supposeM and L are sud that
(& M Txtex y-iderties L, and

(b) Forall innite L 2L, M TxtMinEx -identies L.

Then, L 2 TXtMInEX .

Proof of Lemma 50. Supposethe hypothesis. We construct M © which
TXtMIinEx -iderties L. Let M °be de ned asfollows:

MATIn]) = min(fFk N j Vi rppn = Vin0)
Now supposeT isatext forL 2 L.

If L isinnite, then, for all but nitely many n, M (T[n]) = MinGram,, (L).
Thus, for all but nitely many n, MY{T[n]) = MinGram,, (L).

If L is nite, then, for all but nitely many n, Vi (rpp:n = L. Thus, for all
but nitely many n, min(fk  nj Vv mpn = Vind) = MinGramy (L). Thus
MYT) = MinGramy, (L).

This provesthat L 2 TXtMIinEx . B (Lemmab50)

We get the following corollary from Lemmas49 and 50.

Corollary 51 For any inductive inferencemacdine M, onecane ectively (in
M) construct a c.r.s.V sud that TxtEx (M) 2 TxXtMinEx .

As a corollary to Corollary 51 and Lemma 46 we get
Corollary 52 For any inductive inferencemacdine M, onecane ectively (in

M) construct a Friedberg c.r.s U sud that TxtEx (M) 2 TxtEx .
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A sequenceof c.r.s.'sV% V1 :::is an an r.e. sguene of c.r.s.'s just in case
the set fhhi; ji;xi j x 2 Vjig is recursively erumerable. The direct sum of an
r.e. sequenceof c.r.s.'s, V% V1 ::: is de ned to be the c.r.s.V sud that for
all i;javh';ji = VJI

Finally, by an straightforward modi cation of the proof of the main theorem
in [19], we get the following

Lemma 53 The direct sum of an r.e. sequenceof Friedberg c.r.s.'sis never
limiting-acceptable.

Pr oof of Theorem 42. For ead i, let U' be a Friedberg c.r.s. obtained
e ectively from i sud that TxtEx (M;) 2 TxtEx yi (the e ectivenessis

from Corollary 52). Let U be a direct sum of U% U?;:::. It follows that
TxtEx = TxtEx . Also, by Lemma 53, U is not limiting-acceptable. The
theoremfollows. B (Theorem42)

We earliershavedthe, part of Theorem40. This togetherwith Theorems41
and 42 give us the furthermore part of Theorem 40. B (Theorem40)

It is straightforward to show that a single Friedberg c.r.s. is not limiting-
acceptable,yet Theorem 54 just below implies no single Friedberg c.r.s. can
witness the truth of Theorem 42 above. Theorem 54 is a consequencef a
straightforward modi cation of the proof of Theorem4 from [11].

Theorem 54 For all Friedbergc.r.s.'sU, TxtEx y  TxtEx .

The next result shows us that a c.r.s. V is limiting-acceptable just in case
onecan computably (or equivalertly, limiting-computably) translate TxtEx -
identifying madiinesto TxtEx y -identifying madines.

Theorem 55 The following three clausesare equivalert

(1) V is limiting{acceptable

(2) (9 computableg)(8M)[TxtEx (M) TxtEx v(g(M))]

(3) (9 limiting-computable h)(8M)[TxtEx (M) TxtEx y(h(M))] .

Proof. ((1)) (2)): Lett be alimiting computabletranslator aswitnessed
by to(; ) from W to V. For all M, de ne g(M) asfollows. For all T, n, let
g(M)(T[n]) = to(M (T[n]); n). Clearly, TXtEx (M) TxtEX v(g(M)).

((2) ) (3)): Follows easily
((3)) (1)): Supposeh islimiting-computable asin the hypothesis.Supposeh,

witnessthat h is limiting-computable. There existsa computablef sud that,
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for all i, for all , a nite initial segmen of a text, M¢)( ) = i. Therefore,
W; 2 TxtEXx \N(Mf(i)). HenceW; 2 TxtEx V(h(Mf(i))).

Given any recognizeri, it is possibleto computably generatea text T; for
the languageW; uniformly in i. V is limiting-acceptable as witnessedby the
limiting-computable translator t below.

Let to(i; n) = ha(M¢y;n)(Ti[n]): Let t(i) = limny  to(i; n). Then, for all i,
Vi) = Voo, )y = Wi |

Using Theorem 55 and Theorem 42, we get

Corollary 56 (9V)[TXtEx v = TXtEX 6) (9 computable
0)(8M)[TxtEx (M) TxtEx v (g(M))I].

5 Conclusions, Problems, and Future Directions

Theorem 23 and its generalization, Theorem 26, presert cortrol structures

whose presene is needad for full learning power. Some of these necessary
cortrol structures are presen in any c.r.s. (Corollaries 28 and 36). That some
are not follows from Theorems23, 26, 29 and 32 and Corollary 33.

Theorem 17 together with Theorems 37 and 42 show that the presenceof
neither acomputableinstanceof s-1-1 nor alimiting-computable oneis needed
for full learning power.

By Theorem41,thereis a c.r.s.V wherea computableinstanceof the cortrol

structure pro j is available, but learningin the limit with V asthe hypothesis
spaceis, nonethelessextremely weakened. The main theorems(Theorems39
and 40) more generally indicate that proj epitomizesthe cortrol structures
whosepresene needn'thelp and whoseabsene needn'thinder learning power.
We do not yet know how to otherwise insightfully characterize the cortrol

structures similarly irrelevant for learning classinvariance.

It would be interesting to get learnability results about cortrol structures
in sulrecursive hypothesis spaces[27,34,28].Subrecursie systemshave no
analog of acceptability [27]; howewer, badk in the generalrecursiwe setting, it
would be niceto investigatewhetherthere exist pure learning-theoreticresults
completely characterizing ead of acceptability and limiting-acceptability .

What we originally set out to do (for the principal learning criteria of this
paper) wasto
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(1) nd asetof control structures S sud that TxtFin = TxtFin , (8s2

S)IV F s]; and

(2) nd a setof cortrol structures S suc that TxtEx y = TxtEx , (8s2

SV E lim-g].

This remainsto be done.
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