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Abstract

The present paper considersthe e�ects of intro ducing inaccuraciesin a learner'senviron-

ment in Gold's learning model of identi�cation in the limit. Three kinds of inaccuraciesare

considered:presenceof spuriousdata is modeledaslearning from a noisy environment, miss-

ing data is modeledas learning from incomplete environment, and the presenceof a mixture

of both spurious and missing data is modeled as learning from imperfect environment.

Two learning domains are considered,namely, identi�cation of programs from graphs of

computable functions and identi�cation of grammars from positive data about recursively

enumerable languages.Many hierarchies and tradeo�s resulting from the interplay between

the number of errors allowed in the �nal hypotheses,the number of inaccuraciesin the data,

the typesof inaccuracies,and the type of successcriteria are derived.

An interesting result is that in the context of function learning, incompletedata is strictly

worsefor learning than noisy data.

1 In tro duction

Consider the scenarioin which a subject is attempting to learn its environment. At any given

time, the subject receives a �nite piece of data about its environment, and based on this

�nite information, conjectures an explanation about the environment. The subject is said to

learn its environment just in casethe explanations conjectured by the subject become�xed

over time, and this �xed explanation is a correct representation of the subject's environment.

Computational learning theory provides a framework for the study of the above scenariowhen

the subject is an algorithmic device. The above model of learning is basedon the work initiated

by Gold [Gol67] and has beenusedin inductiv e inferenceof both functions and languages.We

refer the reader to [AS83, BB75, CS83, OSW86, KW80] for background material in this �eld.

� GeneseeValley Software, 92 Monteroy Road, Brigh ton, NY 14618,USA
yDepartment of Information Systems and Computer Science, National Univ ersity of Singapore, Singapore

0511, Republic of Singapore. Email: sanjay@iscs.nus.sg

1



In this paper we consider the e�ect of inaccuraciesin the data presented to the learner. In

the context of linguistic development, children likely receive ungrammatical sentencesand may

not receive somesentences. However, these inaccuraciesdo not seemto in
uence the outcome

of linguistic development. Similarly, in the context of scienti�c discovery, the businessof science

progressesdespite experimental errors and unfeasibility of performing certain experiments.

In this paper, both for identi�cation of functions and languages,we consider the e�ects of

having inaccuraciesin the input data. We show a hierarchy basedon the number of inaccuracies

present in the input data. We also show tradeo� results based on the amount and type of

inaccuraciespresent. Osherson,Stob and Weinstein [OSW86] and Sch•afer-Richter [SR86] have

also consideredinaccurate information in the above model of learning.

We considerthree kinds of inaccuraciesthat could creepinto natural environments of learn-

ers.

� Noisy data: Ungrammatical intrusions into the languagepresented to a child is a very

reasonableassumption about a child's environment. Similarly, experimental error caused

by a faulty equipment could result in spuriousdata that is not representativ e of the reality

under investigation.

� Incomplete data: Natural linguistic environments may omit sentences from the am-

bient language,and it is possible that a child's learning function can identify a natural

languagedespite the systematic omission of sentences from its environment. Similarly,

someexperiments cannot be performed either due to technological limitations or due to

ethical considerations.

� Imp erfect data: Most natural linguistic environments are likely to be victims of both

ungrammatical intrusions and omission of sentences from the ambient language. Such

environments that contain a mixture of noisy and incomplete inaccuraciesare referred to

as environments with imperfect data. Similarly, in most experimental investigations, the

inaccuraciesare a mixture of both noisy and incomplete data.

The three kinds of inaccuraciesdiscussedabove yield three kind of information sequences|

noisy, incomplete, and imperfect. However, a further distinction is made basedon whether the

number of inaccuraciesin the input is �nite or in�nite. In this paper we only examinethe case

where inaccuraciesare �nite in number.

It should be noted that the inaccuraciesdiscussedhere model spurious data and unavail-

abilit y of data; they don't say anything about situations like \data is correct within 10% of

actual value."
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2 Preliminaries

2.1 Notation

Recursion-theoretic concepts not explained below are treated in [Rog67]. N denotes the set

of natural numbers, f 0; 1; 2; 3; : : :g, and N + denotes the set of positive integers, f 1; 2; 3; : : :g.

The symbols ; ; 2 ; � ; � ; � ; � respectively denote,emptyset, member of, subset,proper subset,

superset and proper superset.

Unless otherwise speci�ed, e;i; j; k; l ; m; n; r; s; t; w; x; y; z, with or without decorations1,

range over N . � is a non-member of N satisfying (8n 2 N )[n < � < 1 ]. a and b, with

or without decorations, range over N [ f�g .

A; S;P; X , with or without decorations,rangeover subsetsof N . D rangesover �nite subsets

of N . card(P) denotesthe cardinalit y of P. Sothen, `card(P) � � ' meansthat card(P) is �nite.

min(P) and max(P) respectively denote the minimum and maximum element in P. We take

min(; ) to be 1 and max(; ) to be 0.

Let �x; y hx; yi denote a �xed pairing function (a recursive, bijectiv e mapping: N � N !

N ) [Rog67]. �x; y hx; yi and its inversesare useful to simulate the e�ect of having multiple

argument functions. � 1 and � 2 are corresponding projection functions, i.e., (8x; y)[� 1(hx; yi ) =

x ^ � 2(hx; yi ) = y]. h�; �i can be extended to n-tuple h�; � � � ; �i in a natural way.

� and � range over partial functions. For a 2 N [ f�g , � 1 = a � 2 means that card(f x j

� 1(x) 6= � 2(x)g) � a. In this casewe also say that � 1 is an a-variant of � 2. domain(� ) and

range(� ) respectively denote the domain and range of partial function � . graph(� ) denotesthe

set f (x; � (x)) j x 2 domain(� )g.

R denotesthe classof all recursive functions, i.e., total computable functions with arguments

and valuesfrom N . f ; h and F , with or without decorations,rangeover R. S; C, with or without

decorations, range over subsetsof R.

We �x ' to be an acceptable programming system [Rog58, Rog67, MY78] for the partial

recursive functions: N ! N . By ' i we denote the partial recursive function computed by

' -program i . In somecontexts p rangesover programs. In other contexts, p rangesover total

functions, with its range being construed as programs. MinProg(f ) = min(f j j ' j = f g), the

minimum program for f in the ' system. We let Wi denote domain(' i ). Wi is, then, the r.e.

set/language (� N ) accepted(or equivalently , generated)by the ' -program i . We let � be an

arbitrary Blum complexity measure[Blu67] associated with acceptableprogramming system' ;

such measuresexist for any acceptableprogramming system [Blu67]. Then, Wi;s denotesthe

1Decorations are subscripts, superscripts and the lik e.
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set f x j x < s ^ � i (x) � sg.

L , with or without decorations, ranges over recursively enumerable (r.e.) subsetsof N ,

which subsetsare usually construed as codings of formal languages. E denotes the class of

all recursively enumerable languages� N . We let L , with or without decorations, range over

subsetsof E. L 1� L 2 denotes(L 1 � L 2) [ (L 2 � L 1), the symmetric di�erence of L 1 and L 2. For

a 2 (N [ f�g ), L 1 = a L 2 meansthat card(L 1� L 2) � a. In this casewe also say that L 1 is an

a-variant of L 2. Let FIN = f L j card(L ) < 1g .

The quanti�ers `
1
8' and `

1
9' mean`for all but �nitely many' and `there exist in�nitely many,'

respectively. The quanti�er `9!' means`there exists a unique.'

We concern ourselves with formally investigating learning of two kinds of objects: com-

putable functions and recursively enumerable languages.

2.2 Learning Mac hines

An information sequence for functions is a mapping from N (or an initial segment of N ) to

N � N [ f # g. An information sequence for languagesis a mapping from N (or an initial

segment of N ) to N [ f # g. Intuitiv ely, # denotes the pausesin the presentation of data.

We often drop \for functions" and \for languages"from \information sequencesfor functions"

and \information sequencesfor languages"respectively; context determineswhich information

sequencewe are dealing with. We often refer to in�nite information sequencesfor languagesas

texts. SEG denotesthe set of all �nite function information sequences,and SEQ denotesthe

set of all �nite languageinformation sequences.

We let G and T, with or without decorations,rangeover in�nite information sequences(i.e.

information sequenceswith domain N ). We let � and � , with or without decorations, range

over �nite information sequences(i.e. information sequenceswith domain an initial segment of

N ). We let content(G) denote the set range(G) � f # g. Similarly, content(� ) denotesthe set

range(� ) � f # g.

SupposeG is an in�nite information sequence.Then G[n] denotesthe �nite initial segment

of G with length n. For �nite information sequence� of length � n, � [n], denotesthe initial

segment of � with length n. j� j denotesthe length of the �nite information sequence� . � � G

meansthat � is an initial sequenceof G. Similarly, � � � , meansthat � is an initial sequence

of � . We often identify a total function f , with its canonical information sequenceG, de�ned

as

G(k) = (k; f (k))

4



Thus f [n], is sameas the �nite information sequence,� de�ned as follows:

� (k) =

(
(k; f (k)) ; if k < n;

" ; otherwise.

For a �nite information sequence� for languages,� � y denotesthe concatenation of y at

the end of the sequence� . Formally, � 0 = � � y is de�ned as follows:

� 0(k) =

8
><

>:

� (k); if k < j� j;

y; if k = j� j;

" ; otherwise.

Similarly, for a �nite information sequence� for functions, � � (y; z) denotesthe concatenation

of (y; z) at the end of the sequence� .

De�nition 1 A learning machine is an algorithmic mapping from �nite information sequences

to N .

We let M , with or without decorations, range over learning machines.

A machine, M , converges on an information sequenceG (denoted by M (G)#) i� there

exists an i , such that (
1
8 n)[M (G[n]) = i ]. Otherwise we say that M divergeson G (denoted by

M (G)" ). If M convergeson G, then we de�ne M (G) asthe unique i such that (
1
8 n)[M (G[n]) =

i ]. Otherwise M (G) is unde�ned.

De�nition 2 A machine M is rearrangement independent if (8� ; � j content(� ) =

content(� ) ^ j� j = j� j)[M (� ) = M (� )].

Thus the output of a rearrangement independent machine depends only on the content

and length of its input. For all the explanatory identi�cation criteria consideredin this paper

we can assumewithout loss of generality that the machine is rearrangement independent (see

[Ful90, Ful85]). In some of our proofs, when we assumethat the machine is rearrangement

independent, weoften considerthe learning machine astaking two arguments, a set representing

the content of its input and a number representing the length of its input.

2.3 Fundamen tal Function Iden ti�cation Paradigms

We now intro duce two di�eren t criteria for a learning machine to successfullyinfer a function

(from perfect input data).
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2.3.1 Explanatory Function Iden ti�cation

De�nition 3 [Gol67, BB75, CS83]Let a 2 N [ f�g .

(a) M Ex a-identi�es f (written: f 2 Ex a(M )) ( ) (9i j ' i = a f )[M (f )# = i ].

(b) Ex a = fS j (9M )[S � Ex a(M )]g:

Caseand Smith [CS83] motivate anomalies(or, mistakes) in the �nal programs in De�ni-

tion 3 from the fact that physicists sometimesdo employ explanations with anomalies. The

a = � casewas intro duced by L. Blum and M. Blum [BB75] and the other a > 0 caseswere

�rst consideredby Caseand Smith [CS83].

2.3.2 Beha viorally Correct Function Iden ti�cation

Caseand Smith [CS83]intro ducedanother in�nite hierarchy of identi�cation criteria which we

describe below. \ Bc " stands for behaviorally correct . Barzdin [Bar74] essentially intro duced

Bc 0.

De�nition 4 [CS83] Let a 2 N [ f�g .

(i) M Bc a-identi�es f (written: f 2 Bc a(M )) ( ) (
1
8 n)[' M (f [n]) = a f ].

(ii) Bc a = fS j (9M )[S � Bc a(M )]g:

We usually write Ex for Ex 0 and Bc for Bc 0. Theorem 5 below describessomeof the basic

results about the two kinds of function identi�cation criteria described above.

Theorem 5 For all a 2 N ,

(a) Ex a � Ex a+1 .

(b)
S

a2 N Ex a � Ex � .

(c) Ex � � Bc .

(d) Bc a � Bc a+1 .

(e)
S

a2 N Bc a � Bc � .

(f ) R 2 Bc � .

Parts (a), (b), (d), and (e) are due to Caseand Smith [CS83]. John Steel �rst observed

that Ex � � Bc and the diagonalization in part (c) is due to Harrington and Case[CS83]. Part

(f ) is due to Harrington [CS83]. Blum and Blum [BB75] �rst showed that Ex � Ex � . Barzdin

[Bar74] independently showed Ex � Bc .

Let AEZ = f f 2 R j card(f x j f (x) 6= 0g) < 1g . Let SELFREF = f f 2 R j ' f (0) =

f ^ card(f x j f (x) 6= 0g) = 1g . We will be using the above classesand their variants in several
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of our proofs. The following Theorem from [BB75] shows that Ex is not closedunder union as

witnessedby AEZ and SELFREF .

Theorem 6 [BB75] AEZ 2 Ex , SELFREF 2 Ex , but AEZ [ SELFREF 62Ex � [
S

i Bc i .

2.4 Fundamen tal Language Iden ti�cation Paradigms

De�nition 7 A text T is for a languageL i� content(T) = L .

Intuitiv ely, a text for a languageis an enumeration or sequential presentation of all the objects

in the languagewith the #'s representing pausesin the listing or presentation of such objects.

For example, the only text for the empty languageis just an in�nite sequenceof #'s.

2.4.1 Explanatory Language Iden ti�cation

We now intro duce criteria for a learning machine to be successfulon a language.

De�nition 8 [Gol67, CL82, OW82a] Let a 2 N [ f�g .

(a) M TxtEx a-identi�es L (written: L 2 TxtEx a(M )) ( ) (8 texts T for L )(9i j Wi = a

L)[M (T)# = i ].

(b) TxtEx a = fL j (9M )[L � TxtEx a(M )]g:

We usually write TxtEx for TxtEx 0. The generalization of Gold's paradigm to the a > 0

caseabove was motivated by the observation that humans rarely learn a languageperfectly.

The a > 0 casein De�nition 8 is due to Case and Lynes [CL82]. Oshersonand Weinstein

[OW82a], independently of Caseand Lynes, intro ducedthe a = � case.The in
uence of Gold's

paradigm to human language learning is discussedby Pinker [Pin79], Wexler and Culicover

[WC80], Wexler [Wex82], and Osherson,Stob, and Weinstein [OSW82, OSW84, OSW86].

De�nition 9 [Ful85, Ful90] � is a TxtEx -stabilizing sequence for M on L ( ) content(� ) �

L and (8� 0 j content(� 0) � L ^ � � � 0)[M (� 0) = M (� )].

De�nition 10 [BB75, OW82b] Let a 2 N [ f�g . � is a TxtEx a-locking sequence for M on L

( ) � is a TxtEx -stabilizing sequencefor M on L and WM (� ) = a L .

For rearrangement independent machines, we often refer to a stabilizing (locking) sequence

� by hcontent(� ); j� ji .

We now present a very important lemma in learning theory due to L. Blum and M. Blum

[BB75].

Lemma 11 [BB75, OW82b] If M TxtEx a-identi�es L, then there is a TxtEx a-locking se-

quence for M on L.
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2.4.2 Vacillatory Language Iden ti�cation

Case[Cas88], as a re�nement of a result by Oshersonand Weinstein [OW82a], consideredthe

question whether humans converge to more than one distinct, but equivalent, correct gram-

mar. He captured this notion through a new criterion of language learning, viz., TxtF ex-

identi�c ation |a more generalcriteria than Gold's TxtEx -identi�cation.

Beforewe describe TxtF ex-identi�cation, we �rst considerin De�nition 12 just below what

it meansfor a learning machine to convergeon a text to a �nite set of grammars.

De�nition 12 [Cas88]SupposeM is a learning machine and T is a text. Then, M (T) �nitely-

converges (written: M (T)+) ( ) f M (� ) j � � Tg is �nite. If M (T)+, then we say that

M (T)+ = f i j (
1
9 � � T)[M (� ) = i ]g, otherwise we say that M (T) �nitely-diver ges (written:

M (T)* ).

De�nition 13 [Cas88]Let a 2 N [ f�g and b 2 N + [ f�g .

(i) M TxtF exa
b-identi�es L (written: L 2 TxtF exa

b(M )) ( ) (8 texts T for L )(9D j

card(D ) � b ^ (8i 2 D)[Wi = a L ])[M (T)+ = D].

(ii) TxtF exa
b = fL j (9M )[L � TxtF exa

b(M )]g.

In TxtF exa
b-identi�cation, the b is a \b ound" on the number of �nal grammars and the a

is a \b ound" on the number of anomaliesallowed in these �nal grammars. A \b ound" of �

just meansunbounded, but �nite. We sometimesrefer to TxtF ex0
b as TxtF exb. TxtF ex � -

identi�cation was �rst studied by Oshersonand Weinstein [OW82a].

2.4.3 Beha viorally Correct Language Iden ti�cation

De�nition 14 [CL82] Let a 2 N [ f�g .

(i) M TxtBc a-identi�es L (written: L 2 TxtBc a(M )) ( ) (8 texts T for L )(
1
8

n)[WM (T [n]) = a L ].

(ii) TxtBc a = fL j (9M )[L � TxtBc a(M )]g:

We usually write TxtBc for TxtBc 0.

The following de�nition is an analogueof De�nition 10 for TxtBc -identi�cation.

De�nition 15 (Basedon [BB75, CL82]) Let a 2 N [ f�g . � is a TxtBc a-locking sequence for

M on L ( ) content(� ) � L and (8� 0 j [� � � 0] ^ [content(� 0) � L ])[WM (� 0) = a L ].

There is an analogueof Lemma 11 for TxtBc -identi�cation [CL82].
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Lemma 16 (Based on [BB75, CL82]) If M TxtBc a-identi�es L , then there is a TxtBc a-

locking sequence for M on L.

Theorem 17 below states someof the basic results about the three kinds of languageiden-

ti�cation criteria just described.

Theorem 17 For all a; b 2 N ,

(a) TxtEx a+1 � TxtF exa
� 6= ; .

(b) TxtEx 2a+1 � TxtBc a 6= ; .

(c) TxtF ex2a
� � TxtBc a.

(d) TxtF ex0
b+1 � TxtF ex �

b 6= ; .

(e) TxtF ex � �
S

b2 N TxtF ex �
b 6= ; .

(f ) TxtEx � �
S

a2 N TxtBc a 6= ; .

(g) TxtBc � TxtF ex �
� 6= ; .

(h)
S

a2 N TxtBc a � TxtBc � .

Parts (a), (d), (e) and (g) are due to Case[Cas88]. Part (b) and (f ) are due to Caseand

Lynes [CL82] and part (c) is basedon the techniquesof Caseand Lynes [CL82]. Part (h) follows

from part (e) in Theorem 5. Oshersonand Weinstein [OW82a] have independently shown that

TxtEx � TxtF ex � .

We will needthe following Theorem from [CL82]

Theorem 18 [CL82] f N g [ FIN 62TxtBc � .

Corollary 19 For L , de�ne L 0 = fhj; xi j j � 1 ^ x 2 Lg. Let L 0 = f L 0 j L 2 FIN [ f N gg.

Then L 0 62TxtBc � .

Theorem 20 (basedon the techniquesusedto prove Theorem 18) Let L = f L j card(N � L ) =

1g [ FIN . Then L 62TxtBc � .

3 Inaccurate Data

3.1 Information Sequences with Finite Num ber of Inaccuracies

Pursuant to the classi�cation of inaccuracies, we de�ne three kinds of inaccurate texts for

languages. � -noisy, � -incomplete and � -imperfect texts and the corresponding identi�cation

criteria were�rst consideredby [OSW86]. [SR86] considereda slight variant of noisy information

sequences.
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De�nition 21 Let a 2 N [ f�g .

(a) A text T is a-noisy for L ( ) L � content(T) and card(content(T) � L ) � a.

(b) A text T is a-incomplete for L ( ) content(T) � L and card(L � content(T)) � a.

(c) A text T is a-imperfect for L ( ) card(L � content(T)) � a.

An a-noisy text T for a languageL can be pictured as a text for L into which elements from

a �nite set of cardinalit y at most a have been inserted. Note that any single such intrusion

may occur arbitrarily often in T. An a-incomplete text T for L can be pictured as a text for L

from which all occurrencesof a given �nite set of cardinalit y at most a have beenremoved. An

a-imperfect text T for L could be viewed asa text for L into which elements from a set S1 have

beeninserted and elements from a set S2 have beendeleted, where card(S1) + card(S2) � a.

Note that in the above three de�nitions, a = � caseimplies that the number of inaccuracies

is any �nite number. The other a 2 N casesmodel situations when a scientist may be aware,

a priori, of an upper bound on the number of inaccuraciesinfesting its environment; possible

sourcesof such information could be previous experienceand nature of instruments used.

We now turn our attention to de�ning inaccurate information sequencesfor functions.

De�nition 22 Let a 2 N [ f�g .

(a) An information sequenceG is a-noisy for f ( ) graph(f ) � content(G) and

card(content(G) � graph(f )) � a.

(b) An information sequenceG is a-incomplete for f ( ) content(G) � graph(f ) and

card(graph(f ) � content(G)) � a.

(c) An information sequenceG is a-imperfect for f ( ) card(graph(f )� content(G)) � a.

Note that in the caseof noisy information sequencesfor functions, two incorrect valuesfor

f (n) count as two distinct noise points, i.e., if the correct value of f (n) = x and both (n; y)

and (n; z), where x; y and z are distinct, are present in an inaccurate information sequencefor

f , then the data points (n; y) and (n; z) contribute towards two distinct noisepoints. Also, if

the actual value of f (n) = y, but (n; y) doesn't appear in an information sequenceand instead

(n; z), y 6= z, appears, then thesecontribute two to the imperfection count.

We now intro duce the learning criteria when there may be inaccuraciesin the input data.

De�nition 23 Let a;b 2 N [ f�g .

(a.1) M N aTxtEx b-identi�es L (written: L 2 N aTxtEx b(M )) ( )

(8 a-noisy texts T for L)[M (T)# ^ WM (T ) = b L ].

(a.2) N aTxtEx b = fL j (9M )[L � N aTxtEx b(M )]g.

(b.1) M In aTxtEx b-identi�es L (written: L 2 In aTxtEx b(M )) ( )

10



(8 a-incomplete texts T for L )[M (T)# ^ WM (T ) = b L ].

(b.2) In aTxtEx b = fL j (9M )[L � In aTxtEx b(M )]g.

(c.1) M Im aTxtEx b-identi�es L (written: L 2 Im aTxtEx b(M )) ( )

(8 a-imperfect texts T for L)[M (T)# ^ WM (T ) = b L ].

(c.2) Im aTxtEx b = fL j (9M )[L � Im aTxtEx b(M )]g.

De�nition 24 Let a;b 2 N [ f�g .

(a.1) M N aEx b-identi�es f (written: f 2 N aEx b(M )) ( )

(8 a-noisy information sequencesG for f )[M (G)# ^ ' M (G) = b f ].

(a.2) N aEx b = fC j (9M )[C � N aEx b(M )]g.

(b.1) M In aEx b-identi�es f (written: f 2 In aEx b(M )) ( )

(8 a-incomplete information sequencesG for f )[M (G)# ^ ' M (G) = b f ].

(b.2) In aEx b = fC j (9M )[C � In aEx b(M )]g.

(c.1) M Im aEx b-identi�es f (written: f 2 Im aEx b(M )) ( )

(8 a-imperfect information sequencesG for f )[M (G)# ^ ' M (G) = b f ].

(c.2) Im aEx b = fC j (9M )[C � Im aEx b(M )]g.

Similarly, we can de�ne the languageidenti�cation paradigms: N aTxtF exb
c, In aTxtF exb

c,

Im aTxtF exb
c, N aTxtBc b, In aTxtBc b, Im aTxtBc b, and the function identi�cation paradigms:

N aBc b, In aBc b, Im aBc b.

Analogue of Lemma 11 holds for identi�cation from inaccurate information sequencesalso

(for both function learning and language learning). We state as an example the lemma for

N aTxtEx b-identi�cation.

Lemma 25 If M N aTxtEx b-identi�es L , then for every L 0 such that L � L 0 and card(L 0 �

L ) � a, there exists a stabilizing sequence � for M on L 0 such that WM (� ) = b L .

3.2 Hierarc hy Results

Theorem 26 below is about comparing extra anomalies in the �nal program inferred in the

presenceof inaccuracies. Theorem 26 strengthens Theorem 5 to consider inaccuraciesin the

input data. Theorem 26(a), for example, says that there are classesof functions for which

an (i + 1)-error program can be identi�ed from information sequenceswith an arbitrary but

�nite number of imperfections,but for which an i -error program cannot be identi�ed even from

accurate information sequences. Theorem 26(d) is a similar result about Bc -identi�cation.

It is also interesting to note that there is a machine that can Bc � -identify every computable

function even from information sequenceswith an unbounded �nite number of imperfections.

Theorem 26 yields a hierarchy exhibited in Corollary 27.
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Theorem 26 For all i 2 N

(a) Im � Ex i +1 � Ex i 6= ; .

(b) Im � Ex � �
S

i Ex i 6= ; .

(c) Im � Bc � Ex � 6= ; .

(d) Im � Bc i +1 � Bc i 6= ; .

(e) R 2 Im � Bc � .

Pr oof. (a) Let C = f f j ' f (0) = i +1 f ^ (8x)[f (2x) = f (0)]g. It is easy to see that C 2

Im � Ex i +1 . An easy modi�cation of the proof of Ex i +1 � Ex i 6= ; in [CS83] can be used to

show that C 62Ex i . We omit the details.

(b), (c) and (d) can be shown by similar modi�cations of the proofs in [CS83]. We leave the

details to the reader.

(e) Let S(� ; n) = f ng[f j � n j (8(x; y) 2 content(� ))[� j (x) � n ^ (x; ' j (x)) 2 content(� )]g.

Let M (� ) = p such that (8x)[' p(x) = ' min( S(� ;x)) (x)]. We now claim that M Im � Bc � -identi�es

R. To seethis supposef 2 R. SupposeG is a � -imperfect information sequencefor f . Let j

be minimum program such that

(a) graph(' j ) � content(G), and

(b) (8x j (9y)[(x; y) 2 content(G)])[ ' j (x)#].

(Note that for any j satisfying the above two properties, we have ' j = � f ).

It is easyto verify that (
1
8 n)(

1
8 m)[min(S(T[n]; m)) = j ]. It thus follows that M Im � Bc � -

identi�es f .

Corollary 27 Let a 2 N [ f�g . Then

(a) N aEx 0 � N aEx 1 � � � � � N aEx � .

(b) N aBc 0 � N aBc 1 � � � � � N aBc � = 2R .

(c) In aEx 0 � In aEx 1 � � � � � In aEx � .

(d) In aBc 0 � In aBc 1 � � � � � In aBc � = 2R .

(e) Im aEx 0 � Im aEx 1 � � � � � Im aEx � .

(f ) Im aBc 0 � Im aBc 1 � � � � � Im aBc � = 2R .

Corollary 27 thus shows that the hierarchies given by Theorem 5 hold even in presenceof

inaccuraciesin the input data.

We now turn our attention to investigating if a price is being paid for learning from infor-

mation sequencesfor which the number of inaccuraciesis higher. Theorem 28 below answers

this question in the a�rmativ e.

12



Theorem 28 (8j 2 N )[Im j Ex � [N j +1 Ex � [ In j +1 Ex � [ (
S

i In j +1 Bc i ) [ (
S

i N j +1 Bc i )] 6= ; ].

Pr oof. Fix j . For f 2 R, de�ne f 0 and f 00as follows.

For all i > 0 and for all x, let f 0(hi; xi ) = f 00(hi; xi ) = f (x).

For all x � j , let f 0(h0; xi ) = 0; f 00(h0; xi ) = 1.

For all x > j , let f 0(h0; xi ) = f 00(h0; xi ) = 0.

Now consider the following collections of functions:

S0 = f f 0 j f 2 AEZ g.

S00= f f 00j f 2 SELFREF g.

C = S0[ S00.

It is easyto verify that S0 2 Im j Ex and S002 Im j Ex .

Note that for a j -imperfect information sequenceG for f 2 C, card(f x � j j (h0; xi ; 0) 2

content(G)g) � card(f x � j j (h0; xi ; 1) 2 content(G)g) , f (h0; 0i ) = 0 , f 2 S0. This along

with the fact that S0 2 Im j Ex ; S002 Im j Ex implies that C 2 Im j Ex .

We show that C62N j +1 Ex � [ [
S

i N j +1 Bc i ]. It can similarly be shown that C 62In j +1 Ex � [

[
S

i In j +1 Bc i ].

SupposeI is either Ex � or Bc i for somei . Supposeby way of contradiction, machine M

N j +1 I -identi�es C. Then, using M , we show how to construct a machine M 0 which I -identi�es

AEZ [ SELFREF contradicting Theorem 6.

Let twit be a recursive function (by s-m-n theorem such a recursive function exists) such

that, for all � ; � 2 SEG

� � � ) twit (� ) � twit( � ), and

content(t wit (� )) = f (hr; xi ; y) j (x; y) 2 content(� ) ^ 1 � r � j� jg [ f (h0; xi ; 1) j x �

j g [ f (h0; r i ; 0) j r � j� jg.

Let untwit be a recursive function (by s-m-n theorem such a recursive function exists) such

that, for all i and x, ' untwit (i ) (x) = ' i (h1; xi ).

Now, let M 0(� ) = untwit (M (t wit (� ))). It is easyto seethat if M N j +1 I -identi�es C, then

M 0 I -identi�es AEZ [ SELFREF . But, this is not possible(Theorem 6). Thus, C 62N j +1 I .

Theorem 28 yields several corollaries which highlight the loss in learning abilit y as a result

of an increasein the bound on inaccuraciesallowed in the information sequence.

Corollary 29 Let a 2 N [ f�g . Then

(a) N 0Ex a � N 1Ex a � N 2Ex a � � � �.

(b) In 0Ex a � In 1Ex a � In 2Ex a � � � �.

(c) Im 0Ex a � Im 1Ex a � Im 2Ex a � � � �.
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However, the above result does not say anything about relative learning abilities between

situations in which a preassignedbound on the �nite number of inaccuraciesis available and

when such a bound is not available. Theorem 30 below answers this question.

Theorem 30 There exists a class of functions, C such that (a) (8i )[C 2 Im i Ex ], and (b)

C 62(In � Ex � [ N � Ex � [
S

j [N � Bc j [ In � Bc j ]).

Pr oof. For f 2 R de�ne f 0; f 00as follows.

For j > 0, let f 0(hj; xi ) = f 00(hj; xi ) = f (x).

For x > f (0), let f 0(h0; xi ) = f 00(h0; xi ) = 0.

For x � f (0), let f 0(h0; xi ) = 0; f 00(h0; xi ) = 1.

Now consider the following classof functions:

S0 = f f 0 j f 2 AEZ g.

S00= f f 00j f 2 SELFREF g.

C = S0[ S00.

It is easyto extend the proof of Theorem28 to prove that C 62N � Ex � [ In � Ex � [
S

j N � Bc j [
S

j In � Bc j .

Fix i . We now show that C 2 Im i Ex . Let Si = f j � i j ' j (0) = j ^ ' j 2 SELFREF g. We

describe a machine M which Im i Ex � -identi�es C. Let F 0 be a recursive mapping from �nite

sets to N such that the following holds (note that by s-m-n theorem such a function exists).

Below A denotesa �nite set.

' F 0(A ) (hi; xi ) =

8
>>>><

>>>>:

0; if i = 0;

y; if i > 0 ^

[(9z)[(x; z) 2 A] ^ y = min(f z j (x; z) 2 Ag)];

0; otherwise.

Let F 00be a recursive function such that the following holds (note that by s-m-n theorem

such a function exists).

' F 00(e) (hi; xi ) =

8
><

>:

0; if i = 0; x > e;

' e(x); if i > 0;

1; otherwise.

M (� )

1. Let m� (x) = max(f j j (9y)[(hj; xi ; y) 2 content(� )]g).

Let A � = f (x; y) j m� (x) > 0 ^ (hm� (x); xi ; y) 2 content(� )g.

Let A0
� = f (x; y) 2 A � j y 6= 0g.
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2. Let e� = min(fj � jg [ f y j (0; y) 2 A � g).

3. if e� � i

then

3a. if [e� 2 Si ^ (8(x; y) 2 A � )[' e� (x) = y]]

then output F 00(e� ).

else output F 0(A0
� ).

endif

else

3b. if [card(f x � e� j (h0; xi ; 0) 2 content(� )g) � card(f x � e� j (h0; xi ; 1) 2 content(� )g)]

then output F 0(A0
� ).

else output F 00(e� ).

endif

endif

end

Consider any g 2 C and an i -imperfect information sequenceG for g. Let f be such that

g = f 0, if g 2 S0 and g = f 00, if g 2 S00. It is easyto verify that, for large enoughinitial segment

� of G, the following properties are satis�ed.

(P1) A � � graph(f ).

(P2) e� = f (0).

(P3) (8x � f (0))[( h0; xi ; y) 2 content(G) , (h0; xi ; y) 2 content(� )].

(P4) f 2 AEZ ) A0
� = f (x; y) j f (x) 6= 0g

(P5) [f (0) 2 Si ^ f 2 AEZ ] ) [(9(x; y) 2 A � )[' f (0) (x) 6= y]].

For the following supposethat � is large enoughso that the above properties hold.

Case1: f (0) � i ^ f 2 SELFREF .

In this case\if clauseof step (3a)" will succeed(by properties (P1) and (P2)) and thus M

outputs F 00(e� ), which is a program for g.

Case2: f (0) � i ^ f 62SELFREF

In this case\if clauseof step (3a)" will fail (by properties (P1), (P2), and (P5)). Thus M

outputs F 0(A0
� ), which is a program for g (by property (P4)).

Case3: f (0) > i ^ f 2 AEZ .

In this caseby property (P3) \if clausein step 3b" will succeed(due to bound on the imper-

fection of G). Thus M outputs F 0(A0
� ), which by property (P4) is a program for g.
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Case4: f (0) > i ^ f 2 SELFREF .

In this caseby property (P3) and the bound on imperfection, \if clausein step 3b" will fail.

Thus M outputs F 00(e� ), which is a program for g.

From the above caseswe have that M Im i Ex -identi�es C.

We now brie
y turn our attention to identi�cation of languagesfrom inaccurate information

sequences.Theorem 31 below is the languageidenti�cation counterpart of Theorem 26 and can

be shown using techniquessimilar to Theorem 26 and results from [CL82, Cas88]. We omit the

details.

Theorem 31 For all i 2 N

(a) Im � TxtEx i +1 � TxtF ex i
� 6= ; .

(b) Im � TxtEx � �
S

i TxtBc i 6= ; .

(c) Im � TxtF ex i +1 � TxtF ex �
i 6= ; .

(d) Im � TxtF ex � �
S

i 2 N TxtF ex �
i 6= ; .

(e) Im � TxtEx 2i+1 � TxtBc i 6= ; .

(f ) Im � TxtBc � TxtF ex �
� 6= ; .

(g) Im � TxtBc i +1 � TxtBc i 6= ; .

Theorem 32 (8i 2 N )[Im i TxtEx � [N i +1 TxtBc � [ In i +1 TxtBc � ] 6= ; ].

Pr oof. For any �nite languageL , let L 0 = fhj; xi j j � 1 ^ x 2 Lg [ fh0; i + x + 1i j x � ig.

Also, let N 0 = fhj; xi j j � 1; x 2 N g [ fh0; xi j x � ig.

Now, consider the collection of languagesL = f L 0 j L 2 FIN g [ f N 0g. It is easy to see

that L 2 Im i TxtEx . For any text T, let T0; T00(e�ectiv ely obtained from T) be such that

content(T0) = fhj; xi j j � 1 ^ x 2 content(T)g [ fh0; xi j x � 2i + 1g and content(T 00) =

fhj; xi j j � 1 ^ x 2 content(T)g. Note that if T is a text for L 2 FIN [ f N g, then T 0 is an

(i + 1)-noisy text for L 0and T00is an (i + 1)-incomplete text for L 0. Moreover, for L 2 FIN [ f N g,

a grammar for a �nite variant of L 0can be e�ectiv ely converted to a grammar for a �nite variant

of L . Thus [L 2 N i +1 TxtBc � _ L 2 In i +1 TxtBc � ] ) FIN [ f N g 2 TxtBc � . But, this is not

true (Theorem 18). Thus, L 62(N i +1 TxtBc � [ In i +1 TxtBc � ).

Theorem 33 There exists a L , such that (a) (8i )[L 2 Im i TxtEx ] and (b) L 62N � TxtBc � [

In � TxtBc � .

Pr oof. For a set X and j 2 N de�ne L 0
j;X and L 1

j;X as follows.

Let L 0
j;X = fh2; xi j x 2 X g [ fh1; k � j i j k 2 N g [ fh0; xi j x < j g.
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Let L 1
j;X = fh2; xi j x 2 X g [ fh1; k � j i j k 2 N g [ fh0; xi j j � x < 2j g.

Let S be a set which is not in � 3 of the Kleene hierarchy.

Let L = f L 0
j;X j X 2 FIN ^ j 62Sg [ f L 1

j;N j j 2 Sg.

It is easy to seeusing technique of Theorem 30 that for each i 2 N , L 2 Im i TxtEx .

We show that L 62N � TxtBc � . Proof is similar for L 62In � TxtBc � . Suppose by way of

contradiction machine M N � TxtBc � -identi�es L . Then

j 2 S ) (9� j content(� ) � L 1
j;N [ fh0; xi j x < 2j g)(8� � � j content(� ) � L 1

j;N [ fh0; xi j

x < 2j g)[card(f x j h2; xi 2 WM (� )g) = 1 ].

On the other hand

j 62S ) : [(9� j content(� ) � L 1
j;N [ fh0; xi j x < 2j g)(8� � � j content(� ) � L 1

j;N [ fh0; xi j

x < 2j g)[card(f x j h2; xi 2 WM (� )g) = 1 ]]. Thus S 2 � 3. A contradiction.

Thus L 62N � TxtBc � .

It should be noted that the above theorems give hierarchies for languagelearning, similar

in nature to the hierarchies in the function learning.

3.3 Relativ e E�ects

Results in the preceding section underlined a common theme: But for the highly impractical

Bc � -identi�cation, inaccurate data is `bad' for learning. It is time now to comparewhich kinds

of inaccuraciesdo the most damage. First, a comparison between the price paid for learning

from noisy information sequencesand incomplete information sequences.

The result below exhibits the apparent advantagesof noiseover missing data, as there are

collections of functions for which a program can be identi�ed from information sequenceswith

a �nite, but without any preassignedbound, number of spuriousdata, but for which a program

for even a �nite variant cannot be identi�ed from information sequenceswhich possibly are

missing just one data. Corollary 35 givesthe languageidenti�cation counterpart of this result

and follows from Theorem 34. The following result also appears in [FJO94]. We include the

proof for completeness.

Theorem 34 [FJO94] N � Ex � [In 1Ex � [
S

i In 1Bc i ] 6= ; .

Pr oof. For any f 2 R, we describe a function f 0 as follows:

Let pf = MinProg(f ).

For j < pf , let errj = min(f x j ' j (x) 6= f (x)g).

f 0(0) = hpf ; herr0; err1; err2; : : : ; errpf � 1ii .

For all x; k: f 0(1 + hk; xi ) = f (x).
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Let C = f f 0 j f 2 Rg.

We �rst show that C62In 1Ex � [
S

i In 1Bc i . SupposeI is either Ex � or Bc i . Supposeby way

of contradiction, that M In 1I -identi�es C. We then describe a machine M 0 which I -identi�es

R|yielding a contradiction (Theorem 5). For any f , let Gf be an information sequencesuch

that content(Gf ) = f (1+ hk; xi ; f (x)) j x; k 2 N g, and Gf [n] can be found e�ectiv ely from f [n].

Note that Gf is an 1-incompleteinformation sequencefor f 0. Let F be a recursive function such

that for all x and p, ' F (p) (x) = ' p(h1+ h0; xii ). De�ne M 0 such that M 0(f [n]) = F (M (Gf [n])).

Note that such a machine M 0 can easilybe constructed from M . Clearly, for f 2 R, if ' p = a f 0,

then ' F (p) = a f . SinceM In 1I -identi�es C, it follows that M 0 I -identi�es R. A contradiction

(Theorem 5). Thus, C 62In 1I .

We now show that C 2 N � Ex . For an information sequenceG, de�ne G0 such that for all

n,

G0(n) =

8
>>>>>>><

>>>>>>>:

(1 + hi; xi ; y); if G(n) = (1 + hi; xi ; y) ^

[(8j; z j (1 + hj; xi ; z) 2 content(G))

(9j 0 � j )[(1 + hj 0; xi ; y) 2 content(G)]];

(0; y); if G(n) = (0; y);

# ; otherwise.

Let F be a mapping from SEG to SEG such that for n � j� j:

(F (� ))( n) =

8
>>>>>>><

>>>>>>>:

(1 + hi; xi ; y); if � (n) = (1 + hi; xi ; y) ^

[(8j; z j (1 + hj; xi ; z) 2 content(� ))

(9j 0 � j )[(1 + hj 0; xi ; y) 2 content(� )]];

(0; y); if � (n) = (0; y);

# ; otherwise.

Intuitiv ely, for a � -noisy sequence,G, for f 0 2 C, G0 is formed from G by removing all noisy

elements from G, except for noiseon input 0. F is an algorithmic mechanism for obtaining G0

from G.

SupposeG is a � -noisy sequencefor f 0 2 C. It is easyto verify that:

(a) (
1
8 n)[G0[n] = F (G[n])].

(b) (8i; x; y)[(1 + hi; xi ; y) 2 content(G0) ( ) f 0(1 + hi; xi ) = y].

(c) � 1(f 0(0)) = max(f j j (9err0; err1; : : : ; errj � 1 j (0; hj; herr0; err1; : : : errj � 1ii ) 2

content(G))[( 8i < j )[' i (err i ) 6= f 0(1 + h0; erri i )]]g).

(d) Supposee = � 1(f 0(0)). For j < e, let err j = min(f x j ' j (x) 6= ' e(x)g). Then

f 0(0) = he;herr 0; : : : ; err e� 1ii .
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Thus f 0(0) (and therefore a program for f 0) can be determined from G0 (and thus G) in the

limit.

Corollary 35

(a) N � TxtEx � In 1TxtEx � [
S

i In 1TxtBc i 6= ; .

(b) N � Ex � Im 1Ex � [
S

i Im 1Bc i 6= ; .

(c) N � TxtEx � Im 1TxtEx � [
S

i Im 1TxtBc i 6= ; .

Pr oof. Part (b) is immediate corollary of Theorem 34. We show how to obtain part (a)

using Theorem 34 (this is a standard tric k usedto convert diagonalization results from function

learning to diagonalization results in languagelearning). Part (c) can be obtained from part

(b) similarly.

SupposeC 2 N � Ex � (In 1Ex � [
S

i In 1Bc i ). For any total function f , de�ne L f = fhx; yi j

f (x) = yg. Let L = f L f j f 2 Cg. We claim that L 2 N � TxtEx � In 1TxtEx � [
S

i In 1TxtBc i .

We �rst show that L 2 N � TxtEx . To show this we show:

(i) how to e�ectiv ely convert an a-noisy text for L f to an a-noisy information sequencefor

f , and

(ii) how to e�ectiv ely convert a program for f to a grammar for L f .

To show (i), de�ne GT as follows:

GT (n) =

(
# ; if T(n) = #;

(x; y); if T(n) = hx; yi .

It is easyto seethat GT satis�es (i).

To show (ii), de�ne gp such that Wgp = fhx; yi j ' p(x) = yg. It is easyto see(using s-m-n

theorem) that such a gp can be e�ectiv ely obtained from p and satis�es (ii).

Now suppose C � N � Ex (M ). Let M 0 be de�ned as follows: M 0(T[n]) = gM (GT [n]) . It

follows using (i) and (ii) that L � N � TxtEx (M 0).

We now show that L 62In 1TxtEx � [
S

In 1TxtBc i . To show this we show:

(iii) how to e�ectiv ely convert an 1-incompleteinformation sequencefor f to an 1-incomplete

text for L f , and

(iv) how to e�ectiv ely convert an a-error grammar for L f to an a-error program for f .

To show (iii), de�ne TG as follows:

TG(n) =

(
# ; if G(n) = #;

hx; yi ; if G(n) = (x; y).

It is easyto seethat TG satis�es (iii).

19



To show (iv), de�ne pg such that ' pg (x) = y, such that hx; yi 2 Wg (if there are several y

such that hx; yi 2 Wg, then choosethe �rst one in somearbitrary enumeration of Wg).

Now suppose by way of contradiction that L � In 1TxtEx � (M ) (respectively L �

In 1TxtBc i (M )). Let M 0 be de�ned as follows: M 0(G[n]) = pM (TG [n]) . It follows using (iii)

and (iv) that C � In 1Ex � (M 0) (respectively C � In 1Bc i (M 0)) contradicting Theorem 34. Thus

L 62In 1TxtEx � [
S

i In 1TxtBc i ).

SinceE 62TxtBc � , there is scope for further �ne tuning of Corollary 35(a). An attempt at

such a re�nement is the subject of Theorem 36 below.

Theorem 36 (8j 2 N )[N j TxtEx � In 1TxtBc � 6= ; ].

Pr oof. For n 2 N + , let L n = fhi; xi j i � 1 ^ x � ng[ fh0; nig . Let L 0 = fhi; xi j i � 1 ^ x 2

N g [ fh0; 0ig . Let L = f L n j n 2 N g.

We claim that L 2 N j TxtEx . SupposeT is a j -noisy text for L 2 L . Then, L = L 0 ( )

(9x)[x > max(f w j h0; wi 2 content(T)g) ^ (8k j 1 � k � j + 1)[hk; xi 2 content(T)]]. Thus,

it can be determined, in the limit, if T is a j -noisy text for L 0. Also, it is easy to seethat

f L n j n 2 N + g 2 N j TxtEx . Thus, L 2 N j TxtEx .

Let L 0
n = L n � fh0; nig . Now, [L 2 In 1TxtBc � ] ) f L 0

n j n 2 N g 2 TxtBc � . But, this is

not true (Corollary 19). Thus, L 62In 1TxtBc � .

Corollary 37 (8j 2 N )[N j TxtEx � Im 1TxtBc � 6= ; ].

It is open at present if Theorem 36 above can be extended to the assertion \ N � TxtEx �

In 1TxtBc � 6= ; ."

The readershould note that Theorem 34 implies that there are collectionsof functions that

can be learned from the `most o�ensive noisy information sequences,'but cannot be learned

from the `least o�ensive incomplete information sequences.'A natural question that arisesis if

there are collections of functions that can be learned from the `most o�ensive incomplete infor-

mation sequences,'but cannot be learnedfrom the `leasto�ensive noisy information sequences.'

Theorem 38 below answers this question negatively thereby implying that, in the context of

function identi�cation, missing data are strictly more harmful than noisy data.

Theorem 38 Let a;b 2 N [ f�g .

(a) In aEx b � N aEx b.

(b) In aBc b � N aBc b.
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Pr oof. Let machine M be given. We construct a machine M 0 such that In aEx b(M ) �

N aEx b(M 0) and In aBc b(M ) � N aBc b(M 0).

For any information sequenceG let G0 be a information sequencesuch that for all n; x; y:

G0(n) =

8
><

>:

(x; y); if G(n) = (x; y) ^

(8z 6= y)[(x; z) 62content(G)];

# ; otherwise.

Let F be a mapping from SEG to SEG such that, for all � , for all n < j� j, and for all

x; y 2 N :

(F (� ))( n) =

8
><

>:

(x; y); if � (n) = (x; y) ^

(8z 6= y)[(x; z) 62content(� )];

# ; otherwise.
Now, if G is an a-noisy information sequencefor f 2 R, then G0 is an a-incomplete infor-

mation sequencefor f . Moreover (
1
8 n)[G0[n] = F (G[n])].

Let M 0(� ) = M (F (� )). It is easyto seethat In aEx b(M ) � N aEx b(M 0) and In aBc b(M ) �

N aBc b(M 0).

The story, however, is di�eren t for languageidenti�cation as implied by Theorem 39 below.

Theorem 39 (8i 2 N )[In 2i � 1TxtEx i � N i TxtEx � 6= ; ].

Pr oof. For any L 2 E, let Sx;L = f z j hx; zi 2 Lg. Let L = f L j card(f x � 2 j 1 �

card(Sx;L ) < 1 ^ Wmax( Sx;L ) = Lg) � 2g.

In Lemma 40 below, it will be shown that L 62TxtEx � .

For L 2 L , let

L 0
i = fhj; xi j j � 1 ^ x 2 Lg [ fh0; 3j + xi j j < i ^ x � 2 ^ 1 � card(Sx;L ) <

1 ^ Wmax( Sx;L ) = Lg.

Let L i = f L 0
i j L 2 Lg. It is easyto seethat L i 2 In 2i � 1TxtEx i .

Let Noisyi (L ) = L [ fh0; ki j k < 3ig. Clearly, for any L 2 L i , any text T for Noisyi (L ), is

also an i -noisy text for L . Corollary 41 thus implies that L i 62N i TxtEx � .

Lemma 40 Let L be as de�ned in the proof of Theorem 39. Then L 62TxtEx � .

Pr oof. Supposeby way of contradiction that M TxtEx � -identi�es L . Then by the operator

recursion theorem [Cas74], there exists a recursive 1-1 increasing p such that Wp(�) may be

de�ned as follows.

Let ' -programs p(0); p(1) enumerate h0; p(0)i ; h1; p(1)i . Let � 0 be such that content(� 0) =

fh0; p(0)i ; h1; p(1)ig . Let W s
p(�) denote Wp(�) enumerated before stage s. Go to stage 1. Note

that there is no stage0. We start at stage1, just for the easeof writing the proof.
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Stages

1. Enumerate W s
p(0)

S
W s

p(1) in Wp(0) ; Wp(1) ; Wp(2s) and Wp(2s+1) . Enumerate h2; p(2s)i in

Wp(0) ; Wp(2s) . Enumerate h2; p(2s + 1)i in Wp(1) ; Wp(2s+1) . Let � 0 be an extension of

� s such that content(� 0) = Wp(0) enumerated till now. Let � 1 be an extensionof � s such

that content(� 1) = Wp(1) enumerated till now.

2. Let x = 0. Dovetail (2a), (2b) until, if ever, step (2b) succeeds. If and when step (2b)

succeeds,go to step (3).

2a. Go to substage0.

Substages0

Enumerate h4; xi in Wp(0) ; Wp(2s) .

Enumerate h5; xi in Wp(1) ; Wp(2s+1) .

Let x = x + 1.

Go to substages0+ 1.

End substages0.

2b. Search for i 2 f 0; 1g; n 2 N such that M (� i � h4+ i; 0i � h4+ i; 1i � : : :� h4+ i; ni ) 6= M (� s).

3. If and when (2b) succeeds,let i and n be as found in (2b). Let

S = (fh4 + i; 0i ; h4 + i; 1i ; : : : ; h4 + i; nig) [

(Wp(1) enumerated till now) [

(Wp(0) enumerated till now).

4. Let � s+1 be an extensionof � i � h4+ i; 0i � h4+ i; 1i � : : :� h4+ i; ni such that content(� s+1 ) = S.

Enumerate S in Wp(0) and Wp(1) .

5. Go to stages + 1.

End stages.

Now we consider the following cases:

Case1: All stages�nish.

In this caselet L = Wp(0) = Wp(1) 2 L . But M on,
S

s2 N � s, a text for L makes in�nitely

many mind changes(since only way in�nitely many stagescan exist is by the successof

step (2b) in�nitely often).

Case2: Stages, starts but doesnot �nish.

In this case let L 0 = Wp(0) = Wp(2s) 2 L and L 1 = Wp(1) = Wp(2s+1) 2 L . Note that

L 0 and L 1 are in�nitely di�eren t from each other. Let T0 = � 0 � h4; 0i � h4; 1i � : : :, and

T1 = � 1 � h5; 0i � h5; 1i � : : :, where � 0 and � 1 are as de�ned in step (1), of stages. Now T0 is

a text for L 0 and T1 is a text for L 1. However, M convergesto the samegrammar on both

T0 and T1. Hence,M doesnot TxtEx � -identify at least one of L 0 and L 1.
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The above casesimply that L 6� TxtEx � (M ).

Corollary 41 Suppose i 2 N . For any L , de�ne L 0 = fhj; xi j j > 0 ^ x 2 Lg [ fh0; xi j x <

3ig. Let L be as de�ned in the proof of Theorem 39. Let L 0 = f L 0 j L 2 Lg. Then L 0 62TxtEx � .

It is open at present if Theorem 39 can be extendedto establish, (8i 2 N + )[In 2i � 1TxtEx �

N i TxtEx � 6= ; ].

Theorem 42 In � TxtEx � N � TxtBc � 6= ; .

Pr oof. For D 2 FIN , let L D = fh0; xi j x > max(D)g[ fhj; xi j j � 1 ^ x 2 Dg. For m 2 N ,

let X m = fh0; xi j x > mg [ fhj; xi j j � 1 ^ x 6= mg.

Let L = f L D j D 2 FIN g [ f X m j m 2 N g.

It is easyto seethat L 2 In � TxtEx . Supposeby way of contradiction that M N � TxtBc � -

identi�es L . Then we show how to obtain an M 0 TxtBc � -identifying L 0 = f L j card(N � L ) =

1g[ FIN . Let F be an e�ectiv e mapping from SEQ to SEQ such that (a) � � � implies F (� ) �

F (� ), and (b) content(F (� )) = fhj; xi j 1 � j � j� j ^ x 2 content(� )g[ fh0; xi j x � j� jg. Let f

be a recursive function such that, for all i , Wf ( i ) = f x j h1; xi 2 Wi g. Let M 0(� ) = f (M (F (� ))).

It is easyto seethat if M N � TxtBc � -identi�es L , then M 0, TxtBc � -identi�es L 0. But this is

not possible(Theorem 20). Thus L 62N � TxtBc � .

However,

Theorem 43 For all j 2 N ; a 2 N [ f�g , In � TxtEx a � Im j TxtEx 2a.

Pr oof. SupposeM is given. Weconstruct M 0such that In � TxtEx a(M ) � Im j TxtEx 2a(M 0).

Without loss of generality assumethat M is rearrangement independent. Let majorit y be a

function such that, for all sequencesg1; g2 : : : ; gl of grammars, majorit y(g1; g2; : : : ; gl ) is such

that Wmajorit y(g1 ;g2 ;:::;gl ) = f x j card(f i j 1 � i � l ^ x 2 Wgi g) > l=2g.

Let T be a j -imperfect information sequencefor L 2 In � TxtEx a(M ). If a = � , then let

k = 2j + 1, elselet k be such that k � a < ( k
2 � j )(2a + 1). (i.e., we choosek large enough to

ensurethe bound on the number of errors later). Let n0 < n1 < n3 < : : : < n2k� 1 be such that

the following is satis�ed (where Si = content(T[ni ])).

(8i < k)[hS2i+1 � S2i ; 2 � n2i+1 i is a stabilizing sequencefor M on content(T) � S2i ].

We claim that such n0; : : : ; n2k� 1 exist. To see this let s be so large that content(T) �

content(T[s]) � L . Now for any n > s, there exists an n0 such that hcontent(T[n0]) �

content(T[n]); 2n0i is a stabilizing sequencefor M on content(T) � content(T[n]) (since M
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In � TxtEx a-identi�es L). Thus n0; n1; : : : can be easily picked to satisfy the requirements

above.

Now we claim that majorit y(M (hS1 � S0; 2n1i ); M (hS3 � S2; 2n3i ); : : : ; hS2k� 1 �

S2k� 2; 2n2k� 1i ) is a grammar for a 2a-variant of L . To see this note that for each i < k,

either M (hS2i+1 � S2i ; 2n2i+1 i ) is a grammar for an a-variant of L , or S2i+1 � S2i contains

an element not in L (otherwise M does not In � TxtEx a-identify L ). It follows that at least

k � j of M (hS1 � S0; 2n1i ); M (hS3 � S2; 2n3i ); : : : ; M (hS2k� 1 � S2k� 2; n2k� 1i ) are grammars

for an a-variant of L . Thus, majorit y(M (hS1 � S0; 2n1i ); M (hS3 � S2; 2n3i ); : : : ; M (hS2k� 1 �

S2k� 2; n2k� 1i )) is a grammar for a 2a-variant of L . (Note that k was chosenlarge enough to

ensurethe bound on the number of errors committed by majorit y)

Corollary 44 For all j; a, In � TxtEx a � N j TxtEx 2a.

Having investigatednoisy versusincompletedata, wenow turn to the comparisonof learning

from incomplete versus imperfect information sequences. The reader should note that only

approximate results are known; the exact relationship is open.

Theorem 45 (8i 2 N + )[In 3i � 1Ex � Im 2i Ex � 6= ; ].

Pr oof. Consider the following collections of functions Ci , for i 2 N :

Ci = f f 2 R j the following hold:

1. max(f f (x) j x 2 N g) < 1 ;

2. Let S = f x j card(f y j f (y) � f (x)g) � 3ig;

2a. card(S) = 3i ;

2b. (8x 2 S)[max(Wf (x) ) < 1 ^ ' max( Wf ( x ) ) = f ].

(Note: S above represents the 3i points where f has the largest values.)

g

It is easyto seethat Ci 2 In 3i � 1Ex . We show that C1 62Im 2Ex � . The proof can easily be

generalizedto establish Ci 62Im 2i Ex � .

Supposeby way of contradiction, machine M Im 2Ex � -identi�es C1. Then by the operator

recursion theorem, there exists a recursive 1-1 increasingp, p(0) > 1, such that Wp(�) and ' p(�)

may be de�ned as follows.

Let p(2) 2 Wp(0) . Let ' p(2) (0) = ' p(2) (1) = ' p(2) (2) = p(0). Let xs denote the

largest x such that ' p(2) (x) is de�ned before stage s. Let � 0 be such that content(� 0) =

f (0; p(1)) ; (1; p(0)) ; (2; p(0))g. Go to stage0.
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Stages

1. Enumerate p(s + 3) in Wp(1) .

For 1 � x � xs, let ' p(s+3 )(x) = ' p(2) (x).

Let ' p(s+3) (0) = ' p(s+3) (xs + 1) = ' p(s+3) (xs + 2) = p(1).

Let x = xs + 2.

2. Dovetail steps (3), (4), and (5) until step (3) or step (4) succeeds. If step (3) succeeds

(before step (4) does, if ever) then go to step (6); If step (4) succeeds(before step (3)

does, if ever) then go to step (7).

3. Search for an n > xs + 3 such that M (� s � (xs + 3; 0) � (xs + 4; 0) � � � � � (n; 0)) 6= M (� s).

4. Search for a y � xs + 3 such that ' M (� s ) (y)# = 0.

5. Go to substage0.

Substages0

Let x = x + 1, ' p(s+3) (x) = 0.

Go to substages0+ 1.

End substages0.

6. For n as found in step (3) let

' p(2) (x) = 0; xs < x � n and

� s+1 = � s � (xs + 3; 0) � (xs + 4; 0) � � � � � (n; 0) � (xs + 1; 0) � (xs + 2; 0).

Go to stages + 1.

7. For y as found in step (4) let

' p(2) (x) = 1, xs < x � y.

� s+1 = � s � (xs + 1; 1) � � � � � (y; 1).

Go to stages + 1.

End Stages

Now consider the following cases:

Case1: All stages�nish.

In this case, let f = ' p(2) 2 C1. Let G =
S

s � s. Clearly, G is a 2-imperfect information

sequencefor f (f (0) has beenchangedfrom p(0) to p(1) in the information sequenceG).

Case1a: M on G changesits mind in�nitely often.

In this case,M doesnot Im 2Ex � -identify f .

Case1b: M on G converges.
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In this case,the only way in which in�nitely many stagescan exist is by execution of step

(7) in�nitely often. But, then, ' M (G) is in�nitely di�eren t from f . Thus, M does not

Im 2Ex � -identify f .

Case2: Stages starts but doesnot �nish.

In this case, let f = ' p(s+3) 2 C1. Now, on G = � s � (xs + 3; 0) � (xs + 4; 0) � � � �, a 2-

imperfect information sequencefor f , M convergesto M (� s), and, for all but �nitely many

x, ' M (� s ) (x) 6= 0. Thus, M doesnot Im 2Ex � -identify f .

The above casesimply that M doesnot Im 2Ex � -identify C1.

Above proof can be easily modi�ed to prove Theorem 46 below. We omit the details.

Theorem 46 (8i; j 2 N )[In 3i � 1Ex � Im 2i Bc j 6= ; ].

Theorem 47 below suggeststhat Theorem 45 is nearly `optimal.' As already mentioned, the

exact relationship between identi�cation criteria for incomplete and imperfect information se-

quenceis still open.

Theorem 47 (8i; j 2 N )[In 4i Ex j � Im 2i Ex 2j ].

Pr oof. Suppose machine M In 4i Ex j -identi�es C. Without loss of generality, let M be re-

arrangement independent (th us we can assumethat M is given a �nite set and length as its

input). We construct M 0 which Im 2i Ex 2j -identi�es C. Let G be a 2i -imperfect information

sequencefor f 2 C. We assumethat for no x; y and z such that y 6= z, both (x; y) and (x; z)

appear in content(G) (we can assumethis since from a 2i -imperfect information sequencefor

any total function f , we can e�ectiv ely construct a 2i -imperfect information sequencesatisfying

this property; F as described in Theorem 38 doesthis).

Let n1 < n2 < � � � < n2i+2 ; S; P; x1; x2; � � � ; x j �card( P ) ; y1; y2; � � � ; yj �card( P ) (lexicographically

least, if such exist) be such that card(S) � i and conditions (A) to (D) below are satis�ed.

(A) (8k j 1 � k � i + 1)(8S0 � content(G[n2k� 1]) j card(S0) � i ) [hcontent(G[n2k ]) � S �

S0; 2 � n2k i is a stabilizing sequencefor M on content(G) � S � S0].

(B) P = f M (hcontent(G[n2k ]) � S � S0; 2 � n2k i ) j (1 � k � i + 1) ^

(S0 � content(G[n2k� 1])) ^ (card(S0) � i )g.

(C) f x j (9k; l 2 P)[' k(x)# 6= ' l (x)#]g � f x1; x2 � � � ; x j �card(P )g.

(D) For all k 2 P, card(f l j ' k (x l ) 6= yl ; 1 � l � j � card(P)g) � j .

Let Pr og be a recursive function such that
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' P r og(P;x1 ;��� ;y1 ;��� ) (x)

if x = xk for somek

then output yk

else

search for p 2 P such that ' p(x)#

output ' p(x) for �rst such p found

endif

end

Clearly, if there exist n1 < n2 < � � � < n2i+2 ; S; P; x1; � � � ; y1; � � � such that (A) to (D) are

satis�ed then M 0 can �nd the lexicographically least such values(in the limit) and thus output,

on G, Pr og(P; x1; : : : ; y1; : : :) in the limit.

We �rst argue that that there exist such n1; n2; � � � ; S; � � � ; P; x1; � � � ; y1; � � �. We then

argue for such n1; � � � ; S; P; x1; � � � ; y1; � � �, ' P r og(P;x1 ;��� ;y1 ;��� ) = 2j f . This would prove the

theorem.

We �rst show that such S1; � � � ; n1; � � � ; P; x1; � � � ; y1; � � � exist. Consider any 2i -imperfect

information sequenceG for f , such that for no x; y; z such that y 6= z does (x; y) and (x; z)

both are in content(G). This implies that there are at most i elements (x; y) in the information

sequencesuch that f (x) 6= y. Let S = f (x; y) j (x; y) 2 content(G) ^ f (x) 6= yg. Now since

M In 4i Ex j -identi�es f , for all S0 of cardinalit y at most i , M on any information sequencefor

content(G) � S � S0 convergesto a program which computesa j -variant of f . Thus there exist

appropriate n1; � � � ; P; x1; � � � ; y1; � � � satisfying (A) to (D).

We now show that for such S; n1; � � � ; P; x1; � � � ; y1; � � � ' P r og(P;x1 ;��� ;y1 ;��� ) = 2j f . Clearly,

for any p 2 P, card(f x j ' P r og(P;x1 ;��� ;y1 ;��� ) (x) 6= ' p(x)#g) � j . Thus our proof will be complete

if we can prove that there is at least one program in P which computesa j -variant for f . Now

for any k such that 1 � k � i + 1, S0 � content(G[n2k� 1]) such that card(S0) � i , we have

hcontent(G[n2k ]) � S � S0; 2� n2k i is a stabilizing sequencefor M on content(G) � S � S0. Thus,

either f M (hcontent(G[n2k ]) � S � S0; 2� n2k i ) j S0 � content(G[n2k� 1]) ^ card(S0) � i g contains

a program which computesa j -variant of f or there exists a noisy element in content(G[n2k ]) �

content(G[n2k� 1]) (otherwise, M doesnot In 4i Ex j -identify f ). Sincethere are at most i noisy

elements in G, there must exist a k such that f M (hcontent(G[n2k ]) � S � S0; 2 � n2k i ) j S0 �

content(G[n2k� 1]) ^ card(S0) � i g contains a program which computesa j -variant for f .

Slight modi�cation of above proof can be usedto show that

Theorem 48 (8i; j 2 N )[In 4i+1 Ex j � Im 2i+1 Ex 2j ].
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Theorems47 and 48 can actually be improved slightly to give

Theorem 49 (8i; j 2 N : i � 1)(8k 2 f 0; 1g)[In max(f 3i; 4i � 2g)+ kEx j �

Im 2i+ kEx j +min( f j; 2i � 1g) ].

We omit the proof of the above theorem. Note that the languagelearning analogueof the

proof of Theorem 47 doesnot work sincethere is no corresponding procedurefor prog and there

is no limit e�ectiv e way to check analogueof conditions (C) and (D).

Theorem 50 In � Ex � [Im � Ex � [
S

j 2 N Im � Bc j ] 6= ; .

Pr oof. For any f 2 R, we describe a function f 0 as follows:

Let pf = MinProg(f ).

For j < pf , let errj = min(f x j ' j (x) 6= f (x)g).

For x < hpf ; herr0; err1; err2; : : : ; errpf � 1ii , let f 0(h0; xi ) = 1.

For x � hpf ; herr0; err1; err2; : : : ; errpf � 1ii , let f 0(h0; xi ) = 0.

For k � 1; x 2 N , let f 0(hk; xi ) = f (x).

Let C = f f 0 j f 2 Rg. Now proceedingin a way similar to the proof of Theorem 34 it can

be shown that C 2 In � Ex � [Im � Ex � [
S

j 2 N Im � Bc j ]. We leave the details to the reader.

4 Conclusions

In this paper we consideredthe e�ect of three types of inaccuraciesin the input data. We

showed several hierarchiesand tradeo� results basedon the three di�eren t kinds of inaccuracies.

It is open to exactly characterize the relationship between the identi�cation criteria basedon

imperfect and incomplete data (for both function and language identi�cation). We showed

partial, nearly optimal results, in this direction. It is alsoopenwhether N � TxtEx � In 1TxtBc �

is empty or not.
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