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Abstract

It was previously shown by Barzdin and Podnieks that one does not increase the power of
learning programs for functions by allowing learning algorithms to converge to a finite set of
correct programs instead of requiring them to converge to a single correct program. In this
paper we define some new, subtle, but natural concepts of mind change complexity for function
learning and show that, if one bounds this complexity for learning algorithms, then, by contrast
with Barzdin and Podnieks result, there are interesting and sometimes complicated tradeoffs
between these complexity bounds, bounds on the number of final correct programs, and learning
power.

CR Classification Number: 1.2.6 (Learning — Induction).

1 Introduction

Let N = {0,1,2,...}, the set of natural numbers. Let f be any function : N — N. For
any n € N, we let f[n] denote {(z, f(z)) | # < n}, the finite initial segment of f consisting
of the first n data points in the graph of f. €, C, and C denote, respectively, membership,
containment, and proper containment for sets. The quantifier ‘Ovo’ means ‘for all but finitely
many natural numbers’.

A function learning machine M is an algorithmic device which, on any input f[n], returns
either 7 or a program, where, if it returns a program on a segment, it returns a program on
all extensions of that segment. We write M(f[n]) for the output of M on f[n]. If M(f[n])
is a program, we think of that program as M’s conjecture, based on the data f[n], as to how
to compute all of f; M(f[n]) =7 then represents the situation where M does not conjecture a
program based on the data f[n]. The restriction that M must continue to conjecture programs
once it has done so is essentially without loss of generality since, intuitively, a machine which
hasn’t had enough time to think of a new conjecture can be thought of re-outputting its previous
conjecture.

As is by now well known, there are various senses in which M can be thought of as suc-
cessfully learning or inferring a program for f. Let o, = M(f[i]). The criterion of success
known as Ex-identification (Gold (1967), Blum and Blum (1975), and Case and Smith (1983))
requires that the sequence og, 01, 09, ... contains a program p for f such that (Ovo i)[o;i = p|. In
this case one speaks of p as being the final program output by M on f. Barzdin and Podnieks
(1973) (see also Case and Smith (1983)) considered a vacillatory criterion of success (called
Fex-identification in Case and Smith (1983)) which requires that on f but finitely many dis-
tinct programs are output and that the set P of programs appearing in og, 01, 09, . .. infinitely
often be non-empty (and finite) and, furthermore, that each program in P computes f. In
this case P is spoken of as the set of final programs output by M on f. It was shown by
Barzdin and Podnieks (1973) that, in spite of Fex being a pleasantly more liberal criterion of



success, one can translate any function learning machine Fex-identifying a class of functions
into one Ex-identifying the same class of functions.! An examination of the translation given
by Case and Smith (1983) shows that the function learning machine output by the translation
will ostensibly take more “time” to reach its final program than the input function learning
machine does to reach its final programs.

In this paper we show, then, that there are some interesting effects on learning power, for
vacillatory function learning, wrought by bounding suitably sensitive measures of the computa-
tional complexity of the learning machines themselves. Our suitably sensitive measures need to
be pleasingly more subtle than ordinary mind change complexity (Barzdin and Freivalds (1974),
Case and Smith (1983)) (Proposition 1); however, our measures are much closer to ordinary
mind change complexity than to the more comprehensive complexity measures in Wiehagen
(1986), Angluin (1980), Gold (1978), Daley and Smith (1986). It intriguingly remains to
be investigated whether there is also an effect on learning power that also occurs for more
comprehensive measures.

Suppose 0g, 01, 02, . . . is the sequence of outputs of M on f. The first, not very subtle, com-
plexity measure one might think of for vacillatory function learning is to count the number of
changes of conjecture beyond the first program in og, 01, 02, . . . up until nothing but the final suc-
cessful programs appear in og, 01, 09, . . .. It is very straightforward to show (Proposition 10) that
vacillatory function identification subjected to a bound on this complexity measure yields no
more learning power than bounding the number of mind changes for Ex-identification. Hence,
we will look to somewhat more sophisticated measures of complexity: just as the custom of
pressing a flower in a book teases apart the petals, so does a harder conceptual perspective tease
apart concepts that weren’t apart from a weaker perspective.? As will be seen, our perspectives
on mind change-like complexity reveal a deeper structure than the usual perspectives.

Suppose we are given an a priori bound b on the cardinality of the set of final programs.

Suppose, for example, that b =2 and M on f outputs the sequence

?)p17p27p17p3ap1)p27p17p47p3ap4)'"a (A)

where the p;’s are all programs and the continuation of the sequence is an infinite alternation
between ps and pyg. Suppose, with an eye to eventually “finding” the non-empty, finite set of
final programs P output (if it exists), at each new output of M on f we non-deterministically
choose a candidate for P (“rationally” based on the value of b and the outputs so far). For

example, based on b = 2 and the sequence (A), we might choose the succession of candidates

0,{p1},{p1,p2}, {p1, 2}, {2, p3}, {p1. p3}, {p1,p2}, {p1, P2}, {Pa}, {P3, P4}, {P3,P4},..., (B)

nterestingly, in the context of machine learning of grammars for languages, vacillatory criteria do yield more
learning power (Osherson and Weinstein (1982)). In fact in this context increasing by one a constant bound on
the number of final grammars leads to an increase in learning power (Case (1988)). See also Case, Jain and
Sharma (1989).

2This metaphor was suggested by Mark Fulk.



where the sequence continues with endless repetitions of {ps, p4}. This choice is rational because
no candidate has cardinality exceeding 2 and, if a new candidate is chosen differing from the
just previous candidate, the only addition is the latest program conjectured; furthermore, each
choice contains the current output program (if any). If, as in this example, the sequence of
sets chosen stabilizes to the actual (non-empty, finite) final set of programs, we measure the
number of set mind changes as the number of changes of candidate chosen beyond the first
non-empty candidate. For the choice sequence (B), the number of set mind changes is 6. A
different “rational” choice sequence of candidates for the output sequence (A), might yield a

different number of set mind changes. For example,

0, {p1},{p1.p2}, {p1, P2}, {1, P3}, {P1, 03}, {p1, P2}, {1, P2}, {Pa}, {p3, P4}, {3, P4}, )

where the sequence continues with endless repetitions of {ps,p4}, is also rational, but involves
but 5 set mind changes. We measure the set mind change complexity by the smallest number
of set mind changes available among the rational, non-deterministic choices. For the value of
b = 2 and output sequence (A), 5 is the measure of set mind change complexity.

Sfexj .-identification, introduced formally below in Definitions 11 and 12, is a vacillatory

function identification criterion requiring that
(a) the cardinality of the non-empty, finite set of final programs be < b,
(b) the set mind change complexity is < ¢, and

(c) each of the final programs computes the input function with mistakes (anomalies) at < a

arguments.

Sfexj . is the class of sets C of functions such that some function learning machine Sfexj .-
identifies C. We usually drop the superscript in Sfexy . (and Qfexj . defined below) when the
superscript is 0.

By Corollary 42 below we have that
Sfex; . C Sfexy . C ... C Sfex.. = Sfex,11.=.... (D)

Therefore, in the context of function learning, for a constant set mind change bound, increasing
the bound on the size of the final set of programs (up to the set mind change bound) strictly
increases learning power.

For ¢ > 1, Theorems 16 and 18 below imply, for example, that
SfeXQ,C C SfeXI,Qc_l. (E)

Hence, from (D) there is a set of functions C which, for a set mind change bound of ¢, requires a
vacillation bound of at least 2 on the cardinality of the set of final programs, but by (E), one can

reduce the vacillation bound to 1 by increasing the set mind change bound to 2c— 1. Therefore,



there are cases in the context of function learning in which an increase in the vacillation bound
results in a strict set mind change complexity savings!

A special case of our hardest simulation result (Theorem 18 below) yields that?
Sf6X373 - Sfex274. (F)

Hence, an increase in set mind change complexity (from 3 to 4) can in all cases allow a decrement
in vacillation bound (from 3 to 2). The most general tradeoff formula of this sort we have so
far, in Theorem 18, is fairly complex.

We also define a variant of Sfexj -identification, called Qfexj -identification (Definitions 13
and 14), in which the non-deterministic choices for the non-empty, finite set of final programs P
are naturally replaced by choices of queues whose corresponding sets of elements are candidates
for P. Complexity tradeoff results for Qfexy -identification hold which are quite similar to
those for Sfexy -identification. Many of our theorems in Sections 3.2 and 3.3 specify what we
know of the complicated relationship between these set and queue based mind change vacillatory
function learning criteria.

It is also interesting to consider the complexity of final programs. In the prior literature

there are two basic measures of the complexity of final programs:

(a) program size (Kinber (1977), Kinber (1974), Freivalds (1975), Chen (1981), Chen (1982),
Jain and Sharma (1990), Case, Jain and Sharma (1989)) and

(b) program speed (Sipser cited in Chen (1981) and Zeugmann (1983)).

We consider the first case and answer an open question in Chen (1981) (Theorem 48 below)
for Mfex-identification, i.e., Fex-identification with no bound on the finite size of the non-
empty set of final programs but with the requirement that the final programs be of size within
some pre-assigned computable function of minimal size. Mex-identification is the special case
of Mfex-identification in which the set of final programs is required to be a singleton. The
result is that there is a translation of any function learning machine Mfex-identifying a class

of functions into one Mex-identifying the same class of functions.

2 Preliminaries

Recursion-theoretic concepts not explained below are treated in Rogers (1967). N7 denotes
the set of positive integers, {1,2,3,...}.

* denotes a non-member of N and is assumed to satisfy (Vn)ln < x < ool
d,e, i, 35,k I, m,n, o0, q,7 s, t, w, x, vy, 2z, with or without decorations range over N. a, b, c,
with or without decorations range over N U {x}. In some contexts, p, with or without decora-

tions, ranges over N, being construed as program for a (partial) function. In other contexts,

3By Theorem 16 the inclusion in (F) is actually proper.



p, ranges over total function, with the range of p being construed as programs for (partial)
functions.

We let P,S, with or without decorations, range over subsets of N and we let D range
over finite subsets of N. D, denotes the finite set with canonical index = (Rogers (1967)).
We often identify finite sets with their canonical indices. This is usually done for notational
convenience when (canonical indices of) finite sets are input parameters for programs. (-,-)
denotes a 1-1 mapping from pairs of natural numbers onto natural numbers. 7y, w9 are the
corresponding projection functions. (-,-) is extended to m-tuples in a natural way. card(P)
denotes the cardinality of P. So then, ‘card(P) < %’ means that card(P) is finite. min(P) and
max(P) respectively denote the minimum and maximum element in P. We take min((})) to be
oo and max(f)) to be 0.

71, with or without decorations, ranges over partial functions. For a € (N U {x}), n1 =% 2
means that card({z | m(z) # n2(z)}) < a. domain(n) and range(n) respectively denote the
domain and range of partial function 7. In some contexts s, with or without decorations, ranges
over finite sequences. For finite sequences s; and s9, s1 ¢ s9 denotes the concatenation of s; and
8.

‘R denotes the class of all recursive functions, i.e., total computable functions with arguments
and values from N. f, g, h, with or without decorations, range over R. C and S, with or without
decorations, range over subsets of R.

o denotes a fixed acceptable programming system for the partial computable functions: N —
N (Rogers (1958), Rogers (1967), Machtey and Young (1978)). (Case showed the acceptable
systems are characterized as those in which every control structure can be constructed; Royer
and later Marcoux examined complexity analogs of this characterization (Riccardi (1980),
Riccardi (1981), Royer (1987), Marcoux (1989).) ¢; denotes the partial computable function
computed by program ¢ in the ¢-system. We let ® be an arbitrary Blum complexity measure
(Blum (1967)) associated with acceptable programming system ¢; such measures exist for any
acceptable programming system (Blum (1967)). We let pad be a 1-1 total function such that
(Vi, 7)[pad((i,j)) = il- For a given total computable function f, we define MinProg(f) to
denote min({i | p; = f}). For an integer u, ABS(u) denotes the absolute value of u.

The quantifiers ‘OET’ and ‘3" mean ‘there exist infinitely many,” and ‘there exists a unique’
respectively.

Hereinafter we refer to function learning machines as learning machines. SEG denotes the
set of all finite initial segments. We let o, 7, v and £, with or without decorations, range over
SEG. We let M, with or without decorations, range over learning machines.

In Definition 1 below we spell out what it means for a learning machine on a function to

converge in the limit.

Definition 1 Suppose M is a learning machine and f is a computable function. M(f)] (read:
M(f) converges) just in case (Elz)(o‘&) n) [M(f[n]) = i]. If M(f)], then M(f) is defined = the



unique 7 such that (OVO n)[M(f[n]) = i], otherwise we say that M(f) diverges (written: M(f)7).
We now introduce a criteria for a learning machine to successfully infer a function.

Definition 2 (Gold (1967), Blum and Blum (1975), Case and Smith (1983)) Let a € N U {x}.
(i) M Ex“-identifies f (written: f € Ex®(M)) just in case (Ji | ¢; = f)[M(f)] = 1.
(ii) Ex®* = {S | (3IM)[S C Ex*(M)]}.

Note that ExY is the same as the class Ex defined in the introduction.

Theorem 3 For alla € N,

(a) (Case and Smith (1983)) Ex® C Ex**!.

(b) (Case and Smith (1983)) U,eny Ex® C Ex™.
(c) R & Ex*.

The notion of Ex* identification is due to Blum and Blum (1975). Gold’s (Gold (1967))
proof for R ¢ Ex also shows that R ¢ Ex*. Case and Smith (1983) (see also Barzdin and
Freivalds (1974)) introduce a refinement of the above notion of Ex-identification by bounding
the number of times a learning machine is allowed to change its mind before converging to a

correct program for the function being learned. Definition 4 below describes this notion.

Definition 4 (Case and Smith (1983)) Suppose a,c € N U {x}.

(i) M Ex{-identifies f (written: f € ExZ(M)) just in case [(Fi | ¢; =* f)(ovc’) n)[M(f[n]) =
i|Acard({n 7 # M(f[n])7 M(fln +1])}) < .

(i) Ex = {C | (M) [C C Ex2(M)]}.

Clearly, Gold’s notion of Ex-identification is the same as Ex’-identification. We usually
drop the superscript in Exj when the superscript is 0.
In Definition 5 just below we spell out what it means for a learning machine on a function

to converge in the limit to a finite set of programs.

Definition 5 Suppose M is a learning machine and f € R. M(f)| (read: M(f) finitely-
converges) just in case {M(f[n]) | n € N} is finite. If M(f){}, then we say that M(f){ = D,
where D = {i | (OElO n)[M(f[n]) = i]}; otherwise, for no D is M(f){| = D.

Definition 6 Suppose a € N U {x} and b € N U {x}.

(i) A learning machine, M, is said to Fexj-identify a function f (written: f € Fexj(M)) just
in case (3D | card(D) < b)[M(f){} = D A (Vi € D)[p; =* f]].

(ii) Fexjy = {C | (3M)|C C Fexj(M)]}.



In Fexj-identification, the b is a “bound” on the number of final programs and the a is
a “bound” on the number of anomalies allowed in these final programs. A “bound” of * just
means unbounded, but finite. We usually drop the superscript in Fexj when the superscript is
0.

Following result due to Case and Smith (1983) says that vacillatory function identification
does not give any extra inferring power over Ex-identification. In the following theorem a = 0
case was done by Barzdin and Podnieks (1973).

Theorem 7 (Case and Smith (1983)) (Va € N)[Fex{ = Ex?].

3 Mind Changes for Vacillatory Function Identification

3.1 Definitions

We now formally define criteria for vacillatory identification with mind changes, which were

informally discussed in the introduction.

Definition 8 Let b € N* U {*}. Then n is a Fexy-stabilizing point for M on f just in case
the following hold:

(1) card({M(f[m]) | m > n}) <b.
(2) (vm = n)(3 DIM(f[m]) = M(/[i])].

Definition 9 Let a,c € N U {x}. Let be Nt U {x}.

(1) A machine M Fexy .-identifies f (written: f € Fexjy .(M)) just in case M Fexj-identifies f
and card({i < n |? # M(f[i]) # M(f[i + 1])}) < ¢, where n is the least Fex; stabilizing point
for M on f.

(2) Fext,, = {C| (3AM)[C C Fext, (M)]}.

Proposition 10 For all a,c, Fex{ . = Exg.
We now formally define Sfexy -identification.

Definition 11 Let b € N U {*}. A sequence of sets S, S1, ... is Fex,-valid for M on f just
in case, for all i« € N, the following five conditions hold.

(1) card(S;) <b.

(2) So = {M(f[0])} —{7}-

(3) Sur1 — S C {M(fli + 1)}

(4) M(f[i]) € 5 U{7} .

(5) limj_.o S; exists and is = {p | (El E)[M(f[k]) = p]}.



Definition 12 Let a,c € N U {x}. Let b € N* U {*}.
(1) A machine M Sfexj .-identifies f (written: f € Sfexy .(M)) just in case M Fexj-identifies
/ and there exists a Fex;-valid sequence of sets Sp, S,... for M on f such that card({i | () #
Si # Sit1}) <ec.

We usually call, min({card({i | 0 # S; # Si+1}) | So, S1, . .. is an Fexy-valid sequence for M
on f}), as the number of sefy, mind changes by M on f; we often drop b from sety, if b is clear

from context.

(2) Sfexj, = {C | (IM)[C C Sfex (M)]}.

We now formally define Qfex-identification.

A queue is an ordered sequence of elements (not necessarily distinct). Let Q = qoq1 - . - gn—1
be a queue of length n. qq is called the front of the queue. () denotes the empty queue. Q ¢ q
is the queue qoqi ...qn—19. A tail of a queue is a queue obtained by deleting some (possibly
none) of the elements from the front of the queue. Thus ( ) and ¢igit1...qn—1, ¢ < n are all

tails of the queue Q. Set(Q) is the set of elements in the queue Q.

Definition 13 Let b € Nt U {x}. A sequence of queues Qq, Q1, ... is Fex,-valid for M on f
just in case, for all : € N, the following five conditions hold.

(1) card(@;) <b.

(2) Qo= () or Qo = (M(f][0])).

(3) Qi41 is a tail of either Q; or @; o (M(f[i + 1])).

(4) M(f[d]) € Set(Q:) V M(fi]) =?. .

(5) limj_o Q; exists and Set(limj_.o @;) = {p | (3 k)[M(f[k]) = p|}.

Definition 14 Let a,c € N U {x}. Let b € NT U {x}.

1) A machine M Qfex} .-identifies f (written: f € Qfexy .(M)) just in case M Fex{-identifies
b,C b7c b

f and there exists a Fex;-valid sequence of queues Qq, @1, ... for M on f such that card({i |

() #Qi # Qixa}) <c
We usually call, min({card({i | ( ) # Q:i # Qi+1}) | Qo, Q1, ... is an Fexy-valid sequence for

M on f}), as the number of queue, mind changes by M on f; we often drop b from queuey, if b

is clear from context.

(2) Qfexj . = {C | AM)[C € Qfex; (M)]}.

We usually drop the superscript in Sfexy . (Qfex;.) when the superscript is 0.

3.2 Simulation Results

Proposition 15 For all a,b,c € N U {x}, Qfexj . C Sfex; . C Ex”.

Theorem 16 (Vc € N)[ExY,, — Sfex} . # 0].



PRrROOF. Consider the class of functions C = {f | card({z | f(z) # f(x +1)}) < c+ 1}. Tt is
easy to see that C € EX2+1. It can be shown that C ¢ Sfex] . using a proof analogous to the
proof of C ¢ Ex in Case and Smith (1983). |

Theorem 17 (Va € N)[Exi™! — Sfexg , # 0].

PRrROOF. Follows from Proposition 15 and Theorem 3. |

Theorem 18 For1<b<c,c€ N, Sfex, . C Qfex;y._;.

The proof of the above theorem requires a very complicated simulation.* Before we give a
proof of Theorem 18, we state the following technical Lemma 19 which will facilitate some of

our proofs. The proof of Lemma 19 is straightforward.

Lemma 19 If S € Sfex; ., then there exists a learning machine M which Sfexy, .-identifies S
and, for each f € S, M satisfies the four conditions given below. If & € Qfex,, ., then there
exists a learning machine M which Qfex,, .-identifies S and, for each f € S, M satisfies the
conditions, (b) to (d).

(a) (Vn)[M(f[n]) # M(f[n+1]) = f[1+max({z <n | M(f[z]) # M(f[n])})] € em(smpl;
(b) (Vn)[(Vz < n)[M(f[n]) # M(f[z])] = f[n] S onsin)) A m2(pad ™ (M(f[n]))) = f[n]];
(¢) all programs ever emitted by M on f have domain either N or an initial segment of N ;

(d) M, fed f, does not emit more than ¢+ 1 distinct programs.

PrROOF OF THEOREM 18. Suppose learning machine M is given. We construct a machine
M’ which behaves as follows. If M Sfex, identifies f, then M’ will Qfex . ,-identify f.

Without loss of generality, we assume that

M satisfies all the four properties stated in Lemma 19 above (G)

We say useful(7), or sometimes 7 is useful, iff [M(7) #? A (V7' C 7)[M(7) # M(7')]]. Let
UseSeg = {0 € SEG | useful(o)}. Let UseProg = {M(o) | useful(c)}. UseSeg is clearly a
recursive set, and, since M satisfies the second condition from Lemma 19, so is UseProg.

Let

4An interesting fact about the simulation is that the number of distinct programs output by the simulating
machine on any input function, f, is not more than the number of distinct programs output by the machine
being simulated on f.



wio] = 0
Wp,z, )] U{(p,z)} if p € UseProg
Wi,z +1] = Al < 2)[(p, w) € W((p, 2, D)) A @y(x) < 1
Wip, z,1)] otherwise.

Remark 20 Clearly Wi]’s satisfy the following properties:
wio] =0,
for all i, W(i] is finite,
for all i, W[i] C Wi+ 1],
for all i, card(W[i + 1] — W[i]) <1,
for alli,p,z, [(p,x + 1) € W[i] = (p,x) € W[i]],
for all p,z,i, [p & UseProg = (p,xz) & W|il],
for all p,z, [[p € UseProg A (Yw < z)[pp(w)]]] = (3i)[(p, z) € W[i]]],
for alli,p,z, [(p,z) € Wi] = ¢p(x)]] and

the canonical index of Wi] can be found effectively from i.

For each o € SEG such that o is useful we define a program Proc(c). M’ will only output
programs of the form Proc(c). We define the i/o behavior of all the programs Proc(c) in
stages below. For the rest of the proof only, let o,7 and v with or without decorations range

over UseSeg.

We first describe some of the important variables and then provide a pointer to many invariants

maintained by the construction.

Variables:

S;’, a finite subset of UseSeg, for each j and o;

P7, a finite subset of UseProg, for each j and o;

(e

7, a member of SEG, for each j and o.

The &7’s, once defined, never get changed. We use £7| to denote the fact that 7 gets
defined and ambiguously also for the value of £7. The S7’s and P7’s may change value during
the execution of stages.

Let S7° denote the value of S7 at the beginning of stage s. Let P{* denote the value of P{
at the beginning of stage s. Let

FirstEntry(o,7,j) = min({s | o € S;’S}) (H)

10



Let goj;mc( o) denote the finite initial segment of pp.,(,) defined by the beginning of stage s.
Let rJ denote the least element not in domain(y},, C(U)). Clearly, by (G), o can be, uniquely

and algorithmically, extracted from M(o), so we may and do let
myy(o) = max({|o|} U{l +z | (M(0),z) € W[s]}) @

Some of the important invariants which are maintained by the construction are mentioned
in Lemmas 21 and 23. The reader may verify that these invariants indeed hold. Intuitively, at
any stage s, if the construction can maintain the invariants mentioned in Lemma 21-(a) to (g)
without changing the S7’s and P]’s, then it does so. If the construction cannot maintain the
above invariants without changing the S7’s and P]’s, then it changes S7’s and P]’s in such a
way that the invariants in Lemma 21-(h) to (j) and Lemma 23 are also maintained. The reader

may find it helpful to refer to at least Lemma 21 while going through the construction.

The definition of the i/o behavior of all the programs Proc(c) immediately follows.

Initialization:
Let iy = card({M(7) | 7 C o}).
Let
So, ={ok;

B ={M(o)};
S7 =0 for j # is;
Py = (0 for j # iy;

for all z < [o], let ¥proc(o)(z) = o(2);

for all j # iy, £ is undefined at this point.
Go to stage 0;

Begin stage s

if Wis+1]—W][s|]=10 (1)
then Go to stage s +1 (2)
else (3)
(* By Remark 20, card(W{[s + 1] — W(s]) < 1. %)
Let (p,x) be the unique elment of W{s + 1] — W|s]; (4)
Let j, o be such that p € P;-T’S; (5)
(* By Lemma 21 such j, o exist and are unique x)
(* Note that m; > z. Thus by Lemma 21-(f), card({M(7) | 7 C @pla]}) <
j. Also by Lemma 21-(d) and (g), if » < [£7] then ¢p(z) = Pproc(o) ()
Moreover, by Lemma 21-(d) and (f), if z > [§7]| then card({M(7) | 7 C
eplzl}) = 3. %)
if card({M(7) | 7 C pplz +1]}) > j (6)

11



then (7)
if o¢ S;-”S Vo <rd (8)
then (9)
Let 7 be the element of largest length in (S;-”s —{o}); (10)
(* We selected the element of largest length so that the in-
variants in Lemma 22 hold. This merely makes it easier to
prove other lemmas. )

Let ©proc(r)(w) = gp(w) for ri <w <z (11)
Let S£27H = sl (7 (12)
Let Pﬁ{””*” P ) (13)
Let S;’ = j —{7}; (14)
Let P7 = P? — {p}; (15)
Go to stage s + 1; (16)
else (17)
Let ©proc(o) (W) = pp(w) for r{ <w < (18)
Let SE7iH = sfg”” U {o}; (19)
Let Pff{” =Pty ) (20)
Let S7 = 57 — {o}; (21)
Let 7 = PY — {p}: (22)
Go to stage s + 1; (23)

endif
elseif & < 17 A\ p(2) 7 ¢ Proc(o) (@) (24)
then (25)
Let 7 be the element of largest length in (S7° — {o}); (26)

(+ We selected the element of largest length so that the invariants in
Lemma 22 hold. This merely makes it easier to prove other lemmas.
*)

Let @ proc(r) () = @plw) for 1] < w < a; (27)

if there exist j,y such that 5} is already defined and
& = ppla+1 (28)

(* By Lemma 21-(e) there is at most one such j, vy *)

(* Note that by Lemma 21-(d) £ has not been defined until now )

then (29)

(* Note that by Lemma 21-(f), 7 cannot be the same as o *)

Let S} = S U{r}; (30)
Let P] = P;’ U{p}; (31)
else (32)
Let ST = STU{r}; (33)
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Let P = PT U {p};
Let £ = pplz + 1];
endif
Let S = 57 — {7}
Let Y = P — {p};
Go to stage s + 1;
elseif z = r? then

Let ¥ Proc(o) (z) = (pp(x);
Go to stage s + 1;
endif
endif

End stage s
Now consider the following set of lemmas.

Lemma 21 The following invariants are maintained by the construction.
(a) (Vs,j,o)[card(S]°) = card(P;")].
(b) (¥p € UseProg)(Vs) (3, j))[p € P}°].
(c) (Yo)(¥s) A", j")lo € 5.
(d) (Vj,0,5")
(i) [[§7 remains undefined before stage s' | < (Vs < s')[S7° = 0]], and
(ii) [[§7 gets defined in Initialization | = S;’O ={o}], and
(ii) [[€5 gets defined in stage s] = [
o __ s+1
éLj - @Proc(cr)//\
(Vs' < 5)[S7° = 0]A
o,s+1
S = {o}A
o€ S =
(7 < 1671 = DI (2) = hponiry (2) LI
E7(1€71 = 1) £ Ghnooioy (71— 1)1

7' =l
1], and

(iv) (&5 gets defined = card({M(7) | 7 C &£7}) = j], and
(v) [o € 5;’5 AT # 0 =& does not get defined before stage s|, and
(vi) [0 € §° = (V' > j)[§5 does not get defined before stage s]].
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(¢) (Vj,j' 0,07 =¢0 = [j =4 No=0].
(f) (Vj,s,0)(Vp € P]")

(1) & LA
(ii) 5;7 - Pp [m}sa] - SOSPI‘OC(O’)/\
(iir) card({M(7) | 7 C pp[my]}) = j.

(9) (Ys,4,0)

(i) (¥r € S7° — {o)[E] = Eppocir)-

(ZZ) o< S]q’s = [(p?—’roc(a) = UpEP;f’S SOP[mZ]]
(h) (Vs)

(i) leard({o | (3,7l € 57" — 571} < 1)

(i) [card({p € UseProg | (3j,7)[p € P["* — P[*™]}) < 1].

(Z) (vp7 g,T, T/7j7.j/7 S)H[O— S S;’S No € S;-—//’S—"_l] \/[p (= PJT’S /\p c PJ?;,75+1]] = ,j/ c {]7] + 1}]
() (Fo.m. 7' 9)lo € 5" o € ST AT 27 = 7 £ 0],

PROOF.

(a), (b), (¢): By induction on s. Clearly, invariants (a), (b), (c) hold for s = 0 (by Initialization).
Also each stage s clearly maintains the invariants (the only changes to S;-’, Py are done via steps,
(12)-(15), (19)-(22), (30)-(38), which maintain the invariants).

(h), (i), (j): By construction (see steps, (12)-(15), (19)-(22), (30)-(38)).

(d) parts (v), (vi): Follows by induction on stage number and using Lemma 21-(i) and (j).

(Note that this implies that at step (35) in the construction, &7 was not previously defined.)
(d) parts (i), (ii): Whenever 7 is defined, the construction makes S7 = {c}.
(e) Follows using Lemma 21-(d) part (v), and the test at step (28).

(d) part (iv), (f) and (g): The proof is by induction on s, where for (d) part (iv), we consider
those £7’s which are defined before stage s.

Clearly, these invariants hold for s = 0. (f) part (i) follows from (a) and (d) part (i).
Assume by induction that these invariants hold for s = s’. If we add 7 to S7 at stage ', then
the construction makes ¢+ (r) = &7~ Thus (g) part (i) holds for s = s’ + 1. Also p is added

Proc
to P7 at stage s', only if, £7 = ¢, [m5*1]. This along with the fact that, if for some p € PJ‘-”S/,

gop[m;/] C gop[mf)/ﬂ], then, either gop[mf)lﬂ] - gofglmc(a), or one of tests at steps (6), (24) and
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(40) succeeds. In either case, it is easy to see that the invariants (d) part (iv), (g) part (ii) and
(f) parts (ii) and (iii) hold for s = s’ + 1.

— s+1 —
- {U} and cpProc(U) -

£7. Suppose £7 gets defined in stage s and o € SJT;S (such a 7,j’ exist and are unique by part
(a)). Then, j" = j,7 # 0. Also by (g), (Vo < [£]| - 1)[{7(x) = Phroc(r)(%)l]. Moreover by the
test at step (24), &7 (1671 = 1) # ©proe(r) (€71 — 1)1 |

(d) part (iii): If €7 is defined at stage s then the construction makes S}”SH

Lemma 22 (a) Suppose & gets defined in stage s. Let T = {(j,7) | §]| C &7} Let (j,7) € T

be such that |§]T| 1s mazimized. Then o € S]T’s,
(b) (Vs)(Vj,o,7)[r € S7° = 7 Col.
(c) (Vj,o)(Va')[[§7 and 53»’/ are both defined A&7 C 5}7’] = o' Col.

(d) (Yo, 17,705 | 5 # 7V # ) Ess)o € S A € s;y,/,s+1 AT € S';/,S/ AT €
S A FirstEntry(o,v,j) > FirstEntry(r,7,j) Ao C 7] = [FirstEntry(o,7,j) >
FirstEntry (7,7, 7/)]].

(e) (Vj,0,7)[E71 C&f L = & is convergently different from @pyoc(o))-

ProoF.

(a) Suppose by way of contradiction that (a) does not hold. Let £7, be of least length, such
that (a) does not hold for £7, and {7 gets defined in stage s. Let 7 be as in (a) for £7. Let j/,7’
be such that o € S]T,,’S (such j/, 7" exist and are unique by Lemma 21-(c)). By Lemma 21-(d),
7 = j. We claim that 7 = 7/, contradicting the fact that &7 does not satisfy (a). Suppose by
way of contradiction that there exists a v such that g/ C f;yl C &7. Choose f;y, minimizing
€7, such that £ C £)| C £7. Then by Lemma 21-(d), for = [£]] = 1, £]() # @proc( ()1,
but, again by Lemma 21-(d), §7(2) = @proc(r) (), a contradiction.

As a corollary to (a) we have that if §71 C & | then &7 gets defined before &7 does.

(b) Using Lemma 21-(d)-(iii), Lemma 21-(g) we have that 7 C w%rOC(T) S Phroc(r) S Phroc(o)
and o C @fgroc(a). Thus 0 C 7 or 7 C 0. (b) now follows using Lemma 25.

(c)If&7 C {;’l, then 55’/ could not have been defined at Initialization (see the corollary mentioned

after the proof of part (a)). (¢) now follows using parts (a) and (b).

(d) Note that by Lemma 21 parts (d)-(iii), (e), and (g), (Vo,v,t,t,t" | t <t < t")[[o €
S}’t No & S;-Y’tl] =o0¢ S;’t”]. (d) now follows by the choice of 7 at steps (10) and (26) in the

construction.

(e) Follows using part (a) and Lemma 21-(d). |
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By Lemma 21-(a) and (h), given, 7, 7', j, ' such that 7 # 7/ or j # j,
(Fo)loe S7° Ao € ST e @p)pePl*Ape PJ.T,"SH]

Also, 7,7/, 4,5, if any, such that [r # 7" or j # j'], and (Jo)[oc € S7° Ao € S;/I’SH] and
Gp)lpe P Ape PJT,I’S+1], are unique.
Thus in the statement just below of Lemma 23, for any s, if the supposition is true for

7,7,79,9,0,p, then 7,7/, 4,4, 0, p are unique.

Lemma 23 Given s, suppose 7,7',j,j',0,p are such that [T # 7'\ j # j' ] AN|o € (5’;’3 N
S’T/,S—‘rl
j/

(a) If j = ', then

)Ap € (SJT’S ﬂS]T,/’SH)], then the following invariants are maintained by the construction.

(i) o # 7, and

(i) gT = 90;—;316 (o) — = pp[m S+1]: and
(i) For v = €] = 1, €] @)1 # 9proery@)1], and
(iv) 7' CT.

(b) If j' =5+ 1, then

(i) o #7,
(”) 67— _SOQISD—L_;C(U) @p[ S+1]7 and
(iti) Forz = |¢5] =1, [0 # 7 = [/ (@) # Phroc(r) (2)1])

PRrOOF. Parts (a) (i)-(iii) and (b), are easy to prove using Lemma 21 and construction steps
(6)-(41). Part (a)-(iv) follows using Lemma 22-(c). i

Lemma 24 For all j,o,7 such that o # T
(a) (& is defined AT C & C om(r)] = (35)[M(7) € P]°], and
(b) [§7 is defined AT C &7 C 0proc(r)) = (3s)[r € S7°], and
(c) [&f and & are defined A &F C &7] = (3w < [€F7])[6F () # PProc(r) (€)1]-

PROOF.

(a) Let Err = {(j,0,7) | [£7 is defined A7 C &7 C pnien] A =(3s)[M(7) € P7°]}. Suppose by
way of contradiction that Err is not empty. Choose j, o, minimizing the length of £7, such that
there exists a 7, (j,0,7) € Err. Choose 7 such that (j,o,7) € Err and max({]§7| (3s)[M(1) €
PreIAE) C €7}) is maximized. Let 7,5’ be such that (3s)[M(7) € P;"], f; C &7, and [¢))|
is maximized. Let s be such that (M(7), [{7] — 1) € W[s + 1] — W[s]. If j > j', then by the if
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clause at step (6) of the construction in stage s, M(7) would be removed from P], and added
to P7. If j' = j, then by the test at step (24) and by Lemma 21-(d) and 22-(a), M(7) must be

removed from PJTZ and added to P in stage s.
(b) Proof is similar to that of (a).

(c) Follows using Lemma 21-(d) and Lemma 22-(a). |

Lemma 25 (Yo,7,v | o C 7)[(3s,8)[o0 € S]° AT € S]W/] = FirstEntry(r,7,5) <
FirstEntry(o, v, j)].

PROOF. Follows by induction on the length of £/, using, Lemmas 22-(d) and 24-(b). |

Lemma 26

(a) For all j > c+1, for all o, § remains undefined forever.
(b) For all o, there exists an s,j, T such that (Vs' > s)[o € S;’S/].

(¢) For all p € UseProg, there exists an s, j, T such that (Vs' > s)[p € PJT’S/].

PROOF. (a) follows from Lemma 21-(d) and the fact that M satisfies clause 4 in Lemma 19.

(b) and (c) now follow from Lemma 23. i

Lemma 27 (VO’,T | o C T)[[T - @Proc(a)] = [(Elx)[goproc(a) (IL’)l 7é P Proc(t) ({L’)“ V[(pProc(cr) C
PProc(r) N\ PProc(s) 5 @ finite initial segment]]].

PROOF. Let o, 7 be given. Let j,v be such that &) C ¥ psoc(r) N PProc(s), and [} ] is maximized.
Now, by Lemma 25, FirstEntry(7,~, j) < FirstEntry(o,~, j).

By Lemmas 24, 21-(g) and 22-(e), if v = 7 then, either pp.,c(,) is convergently different
from ¢proc(r) OF YProc(o) =& -

Suppose v # 7. Clearly, since |o| < |7], (%c’) s)[T € S;y] = (%? s)lo € S;] If (ovo s)[T € 5’;],
then, clearly, Ypyoc(s) = f], which satisfies the claim in the lemma. Otherwise, let j/,~" be such

that (%’o s)[T € S}/’S] (there exists such a j’,+ by Lemma 26). Hence, §;’,/ Z ©Proc(a)- |

We now continue with the rest of the proof of Theorem 18. From Lemmas 21-(g), (h), 24,
and 26, it follows that, for all f such that M Sfex, -identifies f, there exists a ¢ C f, such
that ©pyoc(o) = f- Moreover, by Lemma 27 (V7 | o C 7)[@proc(r) € f]-

Define M’ as follows.
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If M(f[n]) =7, then let M'(f[n]) =7; if card({M(f[i]) | i < n}) > ¢+1, then let M'(f[n]) =
M(f[m]), where m = min({j | card({M(f[i]) | i < j}) > ¢+ 1}); otherwise, let ng < n; <
ny < ... < n; <n be such that the f[n;]’s are useful and are the only useful segments of that
form. Let M'(f[n]) = Proc(f[ni]), where i = max({k < j | card({z < n | ®proe(fn,)(®) <
N A @proc(fing]) () # f(x)}) = 0}). From the remarks just before the definition of M’ it is easy
to see that M', Qfex;, 5. ,-identifies f. |

Theorem 28 Let b < V' < c¢,c € N. Let ¢ = ([5i5 bliﬂ +1) % (b—1) +c. Then Sfexp, C
Qfexb,p/.

PROOF. Fix a,b,c and b'. For a given M, let Fpg be a machine which on input f[n], behaves as
follows. For a given f, j > 1, let Sat(j) be true iff there exists a sequence of sets Sy, S1, ..., 5;
such that, for all 7 < j, the following five conditions are satisfied.

(1) card(S;) <b.

(2) So = {M(f[0])} — {7}

(3) Sit1 — S S{M(f[i +1])}.

(4) M(f[i]) € S U{7}.

(5) card({i < j |0 # Si # Sita}) <c.
If Sat(n), then let Fym(f[n]) = M(f[n]). Otherwise, let m = max({j | Sat(j)}) and then let
Fa(f[n]) = M(f[m + 1]). Now consider the following cases.
Case 1: For all n, Sat(n).

In this case, clearly, Fpm Qfexy ,-identifies f.

Case 2: (37)[—Sat(j)].

Let n be the least j such that —Sat(j). Note that, since M Sfexy -identifies f, it must be
the case that png(rn)) = f. Thus, Fy Qfexy ,-identifies f.

From the above two cases it follows that Fnr Qfexp ,-identifies f.

We now wish to prove an upper bound on the number of queue mind changes for Fy; on
functions Sfex; -identified by M. To ease the proof of the bound, we will shortly consider some
transformations on the behavior of M on function, f, which is Sfexj .-identified by M. These
transformations depend both on the machine M and the function f. Let us first consider some
of the invariants, maintained by the transformations. Suppose f, which is Sfexj .-identified by
M is given. Let M/ and M

before
The following invariants would be maintained.

gfter denote M before and after a transformation.

(a) MQ frop Sfexj -identifies f.
(b) Number of queue mind changes of F s on f is not less than the number of queue
after
mind changes of F on f.

before
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Let Ménal denote M after all the transformations are done.

We will later prove an upper bound on the number of mind changes of F, on f, for f

final
Sfex; -identified by M. Clearly, by the invariants mentioned above, this upper bound would

also be an upper bound on the number of queue mind changes of Fp on functions Sfexj .-
identified by M.

We now proceed to describe our transformations. It will be easy to see that the invariants
mentioned above are maintained. Let M, and f, Sfexj -identified by M be given. Let Sat be

defined as above.

(a) If there exists a j such that —Sat(j), then let n be the least such j. For all n’ > n let
M(f[n']) = M(f[n]).
(Using argument similar to that in Case 2 above, it can be seen that M, after the above
transformation still Sfexy -identifies f. Moreover the above transformation does not

change the behavior of Fny on f. Thus the invariants are maintained.)

(b) Let Sp, S1,... be a sequence of sets witnessing that M, Sfex} -identifies f (in the sense
of Definition 12). We do not perform this transformation unless there exists a pair (p, )
such that

<3k>i)[p€Si—Si+1 /\pESk] (J)

Suppose (J) holds for some (p, 7). Let [ be such that (Vj)[pad(p,!) ¢ S;]. Note that such

an [ must exist since there are only finitely many distinct sets in the sequence, Sy, S1, . . ..

For each k > i, if M(f[k]) = p, change M(f[k]) to pad(p,!) and replace p by pad(p,l) in Sk

(K)
When this is done see if there are now any new pair (p,¢) such that, for the new S;’s, (J)
is true. If so, pick one and repeat (K) (with [ such that (Vj)[pad(p,l) € S;]). Continue
in this fashion until no new (p,7) exist. This process must terminate since M on f has

atmost ¢ mind changes.

It is easy to see that the above transformations preserve the invariants mentioned above.
Note that, due to the first transformation, for all j, M (fl4]) = Fpr (fl7])- Let na g
final Mg ’

denote the least value of j such that for all j > j, S;; = S, where S;’s a%g as defined in the
beginning of the second transformation above.

We now prove a bound on the number of queue mind changes by F{/Iﬁnal on f, for f
Sfexj .-identified by M.

We now define the queue sequence (in the sense of Definition 14) which will help us prove

the upper bound on the number of mind changes of F, on f.
final
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() if i =0 and FMfﬁ 1(f[O]) =7,
na
(Fyp (F0D) ifi=0and Fy;r  (f[0]) #7;
final . final
(Fyr (fLD) it i =mnu,p;
M ]ﬁnal . e ) ) M, f
oMs _ ) Qi © (Fyer  (FLD) it e # ey Ad#AOAFyy (fli]) & Set(Q71)A
i = final final
card(Set(QM)) < ¥/;
(Frgy (D) i nny ATEOAFy  (fli)) & Set(@QY)A
final final
card(Set(QM71)) = ¥/;
Q?i[’lf otherwise.

Let pbf(M, f) = card({M(f[j]) | 7 < nm,s A M(f[5]) #?}). (pbf(M, f) is the number of
distinct programs output by M on initial segments of f of length less than nag f).
Let g(I) = max({card({i | () # Q?/I’f # Q?ﬁ’lf/\i <nm,r}) | pbf(M{inal’ﬁ < 1}). It is easy

to see that the number of mind changes of F on f, Sfexj ~identified by M, is bounded by

final
g(c)+b—1. We now calculate a bound on, g(1) (for I < ¢). If I < ¥/, then clearly g(I) = I. Also,

gr+b) <b' +g(r+b—1), for r > 1. Solving the recurrence we get g(c) < (%} (b=1)+c.
Thus the number of queue mind changes of M’ on f is bounded by g(¢) +b—1 < (. |

3.3 Separation Results

In this section we prove our separation results of the form, Qfex; , — Sfex, . # 0, Sfexy  —
Sfexy,. # 0 and Sfexy » —Qfex, . # (. To this end, we prove Claim 29 below. It’s proof is long
and involves several lemmas; however, once Claim 29 is available the proof of the separation
results are short. Intuitively, Claim 29 extracts out the common part of the diagonalization
proofs in these separation results.

But first we define a useful notion of stacklike sequence. Consider a finite sequence of push,
pop and top operations being performed on a stack, where the i-th push operation, if any, pushes
1 on the stack. Assume that no two top operations occur one immediately after the other, and
a push operation is always followed by a top operation. Further assume that, top and pop
operations are performed only if the stack is non-empty. In the above, the possible sequences
formed using the answers to the top operation are characterized by what we refer to as stacklike
sequences just below.

A sequence (n1,ng,...,ny) is called stacklike just in case the following four conditions hold:

1. {n; | 1 <i <k} forms an initial segment of N .
2. For 1 <i<j<l<Ek, if n; >nj, then n; # ny.
3. For 1 <i < j <k, if n; > n,, then there exists an [, 1 <1 < i such that n; = n;.

4. For 1§’i<k‘, ni#niﬂ.
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Note that any non-empty stacklike sequence starts with a 1. We say that the sequence

(n1,n2,...,nm) matches the stacklike sequence s iff there is a 1-1 mapping g from {n; | 1 <
i < m} into N such that (g(n1),g(n2),...,g(ny)) forms a prefix of s; we say (n1,ng,...,nn)
exactly matches s iff (g(n1),g(n2),...,g(ny)) is the same as s.

For each stacklike sequence s, we define a class of functions, Cs, as follows. We let
proj(n) be the largest subsequence (mo0n(ip), maon(i1),...,) of (weon(0), maon(1),...) such that
(V) mron(iy) = 1]

Cs = {f € R | proj(f) matches s A or,(f(max({e|m (f(z)=1}))) = [ }-

For a sequence s = (n1,n2,ns,...), let reduce(s) = be the largest subsequence of s, such

that no two consecutive elements in the sequence are the same.

Claim 29 Given a non-empty stacklike sequence s = (ny,na,...,ng) and an M, there exists a
function f € Cs, such that, if M Sfexy . (respectively, Qfex,, , )-identifies f, then, the associated
number of mind changes of M is lower bounded by that of a device, M, which merely outputs
programs such that, reduce((M'(f[0]), M'(f[1]),...)) exactly matches s.

PRrROOF. This proof is very complicated and requires finitary versions of the operator recursion
theorem (Case (1974)). Fix b. In the rest of the proof any reference to set (queue) mind changes
by a machine, refers to set, (queue,) mind changes by the machine. Note that, for f € Cs, a
device, M/, which merely outputs programs such that reduce((M'(f[0]), M'(f[1]),...)) exactly
matches s, does at most k — 1 set (queue) mind changes. Thus, if for some f € Cs, M makes at
least k£ mind changes, then the claim is trivially satisfied. We therefore assume, without loss of
generality, that M satisfies Lemma 19 (b) — (d) in the case that ¢ = k — 1.

Given a non-empty stacklike sequence s and a machine M, by the operator recursion theorem
there exists a 1-1 recursive function p such that the following holds. We will pick one of the
©p(i)’s to be the diagonalizing function, f.

The diagonalization procedure works in stages. The following are some of the important
variables maintained by the diagonalization procedure (the value of these variables may change

during the execution of the stages).

curpos: The value of curpos, at the beginning of any stage ¢ denotes the position in the
sequence s which is being handled at stage t. Let curpos, denote the value of curpos at
the beginning of stage t.
leastunused denotes a number such that, for all i > leastunused, program p(i) is available
for possible use in further steps of the diagonalization.
A[-] (an array of programs): A[i]’s are certain members of the range of p. Let M’ be a
machine such that, for all g and m, M'(g[m]) = meog(max({x < m | mog(x) = 1})).
Informally, the ultimate aim of the diagonalization procedure is to construct a function f

such that, if M Sfexy , (Qfex; ,)-identifies f, then the set (queue) mind change complexity
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of M on f is at least as much as that of M’. Eventually, the function computed by the
final value of one of the A[i]’s will be such an f. Each program A[n;] extends the part
of the candidate for f already constructed by A[ni], A[na], ..., A[n;—1]. The goal of A[n;]
is to compute an extension such that the programs output by M, on this extension, are
sufficient to guarantee that M does no better (with respect to the set (queue) mind change
complexity) than M’. However, while A[n;] is trying to achieve its goal, it might discover
that, based on the extension it has computed so far, it may not be able to achieve its goal.
If this happens, then, for some selected j, 1 < j < i, A[n;] will try to find a new extension,
of the part of the function already constructed by A[n;],j” < j. Also, it will then be the
case that A[n;| can be successful in making one more of the programs output by M on the
initial segment constructed so far by Ani],..., A[n;] convergently wrong. This may spoil
the current programs assigned to A[n;~], j” > j. The selected j, will have the property
that, {ni,...,n;} N {njq1,...,n;} =0, and thus the programs, A[ni],..., A[n;] will not
be spoiled yet. (From this point on, whenever A[n;/], j” > j, tries to achieve its goal, as
above, it will be assigned a mew program). An A[n;] tries to compute its extension, as
described above, in stages at the beginning of which curpos = i.

We say that n is active at stage ¢ iff (31,1’ | 1 <1 < curpos; <U' < k)[ny=ny =nAn <
Neurpos, |-

Prog[-] (an array of finite sets of programs): Intuitively Prog[i], at any time, denotes the set
of programs output by M, on the extension constructed by A[i], which are not in Prog|[j]
for some active j, and are not already known to be convergently wrong.

(* Given t, let D = {n | n = neurpos, V 1 is active at stage t}. Then during the
execution of stage ¢, for each pair, ni,ns € D, ny # ng, Proglni] and Prog[ns] will
be disjoint. *)

Wrong|-| (an array of finite sets of programs): Intuitively, at stage ¢, Wrong[curpos,] denotes
the set of programs which have been diagonalized against (some diagonalization may be
undone if, at some later stage t’, curpos, becomes less than curpos;).

initseq is a boolean such that the current candidate for f is to be defined at its next argument
to have w1 of its value = 1 iff initseq is true.

maxcontr denotes a value > the maximum number which has already been used for contra-
dicting programs in Wrong|[-].

Io, I, ...: These numerical values are used to make it easier to claim the invariants main-

tained by the diagonalization procedure.

It may help the reader to look at the invariants in Lemma 30 while going through the
diagonalization procedure.

Initially, let Prog[l] = 0, A[l] = p(0), leastunused = 1, Wrong[l] = 0, curpos = 1,
maxcontr = 0 and initseq = TRUFE. Let @é(i) denote ;) defined before the beginning of stage
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t. Let goi’é) denote ;) defined by the end of step 3.1 in substage ' (if executed) in stage ¢.
Go to stage 0.

Begin stage t

1. Let y =2y =min({z |z & domain(gofq[ )}

ncurpos]

Let maxcontr = maxcontr + 1.
2. Go to substage 0.
3. Substage ¢/
3.1 if initseq then
1et 9 Afneurpos] (V) = (1, A[ncurpos]), initseq = FALSE, y =y + 1.
else
let ¥ Afneurpos) (¥) = (0, maxcontr), y =y + 1.
endif
3.2 Let Active = {i | i < ncurpos A (37 > curpos)[n; = i]}.
if (3i € Active)[M(¥ Afneupos) [Y]) € Progli] — Wrong[curpos]] then
Let i be such that [M(¢ Afneupes) [V]) € Progli] — Wrong[curpos] A i € Active].
Let I < curpos be the largest number such that n; = i.
Let d = min({z | z ¢ domain(¢’; ) }).
i [PM (6 A neurpont 1) (D) = PAmcurpos] (4) i < ¢ steps | then
(* In this case A[ncurpos] may not be able to achieve its goal as stated
in the informal description before the diagonalization procedure. x)
(* ¢ ap5)(d) will be defined to be (0, maxcontr+1) in the next stage. Thus
M(® Aneurpos) [¥]) Would be a convergently wrong program output by
M on some initial segment of ¢ 4(;[d]. *)
Let Wrong[l] = Wrong[l] U {M(® Afncupos] (Y1) }-
Let curpos = [.
Go to stage t + 1.
else Go to substage t’ + 1.
endif
endif
3.3 i M(®Afncurpes] [Y]) & Wrong[curpos] U {?} then
Let Prog[ncurpos| = Proglnecurpos] U {M(0afngyp0.] (Y1) }-
Let z = min({w | 2t < w < ¥)[M(@Aneurpod] [W]) = M Afneumpos) [YD]})-
if [[@M(@A[nmpos] ) (2)] = (0, maxcontr) in <t steps | A (Vz < 2)
[SOM(%[MMPOS] ) (T) L = P Afncurpos) (T)] A [ length of s is greater than curpos|]|

(* Note that, if gpM(%[nmpOS][yD(z)l, then (Vo < z)[pm(p p(@) ] *)
then Go to step 4.

’ﬂcurpos] [y
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(* here A[ncurpos| is successful in achieving its goal, as mentioned in the informal
description before the diagonalization procedure ).
endif
endif
3.4 Go to substage t' + 1.
End substage ¢/
4. if neurpos+1 > Neurpos then
let A[ncurpos+1] = p(leastunused). Let leastunused = leastunused + 1.
Let Prog[ncurpos+1] = 0.
endif
5. if neurpos 7 M, for all ¢ such that curpos < ¢ < k then
Let Wrong|curpos + 1] = Wrong[curpos] U {IM(¢ Afneurpos) [V]) }-
Let z be as in step 3.3.
Let © Aneurposs1](T) = PAneurpos) (T) for each x < z such that ¢ Ajn.y,peq) () has not
been defined till now.
Let Tcurpos = 2.
else

For each = < y, such that ¢ gy .00e41](%) has not been defined till now,

let S0A[”curpos+ﬂ (l‘) = SOA[ncurpos] (ﬂ_’,‘)
Let Wrong[curpos + 1] = Wrong|curpos].

Let Tcurpos = -
endif
6. Let curpos = curpos + 1.
Let initseq = TRUFE.
Go to stage t + 1.

End stage t

Let Prog‘[n] denote the value of Prog[n] at the beginning of stage t. For i such that
1 < i < k, let last! denote the highest numbered stage, ¢’ < t, if any, such that curpos, = i.
Let In = —1. Let Wrong'[i] denote the value of Wrong][i] at the beginning of stage t.

Lemma 30 For all t,t' such that, substage t' of stage t is executed, the following holds at the
end of step 3.1 in substage t' of stage t.

(a) For each i < curpos, — 1, I; < Iiy1.
(b) For each i such that 1 < i < curpos,, Wrong[i] C Wrong|[i + 1].

(¢) For each i such that 1 < i < curpos; — 1, g, [Li] € wapm, ) [Liv1]- Also, if curpos, > 1,

then QOA[ncurpost _ 1] [Icurpost — 1] g QOA[ncurpost } .
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(d) For n such that n is active at stage t, let l,, = max({i | i < curpos, A n; = n}). Then

domain(yly, ) = {z [z < I, }.

(e) For each i such that 1 < i < curpos,, there exists an x € {I;—1 + 1,...,I;} such that
t
M(SOA[Curpost][x]) € Progl+la8ti [nz] - Wrongt M

(f) For each i such that 1 < i < curpos, and n; # Neurpos,, U Mi 8 not active at stage
t
t, then M(PAfneupos,] i]) € (Prog'+1estn;] — Wrong![i]) and pny L)l #
QOA[ncurpost}(Ii)l and M(@A[ncurpost]ui]) € Wrong![i + 1].

g0A[”curpost

(g9) For each i and i’ such that [1 <i <4i' < curpos, An; < ny], if there exists an i" > i such
t
that n; = n;», then ProglaSti’“[ni] N Prog[ng] = 0.

(h) For each n < Ncurpos,, such that n is active at stage t, <pf4[n] - cptA[

ncurpost] :

(i) For n active at stage t, let l,, = max({i | ¢ < curpos, An; = n}). For n active at stage

t, pmj(gail[ln]) exactly matches (ni,...,ny,). Moreover, proj(cpf;‘t[ ezxactly matches

curposy| )

(nh SRR ncurpost)-

(j) For each i such that 1 < i < curpos; — 1, {M(@Apmeupes,][@]) | Li < @ < Liza} C
{1:’7'0g1+la5t§+1 ] |1<j<i+1AE5|i+1<j <k)[ny=n;]}UWrong'[i + 1].

PROOF.

We will prove the invariants by induction on the stages/substages which are executed.
Clearly, the invariants hold at the end of step 3.1 of substage 0 in stage 0. Suppose the
invariants in the lemma hold after step 3.1 in substage ¢} of stage t;. Suppose that the next
substage executed after substage t} of stage t1 is substage t of stage t5. We show that the

invariants of the lemma hold after step 3.1 of substage t, of stage ts.

Case 1: In substage t] of stage ¢, the first and second if statements of step 3.2 succeed.

In this case clearly, to = t; + 1, tj = 0 and curpos;, < curpos;,. Let [ be as in step 3.2
of substage t} of stage t1. Also, since n; was active at stage ¢; and for all j such that
| < j < curposy,, nj # ny, we have {n; | 1 < j <1}n{n; |l < j < curpos, } = 0. Thus
the elements in {n; | 1 < j <1} — {n;} which are active at stage t; would exactly be the
same as the n;’s which are active at stage ts.

From the above observations, it is easy to see that (a)-(j) hold after step 3.1 in substage 4

of stage to.

Case 2: In substage t) of stage t1, the first if statement of step 3.2 fails and the first and second

if statements of step 3.3 succeed.

In this case tz = t; + 1 and curpos,, = curpos;, + 1. After step 3.1 in substage t5 of stage
to:
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(a), (b), (¢), (d) and (h) hold because of the definition of Teurpos, Wrong|curpos,,] and
P Alncurposy, in step 5 of substage ¢} in stage t; and the fact that the invariants were
satisfied after step 3.1 of substage t} of stage ;.

(f) holds because of the first assignment statement in step 3.3 of substage ¢} in stage ¢1, the
value assigned to Icurpos " and Wrong|curpos,,|, in step 5 (of stage ¢1) and the fact that
invariants were satisfied after step 3.1 of substage t] of stage t;.

(e) and (j) hold because of the first assignment statement in step 3.3 of substage ¢} in stage
t1, and the fact that the invariants were satisfied after step 3.1 of substage ¢} of stage t;.

(g) holds because of step 4, the check at the first if statement in step 3.1 of substage ¢}
in stage t1, and the fact that the invariants were satisfied after step 3.1 of substage t} of
stage t1.

(i) holds because of the fact that initseq is made true in step 6 of stage ¢1, and the fact that

the invariants were satisfied after step 3.1 of substage t} of stage ¢1.
Case 3: Not case 1 or 2.

It is easy to see that (a)-(j) will hold after step 3.1 in substage t} of stage to. |

Lemma 31 For all i < k, the number of stages at the beginning of which curpos =i is finite.

Proor. By induction on ¢. The number of stages for which curpos = 1 is at most k£ + 1, since
each time a new stage with curpos = 1 is started (except possibly the first time) the number
of programs in Wrong|[1] is increased by 1. Since the number of programs output by M on any
initial sequence is bounded by k, the cardinality of Wrong]i] is bounded by k. Thus the number
of stages with curpos = 1 is bounded by k + 1. Similarly it can be shown that, if after stage
t curpos is always > ¢, then the number of stages > t for which curpos = ¢ + 1 is bounded by
k + 1. The lemma follows. i

As a corollary to above lemma we have that
Lemma 32 The number of stages which are executed is finite.

Let the last stage which is executed be t.

Let f = ©Alneupos,)- Clearly [ is total and in Cq (using Lemma 30-(i)). Suppose M
Sfexy «(Qfex;, ,)-identifies f. We give an argument for lower bounding the number of set
(queue) mind changes by M on f,

Now, if curpos, # k, then M does not Fex, identify f (otherwise one of step 3.2 or 3.3

would eventually force a change of stage). Thus curpos, = k.
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Forie {1,---,k—1}, let
t; denote the last stage at the beginning of which curpos = 1,
P; be the value of Prog[n;| at the end of stage t;, and
W; denote the value of Wrong[i] at the end of stage ¢;.

Let t, = t, P, = the limiting value of Prog[ny] and Wy = the limiting value of Wrong|[k].
Let I, 15, ..., I_1 be as in stage t.

Note that Py is non-empty and for all but finitely many j, M(f[j]) € Px — Wi (otherwise,
either, one of step 3.2 or 3.3 would eventually force a stage change, or, M does not Sfex; ,
(Qfex, ,)-identify f). Let Ip = —1 and [}, = oo.

We will now argue that the number of set (queue) mind changes for M on f is lower
bounded by that of the machine M’, which just outputs a sequence of programs such that
reduce(M'(f[0]), M'(f[1]),...) = s. For this purpose it is convenient to consider set (queue)
mind change complexity of infinite sequences. Let « range over infinite sequences over N U{7}.
We let «(i) denote the i-th element of a. For each «, let M, be such that M,(f[j]) =
a(j) (here M, may not be an algorithmic device; however, for the definition below this is
not significant). We define the set (queue) mind change complexity of o = the set (queue)
mind change complexity of M, on f. When we say “let Sp,S1,...(Qo,Q1,-..) be the sets
(queues) witnessing that set (queue) mind change complexity of o is X (< X)” we mean
“let Sp, S1,...(Qo,Q1,-..) be the sets (queues) witnessing that the set (queue) mind change
complexity of M, on f is X (< X), in the sense of Definition 12 (Definition 14).”

Let o = (M(f[0]), M(f[1]),...). Below we will successively change «, each change not
increasing the set (queue) mind change complexity of «, such that, for the final a obtained,
reduce(a) = s. This implies that the set (queue) mind change complexity of M on f is lower
bounded by that of M’, and thus proves the claim.

Note that by Lemma 30 the following holds.

Lemma 33
(a) For eachi <k, I; < Ii}1.
(b) For each i, such that 1 <i <k, W; C Wi4q.
(¢c) For eachi, 1 <i <k, there exists an v € {I;_1 +1,...,I;}, such that a(z) € P, — Wj.
(d) For each i such that 1 <i <k, if, for all j > i, nj # n;, then a(l;) € P; N Wiyq.

e) For all 3,7 such that [1 < j < j < kAn; < nyl|, if there exists a j” > j' such that
J5J J J j j J J
nj = nj», then P; N Py = .

(f) Fori<k— 1, {Oé(]@ + 1), ey Oé(]l)} g U{j\1§j§i+1/\(3j’2i+1)[n]-:n]-/]} Pj U Wi+1.
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(9) (¥ z)[a(z) & Wy).
(h) (Vz,j\1§z<y§k)[n,:n]:>PZ§Pj]

We will now consider four successive transformations of o. The reader will see that each of

these transformations does not increase the number of set (queue) mind changes of a.

Begin transformation T1
Let x > I_; be such that a(x) € P, — Wj, (there exists such an x by Lemma 33-(c)). For
each y > I;_1, let a(y) = a(x).
(* Since, for all but finitely many z, a(z) # a(Ii_1), this does not increase the number of

set (queue) mind changes of a. *)

End transformation T1

It is easy to see that,

Lemma 34 After transformation T1, «, in addition to satisfying Lemma 33, also satisfies:
for each x > I_1, a(x) = a(lx_1 + 1) € Py.

Begin transformation T2

For each pair i, x, such that
1Sigk—l/\fi<.%'§IZ'+1/\O((:U)EWZ', (L)

let y;» be such that I; < yiz < Liz1i A a(yiz) € Wi and ABS(y; , — x) is minimized,
and, then, let a(x) = a(y;,) (note that by Lemma 33-(c) there exists a y such that
I <y < I Na(y) € Wi).

(* Note that this does not increase the set (queue) mind change complexity of a. *)

End transformation T2

It is easy to see that,

Lemma 35 After transformation T2, «, in addition to satisfying Lemma 33, also satisfies
(i) for each © > Iy, a(x) = a(ly—1 + 1) € Py, and
(i) for all i,z such that 1 <i<k—1 and x > I;, a(x) & W;.

Forn € {ni,...,n;}, let final, = max({i | 1 <i < kAn; =n}). Forn € max({ni,...,ng}—
{ni}), let En = a(lgy, ); note that E, € Wy . Let Ep, = a(ly—1 +1).

Note that, by aid of Lemma 33-(d), E,, = Ej , iff n, = n,.. Also note that by Lemma 35,
for each j, 1 < j <k, Epn; = a(Iﬁnalnj)’ and for all z > Iﬁnalnjv a(x) # En,.

For i € {1,...,k — 1}, the following seven invariants will be true, in transformation T3
below, after the execution of the iteration of the for loop with j = ¢. For ¢ = 0 the invariants

are true before the start of the transformation T3.
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The invariants:

i) For each 4’ such that 1 <i' <4, E,,, € {a(z) | [y_1 <z < Iy}

i) (Vi' | 1 <i' <k)[E,, € {az) | Iﬁnalniﬁl <x< Iﬁnalni, H.

i) (v5,5,5" |1 <5 <j" <" <k)llng = njm # nyl = By & {a(z) | [ <w < [}

iv) For each i’ such that i < ¢’ < k, there exists an z € {Iy_1 + 1,...,Iy} such that
alz) € P —W,.

(v) Lemma 33 (a), (b), (d), (e), (g) and (h) are satisfied.

(vi) For each z > I} 1, a(z) = a(ly—1 + 1) € Py.

(vii) For all 4,z such that 1 <¢ <k —1and z > I;, a(z) € W,.

(
(
(
(

In transformation T3 and T4

“Insert ¢ after = in o” means perform the following operations in sequence:
for each y < z, let &/(y) = a(z);
let o/ (z+1) = ¢;
for each y >z, let &/(y + 1) = a(y);
let o = o;
for each j,1 < j <k, if I; > x, then let I; = I; + 1.

Begin transformation T3

forj=1tok—-1do
if E,, ¢ {a(x) | I;-1 < x < I;} then perform the transformation given below (which
ensures that after the transformation E,,; € {a(z) | I;-1 <z < I;}).
Let S;’s (Qi’s) be such that the number of set (queue) mind changes of « is minimized.
Let R; = S; (respectively, Set(Q;)) below.
Case 1: For some z, I; 1 <z < I, En; € Ry.
Let x be such that [;_; <x < I; and Ey; € Ry. Insert By after x — 1 in a.
(* Note that this does not increase the number of set (queue) mind changes for
a. )
Case 2: Not case 1.
Let w € P,; be such that w € {a(z) | I;_1 < x < I;}. Let x,, be such that
Ii1 <2 <Ijand w = a(zy).
Case 2.1: There does not exist a y > I, ) such that w = a(y) or there exists
an x such that z,, < x < Iﬁnaln. and either w ¢ R, or we are dealing with
queue mind changes, Q, = Q,—1 ¢ a(x), and a(x) = w.

Select such an x. For all y < z, such that a(y) = w, let a(y) = E,,.
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(* Note that this does not increase the number of set (queue) mind
changes of a. *)
Case 2.2: Not case 2.1.
Note that in this case, there exist x and y such that x < I; <y < Iﬁnalj
and

(Vzlz<z<ylwe RNz |2 < 2<y)[En & R Na(y) = En,.
(M)
Let x,y be such that they satisfy (M). For all z < y such that
a(z) = w, let a(z) = E,;, and, then, insert w after y in «.
(* Note that this does not increase the number of set mind changes of
a. For queue mind change complexity note that the above transfor-
mation interchanges the position of w and E,; in @, which does not
increase the number of queue mind changes, since, for all z > I final,’
E,, #a(z). *)
endif

endfor
End transformation T3.

It is easy to see that the seven invariants stated just before the transformation hold. The

following lemma follows from these invariants holding.

Lemma 36 After transformation T3, o satisfies each of the following.
(a) For each j, 1 <j <k, E,, €{a(z)| -1 <z < I}
(0) (V5,5353" |1 <G < <" <K)llnj = njn # nyl = [Ep & {a(2) | o1 <z < L}]].
(c) (Vj|1<j<k)En, &{a()] Tfinal, < z}].

Note that the above lemmas establish Claim 29 for set mind change. This is so because
there exists a subsequence o’ of a such that reduce(a) = s. For the queue mind change case
we need some more transformations.

We assume, from now on, that {a(z) | * € N} consists only of elements from
{En,,Eny,...,En,, 7} (the other elements in a can be deleted, without increasing the queue

mind change complexity of «). In transformation T4 below

“delete z-th element of &” means perform the following operations in sequence:
for each y < z, let &/(y) = a(x);
for each y >z, let &/(y) = a(y + 1);
let o = o/;
for each j,1 < j <k,if I; > x, then let [; = I; — 1.
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Let Prop(i) be the property:

Gz [ Li <a < Li)[a(z) # En]. (N)

Begin transformation T4

while there exists an i such that Prop(i) do
(* Note that {Eﬁnaln,_ |7 <kA ﬁnaln;_ <final,, } N{a(x) | z > Iﬁnalni} =0. *)

Let i be such that Prjop(z') holds with final,,, minimized.

Let Qo, @1, ... witness that the queue mind change complexity of « is X, where X is
the queue mind change complexity of a.

Let Ql =Q Iﬁnalni'

For all  such that there exists a i’,ny = n;, Iy < x < Iy and a(z) # Ey, delete the
a-th element of a (in decreasing order of such z’s).

Let S = {x | x-th element is deleted in the previous step and Q,—1 # @Q.}. Let
i1 < iz < ... < cara(s) be such that S = {i1,i2,...,icara(s)}. For each i € S, let
e; = the last element in the queue Q;. Let Q" = (e;,, €y, - - -, eicard(s)).

(* @' is formed from the deleted elements of a which caused a “mind change” in the
sequence of queues Qp, Q1, ... ¥)
if n; # ni then,
Insert, after Iﬁnaln. in «, all the elements of )" starting from the rear end and
proceeding to the front.
endif
(* Using the note mentioned at the beginning of the body of this while loop, it is easy
to see that the body of the while loop does not increase the number of mind changes.
)
endwhile

End transformation T4

Lemma 37 After transformation T4, « satisfies:
for each i,x such that 1 <i <k and I,_; <z <I;, [[;_1 < I; Na(z) = Ey,].

Note that the above lemma implies that after the transformations reduce(o) = s. Thus the

requirements for satisfying Claim 29 are achieved. |

Theorem 38 Suppose 2 <i<c¢,1<j<candcé€ N.
Sfex; . — Qfexj(

=L (1) b1 (o |55 Js(Gri-2)) =) 7 O

31



PROOF. We prove the theorem by using Claim 29. Let Seq(l,i,j) be the sequence (1,1, +
1,0 04+i=3,1+i—2,...,l+j+i—3,l+1—3,l4+i—4,...,1). This sequence consists of 1, followed
by a sequence of i—2 numbers, followed by a sequence of j numbers, followed by the reverse of the
first sequence of i —2 numbers. Let r = | 755~ L-]. Let m = ([e— L]Jr: 2J (j+i—2)] = 7). If m > 0,
then let s’ = Seq(LjJrZ 5/%(J+i—=2)+2,m+1,j)o(1,c+1); else, let s" = (1, Lj+ii2j*(j+i—2)+
2,...,c+1). Let s = Seq(2,1,j)oSeq(2+1x(j+i—2),4,j)o...0Seq(2+(r—1)x(j+i—2),4, j)os’.
The theorem follows by observing that Cs € Sfex;. and the fact that any machine which

Qfex; ,-identifies Cs can do no better, with respect to queue mind changes, on some f € Cj,

than outputting a sequence exactly matching s. |

Theorem 39 Supposel < j<i<c¢ c€eN. Sfexi,C—Sfexj (L&=L (i
’ 7—1

. i)t e 1 (e[ =) x(i-1)] ) 7

PROOF. We prove the theorem by using Claim 29. Let Seq(l,i) be the sequence (1,1,1 +

Sl+i—3,04+1i—2,014i—3...,1) This sequence consists of 1, followed by a sequence
of i — 2 numbers, followed by a number, followed by the reverse of the sequence of i — 2
numbers. Let r = [<7]. Let m = ([c — [$F] * (i — 1)] = j). If m > 0, then let ' =
Seq(|$=]) * (i — 1) +2,m+j) o (1,c+1); else, let s' = (1,[ S| % (i —1) +2,...,c+1). Let
s=Seq(2,i)0Seq(2+ 1% (i—1),i)o...0Seq(2+ (r—1) (i — 1),i) o s’. The theorem follows
by observing that Cs € Sfex; . and the fact that any machine which Sfex; .-identifies C; can
do no better, with respect to set mind changes, on some f € C,, than outputting a sequence

exactly matching s. i

A complicated modification of the diagonalization in the proof of Claim 29 also gives the

following:

Theorem 40 Let 1 <j <i<c, ce N. Qfex; — Sfex; =
0.

“(i1)) T

*(i—j)+c—1+([c—

As corollaries to the above theorems we have:
Corollary 41 For allc € N,c > 1, Qfex; . C Qfex, . C ... C Qfex, . = Qfex. ;.= ...
Corollary 42 For allc€ N,c> 1, Sfex; . C Sfexy. C ... C Sfex.. = Sfex.11.=....
Corollary 43 For allb,c € N, 2 <b < ¢, Qfex;, . C Sfex; .

Corollary 44 For ce N*, Qfex, , — Exy. o # 0.
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4 Program Size Restrictions on Vacillatory Function Identifi-

cation

Definition 45 Suppose a € N U {*} and b € N U {x}.

(i) A learning machine, M, Mfexj-identifies a class of functions S just in case (3h € R)(Vf €
S)(3D | card(D) < b)[M(f)I} = D A (Vi € D)[p; =* f Ai < h(MinProg,(f))]].

(ii) Mfex} = {S | (IM)[M Mfexj-identifies S]}.

h in Definition 45 plays the role of a computable amount by which the final programs can
be larger than minimal size. This size restriction of course does not hold in general, but it is
not as severe as requiring that the final programs be strictly minimal size. Mathematically,
Mfexj-identification is well-behaved. For example, it is independent of the choice of acceptable
programming system used to interpret a machine’s conjectures. We also denote Mfex{ by
Mex“.

Definition 46 Suppose a € N U {x}.
(i) A learning machine, M, Mbc“-identifies a class of functions S just in case (3h € R)(Vf €

S)(¥ n)lena(spmy = f A M(f[n]) < h(MinProg(f))].
(ii) Mbc® = {S | (3M)[M Mbc®-identifies S]}.

Proposition 47 (Va € N)Mfex{ = Mbc®|.

PRrOOF. Follows from the fact that for each h, f € R there are only finitely many programs
< h(MinProg(f)). |

As promised, the next theorem answers an open question in Chen (1981).

Theorem 48 (Ya € N)[Mfex? = Mex"|.

PROOF OF THEOREM 48.

Suppose M Mfex{-identifies S. Let h, computable, be such that (Vf € S)M(f) <
h(MinProg(f))]. We assume without loss of generality that h is monotone increasing. We
first construct an M’ which on each f € S, converges to a “small” enough program, with
“small” number of errors.

Let P range over finite sets of programs. By the s-m-n theorem (Rogers (1967)) there exists
a recursive function Unify, mapping finite sets of programs to programs, such that @yyig(.) can

be defined as follows.

Begin Unify(P)
On input x,

search for i € P such that ¢;(z)].
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If and when such an i is found output ¢;(z) (for the first such i found).

End

Let GOOD(f, k) be true iff the following three properties are satisfied.
(i) For each i € D, card({z | wi(z)| # f(2)}) < a.
(ii) For each m >k, M(f[m]) € Dq,)-
() (Vi | h(i) < max( Dy () (B < K)pi(a) # £(a)].

Note that, for f € &, there exists a k such that GOOD(f,k). Let PROG(f) =
Dﬂ'g(min({k|GOOD(f,k)}))' We construct M’ such that, for all f, M/(f) = Unify(PROG(f)).

Let MAYBEGOOD( f[n], k) be true iff the following three properties are satisfied.
(i) For all i € Dy, 1), card({z < n | ®i(z) <nApi(z)l # f(z)}) < a.
(ii) For all m such that & <m < n, M(f[m]) € Dy, x)-
(iil) (Vi | h(i) < max(Dq,x)))(Fz < k)[@i(7) > nV pi(z) # f(2)]

Let M'(f[n]) = UnifY(Dwz(min({n}u{k’Sn\MAYBEGOOD(f[n],k’)})))'
Let h1(j) = max({Unify(P) | P C {z | z < h(j)}}).

Claim 49 For all f € S, there exists an i such that, M'(f)] = i and the following three
conditions are satisfied.
(1) i < hi(MinProg(f)).

(ii) card({z | i(z)1}) < a.
(11i) card({z | p;(x)| # f(x)}) < ax*(1+ h(MinProg(f))).
PROOF. (i) holds since PROG(f) C {j | j < h(MinProg(f))}.

(ii) holds since the number of errors committed by the final programs, output by M on f,

is bounded by a.
(iii) holds because card(PROG(f)) < 1+h(MinProg(f)) and for all i € PROG(f), card({z |
vi(x)] # f(z)}) < a (by condition (i) in the definition of GOOD). |

Define mindiv, errset, patchset, patch, g as follows.

mindiv(j, n) = min({n} U {z | ®;(z) > n}).
errset(j,n) = {x < mindiv(j,n) | Syp, imindivio)®) < 1Ay, mmindiv(ay (@) # 250}
patchset(j,n) = {(z, ¢;(z)) | © € errset(j,n)}.
Y if (3z)[(z,2) € D] A [y = min({z | (z, 2) € D})];

i(z) otherwise.

Ppatch(l,D) (.%') = {
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patch(M/(;[m]), patchset(j,n)), if card(errset(j,n)) < a- [h(j) + 1]A
, M’ (¢;[mindiv(j, n)]) < h1(j),
9(im) = and m = mindiv(j, n);
0, otherwise.

mindiv(j,n) finds the minimal apparent divergent point for ¢; (using n as a complex-
ity bound) and errset finds the set of apparent convergent errors (with respect to ¢;) in
PM (g, mindiv(j,n))- patchset contains the patches required for the errors in errset. Note that
for ¢; € S, lim,, .00 g(j, n) is a program formed by patching the convergent errors in M'(¢p;).

It is easy to see that the following claim holds.

Claim 50 For all j, if pj € S, then the following four properties are satisfied.

(1) card({g(j,n) |ne N}) <1+ (1 +h1(j)) *(1+ax*x(1+h()))).
(ii) limy, o g(4,n)| = k such that,

card({z | px(2)T}) < an

card({z | pp(x)] # @;(x)}) = 0.
(111) For all 1, if ¢, = @j, then lim, . g(l,n)] = lim,_. g(j,n).
(iv) limy, o0 g(j, ) = patch(M’(ng), {<$790j(x)> | ‘PM/(%)(z)l#%(x)})'

Let M” be such that, M"(f[n]) = patch(M'(f[n]), {(z, f(z)) | © < n A @rpsp(r) < 1A
omr (s () # f(2)}). Tt is easy to see that, for p; € S, M"(p;) = patch(M'(¢;), {{z, p;(x)) |
P (o) (@) | s (@) }) = 0o 95, 2).

Thus from Theorem 3.3 in Chen (1982) (and using g, M"” constructed above) we have that
S € Mex“. |

Theorem 51 (Chen (1981)) Mex* = Mfex;.

PROOF. Case and Smith (1983) showed that Fexj = Ex*. Chen (1981) showed that Ex* =
Mex*. The theorem follows. |

5 Future Work

The results in section 3 (Theorems 18, 28, 38, 39 and 40) do not give the complete relation-
ship (even for identification without anomalies) between the criteria of inference introduced.
Methodologically there is a gap between the diagonalization and simulation results. Future
work will concentrate on proving theorems which give the complete relationship between the
inference criteria introduced. In particular we need to much more generally assess the effects

of the presence of anomalies.
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