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Abstract

The presen paper considersthe e ects of introducing inaccuraciesin a learner's erviron-
ment in Gold's learning model of identi cation in the limit. Three kinds of inaccuraciesare
considered: presenceof spuriousdata is modeledaslearning from a noisy ervironment, miss-
ing data is modeledaslearning from incomplete ervironment, and the presenceof a mixture
of both spurious and missing data is modeled as learning from imperfect ervironment.

Two learning domains are considered,namely, identi cation of programs from graphs of
computable functions and identi cation of grammars from positive data about recursively
enumerable languages.Many hierarchiesand tradeo s resulting from the interplay between
the number of errors allowed in the nal hypothesesthe number of inaccuraciesin the data,
the typesof inaccuracies,and the type of succesriteria are derived.

An interesting result is that in the context of function learning, incomplete data is strictly
worsefor learning than noisy data.

1 Intro duction

Consider the scenarioin which a subject is attempting to learn its ervironment. At any given
time, the subject receives a nite piece of data about its environment, and based on this
nite information, conjecturesan explanation about the environment. The subject is said to
learn its environment just in casethe explanations conjectured by the subject become xed
over time, and this xed explanation is a correct represenation of the subject's environment.
Computational learning theory provides a framework for the study of the above scenariowhen
the subject is an algorithmic device. The above model of learning is basedon the work initiated
by Gold [Gol67] and has beenusedin inductiv e inferenceof both functions and languages.We
refer the readerto [AS83, BB75, CS83 OSW86, KW80] for background material in this eld.
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In this paper we considerthe e ect of inaccuraciesin the data presened to the learner. In
the context of linguistic developmen, children likely receive ungrammatical sertencesand may
not receive somesertences. However, theseinaccuraciesdo not seemto in uence the outcome
of linguistic developmert. Similarly, in the context of scierti ¢ discovery, the businessof science
progressegdespite experimental errors and unfeasibility of performing certain experimerts.

In this paper, both for identi cation of functions and languages,we considerthe e ects of
having inaccuraciesin the input data. We show a hierarchy basedon the number of inaccuracies
presert in the input data. We also show tradeo results based on the amount and type of
inaccuraciespresen. Osherson,Stob and Weinstein [OSW86] and Schafer-Richter [SR84 have
also consideredinaccurate information in the above model of learning.

We considerthree kinds of inaccuraciesthat could creepinto natural environments of learn-
ers.

Noisy data: Ungrammatical intrusions into the languagepreseried to a child is a very
reasonableassumption about a child's environment. Similarly, experimental error caused
by afaulty equipmert could result in spuriousdata that is not represenativ e of the reality
under investigation.

Incomplete data: Natural linguistic environments may omit sertencesfrom the am-
bient language,and it is possiblethat a child's learning function can identify a natural
language despite the systematic omission of sertencesfrom its ervironment. Similarly,
someexperiments cannot be performed either due to technological limitations or due to
ethical considerations.

Imp erfect data: Most natural linguistic environments are likely to be victims of both
ungrammatical intrusions and omission of sertencesfrom the ambient language. Sud
ervironments that contain a mixture of noisy and incomplete inaccuraciesare referred to
as environments with imperfect data. Similarly, in most experimental investigations, the
inaccuraciesare a mixture of both noisy and incomplete data.

The three kinds of inaccuraciesdiscussedabove yield three kind of information sequences]|
noisy, incomplete, and imperfect. However, a further distinction is made basedon whether the
number of inaccuraciesin the input is nite orin nite. In this paper we only examinethe case
where inaccuraciesare nite in number.

It should be noted that the inaccuraciesdiscussedhere model spurious data and unavail-
ability of data; they don't say anything about situations like \data is correct within 10% of
actual value."



2 Preliminaries

2.1 Notation

Recursion-theoretic concepts not explained below are treated in [Rog67. N denotesthe set
of natural numbers, f0;1;2;3;:::9, and N* denotesthe set of positive integers, f1;2;3;:::g.
The symbols;; 2; ; ; ; respectively denote,emptyset, member of, subset, proper subset,
superset and proper superset.

Unless otherwise speci ed, e;i; j; k;1;m;n;r;s;t; w;X;y;z, with or without decorations’,
range over N. is a non-menber of N satisfying (8n 2 N)[n < < 1]. a and b, with
or without decorations,rangeover N [ fg .

A; S;P; X, with or without decorations,rangeover subsetsof N. D rangesover nite subsets
of N. card(P) denotesthe cardinality of P. Sothen, "card(P) ' meansthat card(P) is nite.
min(P) and max(P) respectively denote the minimum and maximum elemeri in P. We take
min(;) to be1l and max(;) to beO.

Let x; y.hx;yi denotea xed pairing function (a recursive, bijective mapping: N N !
N) [Rog67. x; y.hx;yi and its inversesare useful to simulate the e ect of having multiple
argumert functions. 1 and 2 are corresponding projection functions, i.e., (8x; y)[ 1(hx;yi) =
x ™ o(hx;yi) = y]. h; i canbeextendedto n-tuple h; ;i in a natural way.

and range over partial functions. Fora2 N[ fg, 1 =2 5 meansthat card(fx j
1(x) 8 2(x)g) a. In this casewe also say that ; is an a-variant of ;. domain( ) and
range( ) respectively denote the domain and range of partial function . graph( ) denotesthe
setf(x; (X)) jx 2 domain( )g.

R denotesthe classof all recursive functions, i.e., total computable functions with argumerts
andvaluesfrom N. f; handF, with or without decorations,rangeoverR. S; C, with or without
decorations, range over subsetsof R.

We x ' to be an acceptable programming system [Rog58 Rog67, MY78] for the partial
recursive functions: N ! N. By '; we denote the partial recursive function computed by
' -program i. In somecontexts p rangesover programs. In other cortexts, p rangesover total
functions, with its range being construed as programs. MinProg(f) = min(fj j'; = fg), the
minimum program for f in the ' system. We let W; denote domain(’ ;). W; is, then, the r.e.
set/language ( N) accepted(or equivalertly, generated)by the ' -programi. Welet bean
arbitrary Blum complexity measure[Blu67] assaiated with acceptableprogramming system' ;
such measuresexist for any acceptable programming system [Blu67]. Then, W;.s denotesthe

!Decorations are subscripts, superscripts and the like.



setfxjx<s” i(x) sg.

L, with or without decorations, ranges over recursively enumemble (r.e.) subsetsof N,
which subsetsare usually construed as codings of formal languages. E denotesthe class of
all recursively enumerable languages N. Welet L, with or without decorations, range over
subsetsof E. L1 L, denotes(L1 L»)[ (L2 L1), the symmetric di erence of L; and L,. For
a2 (N[ fg), Ly =2L, meansthat card(L; L») a. In this casewe alsosay that L; is an
a-variant of L,. Let FIN = fL jcard(L) < 1g .

The quarti ers 18 and 19 mean for all but nitely many' and “there exist in nitely many,’'
respectively. The quanti er "9!" means there exists a unique.'

We concern ourselves with formally investigating learning of two kinds of objects: com-
putable functions and recursively erumerable languages.

2.2 Learning Mac hines

An information seguene for functions is a mapping from N (or an initial segmen of N) to
N N[ f#g. An information seuene for languagesis a mapping from N (or an initial
segmen of N) to N [ f#g. Intuitively, # denotesthe pausesin the presenation of data.
We often drop \for functions” and \for languages"from \information sequencedor functions"
and \information sequencesgor languages'respectively; context determineswhich information
sequencene are dealing with. We often refer to in nite information sequencegor languagesas
texts. SEG denotesthe set of all nite function information sequencesand SEQ denotesthe
set of all nite languageinformation sequences.

Welet G and T, with or without decorations,range over in nite information sequencegi.e.
information sequencesvith domain N). Welet and , with or without decorations, range
over nite information sequencegi.e. information sequencesvith domain an initial segmen of
N). We let content(G) denote the setrange(G) f#g. Similarly, content( ) denotesthe set
range( ) f#aq.

SupposeG is an in nite information sequence.Then G[n] denotesthe nite initial segmen
of G with length n. For nite information sequence of length n, [n], denotesthe initial
segmemn of with length n. j j denotesthe length of the nite information sequence . G
meansthat is an initial sequenceof G. Similarly, , meansthat is an initial sequence
of . We often identify a total function f, with its canonical information sequenceG, de ned
as

G(k) = (k;f (k)



Thus f [n], is sameasthe nite information sequence, de ned as follows:

( (k;f (k)); if k<n;

(k) =

; otherwise.

For a nite information sequence for languages, Yy denotesthe concatenation of y at

the end of the sequence . Formally, °= y is de ned asfollows:
S Ky ifk<ij;
W=_yi ifk=jj
S otherwise.

Similarly, for a nite information sequence for functions, (y; z) denotesthe concatenation
of (y; z) at the end of the sequence .

De nition 1 A learning machineis an algorithmic mapping from nite information sequences
to N.

We let M, with or without decorations, range over learning machines.

A machine, M, corvergeson an information sequenceG (denoted by M (G)#) i there
existsan i, suc that (18 n)[M (G[n]) = i]. Otherwise we say that M divergeson G (denoted by
M (G)"). If M corvergeson G, then wede ne M (G) asthe uniquei such that (18 n[M (G[n]) =
i]. Otherwise M (G) is unde ned.

Denition 2 A machine M is rearrangement independent if (8 ; | content( ) =
content( )" j j=j )NIM()=M()]

Thus the output of a rearrangement independert machine depends only on the content
and length of its input. For all the explanatory identi cation criteria consideredin this paper
we can assumewithout lossof generality that the machine is rearrangemen independen (see
[Ful90, Ful85]). In some of our proofs, when we assumethat the machine is rearrangemen
independen, we often considerthe learning machine astaking two argumerts, a setrepresening
the content of its input and a number represerting the length of its input.

2.3 Fundamen tal Function Identication Paradigms

We now introduce two di erent criteria for a learning machine to successfullyinfer a function
(from perfect input data).



2.3.1 Explanatory Function Iden ti cation

De nition 3 [Gol67, BB75, CS83]Let a2 N [ fg .
(@) M Ex?2-identies f (written: f 2 Ex3(M)) () (9ij'i=2af)M(f)#=i].
(b) Ex2=1fS j(IM)[S Ex?(M)]g:

Caseand Smith [CS83 motivate anomalies(or, mistakes) in the nal programsin De ni-
tion 3 from the fact that physicists sometimesdo employ explanations with anomalies. The
a = casewasintroduced by L. Blum and M. Blum [BB75] and the other a > 0 caseswere
rst consideredby Caseand Smith [CS83].

2.3.2 Behaviorally Correct Function Iden tication

Caseand Smith [CS83]intro duced another in nite hierarchy of identi cation criteria which we
describe below. \Bc" stands for behaviorally correct. Barzdin [Bar74] essetially introduced
BcO.

Denition 4 [CS83 Leta2 N[ fg.
(i) M Bc?-identies f (written: f 2 Bc?(M)) () (18 W[ Mm@y =21
(i) Bc2=fS j(IM)[S Bc?(M)]a:

We usually write Ex for Ex© and Bc for Bc®. Theorem 5 below describessomeof the basic
results about the two kinds of function identi cation criteria described above.

Theorem 5 For alla2 N,
(a) Ex® Ex?&7t,
(b)SaZN Ex® Ex .

(c) Ex Bc.

(d) Bc® Bc?'t,
(e)SaZN Bc? Bc .

(f) R2Bc .

Parts (a), (b), (d), and (e) are due to Caseand Smith [CS83. John Steel rst obsened
that Ex Bc and the diagonalization in part (c) is due to Harrington and Case[CS83]. Part
(f) is due to Harrington [CS83. Blum and Blum [BB75] rst showvedthat Ex Ex . Barzdin
[Bar74] independenly shoved Ex Bc.

Let AEZ = ff 2 Rjcard(fxjf(x) 6 Og) < 1g . Let SELFREF = ff 2 Rj'f( =
f ~ card(fx jf(x) 6 0g) = 1g . Wewill be using the above classesand their variants in se\eral



of our proofs. The following Theorem from [BB75] shows that Ex is not closedunder union as
witnessedby AEZ and SELFREF .

S .
Theorem 6 [BB75] AEZ 2 Ex, SELFREF 2 Ex, but AEZ [ SELFREF 62x [ ,Bc'.

2.4 Fundamen tal Language lIdentication Paradigms
Denition 7 A textT is for a languagelL i content(T) = L.

Intuitiv ely, a text for a languageis an enumeration or sequetiial preseration of all the objects
in the languagewith the #'s represerting pausesin the listing or preseration of such objects.
For example, the only text for the empty languageis just an in nite sequenceof #'s.

2.4.1 Explanatory Language Iden ti cation
We now introduce criteria for a learning machine to be successfulon a language.

De nition 8 [Gol67, CL82, OW82a]Leta2 N[ fg .

(@) M TxtEx 2-identies L (written: L 2 TxtEx M)) () (8texts T for L)(9i j W; =2
L)IM (T)#= i].

(b) TxtEx 2=fL j(OM)[L TxtEx &(M)]g:

We usually write TxtEx for TxtEx °. The generalization of Gold's paradigm to the a> 0
caseabove was motivated by the obsenation that humans rarely learn a language perfectly.
The a > 0 casein De nition 8 is due to Caseand Lynes [CL82]. Oshersonand Weinstein
[OW824a)], independerily of Caseand Lynes, introducedthe a= case.The in uence of Gold's
paradigm to human language learning is discussedby Pinker [Pin79], Wexler and Culicover
[WC8(], Wexler [Wex8d, and Osherson,Stob, and Weinstein [OSW82, OSW84, OSW86].

De nition 9 [Ful85, Ful90] isa TxtEx -stabilizing sequenefor M onL () content( )
L and (8 %jcontent( § L~ OM( 9 =M().

De nition 10 [BB75, OW82b]Let a2 N[ fg . isa TxtEx 2-locking seqguene@ for M on L
() is a TxtEx -stabilizing sequencefor M on L and Wy, ( y =2 L.

For rearrangemernt independert machines, we often refer to a stabilizing (locking) sequence
by hcontent( );j ji.
We now presern a very important lemma in learning theory dueto L. Blum and M. Blum
[BB75].

Lemma 11 [BB75, OW82b] If M TxtEx 2-identies L, then there is a TxtEx 2-locking se-
quene for M on L.



2.4.2 Vacillatory Language lden tication

Case[Cas84, as a re nement of a result by Oshersonand Weinstein [OW82a], consideredthe
guestion whether humans corverge to more than one distinct, but equivalert, correct gram-
mar. He captured this notion through a new criterion of language learning, viz., TxtF ex-
identi c ation|a more generalcriteria than Gold's TxtEx -identi cation.

Before we describe TxtF ex-identi cation, we rst considerin De nition 12 just below what
it meansfor a learning machine to corvergeon a text to a nite setof grammars.

De nition 12 [Cas88]SupposeM is alearning machine and T is atext. Then, M (T) nitely-

converges (written: M (T)+) () fM( )] Tgis nite. If M(T)+, then we sa that
1

M(T)+=fij(9 T)[M () = i]g, otherwise we say that M (T) nitely-diver ges (written:

M (T)*).

De nition 13 [Cas88]Leta2 N[ fg andb2 N* [ fg .

(i) M TxtF exp-identies L (written: L 2 TxtF ex3(M)) () (8 texts T for L)(9D |
card(D) b (8i 2 D)[W; =2 L])[M (T)+ = D].

(i) TxtF exf=fL j(OM)[L  TxtF exp(M)]lg.

In TxtF exp-identi cation, the bis a\b ound" on the number of nal grammars and the a
is a \b ound" on the number of anomaliesallowed in these nal grammars. A \b ound" of
just meansunbounded, but nite. We sometimesrefer to TxtF ex) as TxtF exp. TxtF ex -
identi cation was rst studied by Oshersonand Weinstein [OW823].

2.4.3 Behaviorally Correct Language Iden tication

De nition 14 [CL82]Leta2 N[ fg .
1
(i) M TxtBc 2-identies L (written: L 2 TxtBc 3(M)) () (8 texts T for L)(8

MI[Wm (tnp =& L1

(i) TxtBc 2=fL j(9M)[L TxtBc #(M)]g:
We usually write TxtBc for TxtBc °.

The following de nition is an analogueof De nition 10 for TxtBc -identi cation.

De nition 15 (Basedon [BB75, CL82]) Leta2 N[ fg . isaTxtBc @-locking sequene for
MonL () content() L and(8 9] 9~ [cortent( 9 LD[Wpm( o =2L]

There is an analogueof Lemma 11 for TxtBc -identi cation [CL82].



Lemma 16 (Based on [BB75, CL82]) If M TxtBc 2-identies L, then there is a TxtBc 2-
locking sequene@ for M on L.

Theorem 17 below states someof the basic results about the three kinds of languageiden-
ti cation criteria just described.

Theorem 17 For all a;b2 N,

(@) TxtEx 31  TxtF ex®6 ;.

(b) TXtEx 221 TxtBc 26 ;.

(c) TxtF ex?® TxtBc 2.

(d) TxtF ex2,; TxtF ex,6 ;.
(e) TxtF ex N TXtF ex, 6 ;.
(f) TxtEx aoN TXtBc 26 ;.
(g) TxtBc  TxtF ex 6 ;.

(h) SazN TxtBc @ TxtBc

Parts (a), (d), (e) and (g) are due to Case[Cas88. Part (b) and (f) are due to Caseand
Lynes[CL82] and part (c) is basedon the techniquesof Caseand Lynes[CL82]. Part (h) follows
from part (e) in Theorem 5. Oshersonand Weinstein [OW824a] have independertly shawvn that
TxtEx TxtF ex .

We will needthe following Theorem from [CL82]

Theorem 18 [CL82] fNg[ FIN 62IxtBc

Corollary 19 For L, dene L%= fhj;xijj 17 x2Lg. LetL®°=fL% L2 FIN [ fNgg
Then L%62TxtBc

Theorem 20 (basedon the techniqguesusedto prove Theorem18) LetL = fL jcard(N L) =
1g[ FIN . Then L 62TxtBc

3 Inaccurate Data

3.1 Information Sequences with Finite Num ber of Inaccuracies

Pursuant to the classi cation of inaccuracies, we de ne three kinds of inaccurate texts for
languages. -noisy, -incomplete and -imperfect texts and the corresponding identi cation
criteria were rst consideredoy [OSW86]. [SR8( considereda slight variant of noisy information
sequences.



De nition 21 Leta2 N[ fg.

(@) Atext Tisa-noisyforL () L content(T) and card(content(T) L) a.

(b) A text T is a-incompletefor L () content(T) L andcard(L content(T)) a.
(c) Atext T is a-imperfect for L () card(L content(T)) a.

An a-noisy text T for a languagelL can be pictured as a text for L into which elemens from
a nite set of cardinality at most a have beeninserted. Note that any single sud intrusion
may occur arbitrarily oftenin T. An a-incompletetext T for L can be pictured asa text for L
from which all occurrencesof a given nite set of cardinality at most a have beenremoved. An
a-imperfecttext T for L could be viewed asa text for L into which elemers from a set S; have
beeninserted and elemernts from a set S, have beendeleted, where card(S;) + card(S;) a.

Note that in the above three de nitions, a= caseimplies that the number of inaccuracies
is any nite number. The other a2 N casesmodel situations when a sciertist may be aware,
a priori, of an upper bound on the number of inaccuraciesinfesting its ervironment; possible
sourcesof sud information could be previous experienceand nature of instruments used.

We now turn our attention to de ning inaccurate information sequencedgor functions.

Denition 22 Leta2 N ] fg.

(@) An information sequenceG is a-noisy for f () graph(f) content(G) and
card(content(G) graph(f)) a.

(b) An information sequenceG is a-incomplete for f () content(G) graph(f) and
card(graph(f) content(G)) a.

(c) An information sequenceG is a-imperfect forf () card(graph(f) content(G)) a.

Note that in the caseof noisy information sequencedor functions, two incorrect valuesfor
f (n) count astwo distinct noise points, i.e., if the correct value of f (n) = x and both (n;y)
and (n; z), wherex; y and z are distinct, are preseri in an inaccurate information sequencefor
f, then the data points (n;y) and (n; z) cortribute towards two distinct noise points. Also, if
the actual value of f (n) = y, but (n;y) doesn't appear in an information sequenceand instead
(n;2), y 6 z, appears,then thesecortribute two to the imperfection court.

We now introduce the learning criteria when there may be inaccuraciesin the input data.

Denition 23 Leta;b2 N[ fg.

(@l) M NaTxtEx P-identies L (written: L 2 NaTxtEx °(M)) ()
(8 a-noisy texts T for L)[M (T)#~ Wy () =P L.

(a.2) NaTxtEx P=fL j(OM)[L N23TxtEx °(M)]g.

(b.1) M In3TxtEx P-identies L (written: L 2 In3TxtEx °(M)) ()
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(8 a-incomplete texts T for L)[M (T)# " Wy (1) =P L].

(b.2) IN3TxtEx P=fL j(OM)[L  In3TxtEx °(M)]g.

(c.1) M Im3TxtEx “-identies L (written: L 2 Im3TxtEx °(M)) ()
(8 a-imperfecttexts T for L)[M (T)# " Wy (1) =P L].

(c.2) Im3TxtEx P=fL j(9M)[L Im3TxtEx °(M)]g.

Denition 24 Leta,b2 N[ fg.

(al) M N2ExPidenties f  (written: f 2 N2Ex(M)) ()
(8 a-noisy information sequencess for f)[M (G)# " ' y (g) =bf].

(a.2) N2ExP = fC j (9M)[C N2Ex°(M)]g.

(b.1) M In2ExP-identies f  (written: f 2 In2ExP(M)) ()
(8 a-incomplete information sequencess for f)[M (G)# " ' v (g) =bf].

(b.2) IN2ExP = fC j (9M)[C  In2Ex°(M)]g.

(cl) M Im2Exidenties f (written: f 2 Im2Ex®(M)) ()
(8 a-imperfect information sequencess for f )[M (G)# " ' v (q) =bf].

(c.2) Im2ExP = fC j (9OM)[C Im 2Ex"(M)]g.

Similarly, we can de ne the languageidenti cation paradigms: N 2TxtF ex?, In 3TxtF ex®,
Im 8TxtF ex?, NaTxtBc °, In3TxtBc P, Im @TxtBc P, and the function identi cation paradigms:
N2BcP, In2BcP®, Im 2BcP.

Analogue of Lemma 11 holds for identi cation from inaccurate information sequenceslso
(for both function learning and language learning). We state as an example the lemma for
NaTxtEx P-identi cation.

Lemma 25 If M NaTxtEx P-identies L, then for every L%suchthat L  L%and card(L°®
L) a, there exists a stabilizing sequene for M on L°suchthat Wy () =bL.

3.2 Hierarc hy Results

Theorem 26 below is about comparing extra anomaliesin the nal program inferred in the
presenceof inaccuracies. Theorem 26 strengthens Theorem 5 to considerinaccuraciesin the
input data. Theorem 26(a), for example, says that there are classesof functions for which
an (i + 1)-error program can be identied from information sequenceswith an arbitrary but
nite number of imperfections, but for which an i-error program cannot be identi ed evenfrom
accurate information sequences. Theorem 26(d) is a similar result about Bc-identi cation.
It is also interesting to note that there is a machine that can Bc -identify every computable
function even from information sequenceswith an unbounded nite number of imperfections.
Theorem 26 yields a hierarchy exhibited in Corollary 27.

11



Theorem 26 For alli2 N
(@ Im Ex'"! Ex'6 ;.
(b) Im Ex SiExiS;.
(c)Im Bc Ex 6 ;.

(d) Im Bc'*! Bc'6 ;.
(e) R2Im Bc .

Proof. (a) Let C= ff | ' =i+l f A (8x)[f (2x) = f(0)]g. It is easyto seethat C 2
"*1  An easymodi cation of the proof of Ex'*'  Ex' 6 ; in [CS83]can be usedto
shaw that C62Ex'. We omit the details.

(b), (c) and (d) canbe shavn by similar modi cations of the proofsin [CS83]. We leave the

Im EXx

details to the reader.

(e)LetS( ;n)="fng[f ] nj(8(x;y)2content( ) j(x) n”™(X'j(x)) 2 corntent( )]g.
Let M () = psudithat (8X)[" p(X) =" min(s( x)) (X)]. Wenow claim that M Im Bc -identi es
R. To seethis supposef 2 R. SupposeG is a -imperfect information sequencefor f. Let j
be minimum program suc that

(a) graph(' j) cortent(G), and

(b) (8x j (IYI(x;y) 2 content(G)[" j (x)#.

(Note that for any j satisfying the above two properties, we have' j = f).
1 1
It is easyto verify that (8 n)(8 m)[min(S(T[n];m)) = j]. It thusfollowsthat M Im Bc -
identi es f. |

Corollary 27 Leta2 N[ fg . Then

(@) N2Ex® N2Ex! N2Ex .

(b) N2Bc® NaBc? N2Bc = 2R,
(c) In2Ex°® In2Ex? In2Ex .

(d) In®Bc® In@Bc? In8Bc = 2R,
(e) Im2Ex°® Im2Ex? Im 2Ex .

(f) Im23Bc® Im@Bc? Im3Bc = 2R.

Corollary 27 thus shows that the hierarchies given by Theorem 5 hold even in presenceof
inaccuraciesin the input data.

We now turn our attention to investigating if a price is being paid for learning from infor-
mation sequencedor which the number of inaccuraciesis higher. Theorem 28 below answers
this questionin the a rmativ e.

12



. . . s . . s . .
Theorem 28 (8 2 N)[Im/Ex [NI*1Ex [ Int*1Ex [ (T;Ini*1BcH[ (T;NI*1Bc)] 6 ;].

Proof. Fix j. Forf 2 R, de ne f%and f ®as follows.

For all i > 0 and for all x, let f {h; xi) = f °¥hi; xi) = f (x).

Forall x j,let fqho;xi) = 0;f °QH0; xi) = 1.

For all x > j, let f {ho; xi) = f °%ro; xi) = 0.

Now considerthe following collections of functions:

SO= 110 f 2 AEZ g.

S%= £ % f 2 SELFREF g.

C= SO s

It is easyto verify that S°2 ImJEx and S%2 Im/ Ex.

Note that for a j-imperfect information sequenceG for f 2 C, card(fx | j (h0;xi;0) 2
content(G)g) card(fx j j (hO;xi;1) 2 content(G)g), f(M0;0i)= 0, f 2 SO This along
with the fact that S°2 Im 1 Ex;S%%2 ImJEx implies that C2 ImEx.

We show that C62NI*1Ex | [Si NI*1Bc'). It cansimilarly be shown that C62nI*1Ex [
[Si Ini*1Bc'].

Suppose! is either Ex or Bc' for somei. Supposeby way of cortradiction, machine M
Ni*1|-identies C. Then, usingM , we shav how to construct a machine M ®which | -identi es
AEZ [ SELFREF contradicting Theorem 6.

Let twit be a recursive function (by s-m-n theorem sud a recursive function exists) such
that, for all ; 2 SEG

) twit( ) twit( ), and

cortent(twit( )) = f(h;xi;y) j (x;y) 2 content( )~ 1 r jjg[ f(hO;xi;1) j x
jol f(ho;riz0)jr j jo.

Let untwit be a recursive function (by s-m-ntheorem sudc a recursive function exists) suc
that, for all i and X, " yntwit ) (%) = " i(hL; xi).

Now, let MY ) = untwit(M (twit( ))). It is easyto seethat if M NI*1|-identies C, then
M ©l-identies AEZ [ SELFREF . But, this is not possible(Theorem 6). Thus, C62N1*11. I

Theorem 28 yields several corollaries which highlight the lossin learning ability as a result
of an increasein the bound on inaccuraciesallowed in the information sequence.

Corollary 29 Leta2 N[ fg . Then
(@) N°Ex? NEx? NZ2Ex?

(b) IN°Ex?® InlEx?® In2Ex?

(c) Im%Ex® ImEx® Im?2Ex?
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However, the above result doesnot say anything about relative learning abilities between
situations in which a preassignedbound on the nite number of inaccuraciesis available and
when such a bound is not available. Theorem 30 below answers this question.

Theorem 30 There exists a class of functions, C such that (a) (8i)[C 2 Im 'Ex], and (b)
S ) )
C62In Ex [ N Ex [ [N Bc![ In Bc']).

Proof. Forf 2 R dene f%f %asfollows.

Forj > 0, let f qh; xi) = f ®h; xi) = f (x).

For x > f (0), let f {h0;xi) = f °¢ro; xi) = 0.

For x f(0), let f YrO;xi) = O;f °¥r0; xi) = 1.

Now considerthe following classof functions:

SO=ff0jf 2 AEZ g.

S%= £ % f 2 SELFREF g.

C= SO s

It is easyto extend the proof of Theorem28to provethat C62N Ex [ In Ex [ Sj N Bc![
Sj In Bc!.

Fix i. We now shav that C2 Im 'Ex. Let S; = fj ij" j(0)=j ™" 2 SELFREF g. We
describe a machine M which Im 'Ex -identies C. Let F°be a recursive mapping from nite
setsto N sud that the following holds (note that by s-m-n theorem sudh a function exists).
Below A denotesa nite set.

' FO(A)(h; Xi) = [(92)[(x;2) 2 A] ™ y = min(fz ] (x; z) 2 AQ)];

0; otherwise.

%o; if i = 0
y, ifi>0n
2

Let F%®be a recursive function such that the following holds (note that by s-m-n theorem
sud a function exists).

20; if i =0;x> e
"roqe (M xi) = _ " e(x); ifi>0;
L otherwise.

M()

1. Letm (x) = max(fj j (9y)[(h; xi;y) 2 content( )]0).
Let A =f(x;y)jm (x)> 0" (hm (x);xi;y) 2 content( )g.
Let A=f(x;y)2 A jy6 Og.

14



2. Lete =min(fi jg[ fyj(0;y)2 A g).
3. ife i
then
3a. if[e 25" (8(xy)2A ) e (X)=VYl]
then output F%e ).
else output FYA?).
endif
else
3b. if Jcard(fx e j(HD;xi;0)2 content( )g) card(fx e j(HO;xi;1)2 content( )g)]
then output FYA?).
else output F%e ).
endif

endif

end

Considerany g 2 C and an i-imperfect information sequenceG for g. Let f be such that
g=f0ifg2 SPandg= f9if g2 S It is easyto verify that, for large enoughinitial segmer
of G, the following properties are satis ed.
(P1) A graph(f).
(P2) e = f(0).
(P3) (8x f(0))[(hO;xi;y) 2 content(G) , (hO;xi;y) 2 content( )].
(P4)f 2AEZ ) A%=1f(x;y)jf(x)6 Og
PO 2S"f2AEZ]) [(9xy) 2 A ) t0)(X) 6 VIl
For the following supposethat is large enoughsothat the above properties hold.
Casel: f(0) i~ f 2 SELFREF .
In this case\if clauseof step (3a)" will succeed(by properties (P1) and (P2)) and thus M
outputs F e ), which is a program for g.
Case2: f(0) i~ f 62SELFREF
In this casel\if clauseof step (3a)" will fail (by properties (P1), (P2), and (P5)). Thus M
outputs FYA?), which is a program for g (by property (P4)).
Case3: f(0)>i"f 2 AEZ.
In this caseby property (P3) \if clausein step 3b" will succeed(due to bound on the imper-
fection of G). Thus M outputs FY{A?), which by property (P4) is a program for g.
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Case4: f(0) > i~ f 2 SELFREF .
In this caseby property (P3) and the bound on imperfection, \if clausein step 3b" will fail.
Thus M outputs F%e ), which is a program for g.
From the above caseswe have that M Im 'Ex -identies C. |

We now briey turn our attention to identi cation of languagesfrom inaccurate information
sequences.Theorem 31 below is the languageidenti cation counterpart of Theorem 26 and can
be shawvn using techniquessimilar to Theorem 26 and results from [CL82, Cas83. We omit the
details.

Theorem 31 Foralli2 N

a) Im TxtEx ' xtF ex' 6 ;.

(@) Im TxtEx "' TxtF ex' 6
S )

m TxtEx  TxtBc ;.
(b) Im TxtE i TxtBc ' 8
(c) Im TxtF exj+1 TxtF ex; 6 ;.

S
(d) Im TxtF ex ion TXtF ex; 6 ;.
(e) Im TxtEx 2*1 TxtBc '6 ;.
m TxtBc xtF ex -
f) Im TxtB TxtF 6
(9) Im TxtBc "' TxtBc '6 ;.

Theorem 32 (8i 2 N)[Im'TxtEx  [N'*1TxtBc [ In""1TxtBc 16 ;].

Pr oof. For any nite languagel, let L9= fhj;xi jj 17 x2 Lg[ fhO;i+ x+ 1lijx ig.
Also, let N%= fhj: xi jj 1;x2 Ng[ thO;xi jx ig.

Now, consider the collection of languagesL = fL%j L 2 FIN g[ fN%. It is easyto see
that L 2 Im'TxtEx . For any text T, let T¢T%(e ectiv ely obtained from T) be suc that
content(TY = fhj; xi jj 17~ x 2 content(T)g[ fhO;xi j x 2i + 1g and content(T% =
fhj; xi jj 17 x 2 content(T)g. Note that if T isatext for L 2 FIN [ fNg, then T%is an
(i+ 1)-noisy text for L%and T%s an (i + 1)-incompletetext for L% Moreover,forL 2 FIN [ fNg,
agrammar for a nite variant of L°can be e ectiv ely corverted to a grammar for a nite variant
of L. Thus[L2 N*1TxtBc _ L 2In"TxtBc ]) FIN [ fNg2 TxtBc . But, this is not
true (Theorem 18). Thus, L 62N *1 TxtBc [ In"*1 TxtBc ). [

Theorem 33 There existsa L, suchthat (a) (8i)[L 2 Im 'TxtEx ] and (b) L 62N TxtBc |
In TxtBc

Proof. ForasetX andj 2 N dene ch;)x and le;x as follows.
Let LjO;X =fh2xi jx2 Xg[ fhl;k jijk2 Ng[ fhO;xi jx<jg.
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Let le;x =fth2;xi jx2 Xg[ fhL;k jijk2 Ng[ thO;xi jj x< 2jg.

Let S be a setwhich is not in 3 of the Kleene hierarchy.

Let L = ij?X j X 2FIN ~j625g[ ijl;N jj 2 Sg.

It is easyto seeusing technique of Theorem 30 that for eadi 2 N, L 2 Im'TxtEx .
We show that L 62N TxtBc . Proof is similar for L 62In TxtBc . Supposeby way of
contradiction machine M N TxtBc -identies L. Then

j2S) (9 jconent( ) Ljy [ fhO;xijx< 2jg)(8 joortent( ) Ly [ fhO;xi j
X < Zjg)lcard(fxjh;xi 2 Wy yg) =11

On the other hand

j 62S) :[(9 jcontent( ) le;N [ fhO;xi jx < 2jg)(8 j content( ) le;N [ ThO;xi j
X < Zjg)lcard(fx jh;xi 2 Wy (y9) = 1]]. ThusS2 3. A contradiction.
ThusL 62N TxtBc . |

It should be noted that the above theorems give hierarchies for languagelearning, similar
in nature to the hierarchiesin the function learning.

3.3 Relativ e E ects

Results in the preceding section underlined a common theme: But for the highly impractical
Bc -identi cation, inaccurate data is "bad' for learning. It is time now to comparewhich kinds
of inaccuraciesdo the most damage. First, a comparison betweenthe price paid for learning
from noisy information sequencesand incomplete information sequences.

The result below exhibits the apparert advantages of noise over missing data, as there are
collections of functions for which a program can be identied from information sequencesvith
a nite, but without any preassignedoound, number of spurious data, but for which a program
for even a nite variant cannot be identied from information sequenceswhich possibly are
missing just one data. Corollary 35 givesthe languageidenti cation counterpart of this result
and follows from Theorem 34. The following result also appearsin [FJO94]. We include the
proof for completeness.

S .
Theorem 34 [FJO94]N Ex [In'Ex [ ~;In!Bc']6 ;.

Proof. Forany f 2 R, we describe a function f O as follows:
Let pr = MinProg(f).
Forj < pf, leterr; = min(fxj"'(x) 6 f(x)g).
f0) = hpr ; herrg; errq; errp; i erry i
For all x; k: fq1+ hk;xi) = f(x).

17



Let C= ff9 f 2 Rg.

We rst shaw that C62n *Ex [ Si In1Bc'. Supposel is either Ex or Bc'. Supposeby way
of contradiction, that M In l-identies C. We then describe a machine M ® which | -identi es
R|yielding a contradiction (Theorem 5). For any f, let Gt be an information sequencesuc
that content(Gs) = f(1+ hk; xi;f (x)) j x; k 2 N g, and G¢ [n] can be found e ectiv ely from f [n].
Note that G; is an 1-incompleteinformation sequencdor f © Let F be a recursive function such
that for all x and p, ' g (p)(x) = ' p(hl+ HO; xii ). De ne M such that M {f [n]) = F (M (G [n])).
Note that such a machine M %can easily be constructed from M . Clearly, forf 2 R, if' =af0
then' g, =2f. SinceM In l-identies C, it followsthat M °l-identies R. A cortradiction
(Theorem 5). Thus, C62n1l.

We now show that C2 N Ex. For an information sequenceG, de ne GP such that for all

n,

[(8]; zj (L + h; xi;z) 2 content(G))
(9% I+ H%xi;y) 2 cortent(G)]];
©;y); if G(n) = (0;y);
#; otherwise.
Let F be a mapping from SEG to SEG such that forn j j:

% (L+ H; xi;y); if G(n) = (1+ h; xi;y) A
Go(n)=§

8 @+ tiixizy): i ()= (L+ H;xicy)A
% [(8); zj (1 + h; xi;z) 2 content( ))

(F( )(n) = (9% I+ HSxi;y) 2 content( )]I;
§ ©:y); it (n) = (Oy);
C#: otherwise.

Intuitiv ely, for a -noisy sequenceG, for f °2 C, GCis formed from G by removing all noisy
elemertis from G, exceptfor noiseon input 0. F is an algorithmic mechanism for obtaining G°
from G.

SupposeG is a -noisy sequenceor f °2 C. It is easyto verify that:

(@) (8 MIGIN] = F(G[N).

(b) (8i; x; y)[(L+ h;xi:;y) 2 content(GY () fYL+ h;xi)=y].

() 1(f%0)) = max(fj j (erro;erry;::z;er 1 j (O;H; herrg;erry;::zerr qii) 2
cortent(G))[(8i < j)[' i(erri) 6 f Y1+ hO; err;i)]]g).

(d) Supposee = 1(f40)). Forj < e, let errj = min(fxj'j(x) & ' e(x)g). Then
fY0) = he;herrg;:::;erre 1ii .
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Thus f 40) (and therefore a program for f 9 can be determined from G°(and thus G) in the
limit. |

Corollary 35

(@) N TxtEx  In'TxtEx [ Si In1TxtBc ' 6 ;.
(b) N Ex ImIEx | Si Im1Bc' 6 ;.

(c) N TxtEx  ImITxtEx [ Si Im 'TxtBc ' 6 ;.

Pr oof. Part (b) is immediate corollary of Theorem 34. We showv how to obtain part (a)
using Theorem 34 (this is a standard tric k usedto corvert diagonalization results from function
learning to diagonalization results in languagelearning). Part (c) can be obtained from part
(b) similarly.

SupposeC2 N Ex (InlEx [ Si In*Bc'). For any total function f, de ne Ly = fthx; yi j
f(x)=yg LetL =fLsjf 2 Cg. Weclaimthat L 2 N TxtEx In TxtEx [ Si In1TxtBc '.

We rst show that L 2 N TxtEx . To show this we show:

(i) how to e ectiv ely cornvert an a-noisy text for L; to an a-noisy information sequencefor
f,and

(ii) how to e ectiv ely corvert a program for f to a grammar for Ly .

To show (i), de ne Gy asfollows:

(.. L
Grln) = #: T =#

(xy); i T(n) = hqyi.

It is easyto seethat Gt satis es (i).

To show (i), de ne g, sud that Wg, = fhx;yi j' p(x) = yg. It is easyto see(using s-m-n
theorem) that such a g, can be e ectiv ely obtained from p and satis es (ii).

Now supposeC N Ex(M). Let MPbe dened as follows: MAT[N]) = gv (G,np- It
follows using (i) and (ii) that L N TxtEx (M9.

We now show that L 62n TxtEx [ > InTxtBc |. To show this we show:

(iii) how to e ectiv ely cornvert an 1-incompleteinformation sequencdor f to an 1-incomplete
text for L, and

(iv) how to e ectiv ely convert an a-error grammar for Lt to an a-error program for f .

To show (iii), de ne Tg asfollows:

(.. _ .
o) = #:  ifG(n) = #

b yis  if G(n) = (X;y).

It is easyto seethat Tg satis es (iii).
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To show (iv), de ne pg suc that ', (x) =y, suc that hx;yi 2 Wy (if there are seweral y
sudh that hx;yi 2 Wy, then choosethe rst onein somearbitrary enumeration of Wy).

Now suppose by way of cortradiction that L In1TxtEx (M) (respectively L
In*TxtBc '(M)). Let MO be de ned as follows: MAG[n]) = pu (ropnp- It follows using (iii)
and (iv) that C In'Ex (M9 (respectively C  In1Bc'(M 9) cortradicting Theorem 34. Thus
L 62n1TxtEx | Si In1TxtBc ). [

SinceE 62TxtBc , there is scope for further ne tuning of Corollary 35(a). An attempt at
such a re nement is the subject of Theorem 36 below.

Theorem 36 (8j 2 N)[NITxtEx In'TxtBc 6 :].

Proof. Forn2 N™*, letL, = fhi;xiji 17~ x ng[ fhO;nig. Let Lo= fhi;xiji 17 x2
Ng[ thO;0ig. Let L = fLpjn2 Ng.

We claim that L 2 NI TxtEx . SupposeT is aj-noisytext for L 2 L. Then,L = Lo ()
(9%)[x > max(fw j O;wi 2 content(T)g) » (8kj1 k |+ 1[HK;xi 2 content(T)]]. Thus,
it can be determined, in the limit, if T is a j-noisy text for L. Also, it is easyto seethat
fLnjn2 N*g2 NITxtEx . Thus,L 2 NI TxtEx .

Let L9 =L, fho;nig. Now, [L 2 In*TxtBc ]) fL2jn2 Ng2 TxtBc . But, this is
not true (Corollary 19). Thus, L 62n 1TxtBc . [

Corollary 37 (8 2 N)[N/TxtEx  ImTxtBc 6 :].

It is open at presen if Theorem 36 above can be extendedto the assertion\ N TxtEx
InTxtBc 6 ;."

The reader should note that Theorem 34 implies that there are collections of functions that
can be learned from the “most 0 ensive noisy information sequences,but cannot be learned
from the “leasto ensive incomplete information sequences.’A natural question that arisesis if
there are collections of functions that can be learnedfrom the "'most o ensive incomplete infor-
mation sequences,but cannot be learnedfrom the “leasto ensive noisy information sequences.'
Theorem 38 below answers this question negatively thereby implying that, in the context of
function identi cation, missing data are strictly more harmful than noisy data.

Theorem 38 Leta;b2 N[ fg.
(@) IN®ExP®  N2ExP®.
(b) In3BcP N2aBcP.
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Proof. Let machine M be given. We construct a machine M © such that In2Ex"(M)
NaEx(M 9 and In@BcP(M) N2aBcP(M 9.

For any information sequenceG let G°be a information sequencesuch that for all n; x; y:

2 (x;y); i G(n) = (xy) "
GYn) = S (8z 6 y)[(x; z) 6ortent(G)];
#; otherwise.

Let F be a mapping from SEG to SEG such that, for all , for all n < j j, and for all

X;y2 N: 8 '
> (y) it (n)=(xy) "
(FCN(n) = (82 6 y)I(x; z) 6Zontent( )];
#; otherwise.

Now, if G is an a-noisy information sequencefor f 2 R, then GCis an a-incomplete infor-
mation sequencedor f . Moreover (18 M[GYn] = F(G[n])].

Let MY )= M(F( )). It iseasyto seethat In2Ex’(M) N2ExP(M 9% and In2BcP(M)
NaBcP(M 9. |

The story, however, is di erent for languageidenti cation asimplied by Theorem 39 below.
Theorem 39 (8i 2 N)[In? TxtEx ' NITxtEx 6 ;].

Proof. Forany L 2 E, let Sy = fzj X zi 2 Lg. LetL = fL j card(fx 2j1
card(SxL) < 1 ™ Wphays,, ) = L) 20

In Lemma 40 below, it will be showvn that L 62TxtEx

ForL 2 L, let

LO = fhj; xi | | 1M x 2 Lg[ thO;3j + xi jj < i™x 271 card(SxL) <
1 " Whax(sy ) = LG

Let Li = fL?j L 2 Lg. It is easyto seethat L; 2 In? TxtEx '

Let Noisy,(L) = L [ fhO;ki j k < 3ig. Clearly, for any L 2 L;, any text T for Noisy;(L), is
also an i-noisy text for L. Corollary 41 thus implies that L; 62N'TxtEx . |

Lemma 40 LetL be asde ned in the proof of Theorem 39. Then L 6Z2TxtEx

Pr oof. Supposeby way of cortradiction that M TxtEx -identies L. Then by the operator
recursion theorem [Cas74, there exists a recursive 1-1 increasing p such that W,y may be
de ned as follows.

Let ' -programs p(0); p(1) enumerate h0; p(0)i; hL; p(1)i. Let ¢ be sudc that content( o) =
fh0; p(0)i; hl; p(1)ig. Let WS, denote W,y erumerated before stages. Go to stage 1. Note

p()
that there is no stage0. We start at stagel, just for the easeof writing the proof.
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Stages

1. Enumerate W;(O) Swg(l) in Wp); Wpe); Wpesy and Wyosiq) . Enumerate H2; p(2s)i in
Wp0)s Wpes)- Enumerate h2;p(2s + 1)i in Wyq); Wpass1) - L€t o be an extension of
s Sudh that content( o) = Wy enumeratedtill now. Let 3 be an extensionof s such
that content( 1) = Wy) enumerated till now.
2. Let x = 0. Dovetail (2a), (2b) until, if ever, step (2b) succeeds. If and when step (2b)
succeedsgo to step (3).
2a. Go to substageO.
Substages®
Enumerate 4; xi in Wp0): Wp(2s)-
Enumerate h6; xi in Wy1y; Wps+1) -
Let x = x + 1.
Go to substages®+ 1.
End substages®
2b. Seartfori 2 f0;1g; n2 N suchthat M (; h+i; 00 M+i; 1 ::: M+i;ni) 6 M( ).

3. If and when (2b) succeedslet i and n be asfound in (2b). Let

(Wp) enumerated till now) [
(Wp) enumerated till now).

4. Let g41 beanextensionof ;| M+i;0i M+i; 1l ::: M+i; ni suc that content( ¢+1) = S.
Enumerate S in Wy and Wpy).

5. Goto stages+ 1.

End stages.

Now we considerthe following cases:
Case l: All stages nish.

In this caselet L = Wy = Wy 2 L. But M on, Ssz,\, s, atext for L makesin nitely
many mind changes(since only way in nitely many stagescan exist is by the successof
step (2b) in nitely often).

Case2: Stages, starts but doesnot nish.

In this caselet Lo = Wpo) = Wpps) 2 L and L1 = Wy = Wppsiyy 2 L. Note that
Lo and L1 are innitely dierent from ead other. Let To = o M0 M; 1L ::: and
Ti1= 1 500 h5;1i ::: where gand ; areasde ned in step (1), of stages. Now Ty is
atext for Lo and Ty is atext for L;. However, M corvergesto the samegrammar on both
To and T1. Hence,M doesnot TxtEx -identify at leastoneof Lo and L.
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The above casesimply that L 6 TxtEx (M). |

Corollary 41 Supmwsei 2 N. For any L, dene L%= fhj; xi jj > 0~ x 2 Lg[ fhO;xi j x <
3ig. LetL beasde ned in the proof of Theorem39. LetL%= fL% L 2 Lg. Then L°62TxtEx

It is openat presert if Theorem 39 can be extendedto establish, (8i 2 N *)[In? 1TxtEx
NITxtEx 6 ;].

Theorem 42 In TxtEx N TxtBc 6 ;.

Proof. ForD 2 FIN ,letLp = fhO;xi j x > max(D)g[ fhj; xijj 1~ x2Dg. Form2N,
let Xm = fhO;xi jx > mg[ fthj; xijj 1~ x6 mg.

LetL=fLpjD 2 FIN g[ fXnjm2Ng.

It is easyto seethat L 2 In TxtEx . Supposeby way of cortradiction that M N TxtBc -
identi es L. Then we show how to obtain an M ° TxtBc  -identifying L%= fL jcard(N L) =
1g[ FIN . Let F bean e ective mapping from SEQ to SEQ sud that (a) implies F ()
F(),and(b) content(F( ))=fhj;xij1 | j j~ x2conent( )g[ fhO;xi jx | jg. Letf
be arecursive function suc that, for all i, W¢ ) = fx j hl;xi 2 Wig. Let M Y Y= F(M(F()).
It is easyto seethat if M N TxtBc -identies L, then M© TxtBc -identies L® But this is
not possible(Theorem 20). ThusL 62N TxtBc . |

However,
Theorem 43 Forallj 2N;a2 N[ fg,In TxtEx @ ImJTxtEx 2.

Pr oof. SupposeM is given. We construct M such that In TxtEx 3(M) ImJTxtEx 22(M 9.
Without loss of generality assumethat M is rearrangemen independert. Let majority be a

function sud that, for all sequencesy:;gy:::;g of grammars, majority(gi; g;:::;q) is such
that Wnajorit y(gi:gz:ig) = TXJcard(fijl i 17 x2Wgg) > 1=2g.
Let T be a j-imperfect information sequencefor L 2 In TxtEx #(M). If a= , then let

k=2 + 1, elselet k be such that k a< (% j)2a+ 1). (i.e., we choosek large enoughto
ensurethe bound on the number of errors later). Let ng< N1 < Nz < :::< ny 1 besud that
the following is satis ed (where S; = content(T[n;])).

(8i < K)[MSpi+1  Spi;2 nopj+1i is a stabilizing sequencdor M on content(T)  Syi].

We claim that such ng;:::;ny 1 exist. To seethis let s be so large that content(T)
content(T[s]) L. Now for any n > s, there exists an n® such that hcontent(T[n9)
cortent(T[n]); 2n9 is a stabilizing sequencefor M on cortent(T)  content(T[n]) (since M
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In TxtEx 2-identies L). Thus ng;ny;::: can be easily picked to satisfy the requiremerts
above.

Now we claim that majority(M (hS; So; 2n1i); M (hS3 S 2n3i); i Sy 1
Sok 2;2n9 1i) is a grammar for a 2a-variant of L. To seethis note that for ead i < k,
either M (hSyi+1  Spi; 2np+11) is a grammar for an a-variant of L, or Syi+1 Sy contains
an elemen not in L (otherwise M doesnot In TxtEx 2-identify L). It follows that at least
k j of M(hSy Sp;2n1i);M(KS3  Sy;2n3i); ;M (S 1 Sok 2;Nok 10) are grammars
for an a-variant of L. Thus, majority(M (hS1  Sp;2n1i); M (hHS3  Sp;2n3i);:: ;M (hSxk 1
Sok 2; Nk 11)) is a grammar for a 2a-variant of L. (Note that k was chosenlarge enoughto
ensurethe bound on the number of errors committed by majorit y) |

Corollary 44 For all j; a, In TxtEx & NITxtEx 22

Having investigatednoisy versusincomplete data, we now turn to the comparisonof learning
from incomplete versusimperfect information sequences. The reader should note that only
approximate results are known; the exact relationship is open.

Theorem 45 (8i 2 N*)[In¥ Ex ImZEx 6 ;].
Pr oof. Considerthe following collections of functions G, for i 2 N:

G = ff 2 R j the following hold:
1. max(ff(x)jx2Ng)< 1;
2. LetS=fxjcard(fyjf(y) f(x)g 3ig;
2a. card(S) = 3i;
2b.  (8x 2 S)max(Wi(x)) < 1 ™" maxw, ) = f1.

(Note: S above represerts the 3i points wheref hasthe largest values.)

It is easyto seethat G 2 In¥ Ex. We shaw that G 62m ?Ex . The proof can easily be
generalizedto establish G 62m 2 Ex .

Supposeby way of cortradiction, machine M Im ?Ex -identies C;. Then by the operator
recursion theorem, there exists a recursive 1-1 increasingp, p(0) > 1, such that W,y and ' )
may be de ned asfollows.

Let p(2) 2 Wyg). Let ' ;(0) = '"p2(1) = "2 = p(0). Let xs denote the
largest x sudh that ' ,,)(x) is de ned before stages. Let o be sud that content( o) =
f(0;p(1)); (1;p(0)); (2;p(0))g. Go to stageO.
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Stages
1. Enumerate p(s+ 3) in Wpy).

Forl x Xs let' psi3)(X) =" p)(X)

Let ' p(s+3) 0 =" p(s+3) (Xs+ 1) =" p(s+3) (Xs+ 2) = p(1).
Let x = xg+ 2.

2. Dovetail steps (3), (4), and (5) until step (3) or step (4) succeeds. If step (3) succeeds
(before step (4) does, if ever) then go to step (6); If step (4) succeedgbefore step (3)
does, if ever) then go to step (7).

Seardh forann > xg+ 3suchthat M( s (Xs+ 3;0) (Xs+ 4;0) (n;0)) 8 M ( o).
4. Seardh foray Xxs+ 3sudthat 'y ) (Y)#= 0.
Go to substageO.
Substages®
Let x = X+ 1," yse3)(X) = 0.
Go to substages®+ 1.
End substages®.
6. For n asfound in step (3) let
"p2(X) = 0;Xs < x  nand
s+1 = s (Xs+3,0) (xs+ 4,0) (M 0) (Xs+ L,0) (xs+ 20).
Go to stages+ 1.
7. Fory asfound in step (4) let
"p)(X) = L Xxs< X Y.
si1= s (Xs+ 1;1) (y: 1).
Go to stages+ 1.

End Stages

Now considerthe following cases:
Casel: All stages nish.
In this case,let f = ' 5 2 G. Let G = SS s. Clearly, G is a 2-imperfect information
sequencégor f (f (0) has beenchangedfrom p(0) to p(1) in the information sequences).
Casela: M on G changesits mind in nitely often.
In this case,M doesnot Im 2Ex -identify f.
Caselb: M on G corverges.
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In this case,the only way in which in nitely many stagescan exist is by execution of step
(7) innitely often. But, then, ' y () is innitely dierent from f. Thus, M does not
Im 2Ex -identify f .
Case2: Stages starts but doesnot nish.
In this case,let f = ' i3 2 G. Now, on G = s (Xs+ 3;0) (Xs+ 4,0) , a 2-
imperfectinformation sequencedor f, M convergesto M ( ), and, for all but nitely many
X, " m( o(X) 8 0. Thus,M doesnot Im ?Ex -identify f .
The above casesimply that M doesnot Im 2Ex -identify G;. |

Above proof can be easily modi ed to prove Theorem 46 below. We omit the details.
Theorem 46 (8i;j 2 N)[In® Ex Im?Bc! 6 ;].

Theorem 47 below suggeststhat Theorem 45 is nearly “optimal.’ As already mertioned, the
exact relationship betweenidenti cation criteria for incomplete and imperfect information se-
guenceis still open.

Theorem 47 (8i;j 2 N)[In*Ex] Im2Ex?].

Pr oof. Supposemachine M In“Ex!-identies C. Without loss of generality, let M be re-
arrangemen independen (thus we can assumethat M is given a nite set and length asits
input). We construct M © which Im ?Ex 2 -identies C. Let G be a 2i-imperfect information
sequencefor f 2 C. We assumethat for no x; y and z such that y 6 z, both (x;y) and (x; z)
appear in content(G) (we can assumethis since from a 2i-imperfect information sequencefor
any total function f, we can e ectiv ely construct a 2i-imperfectinformation sequencesatisfying
this property; F asdescribed in Theorem 38 doesthis).

Let np < ny < < Naiv2; S; Py X1iX2, 5 Xj card(P)s Y1i Y25 3 Y card(p) (I€Xicographically
least, if such exist) be such that card(S) i and conditions (A) to (D) below are satis ed.

(A) (8kj1 k i+ 1)(8S° content(G[ny 1]) j card(S9 i) [hcontent(G[nx]) S
S%2 nyi is a stabilizing sequenceor M on content(G) S SQ.

(B) P = fM(fcontent(G[na]) S S%2 nxyi)j@ k i+ 1)~
(SO content(G[ny 1])) ~ (card(S9 i)g.

©C) fxj (k12 P)[ «(x)#6 " |(X)#lg  fX1;X2 ;X card(P)9-

(D) Forallk2 P, card(flj' x(x;) 6 y;1 | | card(P)g) |j.

Let Prog be a recursive function sud that
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Prog(Pixy; y1; )(X)
if X = xi for somek
then output yg
else

seart for p2 P sudh that ' p(X)#
output ' p(x) for rst sud p found

endif

end

Clearly, if there exist ny < njp < < Ngi+2; S; P; X1, VY1, such that (A) to (D) are
satis ed then M °can nd the lexicographically least such values(in the limit) and thus output,

We rst argue that that there exist such nq; no; ' S; 0 P;oXxq; Y1, . We then
argue for such ny;  ;S;P;X1 ;Y1 L ' ProgPxi: i ) =3 f. This would prove the
theorem.

We rst show that sud Sq; P Nq; CProxg; ;Y1; exist. Considerany 2i-imperfect

information sequenceG for f, such that for no x;y;z such that y 6 z does(x;y) and (X; z)
both arein content(G). This implies that there are at most i elemerns (x; y) in the information
sequencesuch that f (x) 6 y. Let S = f(X;y) j (X;y) 2 content(G) ~ f (x) 6 yg. Now since
M In“%Ex/-identies f, for all S°of cardinality at mosti, M on any information sequencefor
content(G) S SPcorvergesto a program which computesa j -variant of f . Thus there exist
appropriate n1; ; P; x1; ;y1;  satisfying (A) to (D).

We now show that for such S; nq; i P;oxq; P Y1, " ProgPxi; w1 ) = i f Clearly,
forany p2 P, card(fX ' progpixi; iyi; )(X) € ' p(X)#g) j. Thusour proof will be complete
if we can prove that there is at least one program in P which computesa j -variant for f . Now
for any k such that 1k i+ 1, S® content(G[ny 1]) such that card(S9 i, we have
hcortent(G[nak]) S S%2 nyi is a stabilizing sequenceor M on content(G) S SC Thus,
either fM (hcontent(G[nak]) S S%2 nai) j S°  content(Glnok 1]) A card(SY  ig contains
a program which computesa j -variant of f or there exists a noisy elemen in content(G[n])
content(G[nok 1]) (otherwise, M doesnot In ¥ Ex/ -identify f). Sincethere are at most i noisy
elemeris in G, there must exist a k such that fM (hcortent(G[nok]) S S%2 nyi) j S°
content(G[nok 1]) A card(S% ig contains a program which computesa j -variant for f. 1

Slight modi cation of above proof can be usedto show that

Theorem 48 (8i;j 2 N)[In**1Ex) Im2*1Ex].
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Theorems47 and 48 can actually be improved slightly to give

Theorem 49 (8i;j 2 N : i 1)(8k 2  fO;1g)[In max(F3u4i 200 Ky
Im 2i+kEXj+min(fj;2i 1g)].

We omit the proof of the above theorem. Note that the languagelearning analogue of the
proof of Theorem 47 doesnot work sincethere is no corresponding procedurefor prog and there
is no limit e ectiveway to ched analogueof conditions (C) and (D).

S .
Theorem 50 In Ex [Im Ex [ ",y Im Bc']6 ;.

Pr oof. For any f 2 R, we describe a function f © as follows:
Let pr = MinProg(f).
Forj < pr, let err; = min(fxj'j(x) 6 f(x)g).

Fork 1;x2 N, let f {rk;xi) = f(x).
Let C= ff%) f 2 Rg. Now proceedingin a way similar to the proof of Theorem 34 it can
beshovnthat C2 In Ex [Im Ex [ oy Im Bc!]. We leave the details to the reader. il

4 Conclusions

In this paper we consideredthe e ect of three types of inaccuraciesin the input data. We
showved seweral hierarchiesand tradeo results basedon the three di erent kinds of inaccuracies.
It is opento exactly characterize the relationship betweenthe identi cation criteria basedon
imperfect and incomplete data (for both function and language identi cation). We showed
partial, nearly optimal results, in this direction. It is alsoopenwhether N TxtEx  InTxtBc

is empty or not.
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