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Abstract

Intrinsic complexity is used to measure the complexity of learning areas limited by
broken-straight lines (called open semi-hulls) and intersections of such areas. Any strategy
learning such geometrical concepts can be viewed as a sequence of primitive basic strategies.
Thus, the length of such a sequence together with the complexities of the primitive strategies
used can be regarded as the complexity of learning the concepts in question. We obtained the
best possible lower and upper bounds on learning open semi-hulls, as well as matching upper
and lower bounds on the complexity of learning intersections of such areas. Surprisingly,
upper bounds in both cases turn out to be much lower than those provided by natural
learning strategies. Another surprising result is that learning intersections of open semi-
hulls turns out to be easier than learning open semi-hulls themselves.

1 Introduction

Learning geometrical concepts from examples is a popular topic in Computational Learning
Theory (see for example, [BEHW89, CM94, CA99, GGDM94, Heg%4, GG94, GGS96, GS99,
DG95, Fis95, BGM98, BGGM98, GKSO01]). The above listed papers mostly dealt with finite
geometric concepts. The goal of this paper is to quantify the complexity of algorithmic learning
of infinite geometrical concepts from growing finite segments. For this purpose, we will be using
the learning in the limit model.

Consider, for example, an open semi-hull representing the space consisting of all points (X, y)
with integer components X,y in the first quadrant of the plane bounded by the y-axis and the
broken line passing through some points (ag, Co), (a1,¢1),...,(an,¢n), ai,ci € N, aj < aj+1,0 <
i < n. The line is straight between any points (aj, i), (aj+1, Ci+1) and begins at (ag, ¢cp) = (0, 0);
further we assume that the slope of the broken line is monotonically non-decreasing — that
is (Ci+1 — ¢i)/(aj+1 — aj) is non-decreasing in i (we need this for learnability of the semi-hull).
For technical ease we further assume that the first line segment (0, 0), (a1, ¢1) is adjacent to the
x-axis, that is, ¢c; = 0. (See example semi-hull figure in Figure 1.) Note that each break point
in the boundary of the semi-hull defines an angle in the semi-hull. Any such open semi-hull
can be easily learned in the limit by the following strategy: given growing finite sets of points
in the open semi-hull (potentially getting all points), learn the first break point (az, c1). Here,
under our assumption, ¢c; must be 0, therefore, we change our mind every time when we get in



Figure 1: Open Semi Hull

the input a new point (a, 0) with the value a greater than all values b in the points (b, 0) seen
so far. Now, once the first break point has been learned, we can try to learn the first slope
(c2 —c1)/ (a2 —az). The more points we get in the input, the more our hypothetical border-line
may bend towards the x-axis. Since it can never cross the x-axis and since the points in the
concept to be learned have integer components, we will eventually learn the slope. Now, moving
along the border-line as more points on it become available from the input, we can learn the
second break point (az,c2). Then we can learn the second slope (c3 — ¢2)/(az — az), etc. Is
this strategy the best possible? Do there exist easier strategies of learning such geometrical
concepts? How do we measure the complexity of learning such concepts? As we are interested
in learning infinite objects from infinitely growing finite segments, we use inductive inference
as our learning paradigm. This paradigm suggests several ways to quantify the complexity of
learning. Among them are:

a) counting the number of mind changes [BF72, CS83, LZ93] the learner makes before
arriving at the correct hypothesis;

b) measuring the amount of so-called long-term memory the learner uses [KS95];

¢) reductions between di[erknt learning problems (classes of languages) and respective de-
grees of the so-called intrinsic complexity [FKS95, JS96, JS97].

There have been other notions of the complexity of learning in the limit considered in
literature (for example see [Gol67, DS86, Wie86]).

The first two approaches, however, cannot capture the complexity of learning open semi-
hulls with di Lerent numbers of angles: the number of mind changes cannot be bounded by any
reasonable function (even for learning the very first break-point), and the long-term memory is
maximum (linear) even for one angle. Thus, we have chosen reductions as the way to measure
the (relative) complexity of geometrical concepts like open semi-hulls. An important issue



here is which classes of languages can be used as a scale for quantifying the complexity of
open semi-hulls. One such scale, that turned out to be appropriate for our goal, had been
suggested in [JKWO00, JKW99]. This scale is a hierarchy of degrees of intrinsic complexity
composed of simple natural ground degrees. Every such natural ground degree represents a
natural type of learning strategy. For example, the degree INIT represents a strategy that
tries to use a sequence of hypotheses equivalent to a sequence of monotonically growing finite
sets. Another such strategy, COINIT, tries to use a sequence of hypotheses equivalent to a
sequence of monotonically growing sets Na = {x|x € N,x > a}. Intuitively, capabilities of
INIT and COINIT-strategies must be dilerent (this has been formally established in [JS96]).
For example, when a COINIT-strategy learns the language {5, 6,7, ...}, it actually tries to find
the minimum number in this set (5 in our case). When the first number, say, 17 appears in the
input, the strategy can immediately use it as the upper bound on its conjectures: no number
greater than 17 can possibly be the desired minimum. Note also that the strategy is aware
of the absolute lower bound 0 for all its conjectures. On the other hand, an INIT-strategy
learning, say, the set {0,1,2,3,4,5,6,7} tries to find the maximum number 7. While, every
next inputted number may increase the lower bound on its final conjecture, the strategy never
is aware of any upper bound on it.

It has been demonstrated in [JS96] that many important simple learning problems (in
particular, pattern languages) can be handled by strategies of these basic types. Now, the
corresponding degrees of complexity INIT and COINIT can be used to form a complex hierarchy
of degrees as follows. Imagine a three-dimensional language L. Suppose an INIT-type strategy
M, can be used to learn its first dimension, L;. Once this dimension has been learned, a
strategy of a di[erent (or even same) type, say, COINIT can pick the grammar learned by My
and use this information to learn the second dimension L,. Consequently, the grammar learned
by the COINIT-strategy M, can be used to learn the third dimension L3 by a strategy M3 of
type, say, INIT. Thus, we get a strategy of the type (INIT, COINIT, INIT), where information
learned by the learner M; is relayed to the learner M1 making it possible to learn the next
dimension. This idea can be naturally extended to any (finite) number of dimensions and to any
sequences Q = (q1, qs, ..., qk) Of strategies gi € {INIT, COINIT}. It has been shown in [JKWO00]
that the degrees of complexity (classes of languages) corresponding to such Q-strategies form
a rich hierarchy. For example, some classes learnable by (INIT, COINIT, INIT)-type strategies
cannot be learned by any (INIT, COINIT)-strategy. In other words, such a class can be learned
by a strategy that first works as an INIT-strategy, then it changes to a COINIT-strategy to
learn another aspect of the concept, and then it changes to a INIT-strategy to learn the last
component of the concept. On the other hand, changing strategies only one time (from INIT
to COINIT) is not enough.

How can one apply the above hierarchy to quantify the complexity of learning semi-hulls?
Let us take a closer look at the strategy learning semi-hulls (described in the beginning of the
paper). The reader may have noticed that the strategy learning the first break point (as well
as any other break point) is an INIT-type strategy: it tries to find the maximum number in a
growing finite set. Now, once a break point has been found, what strategy can learn the slope?
Let us assume that the slopes come from the set N J{1/n | n € N} (actually, sets of possible
slopes in our model will be equivalent to this set). Suppose the actual slope to be learned is 1/7.
Suppose also that, based on some initial portion of the input, we conjectured the slope 5. That
tells us that the actual slope cannot be greater than 5. Therefore, every following conjecture
will be a number between 5 and 1/7, getting closer and closer to 1/7, but never being aware of
any lower bound on its final guess 1/7. This strategy seems to be similar to a COINIT-strategy
discussed above. However, unlike a COINIT-strategy, it is never aware of any lower bound
on possible conjectures. One can easily see that a very similar (equivalent) strategy can learn



sets {... —k,—(k—1),...0,1,2,3,...}. Based on this observation, we call such strategies HALF-
strategies (learning “halfs” of the set of integers). We also show that these strategies, while
being still quite primitive, are more powerful than COINIT-strategies (moreover, in certain
sense, they can be regarded as Cartesian products of INIT and COINIT-strategies).

Thus, to learn the first break point we use an INIT-strategy, then we use a HALF'-strategy
to learn the first slope, then we change back to an INIT-strategy to learn the second break
point, then to a HALF-strategy to learn the second slope, etc. If, for example, a semi-hull
has two angles (the border line has two break points), then we use the sequence of strategies
INIT, HALF, INIT, HALF. In other words, the corresponding learning problem belongs to
the level (INIT, HALF, INIT, HALF) of the abovementioned hierarchy. Obviously, learning the
semi-hulls with two angles by an (INIT, HALF, INIT)-strategy (if possible) can be viewed as
more e [cieht. We will show, however, that such a strategy is not possible. Another question
is if semi-hulls with two angles are learnable by an (INIT, COINIT, INIT, COINIT) - strat-
egy. One must again agree that this strategy can be considered as a more e Lcieht than our
(INIT, HALF, INIT, HALF)-strategy, since, as we mentioned above, COINIT-strategies gener-
ally are more primitive (less capable) than HALF-strategies. We will show that such a strategy
does exist for semi-hulls with two angles (Theorem 3; it is somewhat less intuitive than our
original (INIT, HALF, INIT, HALF)- strategy). We will also show that for example, neither
(COINIT, INIT, COINIT, INIT)- strategy nor any strategy with a number of components (from
INIT, COINIT, HALF) smaller than 4 can learn the given class, as it easily follows from Corol-
lary 6. In general, for every class of semi-hulls with fixed numbers of angles (two, or three, or
four, etc.) we establish upper and lower bounds of this type.

We submit that this approach to measuring the complexity of learning is very reasonable
for geometrical concepts of this and similar types. As we already mentioned, some more tradi-
tional measures of complexity (like the number of mind changes) are not applicable, since these
measures cannot make distinction between learning one-angle semi-hulls and, say, three-angle
ones.

We use also a similar approach to examine the power of learning semi-hulls (and other
figures) from a slightly di[erknt perspective. Namely, suppose we are given some strategy to
learn two-angle semi-hulls. How can knowledge of such a strategy help us to learn problems
like (INIT, COINIT, INIT) (viewed this time as families of languages rather than strategies)?
We can show that, being armed with such a strategy, one can learn, for example, the class of
languages (HALF', INIT) (Theorem 5). On the other hand, being able to learn two-angle semi-
hulls does not help to learn the class (INIT, INIT, INIT) (Corollary 7) or (COINIT, INIT, INIT)
(Corollary 8). It also does not help to learn any similar class with COINIT as the second
component (Corollaries 9 and 10). In this respect, (HALF, INIT) can be regarded as a lower
bound on the power of learning two-angle semi-hulls.

The paper has the following structure. Section 2 introduces notations and preliminaries. In
Section 3 we define the reductions and the degrees of complexity. In Section 4 we give formal
definition of the Q-classes and degrees. This definition extends the definition of the Q-classes
in [JKWO0Q]: in addition to the classes INIT and COINIT, we use in vectors Q a new class
of strategies/languages, HALF, that turns out to be dilerknt from INIT and COINIT and
is useful for classifying geometrical concepts. In Section 5 we show that the Q-hierarchy can
be appropriately extended to the class of learning strategies/languages involving HALF. In
Section 6 we define the classes of the type SEMI_HULL that formalize intuitive geometrical
concepts described above. In this section we also prove some useful technical propositions. In
Sections 7 and 8 we establish upper and lower bounds for the SEMI_HULL degrees in terms of
the Q-hierarchy. In particular, we establish that semi-hulls with n angles can be learned by a
(INIT, COINIT, ..., INIT, COINIT)- strategy with 2n components (Theorem 3). On the other



hand, no strategy, with alternating INITs and COINITs and a smaller number of components,
can learn such concepts (Corollary 6). We also examine how learning semi-hulls can help to
learn the Q-classes (Theorem 5). Corollaries 7, 8, 9 and 10 give examples of the Q-classes that
cannot be learned by strategies armed with a strategy capable of learning semi-hulls. These
examples show that the Q-classes found in Theorem 5 are the most complex Q-classes that
can be learned using a strategy for learning semi-hulls. Therefore, they can be regarded as the
best possible lower bounds (based on the Q-classes considered here) on the power of learning
semi-hulls.

In Section 9 we introduce the classes coSEMI_HULL that consist of complements of
languages in SEMI_HULL. Sections 10 and 11 establish lower and upper bounds for
coSEMI_HULLSs in terms of the Q-hierarchy. In particular, we show that the most e [cieht
strategy for learning complements of semi-hulls with n angles is (INIT, COINIT, ..., COINIT)
with n occurrences of COINIT (Theorem 10). We also give examples of the Q-classes that
can and cannot be learned by strategies having access to strategies learning coSEMI_HULLS,
providing the best possible lower bounds for the learnability power of complements of semi-hulls.

Upper and lower bounds for SEMI_HULLs and coSEMI_HULLSs come close, but do not
match (though, upper bounds are much lower than the ones suggested by intuitive strategies
learning the classes in question). In Section 12 we define the classes of open hulls formed by
intersections of languages in SEMI_HULLSs adjacent to X and y-axis; Figure 2 shows an example
of open hull. For the complexity of learning these classes, we have established matching upper
and lower bounds in terms of the Q-hierarchy. Namely, we show that the most e [Cieht strategy
for learning open hulls with at most n angles on each side is (INIT, INIT, ..., INIT) with n
components INIT (Theorem 14). It turns out also (Theorem 13) that a strategy armed with a
strategy for learning open hulls can learn the class (INIT, INIT, ...INIT) with n components. (It
seems a bit counterintuitive that open hulls can be learned by strategies simpler than semi-hulls.
We will give some intuition behind the corresponding strategy in Theorem 14).

In Section 13 we define the classes of languages formed by complements of open hulls and
establish matching upper and lower bounds for the corresponding degrees of intrinsic complexity.
All the abovementioned upper bounds are much lower than the ones suggested by intuitive
learning strategies.

2 Notation and Preliminaries

Any unexplained recursion theoretic notation is from [Rog67]. The symbol N denotes the set of
natural numbers, {0,1,2,3,...}. Z denotes the set of integers. Z~ denotes the set of negative
integers. i — j is defined as follows:

0, otherwise.
Symbols (), C, c, D, and D denote empty set, subset, proper subset, superset, and proper
superset, respectively. Do, Dy, ..., denotes a canonical recursive indexing of all the finite sets
[Rog67]. We assume that if D; C Dj then i < j (the canonical indexing defined in [Rog67]
satisfies this property). Cardinality of a set S is denoted by card(S). The maximum and
minimum of a set are denoted by max(-), min(-), respectively, where max(f) = 0 and min(@) =
Q.
We let (-,-) stand for an arbitrary, computable, bijective mapping from N x N onto N
[Rog67]. We assume without loss of generality that (-, -) is monotonically increasing in both its
arguments. We define m1((x,y)) = x and m2((X,y)) =vy. (-,-) can be extended to n-tuples in a
natural way (including n = 1, where (x) may be taken to be x). Projection functions 1, ..., Tp



Figure 2: Open Hull

corresponding to n-tuples can be defined similarly (where the tuple size would be clear from
context). Due to above isomorphism between N" and N, we often identify (xg,---,xn) with
(X1,--+,Xn). Thus we can say L1 x Lo = {(X,y) | X € L1,y € Lo}.

By ¢ we denote a fixed acceptable programming system for the partial computable functions:
N — N [Rog67, MY78]. By ¢; we denote the partial computable function computed by the
program with number i in the ¢-system. Symbol R denotes the set of all total computable
functions. By @ we denote an arbitrary fixed Blum complexity measure [Blu67, HU79] for the
¢-system. By W; we denote domain(;). Wi is, then, the r.e. set/language (C N) accepted (or
equivalently, generated) by the ¢-program i. We also say that i is a grammar for W;. Symbol £
will denote the set of all r.e. languages. Symbol L, with or without decorations, ranges over £.
By L, we denote the complement of L, that is N — L. Symbol £, with or without decorations,
ranges over subsets of £. We denote by W; s the set {x <s | ®;j(x) < s}.

| denotes defined or converges. T denotes undefined or diverges.

A partial function F from N to N is said to be partial limit recursive, i Cthere exists a
recursive function ¥ from N x N to N such that for all x, F(x) = limy_, f(X,y). Here if F(x)
is not defined then limy_., (X,y), must also be undefined. A partial limit recursive function
F is called (total) limit recursive function, if F is total.

We now present concepts from language learning theory. The next definition introduces the
notion of a sequence of data.

Definition 1 (a) A finite sequence o is a mapping from an initial segment of N into (N U{#}).
The empty sequence is denoted by A.

(b) The content of a finite sequence g, denoted content(o), is the set of natural numbers in
the range of .

(c) The length of o, denoted by |o|, is the number of elements in a. So, |A| =0.



(d) For n < |o|, the initial sequence of ¢ of length n is denoted by o[n]. So, o[0] is A.

Intuitively, #’s represent pauses in the presentation of data. We let o, T, and y, with
or without decorations, range over finite sequences. We denote the sequence formed by the
concatenation of T at the end of ¢ by 0 ¢ T. Sometimes we abuse the notation and use ¢ ¢ x
to denote the concatenation of sequence o and the sequence of length 1 which contains the
element x. SEQ denotes the set of all finite sequences.

Definition 2 [Gol67] (a) A text T for a language L is a mapping from N into (N U {#}) such
that L is the set of natural numbers in the range of T.

(b) The content of a text T, denoted content(T), is the set of natural numbers in the range
of T.

(c) T[n] denotes the finite initial sequence of T with length n.

We let T, with or without decorations, range over texts. We let 7 range over sets of texts.

Definition 3 [Gol67] A language learning machine is an algorithmic device which computes a
mapping from SEQ into N.

We let M, with or without decorations, range over learning machines. M(T[n]) is interpreted
as the grammar (index for an accepting program) conjectured by the learning machine M
on the initial sequence T[n]. We say that M converges on T to i, (written M(T)] = i) i[]
o
(v MIM(T[n]) = i].

There are several criteria for a learning machine to be successful on a language. Below we
define identification in the limit introduced by Gold [Gol67].

Definition 4 [Gol67, CS83] Suppose a € N U {x}.

(a) M TxtEx-identifies a text T if and only if (3i | Wj = content(T)) (OvO N)[M(T[n]) =1i].

(b) M TxtEx-identifies an r.e. language L (written: L € TxtEx(M)) if and only if M
TxtEXx-identifies each text for L.

(c) M TxtEx-identifies a class £ of r.e. languages (written: £ C TxtEx(M)) i[CM
TxtEx-identifies each L € L.

(d) TxtEx ={L£ C & | (EM)[L C TxtEX(M)]}.

Other criteria of success are finite identification [Gol67], behaviorally correct identification
[Fel72, OW82, CL82], and vacillatory identification [OW82, Cas99]. In the present paper, we
only discuss results about TxtEXx-identification.

3 Reductions

We first present some technical machinery.

We write ¢ C T if o is an initial segment of T, and ¢ C T if o is a proper initial segment
of T. Likewise, we write ¢ C T if ¢ is an initial finite sequence of text T. Let finite sequences
o, o1, 62,... be given such that ¢® C ¢* C 62 C --- and limj_, |0'| = co. Then there is a
unique text T such that for all n € N, ¢" = T[|o"|]. This text is denoted by J,0". Let T
denote the set of all texts, that is, the set of all infinite sequences over N U {#}.

We define an enumeration operator (or just operator), ©, to be an algorithmic mapping
from SEQ into SEQ such that for all o, T € SEQ, if 0 C T, then @(0) C O(t). We further
assume that for all texts T, limp_ |©(T [n])| = co. By extension, we think of © as also defining
a mapping from T into T such that ©(T) = U, ©(T [n]).



A final notation about the operator ©. If for a language L, there exists an L’ such that
for each text T for L, O(T) is a text for L', then we write ©(L) = L', else we say that O(L)
is undefined. The reader should note the overloading of this notation because the type of the
argument to © could be a sequence, a text, or a language; it will be clear from the context
which usage is intended.

We let ©(7) ={O(T) |T €7}, and ©(L) ={O(L) | L € L}.

We also need the notion of an infinite sequence of grammars. We let a, with or without
decorations, range over infinite sequences of grammars. From the discussion in the previous
section it is clear that infinite sequences of grammars are essentially infinite sequences over
N. Hence, we adopt the machinery defined for sequences and texts over to finite sequences of
grammars and infinite sequences of grammars. So, if a = ig, i1, i2, i3, ..., then a[3] denotes the
sequence i, i1, i2, and a(3) is i3. Furthermore, we say that a converges to i if there exists an
n such that, for all n’ > n, ipo=i.

Let | be any criterion for language identification from texts, for example 1 = TxtEx. We
say that an infinite sequence a of grammars is I-admissible for text T just in case o withesses
I-identification of text T. So, if a = ip, iy, i2,... iIs @ TxXtEx-admissible sequence for T, then
a converges to some i such that W; = content(T); that is, the limit i of the sequence a is a
grammar for the language content(T).

Intuitively, a learning problem £; is reducible to a learning problem £, if, using a strategy
learning £1 one can learn £,.

We now formally introduce our reductions. Although in this paper we will only be concerned
with TxtEx-identification, we present the general case of the definition.

Definition 5 [JS96] Let £1 C £ and £, C £ be given. Let identification criterion | be given.
Let 7; = {T | TisatextforL € £1}. Let b = {T | T isatext for L € £>}. We say that
L1 <" £, if and only if there exist operators @ and W such that, for all T, T’ € 7; and for all
infinite sequences a of grammars, the following hold:
(@) ©(T) € 7; and
(b) if a is an I-admissible sequence for @(T), then W(a) is an I-admissible sequence for T.
(c) if content(T) = content(T’) then content(©(T)) = content(O(T")).
We say that £, =' £, iC0; <' £5 and £, <' £3.

The reduction defined above was called strong-reduction in [JS96]. The above reduction without
clause (c) was called weak-reduction. Since in this paper we will be only concerned with strong-
reductions, we just refer to them as reductions. (Weak reductions are not sharp enough to
provide real distinction between most of the classes considered in this paper).

Intuitively, L1 <l r, just in case there exists an operator © that transforms texts for
languages in £; into texts for languages in £, and there exists another operator W that behaves
as follows: if © transforms text T (for a language in £;) to text T’ (for a language in L),
then W transforms I-admissible sequences for T’ into l-admissible sequences for T. Thus,
informally, the operator W has to work only on I-admissible sequences for such texts T'. In
other words, if a is a sequence of grammars which is not I-admissible for any text T’ in {O(T) |
content(T) € L1}, then W(a) can be defined arbitrarily. This property will be used implicitly
at all places below where we have to define operators W witnessing (together with operators
©) some reducibility. Note that this approach both simplifies the corresponding definitions and
preserves the computability of the so defined operators.

Additionally dilerent texts for some language L € £;, are transformed into (possibly dif-
ferent) texts for same language L' € £».

Now, a degree of learnability under our reduction is, naturally, a set of families £ reducible
to each other (i.e. the equivalence class under the reduction considered).



Intuitively, for many identification criteria | such as TXtEX, if £1 <' £, then the problem
of identifying £, in the sense of I is at least as hard as the problem of identifying £ in the sense
of I, since the solvability of the former problem implies the solvability of the latter one. That is
given any machine M which I-identifies £, one can construct a machine Mj which I-identifies
L1. To see this, for | = TXtEX, suppose © and W witness £; <! £,. M(T), for a text T
is defined as follows. Let p, = M2(©(T)[n]), and a = po, p1,.... Let o’ = W(a) = pp, pi,-- -
Then let M1 (T) = limp_o p;,- Consequently, £, may be considered as a hardest problem for
I-identification if for all classes £1 € I, £1 <' £, holds. If £, itself belongs to I, then L5 is
said to be complete. We now formally define these notions of hardness and completeness for
the above reduction.

Definition 6 [JS96] Let | be an identification criterion. Let £ C £ be given.
(@ Ifforall £/ e, £/ <' L, then £ is <'-hard.
(b) If £ is <'-hard and £ € I, then £ is <'-complete.

Proposition 1 ([JS96]) <T*¥EX js reflexive and transitive.
The above proposition holds for most natural learning criteria.

Proposition 2 (based on [JS97]) Suppose £ <' £', via ©@ and W. Then, for all L,L’ € Z,
LCL = o) cC o).

We will be using Proposition 2 implicitly when we are dealing with reductions. Since, for
£ <" ' via© and W, for all L € £, O(L) is defined (= some L’ € £'), when considering
reductions, we often consider © as mapping finite sets to (possibly infinite) sets instead of
mapping sequences to sequences.! This is clearly without loss of generality, as one can easily
convert such © to © as in Definition 5 of reduction.

4  Q-classes

In this section we introduce the classes of languages and corresponding degrees of intrinsic
complexity that form the scale being used for estimating the complexity of learning open semi-
hulls and open hulls. First we define ground natural classes that are being used as bricks to
build our hierarchy of degrees.

Definition 7 INIT={LCN |@ieN)[L={xe N | x<i}]}.
COINIT={LCN |@ieN)[L={xeN|x>i}l}.
HALF={LCZ|@ieZ)L={xecZ|x>i}]l.

Note that o [Ccially our definition for languages and r.e. sets as in the Section 2, only allows
subsets of N. Since, one can easily code Z onto N, by slight abuse of convention, we can consider
subsets of Z also as languages. We thus assume an implicit coding of Z onto N whenever we
deal with languages and language classes involving HALF', without explicitly stating so.

In the sequel, we will use the above notation in two di Lerent contexts. Namely, we will use
INIT to denote the class of languages as defined above, and to denote the degree of all classes
of languages equivalent to the class INIT under our reductions. Similarly, we will use in two
di [erent contexts COINIT, HALF and all their combinations defined below in this section. In
every use of this notation, the reader will be able to easily determine an appropriate context.

IFor infinite X, by definition, ®(X) would be Ux ctsxcard(x 5<eo o(xh.



While both the classes INIT and COINIT are monotonically learnable, the types of conjec-
tures being used to learn INIT and, respectively, COINIT are obviously di[lerent. For INIT the
maximum element in the input gives a code for the language, whereas in COINIT the minimum
element gives the code. Note that the maximum element used in INIT strategy is unbounded,
whereas the minimum element for COINIT is bounded by 0. So, not surprisingly, the degrees
of INIT and COINIT were proven in [JS96] to be di[erent.

Classes HALF and COINIT are learnable by similar strategies, however, the minimum
element in HALF is unbounded. We will formally prove below that degree of HALF is di [erknt
from degrees of both INIT and COINIT. Furthermore, we will show that the degree of HALF
can be viewed as a cross product of the degrees of INIT and COINIT.

There are several other natural classes considered in the literature such as FINITE (degree
of which is equivalent to INIT), SINGLE, COSINGLE, etc. but we will not be concerned with
them here since they will not be relevant to our results.

Now we define the cross product of arbitrary classes £1 and Ls.

Definition 8 Let L1, £, be two classes of languages. Then £1 x £, ={LixLy| Ly € L1,Ls €
Lo}

This definition can be naturally extended to any finite number of dimensions. For example,
one can naturally define £1 x £> x L3, etc.

Theorem 1 HALF ="*tEX INIT x COINIT.

Proof of the above Theorem is given in the Appendix.
Now, following [JKWO00], we are going to combine the classes INIT, COINIT, and HALF to
form classes of multidimensional languages, where, to learn the dimension Ly41 of a language

L, the learner must first learn the parameters iy, ..., ix of the dimensions Ly, ..., Lg; then Lyg+1
is the projection {Xx+1|{i1,- .., Ik, Xk+1, Xk+2,-- -, Xn) € L} with a simple sublanguage whose
description is specified yet by i1,...,ix. Once it has been determined which projection must

be learned, the learner can use a predefined INIT, COINIT, or HALF-type strategy to learn
the projection in question. For example, one can consider a class of two-dimensional languages
(INIT, COINIT), where the first dimension L1 = {x|(X,y) € L} of any language L belongs to
INIT, and if i is the parameter describing L1 (that can be learned by an INIT-type strategy)
then the projection {y|(i,y) € L} is in COINIT.

Below for any tuples X and Y, let X - Y denote the concatenation of X and Y. That
is if X = (X1,X2,...,Xn) and Y = (y1,¥2,...,¥m) then X -Y = (X1...,Xn,Y1,...Ym). Let
BASIC = {INIT, COINIT, HALF}.

In part (c) of the following definition and in later situations in languages involving HALF
we sometimes abuse notation slightly and allow elements of Z as components of the pairing
function (---). This is for ease of notation, and one could easily replace these by using some
coding of Z onto N.

Definition 9 [JKWO00] Suppose k > 1. Let Q € BASICK. Let I € NX. Then inductively on k,
we define the languages L? and T(L?) and P(L?) as follows.
If k=1, then
(@) ifQ=({NIT) and | = (i), i € N, then
TILY) ={(X) | xeN,x<i}, P(LY) = {(i)}, and LY = T(LO UP(LD).
(b) if Q = (COINIT) and I = (i), i € N, then
TLY) ={(x) | xeN,x>i}, P(LY) = {(i)}, and LY = T(LY)UP (LD).
(c) if Q= (HALF) and I = (i), i € Z, then
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TP ={() | x€Zx>i}, PULY) = {(i)}, and LY = T(LAUP D).

Now suppose we have already defined L for k < n. We then define LY for k = n + 1
as follows. Suppose Q = (Q1,...,qn+1) and I = (i1,...,ip+1). Let Q1 = (g1) and Q, =
(Q2,...,0n+1). Let 11 = (i1) and I, = (ip, ..., in+1). Then,

TLY) ={X Y | X eT(LP), or [X e P(LP) and Y € T(LP)]},

PILY)={X Y | X eP(LP) and Y € P(LY?)}, and

LR =TLRUPLD).

Intuitively, in the above definition T(L,Q) denotes the terminating part of the language that
is specified yet by iy,...,in, in+1, and P(L,Q) denotes the propagating part of the language L?
that could be used for adding a language in dimension n + 2. (See [JKWO00] for more details
and motivation on the terminology of terminating and propagating.)

For ease of notation we often write Lgl’iz i 8 Lilin,ii

.....

Definition 10 Let k > 1. Let Q = (q1,...,0x) € BASICK and R = Ry x Ry x - - - x Ry, where
for 1 <i <k, Ri €N ifq € {INIT, COINIT}, and R; C Z, if g = HALF. Then the class
LR is defined as

LR ={LR|I eR}.

For technical convenience, for Q = (), I = (), R = {1}, we also define T(L?) =0, P(L{?) =
{0}, and LY = T(LYUP(LY), and LOR = {LP}.

Note that we have used a slightly di [erent notation for defining the classes £2R (for example
instead of INIT, we now use £LINT)N)Y This is for clarity of notation.

Also, our main interest is for R;’s being N or Z (based on whether q; € {INIT, COINIT'}
or qi = HALF), though (as the following proposition shows) it doesn’t matter as long as R; is
(or contains) an infinite recursive subset of N, if g; € {INIT, COINIT}, and R; is (or contains)
an infinite recursive subset of Z with infinite intersection with both N and Z—, if gj = HALF.
The usage of general R is more for ease of proving some of our theorems.

Proposition 3 Suppose k > 1. Let Q € BASICK. Let R = R; x Ry x - -+ x Ry, where each R;
is an infinite recursive subset of N, if g; € {INIT, COINIT} and R; is a recursive subset of Z,
with infinite intersection with both N and Z—, if g = HALF. Let R" = R} x R, x - -+ x R{E,
where R} is N, if gi € {INIT, COINIT} and R} is Z, if gi = HALF. Then, LR =TxtEx £Q.RY

For ease of notation, if Q = (q1,02,...,0n) and R = R; x Ry x ... x R, where Rj = N if
gi € {INIT, COINIT} and R; = Z if g = HALF, then we drop R from £2R, using just £%.
The immediate question is which classes Q represent di Lerent degrees.

Proposition 4 Suppose Q = (@1, -+ -+ Ok—1, Ok» Ok+1s - - - O1), and
Q =(,---,9-1,9,9k+1,---,q1), Where qx € {INIT, COINIT} and q’ = HALF, and other
gi € BASIC.

Then, £Q <TXtEx Q]
PrOOF. Above can be easily shown using INIT <TXtEX JALF. |

Since INIT x COINIT <TXtEx £Q for Q = (INIT, COINIT), or Q = (COINIT, INIT)
[JKWO00], we have the following proposition.

Proposition 5 Suppose

Q = (Q1,...,0k—1, HALF, Qk+1,.--,0n), and Q" = (q,...,qk—1, INIT, CDOINIT, Ok+1,+ -+ 0n)
or Q' =(qu,...,0k_1, COINIT, INIT, Ok+1, - - ., qn). Then £Q <TXtEX £Q
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PROOF. Above can be easily shown using HALF <TXtEX (INIT, COINIT) and HALF <TXtEX
(COINIT, INIT). i

Proposition 6 (Based on [JS96]) Suppose Q = (INIT), R = Ry, Q' = (COINIT), and R’ =

1, where Ry and R} are infinite subsets of N. Then £QR g TXtEx fQTRY gpg LQTR™ ¢ TxtEx
LOR,

The following technical definition introduces an ordering on all k-tuples of parameters
i1,...,Ix of languages in an arbitrary class £2. This ordering will be helpful for the result
in the next section.

Definition 11 Suppose Q = (q1,...,0k), Where each qi € {HALF, INIT, COINIT}, for 1 <
i <k. Let Q' =(q,...,q¢). We say that (iy, ..., ik) <o (j1,...,jk) iC]

(a) if 01 = INIT, then [Il < Jl] or [Il = jl and <i2, ey Ik> SQD(jz, A ,jk>];

(b) ifq. = COINIT or qy = HALF, then[iy > ji]or [i1 = j1 and (iz, ..., ik) <go{j2,...,jK)]-
Here, for Q = (), we assume that () <q ().

5 Q-hierarchy Involving HALF

In this section we establish a hierarchy among the Q-classes that will serve as a scale for the
complexity of our geometrical concepts.

Definition 12 Q is said to be a pseudo-subsequence of Q’, i [There exists a subsequence Q”
of Q’, such that Q” is obtainable from Q by

(i) replacing some INIT with HALF,

(ii) replacing some COINIT with HALF,

(iii) replacing some HALF with (COINIT, INIT), or

(iv) replacing some HALF with (INIT, COINIT).

For example, Q = (INIT,HALF,COINIT) is a pseudo-subsequence of Q =
(COINIT, HALF, COINIT, INIT, INIT, COINIT): dropping the first COINIT and the second
INIT from Q’, we get the subsequence Q” = (HALF, COINIT, INIT, COINIT); now Q can be
promoted to Q” by replacing INIT with a more powerful HALF and replacing HALF (in its
middle) with a more powerful combination COINIT, INIT.

In other words, a pseudosubsequence of a vector Q is a subsequence where some HALF's
are replaced with more primitive INITs or COINITs and some combinations INIT, COINIT or
COINIT, INIT are replaced with more primitive HALFs.

Proposition 7 Suppose Q,Q’,Q” € BASIC*. Then if Q is a pseudo-subsequence of Q" and
Q' is a pseudo-subsequence of Q”, then Q is a pseudo-subsequence of Q”.

Proor. Follows from definition of pseudo-subsequence. |

Proposition 8 Suppose Q,Q" € BASIC* and Q is a pseudo-subsequence of Q’. Then
ﬁQ STXtEX £QE.'

Proor. Follows from definition of pseudo-subsequence, Proposition 4, and Proposition 5. [}
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Proposition 9 Suppose Q = (q1,02,...,0x) and Q" = (q1,05,...,0;), where each g;,q; €
BASIC.

(a) If g1 = qi, then (gz,...,qk) is a pseudo-subsequence of (q5,...,q;), iCQ is a pseudo-
subsequence of Q’.

(b) Suppose q1,q; € {INIT, COINIT?}, but g1 # q;. Then, Q is a pseudo-subsequence of Q’
i CQ is a pseudo-subsequence of Q" = (g5, 03, ..., ;).

(c) Suppose q; = HALF. Then, Q is a pseudo-subsequence of Q" implies (INIT,qy,...,qk)
is a pseudo-subsequence of Q.

(d) Suppose q1 = HALF. Then, Q is a pseudo-subsequence of Q' implies
(COINIT, g2, ...,qk) is a pseudo-subsequence of Q'.

(e) Suppose g1 = HALF. Then, Q is a pseudo-subsequence of Q" i[(b2,0s,...,0k) iS a
pseudo-subsequence of (05,03, - .., q;)-

Proor. Follows from the definition of pseudo-subsequence. |

Proposition 10 Suppose Q = (41,02,...,0x) and Q" = (q1,05,...,q;), where each g;,q; €
BASIC. Suppose Q is not a pseudo-subsequence of Q’.

(@ If g1 = q; € {INIT, COINIT}, g2 € {INIT,COINIT}, and g2 # qi, then Q" =
(92,93, ...,0x) is not a pseudo-subsequence of Q’.

(b) If g = HALF, and q; = INIT, then Q” = (COINIT,qy,...,qx) is not a pseudo-
subsequence of Q’.

(c) If @ = HALF, and q; = COINIT, then Q" = (INIT,qy,...,qx) is not a pseudo-
subsequence of Q’.

(d) If g1 = g7 € {INIT,COINIT}, g2 = HALF, | > 2, and q, € {INIT, HALF}, then
Q" = (q1, COINIT, 43,04, . . ., Qi) is not a pseudo-subsequence of Q'.

(e) If g1 = g1 € {INIT, COINIT}, g2 = HALF, | > 2, and g5 € {COINIT, HALF}, then
Q" = (g1, INIT, 03, 04, - . . , Q) is not a pseudo-subsequence of Q'.

Proor. We show part (a), (b) and (e). Proof of part (c) is similar to part (b) and proof of
part (e) is similar to part (d).

(a) Let Q" = (95,03,...,q;). Now by Proposition 9(a) Q is a pseudo-subsequence of Q' i ]
Q" is pseudo-subsequence of Q. By Proposition 9(b) Q” is pseudo-subsequence of Q" i CQ”
is pseudo-subsequence of Q’. Thus, since Q is not a pseudo-subsequence of Q’ it follows that
Q" is not a pseudo-subsequence of Q’.

(b) Suppose by way of contradiction that (COINIT,qy,...,qk) IS a pseudo-subsequence
of Q. Then by applying Proposition 9(b), we have that (COINIT,qy,...,qk) is a pseudo-
subsequence of (g5, 03, ..., q;). Thus by Proposition 9(a) we have (INIT, COINIT,qy, ..., k) is
a pseudo-subsequence of (7,05, ...,q;). But since (HALF,qs,...,qx) is a pseudo-subsequence
of (INIT, COINIT,q2,...,0x) wWe have, Q = (HALF,qy,...,0x) is a pseudo-subsequence of
Q' =(91.95,05,04, - --,qy). A contradiction to the hypothesis. Part (b) follows.

(d) Let Q” = (05,05, -..,q;). We consider two cases.

Case 1: g5 = HALF.

By Proposition 9(a), Q is a pseudo-subsequence of Q' iL{gz,...,q«) is a pseudo-
subsequence of Q”. By Proposition 9(e), (q2,03,--.,0k) iS a pseudo-subsequence of Q”, i[]
(COINIT, g3, . . ., qk) is a pseudo-subsequence of Q”. Thus, since Q is not a pseudo-subsequence
of Q' it follows that (COINIT,qs, ..., qk) is not a pseudo-subsequence of Q”. Thus, by Propo-
sition 9(a), it follows that (q1, COINIT, g3, ..., 0k) is not a pseudo-subsequence of Q'.

Case 2: g, = INIT.
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By hypothesis and Proposition 9(a) we have that (g2, g3, . . ., k) iS not a pseudo-subsequence
of (95,95,...,q;). Thus by part (b) (COINIT,qs,...,qx) is not a pseudo-subsequence of
(a2,93,-..,07). Thus by Proposition 9(a) (q1, COINIT, qs, ..., qk) is not a pseudo-subsequence
of Q'. i

The following theorem shows that reducing any Q’-vector to its proper pseudo-subsequence
Q results in the degree of learnability that is properly below the degree defined by the Q’-class.

Theorem 2 Suppose Q = (01, ..,0k) € BASICK and Q' = (q},...,q]) € BASIC'. LetR =
Ri xRz x -+ xRk, R" = R} xR, x -+ x R}, where each R; (R}) is an infinite subset of N,
if i € {INIT, COINIT} (q; € {INIT,COINIT}), and R; (R;}) is a subset of Z, with infinite
intersection with both N and Z—, if qi = HALF (q; = HALF).

If Q is not a pseudo-subsequence of Q' then LR ¢ TXtEx £QIRY]

Proof of the above Theorem is given in the Appendix.

Corollary 1 Suppose Q € BASICK and Q' € BASIC'. Then, £Q <TXtEx £Q7i® is a
pseudo-subsequence of Q'.

6 Definitions for Open Semi-Hull and some Propositions

Let rat denote the set of non-negative rationals. rat™ = rat — {0}, denotes the set of positive
rationals.

Any language SEMI_HULL" defined below is a geometrical figure semi-hull, collection of
points in the first quadrant of the plane bounded by the y-axis and a broken-line that consists
of a straight fragment |y of the x-axis (starting from origin) followed by a straight fragment I;
that makes an angle d; < 90° with the x-axis, followed by a fragment I, that makes an angle
02 > 01 with the x-axis, etc. (In above the angle is being measured anti-clockwise from the
positive x-axis).

Definition 13 Suppose a;,...,an € N and by,...,bh e rat*, where0<a; <ap, <...<an.
SEMI_HULLY, i, aybo....anbn = {CGY) € NZ |y > 30y b+ (X = ai)}.

Note that SEMI_HULL® = N?2. Also, note that though SEMI_HULL" above are subsets of N2,
one can easily consider them as languages C N, by using pairing function. We assume such
implicit coding whenever we are dealing with sets C N 2.

Parameters a; in the above definition specify x-coordinates of break points of the border
line, while the bj specify the slopes that are being added to the slope of the border line after
every break point.

To make our classes of languages learnable, we have to impose certain restrictions on the
parameters aj, bj. First, we want both coordinates a and ¢ of break points (a, ¢) to be integers.
Secondly, for all languages in our classes, we fix a subset S from which slopes b; may come from.
(In the following definition S may be an arbitrary subset of rat™; however, later we will impose
additional restrictions on S). The definition of valid sequences of parameters aj, bj accomplishes
this goal.

Definition 14 Suppose ai,...,an € N and by,...,by € rat™, where 0 <a; <a, < ... < an.
Suppose S C rat™.

We say that (ai,bg,...,an,bn) is valid iCIbr 1 < j < n, [D1<j<nbi * (@ = aj)] € N.
Additionally, if each bj € S, then we say that (a1, bs, ..., an, bn) is S-valid.

Let VALID = {(a1,b1,...,an,bn) | (@1,b1,...,an, bn) is valid}.

Let VALIDs = {(a1,b1,...,an,bn) | (@1,b1,...,an,bn) is S-valid}.
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Note that the empty sequence () is both valid and S-valid. Also we require a; > 0. This is for
technical convenience, and crucial for some of our results.
Now we define the class of languages we are going to explore.

Definition 15 Suppose S C rat*. Then SEMI_HULL™® = {SEMI_HULLY , .
(al, bi,...,an, bn) S VALIDs}.

Now we formulate and prove a number of useful technical propositions (few of them imme-
diately follow from the relevant definitions).

Proposition 11 (a) Suppose (ai,bs,...,aj,bj,aj+1,0j+1) € VALID. Then
j+1 J
SEMI_HULLL . o b aisibyes © SEMILHULLL o ooy

(b) Suppose (az,bs,...,aj-1,bj-1,8j,bj) and (as, by, ..., a5-1,bj-1,8j,bj) € VALID, and
aj < aj, bj >bj. Then, SEMI_HULL)_ C SEMI_HULL}!

..... aj,bj al,bl,...,aj[,'bF
ProoF. Follows from definitions. |
Definition 16 Suppose ai,bs,...,,aj,bj are given such that (ai,bs,...,aj,bj) € VALID.
Then, let INTER(ay,bs,...,aj,b;) = N{SEMI_HULL , abjanbn | N = J A

(a1,bs,...,a,bj,...,an,bn) € VALID }.

Intuitively,
INTER(ay, by, ..., aj,bj), denotes the common portion of all SEMI_HULLglng adp0.» With
! =

0.
ai=ajand bj = b} for1 <i<j.
Proposition 12 (a) Suppose 1 < j < n, and (az,bs,...,aj,0j,...,an,bn) € VALID. Then
INTER(ay, by, ..., aj,bj) € SEMI_HULLY, j,  oop  anp-

(b) Suppose (az,bs,...,aj,bj,aj+1,bj+1) is valid. Then, INTER(az,bs,...,a5,b;) C
INTER(a]_, b]_, s aj,y bj » Aj+1, bj+1)-

Proor. Follows from definitions. |

Definition 17 Suppose (az,bs,...,a;,bj) € VALID. Then let maxinter(ay,by,...,a;j,bj) de-
note the least natural number x > a; such that Zlgig bi * (X — aj) € N.

Proposition 13 Suppose ag,bs,...,,aj,b; are given such that (ai,bs,...,a;,bj) € VALID.
Then, INTER(ai,by,...,a5,b)) = SEMIHULLZ .. 0 {(xy) € N* | x <
maxinter(ay, by, ..., aj,bj)}.
ProoF. Follows from definitions. |
Proposition 14 Suppose ar, by, ..., a5-1,bj_1, aj,bj,aj,bj
are given, where (ai,by,...,aj-1,bj_1,a;,bj), and (a]_,b]_,...,aj_l,bj_]_,aj/',bj/') are valid. If
INTER(ay, by, ..., 8j 1,05 1,8),b}) C SEMI_HULLY, ;o b 0o,

Then,

(i) aj < aj and

(i) bj * (maxinter(ag, by, . .., aj_1, bj,]_, aj , bj) - aj) >
bj * (maxinter(ay, by, ..., aj-1,bj_1, aj,bj) = aj).
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PROOF. Suppose that ay, by, ..., aj-1,bj—1, @}, b, aj, bj are as given in the hypothesis.

R
If aj < &j, then (aj, Y1 <i<;j bi*(aj — ai)) belongs to INTER(ay, by, ..., 8j-1,bj-1, aj, bj) but
does not belong to SEMI_HULLQLbL___,aj_Lbj_l".jj’bj (since (aj, YX1<i<j bi * (8 — ai)) is below

the last fragment of the border line for SEMI—HULLgl,bl,...,aj_1,bj_1,aj,bj .
Thus, we must have aj < gj.

Let X = maxinter(a, b, ...,aj,l,bj,l,aj,bj). Let y = bj x (X = aj) + El§i<j bi =

(x = aj)). Now, (Xx,y) belongs to INTER(a]_,b]_,...,aj_]_,bj_]_,a.j-,bj-). If (X,y) belongs to

SEMI.HULL{,J1 b1 a1 b1z b Lhen by definition of SEMI_HULIJ, we must have y = b} % (x =
1,V1,..-,4j—1,Vj—1,4j,Uj J

aj) + Y1<ixj bix (X = @) > bj x (X = @j) + Py <y bi x (X = @i). Thus, bj(x = aj) > bj(x - ).
The Proposition follows.

The following two corollaries have obvious geometrical interpretation.

Corollary 2 Suppose (@1, b1, ..., a5-1,05-1,8j,bj,...,ap,by) and
(a1,by,...,85-1, bj_]_,a.j-/, be’, ...,an, by) are valid.

(a) If a < ay, then
S‘E‘Z\4‘I“[—‘I[Jv‘[/Lg;|_,b;]_,...,aj_1,|Z)j_1,aJ|-:D,:lZ)JI-:D,]...,aHI,bH]]»’g SEMI‘HULLgl,bl,...,aj_1,bj_1,aj[,|bj[,|...,ar|?,brl?'

() If a5 = a and by > bj then SEMI HULLZ .. affb g
SEMI_HULL?

R R Op0 -
ap.ba,....aj—1,bj—1,85b7....a5lby

ProoOF. If SEMI_HULLY m  ampm & SEMI_HULL?Y

- - - - OpO O pod
ai,by,....aj—1.bj—1,8b{"L.., ag,ba,....aj—1.bj—1,a0 by ... afbRP

then it follows that INTER(a1,bs,...,aj_1,bj—1,a!,b¥) € SEMI_HULL] e
171

1" ai,bi,...,aj—1,0j—1,
Thus it follows from Proposition 14 that aj’ < aJ’- and if aJ’-’ = aj, then bj’ > bJ/-. Corollary
follows.

Corollary 3 Suppose (ai,bi,...,an,bn) and (aj,bi,...,a,,b,) are valid. Suppose
SEMI_HULLgZ y o b C SEMI-HULLQEbE...,aE',bF," Let i be the minimum value such that
aj # a; or bj Zbj. Then, a; < aj or [a; = aj and b; > bj].

ProOF. Note that for the least j such that (a},b!) # (aj, bj), we must have INTER] C

| ai,bi,....a5,bj =

SEMI—HULLgl,bl,...,aj_l,bj_l,ajE,'bjD Corollary now follows from Proposition 14. i

Proposition 15 Suppose 1 < j < n. Suppose (az,bs,...,a5-1,0j-1,a;,bj,...,an,bn) and
(al,bl,...,aj,l,bj,l,aj’-,bj’-) are valid.
(@ If aj < a and bj > 3cicnbi, Then, SEMI_HULL]

| aLbl,---,aj—l,bj—1.61]E.'bjEI

SEMI_HULLY

ai,bi,...,aj,bj,....an,bn"

() If & < & and b} > Yjicnbi, Then, SEMI_HULL!

f al.bly---yaj—lybj—lyajl':r]bjl'j

SEMI_HULLY

az,bi,...,aj,bj,....an,bn"

-

-

PROOF. (a) SEMI_HULLil,bl,___’aj_lybj_l,aﬁb?= {(%,y) € N2 |y > bj(x = &}) + g ciej bi (X =
ai)}-
SEMI_HULLY, a0 i = {0%,Y) € N2 [y > S bi® (X = @) + Dy bi (X = a)}.
Part (a) follows since bj (x ~ aj) > bj(X = aj) > Yj<i<nbi* (X = aj) > Xj<i<n bi* (X = ai).
(b) Follows from part (a) and Corollary 2. |

Now we are at the point when our results require additional constraint on the set S (of
slopes). Intuitively, the set S satisfying the constraints cover the positive rational numbers,
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and can be algorithmically listed in a monotonic order on a two-sided-infinite tape. A natural
example of set S satisfying the constraint below is the set N (J{1/x|x € N}. Although our
results below hold for any fixed set S of rationals satisfying the constraint in question, we
suggest the reader to keep in mind the above set when reading the proofs.

Definition 18 A set S C rat™ is said to be rat™-covering i CThere exists a recursive bijection
f from Z to S such that,

@) fori,jez, i<jilA@G)<Ff().

(i) for every x € rat™, there exist y,y’ € S such thaty < x <y’

A natural choice for a set S (which doesn’t satisfy the above constraint) seems to be the set rat™.
However, in this case, a complete class of languages {Ly = {x|x € rat",x >y} |y € rat™}
(see [JKWO00]) would be trivially reducible to any class of languages-figures considered in our
paper, thus making all of them of the same complexity. The use of rat™-covering sets S gives
us opportunity to capture di[erknces in learnability of di[erent geometrical concepts observed
in our paper.

Our results below hold for any rat™-covering set S. However it is open at present whether
SEMI_HULL™S =TXtEx SENT_HULL™S', for arbitrary rat*-covering sets S and S'.

Note that, for any given n € N, and rat*-covering set S, there exists a limiting partial
recursive function F such that, if i is a grammar for some SEMI_HULLgfbl ’’’’’ an by Where
(ai1,b1,...,an,bn) being S-valid, then F (i) converges to (ai,bs1,...,an,bn). That is one can
determine the parameters limit-e [edtively from any grammar for SEMI,HULLQfbl .... an by THIS
fact will be implicitly used in construction of ¥ in some of our proofs.

Intuitively, the following technical proposition claims that, given a point (Xo, o) in a lan-
guage SEMI_HULI} + one can eledtively find a lower bound on the boundary

a,bi,....aj—1,bj—1’

slopes b;j of all languages SEMI—HULL;,bl,...,a,-_l,b,-_1,a,- ;... Which do not contain (xo, Yo).

Proposition 16 Suppose (ag,bs,...,aj—1,bj—1) is valid. Let (Xo,Yo0) € N? be such that
Yo > i<i<jbi(Xo = ai). Then, there exists a B’ € rat* obtainable e[eckively from
ar,b1,...,aj-1,bj_1,Xo and yo such that for any (aJ’-,bJ’-), if (al,bl,...,aj_l,bj_l,aj,bj), is

valid and xg < aj or bJ’- < B/, then, (Xo,Yo) € INTER!

] . OpC*
az,bi,....aj —1,bj—1,aj ,bj

ProOF. Ifaj > Xo, then we would have yo > 371 i< bi(Xo = ai) = bj(Xo = aj)+> 1<j<j bi(Xo =

ai). Thus, (Xo,Yo) € INTERJal'bl,_..’aj_l’bj_llajqug
Now fix any aj < Xxo. If (a1,b1,...,8j-1,bj-1,8j,b5) is valid, but (Xo,Yo) ¢
INTER{%,b1,...,aj_1,bj_1,ajz,'bjm then either (a) maxinter(as, by, ..., aj-1,0j-1,8j,bj) < Xo, or (b)

Yo < bj(Xo = &) + X1<i<j bi(Xo - &i).

Let B(aj) = (Yo — Xi<i<jbi(Xo = @i))/(Xo = @j). Now for (b) to be true bj must
be greater than B(aj). We now consider which b; < B(aj) can satisfy (a). Let x; =
maxinter(al,bl,...,aj_l,bj_l,aj,bj), and y; = bJ’- * (Xg = aj) + Yi<icg bi ¥ (0 = a). For
bJ’- < B(aj) to satisfy (a), (X1,y1) must lie in the intersection of the following three regions:

(A) Y > 2 1<ixg Bilx = ai),

(B) x < Xp, and

(©) Y < B(@}) * (X = &) + Tycieg bilx = &),

Since the above intersection is finite, there are only finitely many possibilities for (X1, Y1),
and thus for bj. Thus, let Bi(aj) < B(aj), be a positive rational number, such that

maxinter(ay, by, ..., aj-1,bj—1, aj,bj) < Xg implies bj > Bl(aj’-). Note that such a Bl(aj) exists
and can be obtained e [edtively from ay, by, ..., a5_1,0j_1,Xo, Yo.
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Now taking B’ = min({B1(a}) | aj_1 < &] < Xo}), witnesses the Proposition. |

Corollary 4 Suppose (az, by, ..., aj,bj) is valid. Then, one can e [eckively (in az, by,. .., aj,bj)
obtain a B’ € rat* such that following property is satisfied.

For any (a,by,...,aj-1,bj_1, aj,bj) which is valid, if INTER(a, by, ..., aj-1,bj-1, aj , bj) C
SEMI_HULLR then bj > B’ and aJ’- < aj.

aa,b1,....aj—1,b5—1,aj,bj

PROOF. Pick (Xo,Y0) € N? such that xq > aj, and > 1<j<jbi(Xo ~ ai) < Yo < Yi1<i<jbi(Xo =
aj). Corollary, now follows from Proposition 14 and 16.

Proposition 18 below will play an important role in some of our proofs. Imagine that, in

the process of learning, SEMI_HULLZ, b, ai_y.b;_1,a,b5,...ansbn the l€arner has already learned
the parameters ag, by, ...,aj-1,bj—1, and is now trying to learn the parameters a;, bj. Our aim

is to use a (INIT, COINIT) type strategy to learn (aj,b;) (instead of the trivial (INIT, HALF)
type strategy mentioned in the introduction).

Since we intend to use (INIT, COINIT) type strategy, we need to be safe in choosing the
parameters. That is, choosing (aj, bj) must imply that any (aj,bj) smaller than (aj, bj) must
be inconsistent with the input, (smaller in the sense of some (INIT, COINIT)-type ordering of
all pairs (aj, b)).

This is achieved in two steps. First we order (aJ’-’, bJ’-’), with bj’ < B, for some fixed positive ra-
tional number B in a INIT like fashion. Then, we order bJ’-’ > B, in a COINIT like fashion. This
latter ordering is easily achievable (as will be seen in the proof of Theorem 3 below). For the

former ordering, if bj ,bj < B, then we make sure that if INTER(a, by, ..., aj-1,bj-1, aj , bj) isa
subset of SEMI_HULLZ, b, . ai_y,b;_1,a; ;- then ordering places (aj, bj) below (aj, bj). Proposi-

tion 18 (which is based on Corollary 5 and Proposition 17 below) shows that this is achievable.
Note that this ordering depends on (ag, by, ...,aj-1,bj—1).

Corollary 5 Suppose 1 < j < n. Let S be any rat™-covering set, and B € S.

Suppose ag, by, ..., aj-1,bj—1 aj, bj are given, where (ag, by, ..., aj-1,bj—1,a;j,bj) is S-valid.
Then, there exist only finitely many (aj, bj), such that
0) (a]_,b]_,...,aj_]_,bj_]_,ajl',bjl') is S-valid,

(ii) b < B, and
(iii) INTER(ay, by, . ..,aj-1,bj_1,a},b;) € SEMI_HULL.

i R | a1,b1,...,aj_1,bj_1,aj,bj .
Moreover, canonical index for the finite set of aJ’- , bJ’- satisfying above three conditions can be
obtained e [eckively from B, ay, by, ..., aj-1,bj—1,a;,b;j.
Furthermore, for any a;,b: satisfying the above three conditions, a; < a;, and if aj = aj,

, Rl J
then bj > bj.

Proor. Furthermore clause follows from Proposition 14.

By Corollary 4, one can e [edtively find a B’ € rat™ such that any (aj , bj) satisfying (i) and
(i) must satisfy bj > B’ and aj < aj. Corollary now follows since there are only finitely many
(aj,bj) such that aj <aj, B’ < bj < B, and bj € S and for any (a;, b%), one can e [edtively test

y R
whether (aj, bj) satisfies clauses (i) to (iii) in the corollary. |

The above corollary together with the following technical proposition will enable us to
impose a suitable ordering on (ag, by, ..., aj,b;) with an upper bound B on slopes bj. Think of
(a1,bg,...,aj-1,bj—1) as already fixed.

Proposition 17 Suppose R is a partial order over an r.e. set A, and F is a partial recursive
function with domain A such that, for any x € A,
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(1) {X' | XRx} is finite, and

(ii) F(x) is the canonical index for {x' € A | X'Rx}.

Then, e [ectively from a program for F, one can obtain a program for a 1-1, partial recursive
function h with domain A and range C N, such that X’Rx implies h(x’) < h(x). Moreover, if
A is infinite, then range of h is N.

Proor. Let f be a recursive function such that range(f) = A. Define h as follows. Let cur = 0.
Go to stage 0.

Stage s

(* In this stage we make sure that h(f(s)), along with h(x), for all x such that xRf(s), are
defined appropriately. *)
If h(f(s)) has already been defined, then go to stage s + 1.

Otherwise let X = {x | xRf(s)} (note that one can e[ledtively obtain X from f(s) by
assumption (ii) of the hypothesis; also note that f(s) € X, since f(s)RT(S)).

Let Xo, X1, ..., Xm be listing of members of X such that xjRx; implies i < j (note that one
can easily get such an ordering since X is finite).

For j =0 tomdo
If h(X;j) has not been defined then
let h(x;) = cur; cur =cur + 1.
EndFor
(* Note that h(f(s)) along with h(x), for all x such that xRf(s), have been defined. *)

End Stage s

It is easy to verify that h satisfies the properties required in the proposition. |

Proposition 18 Let S be any rat™*-covering set. Then, there exists a recursive function code
with domain rat x VALIDs, and range € N such that following is satisfied.
Suppose 1 <j <n, Be€S,and (ag,bs,...,aj-1,bj—1) is S-valid.

(A) Suppose (a,bs, ..., aj-1,bj-1,aj,bj) and (as, by, ..., aj-1,bj—1,&j,bj) are S-valid.
(A.1) If b b < B
and INTER(ay, by, ..., 8j-1,bj-1,8),b)) C SEMI_HULLL y, . .p a0 then
code(B, az, by, ... ,aj_l,bj_l,aj,bj) < code(B, ay, by, ..., aj-1,bj_1, aj, b).
(A2) If  bj,b < B and (a,b) # (aj,bj),  then
code(B,al,bl,...,aj_l,bj_l,aj,bj) # code(B, ay, by, ..., aj-1,bj—1, 3, bj).
(A.3) {code(B,ai,bs,..., aj-1, bjfl; aj/, bj/ | (ag,b1,..., aj—1, bjfl, aj/, bj’) S

VALIDs and b} < B} = N.

(B) Suppose (az, by, ..., aj,bj) is S-valid. If bj > B, then code(B, ay, by, ...,aj_1,bj_1,aj,0j) =
code(B,az, by, ..., aj-1,bj_1,a5,B).

PRrROOF. Fix ag,by,...,aj-1,bj—1 and B as in the hypothesis. Let us first define a relation Rel
on N xSn{rerat|r <B} as follows:
(@’,b)Rel(a,b) i1 _
INTER(ay, by, . ..,aj-1,bj_1,a’,b') C SEMI_HULL, ,

Laj—1,bj—1,a,b
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Note that (by Corollary 5) for each (a,b), there are only finitely many (a’,b’) such that
(@, b")Rel(a,b). Also, for each of these (a’,b"), @’ < a and either a’ < a or b/ > h. Furthermore,
canonical index for {(a’,b") | (&’,b")Rel(a, b)}, can be e [edtively obtained from (a, b).

Let Rel* be transitive closure of Rel. It is easy to verify that Rel* is a partial order, where
for each (a,b), there exists at most finitely many (a’,b’) such that (a’,b’)Rel*(a,b). Moreover,
canonical index for {(a’,b") | (&’,b")Rel*(a,b)}, can be e[edtively obtained from (a, b).

Existence of code as required now follows from Proposition 17. |

7 Q-classes to Which SEMI_HULL"® is Reducible

Our goal in this section is to establish an upper bound on the SEMI_HULL™S degrees in terms
of the Q-hierarchy. To find such a bound, we actually have to design a learning strategy for
languages in SEMI_HULL™S that consists of gj-type strategies for some Q = (41,01, - .., k),
and a grammar learned by every g; is used by gj+1. A natural strategy of this type would be
the following (g1, 02, . . -, Q2n_1, O2n)-Strategy, where gpj+1 = INIT and (j+2 = HALF for i <n:
learn the first break point a; using an INIT-type strategy; once a; has been learned, learn the
first slope by at the point (az, 0) using a HALF -type strategy; then learn the second break point
(a2, b1 * (a2 — a1)) using an INIT-type strategy, etc. However, a much more e [cieht learning
strategy is suggested by the following. Informally one can visualize this strategy as follows.
Assume that slope values come from the set N (J{1/n | n € N}. It may happen that in the
beginning the learner receives points (X,y) indicating that the slope to be learned is greater
or equal 1. Then the learner uses an INIT-like strategy to learn a break and a COINIT-like
strategy (not a HALF-strategy as above!) to learn the slope: the slopes tend to 1 from above,
and the learner uses this assumption. If the slope gets smaller than 1, the learner then uses
a combined INIT-like strategy to learn the break point and the slope together: both of them
change now in INIT-fashion.

There is a slight problem though in the above strategy. It may be possible that slope
at some point seems less than 1, but later on when lots of new points (i,0) come from
the input, slope again seems larger than 1. To prevent this from harming the learn-
ing process, the learner uses the combined INIT-strategy in a safe fashion: Informally,
suppose one has learned the parameters, ai,bs,...,aj-1,bj—1, and is now trying to de-
termine aj,b;. Now we need to make sure that the combined INIT-strategy does not
commit to (aj,b;) being (aj,bj) before it has been able to determine that input data

n 14 /! H 1ofi
cannot be from SEMI—HULLal,bl,...,a,-_l,b,-_1,ajﬂ1?ojﬂ3,ﬂ...v for any other aj,bj, ..., which satisfies
n n
SEMI-HULLal,bl,...,aj_l,bj_l,ajm?ojm?... C SEMI—HULLal,bl,...,aj_l,bj_1,ajE,'bjE,'ajE'+l,bjD+1,...’ for some value
of the parameters aJ’-+1, Jf+1, .... Itis possible to achieve this by using Proposition 18.

The actual proof of the theorem technically looks somewhat di Lerent, and the above method
is a bit hidden.

Theorem 3 Suppose S is rat*-covering. Suppose Q = (01,02, ..., 02n_1,02n), Where Qj+1 =
INIT and Qi+ = COINIT, for i <n. Then SEMI_HULL™S <TXtEX £Q

PRroOOF. Fix S which is rat*-covering. Let h be a recursive bijection from Z to S such that
h(i) < h(i + 1). Let B = h(0).

The intuitive idea of the learning strategy is as follows. Suppose we have already learned
(az,by,...,aj-1,bj—1). Then, we use INIT like strategy to learn any pair (a;j,bj), if bj < B =
h(0), and use COINIT type strategy to learn b; if bj > B. The former is done using code as in
Proposition 18. The latter can be done easily by using h to form a COINIT like strategy.
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Going through the proof below (and the proofs for other upper bounds in this paper) one
must be aware of the fact that, though intuitively we do use INIT/COINIT (or whatever -
in other proofs) strategy for learning each successive parameter, in the actual proof we do it
by choosing an appropriate minimal consistent SEMI_HULL on every step and INIT/COINIT
strategy is in some sense hidden.

Now we proceed with the formal construction.

Fix code as in Proposition 18. Let g be a function from S to N such that g(b) =0, if b < B,
and g(b) = h—1(b), otherwise. (Note that g is monotonically non-decreasing).

The following claim utilizes the construction of proposition 18 to show that the values
(code(B, az, by, ..., aj,bj)) can be used as conjectures by INIT-type substrategies, and the values
g(bj) can be used as conjectures by COINIT-type substrategies.

Claim 1 Suppose (al,bl,...,aj,l,bj,l,aj,bj),(al,bl,...,aj,l,bj,l,aj,bj) € VALIDs, where

(aj, bj) % (aj, b5)- Suppose
INTER(ay, by, ., 8j-1,b5-1,8j,b) C SEMI.HULL ;oo oy

Then,

(i) code(B, a, by, ..., aj—1,bj—1,8j,bj) < code(B,az, by, .. .,aj,l,bj,l,aj,bj), or

(ii) code(B, ay, by, ..., aj-1,bj—1,aj,bj) = code(B,ay, by, ..., aj-1,bj—1,aj,bj), and g(bj) >
g(bj)-

ProoF. By Proposition 14 we have that a; < aj.
We now consider following cases:
Case 1: bj,bJ,- <B.
Since, INTER(as,bs,...,aj,bj) <  SEMI_HULL!

a1,b1,...,aj_1,bj_1,ajE!bjE'
code(B,ay, by, ...,aj-1,bj—1,3j,bj) < code(B,al,bl,...,aj_l,bj_l,aj,bj) (by Proposition 18;
for getting < instead of < use the fact that (a;, bj) # (a3, b:)).

we have

IR
Case 2: by < B <bj.
In this case a; < aj by Proposition 14.

. J
Also,  INTER(ay,by,...,aj,bj) C SEMIHULLY o\ by aihs C
j
SEMIHULLY, b, a0 sty 208"

Thus, code(B,as,bs,...,a5-1,bj_1,85,bj) < COde(B,a]_,b]_,...,aj_l,bj_]_,aj/-, B) =

code(B,ay, by, ..., aj_1, bj,l,aj,bj) (by Proposition 18; for getting < instead of < use the fact
that (a;, bj) # (aJ’-, B)).

Case 3: bj < B <b.

In this case, INTER(as,bs,...,a;,B) <  SEMI_HULI}

) a,bs,...,aj—1,bj—1,35,B c
SEMI_HULL;Lbl’._”aj_lybj_liaﬁbjg Thus,  code(B,ay,bs,...,aj-1,bj_1,aj,bj) =

code(B, as, by, ...,aj-1,bj—1,aj,B) < code(B, az, by, .. .,aj_l,bj_l,aj,bj) (by Proposition 18).
Also g(bj) = 0 < g(bj).
Case 4: B <bj < bj.

In this case aj < aj by Proposition 14. Thus,

) i i
INTER(ay,by,...,aj,B) C SEMI—HULLal,b1,...,aj_1,bj_1,aj,B - SEMI—HULLal,bl,...,a,-_1,b,-_1,ajD,B-
Thus, code(B,as,bs,...,aj-1,bj_1,aj,bj) = code(B,ay, by, ...,aj-1,bj_1,3j,B) <

code(B, a1, by, ...,aj_l,bj_l,aj, B) = code(B,al,bl,...,aj_l,bj_l,aj,bj) (by Proposition 18;
for getting < instead of < use the fact that (a;, B) # (aj, B)).
Case 5: B <bj <.

If aj < a then

INTER(ay, by, ..., aj, B) C SEMI_HULL C SEMI_HULI}

al!blv"'1aj—11bj—llaj ,B a1,b1,...,aj_1,bj_1,ajl-:,lB'
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Thus, code(B,ag,by,...,aj-1,bj-1,aj,bj) = code(B,as, by, ...,aj-1,bj—1,3;,B) <
code(B, a1, by, ...,aj,l,bj,l,aj, B) = code(B,al,bl,...,aj,l,bj,l,aj,bj) (by Proposition 18;
for getting < instead of < use the fact that (a;, B) # (aj, B)).

If & = a then bj < bj (by Proposition 14).

Thus, g(bj) > g(bj). Also, INTER(as,bs,...,aj,B) C SEMI_HULLf511 be,ag_1by_1,a0B° 1 NUS,
b1,....85-1.bj—1.af]

code(B,ay, by, ..., aj-1,bj—1,aj,bj) = code(B,ay, by, ...,aj-1,bj_1,3j,B) <

code(B, ay, by, .. .,aj_l,bj_l,aj, B) = code(B, az, by, .. .,aj_l,bj_l,aj,bj) (by Proposition 18).
a

Let map be a mapping from VALID to N* such that

map(al,bl,...,an,bn) =
(code(B, a1, b1), g(b1), code(B, az, b1, az2,02),9(b2),...,code(B, as, b1, ...,an, bn), g(bn)).

Now we suggest the reader to recall the properties of the ordering <q. For example, note
that if Q = (INIT, COINIT) then (i, J) <o (i’,j’) would mean that i < i’ or (i =i and j > j’).

Claim 2 Suppose (ai,b1,...,an,bn) and (aj,by,...,an, by,) are S-valid.
(A) If map(aj,by,...,an,by) <o map(ay, by, ..., an,bn), then, for the least j such that
(aj,bj) # (aj,b}), INTER(ay, by, ..., aj,b;) € SEMI_HULL}

al,bl,...,aj_l,bj_l,ajz,'bjm
(B) If map(aj, by, ..., an, b,) <o map(az, b1, ..., an,bn), Then,
INTER(a]_, bl, sy a.j y b_]’ sy an, bn) Z SEMI_HULLgEleI allpC:
1010 n'Yn
(C) If SEMI_HULLY, p, a5, C SEMI_HULLJou0 ooy, then map(ag, by, ..., @n, bn) <q

ai,bi,....an,bn — PV ALVLLGHH
/ / / /
map(ai, by, ..., an, by).

ProoF. (A) Let j be least number such that (aj,bj) # (aj,bj). Note that, for i < j,

we must have code(B,ai,bs,...,ai,bi) = code(B,ay,b),...,a,b}), and g(bi) = g(bi). If

INTER(ay, by, ...,aj,bj) C SEMI_HULI? Rae! then, by Claim 1 we would
171

ai,by,...,aj—1,bj—1,
have code(B,at,bs,...,aj,bj) < code(B,ay, ’1,...,aJ’-,bJ’-) or code(B,as,by,...,aj,b) =
code(B,aj, by, ..., aj,b5) and g(b) > g(b)). Thus, map(as,bs,...,an,bn) <o
map(ay, by, ..., an, by), a contradiction to the hypothesis.
(B) Let j be the least number such that (aj,bj) # (aj,bj). Now (B) follows using
part (A) and the fact that INTER(ay, by, ...,aj,bj) C INTER(ay,by,...,aj,0j,...,an,bn) and

]
SEMI_HULLZ w0, act... g © SEMI-HULLyoyo | aopos

...............

©) Follows from part (B) and
INTER(ay, by, ..., aj,bj,...,an,bn) € SEMI_HULL] , . 1 .

We now continue with the proof of the theorem. The aim is to construct © which maps
SEMI_HULLY, p, . ar b 10 Lidaocas on. . an o) _

Note that definition of W mapping grammar sequence converging to a grammar for

map(arbi.....anbn) to a grammar sequence converging to a grammar for SEMI,HULLQLIDl _____ anbn

would be trivial. We thus just define ©.

Without loss of generality, we will be giving © as mapping sets to sets.

For any finite X C N2, let P rop(X, az, by, ..., an,bn) be true i C(fdllowing two properties are
satisfied.

(A) (8.1, bi,...,an, bn) € VALIDs.

(B) For all (a},by,...,anb,) € VALIDs such that map(aj,bi,....an.bn) <o
map(@y, by, ..., an,bn), X £ SEMI_HULLJryo oo
Note that condition (B) above is equivalent to

(B) Forall j, 1<j <n, (B.1) and (B’.2) are satisfied.

(B’.1) For all aj € N,bj € S, bj <B,
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if code(B,az, by, ...,a5-1, bj_]_,a.j-,b_/i) < code(B, ag, by, ..., aj-1,bj—1,aj,b;)), then
j
X & SEMLHULLal,bl,...,a,-_l,b,-_1,ajE,'bjE]-

(B’.2) If B < bj, then for all bj € S such that bj <bj, X ¢ SEMI_HULL}, ,

Note that B’.2 above is equivalent to
(B”2) If B < by, then for least bj € S such that b < b}, X ¢

SEMI_HULI}

al,bl,...,aj_l,bj_l,aj,bjD

Note that whether X, a1, b1, ..., an, bn, satisfy (A) and (B’.1) and (B”.2) forall j, 1 < j <n,
is e [edtively testable.

Thus, for any finite set X C N?, let

n n . KO
-yaj—lybj—lyaj ,bj

For infinite X', ©(X') = Usc xeard(xy<so @X)-
It is easy to verify that
(1) for any X € SEMI_HULLZ

az,bi,....an,bn’

O(X) C LR br) (due to clause (B) in definition of P rop above, and the fact that

map(ay,by,....an,
for any valid I and I’, map(l) <g map(l’), implies L%ap(l) - L%ap(lq), and
(2) for any finite set X C N2 such that {(x,y) € N? | x < maxinter(as, b, ...,an,bn) and
y =min({y’ | (x,y’) € INTER(a1,b1,...,an,bn)})} € X € SEMI_HULL] . o b
Q
O(X) 2 Lap(a by.....an )"

(By Claim 2(B), and definition of Prop and ©).
Thus, we have that ©(SEMI_HULL? )y =1LR2

ai,bi,...,an,bn map(azi,bi,...,an,bn)" I

Now we will show that the above theorem is in some sense optimal. That is, for Q =
(91,92, ...,092n-1,02n), Where gpj+1 = INIT, and gj+2 = COINIT, for i < n, and any Q' €
BASIC*, if £Q ¢ TXEX £Q then SEMI_HULL™S ¢T<tEx Q7 Thus, Q in above theorem
cannot be improved if we use components only from BASIC (whether we can improve it by
using some other basic components is open).

Theorem 4 Suppose n € N™, 1 < j < n. Suppose S is any rat™-covering set.

(1) Suppose (az,by,...,aj-1,bj—1) is S-valid.

Let Q = (01,02, - .., Uo(n—j+1))» Where pj+1 = INIT and 0pj+2 = COINIT (for i < n — j).
Suppose Q' € BASIC* is such that £Q % £Q"
Then {SEMLHULL;,bl,...,a,-_l,b,-_1,ajD,bjD...,ag',brE,' | (@1,b1,...,8j-1,bj—1,8j,b5 ..., ap,by) is S-valid
} ngtEx EQD_

(2) Suppose (ai,by,...,aj-1,bj—1,8;) is such that there exists a bj, such that
(a1,bg,...,aj-1,bj_1,a;,b;) is S-valid.

Let Q = (a1, .- .,qz(n,j)ﬂ), where (i+1 = COINIT, for i < n—j, and Q2j+2 = INIT, for
i <n-—j. Suppose Q' € BASIC* is such that £Q % £Q".
Then {SEMI—HULLgl,bl,...,aj_l,bj_l,aj,bjE]..,a,E',bE' | (@1, b1, ..., 8j-1,bj—1,5,bj...,ap,by) is S-valid
} ﬁTxtEx EQD_

Proor. The intuitive idea of the proof is to use a’s to diagonalize against sequences of COINIT
and b’s to diagonalize against sequences of INIT.

For a fixed n, we prove the above theorem by reverse induction on j (from j =nto j =1).
For each such j, we first show (2) and then (1).
Base Case: j =n, for (2):

In this case Q = (COINIT).
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Now COINIT <™ {SEMI HULLY , a b 1anpp | (81,01, .., @8n_1,bn_1,an,by) is
S-valid } as witnessed by © and W defined as follows.

Let h be an isomorphism from Z to S such that h(i) < h(i + 1).

Forany set Y C N, let ©(Y) = Ujey SEMI_HULLZ , a b 1 a0 h(i)-

It is easy to verify that ©(L3) = SEMI_ HULLR, . an_1 bret.amh(i)- Let W
be defined as follows. If a sequence a of grammars converges to a grammar for
SEMI_ HULLal ba....an—1.bn_1,an,h(i): then W(a) converges to a grammar for L2

It is easy to verify that © and Wy witness that
COINIT <T¥*® {SEMI HULLg, . a i bn_zansg | (@101, 8n1,bn_1,an,b}) is S-valid

1.

Thus, since COINIT £ TXtEx £Q" (2) is proven for j = n.
Induction Case (for (1)):

Suppose for j > j’, we have shown both (1) and (2), and for j = j’, we have shown (2).
Then we show (1) for j =j’.

Note that Q = (01,02, - - -, G2(n—j+1))» Where zi+1 is INIT and qzj+2 is COINIT, for i <n-—j.
Without loss of generality assume that Q' contains at least one INIT or HALF (otherwise just
add INIT at the end of Q’). Suppose Q" = (01, ..., 0k_1, Ui ks - - - » Gp)» Where g, ..., qp_, are
COINIT, q; may be either INIT or HALF, and for k+1 <'i <|, qf € {INIT, COINIT, HALF}.
Without loss of generality assume that g is INIT (since otherwise we could just replace gy =
HALF with (COINIT, INIT) and consider Q" = (g1, . .., 0y_q, COINIT, INIT, Oy, 1, - - -, 0p))-

Now, by hypothesis we know that £Q £ TXtEx £Q") Thus, by Corollary 1, Q is not a pseudo-
subsequence of Q’. Now consider Q” obtained from Q by dropping g1 = INIT, Q" obtained
from Q' by dropping q1,05,...,0,_;- Now, Q is not a pseudo-subsequence of Q" by repeated
use of Proposition 9(b), and thus Q” is not a pseudo-subsequence of Q" by Proposition 10(a).
Thus, by Corollary 1, £Q™ ¢ TXtEx Q]

Now, suppose by way of contradiction that © along with W witnesses the reduction

{SEMI HULLal ba,....a5—1,b—1, anE.'..,a‘:'b‘:' ’ (al, bl, sy dj—1, bj_l, aJ , bj a;], b/n) is S-valid }
< TXtEX L‘QE_'

Recall that SEMI_HULLO is N2, Let vi = min({ur | Gua,...,u)[{us,uz,...,u) €
O(SEMI_HULLY ; L))

For 1 < i < k, let vi = min({ui | QUis1,...,u)[{V1,...,Vi—1,Ui,...,U) €
O(SEMI HULLL 5 o v I}

Let g be such that content(g) C SEMI_HULLf31 tl s_1.b;_,» and there exist uy,...,ur,
such that (vi,v2,...,Vk_1, Uk, ..., U;) € ©(0).

Let 33 > max({x € N | 3y € N)[xy) € content(o)]}) be such that, for
some bj, (a,b1,...,aj-1,bj-1,aj,bj) is S-valid. Note that, for all b{,aj,q,b{,s,...,an, by,
such that (al,bl,...,aj_l,bj_l,aj,b’-’ aj’ﬂ, j’+1,...,aﬁ,b’r§) is S valld content(c) C
SEMI_HULLG . ai_1bi-1.a;, Tl ampm Thus, © (along with W) essentially witnesses

Jj+1 J+1 """

that
{SEMI_HULLY, |\, o . bi_v.a;, by, g | (@1,b1,...,@j-1,bj—1,85,bj...,apn,by) is S-valid, }

<TxtEx £Q™(gince parameters for the first k — 1 COINITS in Q' are fixed to be v1,. .., Vk_1).
This is not possible by induction hypothesis (since £Q" ¢ TXtEx £Q™,
Induction Case (for (2)): Suppose for j > j’, we have shown both (1) and (2). Then we
show (2) for j =j’.

In this case Q = (41,92, - - ., U2(n—j)+1), Where Qzi+1 is COINIT, for i < n —j, and Qzi+2
is INIT, for i < n — j. Without loss of generality assume that Q' contains at least one
COINIT or HALF (otherwise just add COINIT to the end of Q’). Suppose Q' is of form
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@1, ---+0k_q1, 0 ---,0p), where gy, ..., 0, are INIT, g, may be either COINIT or HALF, and
fork+1 <i <, qf € {INIT, COINIT, HALF}. Without loss of generality assume that g is
COINIT (since otherwise we could just replace g, = HALF with (INIT, COINIT) and consider
Q =(91,---.0_q, INIT, COINIT, Oy 1, - - -, Op))-

Now, by hypothesis we know that £Q £ TXtEx £Q") Thus, by Corollary 1, Q is not a pseudo-
subsequence of Q’. Thus, for Q” obtained from Q by dropping qu = COINIT, Q" obtained
from Q’ by dropping g1, 95, ..., 0, (note that g, is COINIT, while the first q in Q" is INIT),
Q" is not a pseudo-subsequence of Q" (this case is similar to the one in Induction Case for (1)
with INITs and COINITSs reversed). Thus, by Corollary 1, £Q™ ¢ TXtEx Q™

Suppose by way of contradiction that © along with W witnesses the reduction

{SEMI _ HULLa b1,.e25—1.by—1,85 5. aFD | (a1, b1, .. .,aj_l,bj_l,aj,bj ..., an,bp) is S-valid }
< TXtEX L‘QE_'

Let X = {{(ug,uz,...,u) | (al,bl,...,aj_l,bj_l,aj,bj...
O

O(SEMI_HULLY, o, o\ by ap b6t = Lz, -

Let vi = min({us | Quz,...,u){us, Uz,...,up) € X}).

For 1 <i <k, let vi = min({uj | GuUi+1,...,u){(V1,...,Vi—1,Uj,...,Uj) € X})

Let b, ..., ap, by, be such that ©(SEMI . HULLal b1, 23 1.by 2,23 6. aEb) = LY it
for some uy, ..., u.

Let us fix a bJ > ZEE}‘ b, bj € S. Then, for any aj,by, j < w < n, such that

(@1,b1, ..., aj,bj, a1, b4y, ..., a8, by) is S-valid, we have that

,an,by) is S-valid, and

O
@(SEMI HULLZ, b, . a5-1.55-1.a5 by,a%, b7, afb® = LS v T, for some values
of Ug,...,u; (due to monotonicity of ©; note that SEMI_HULL! , 1,012,350
SEMI_HULLS |,/ ai . bi_1,a; b5, 2508 by Proposition 15, and, there-
9y Pye@nibn

fore, SEMI_HULL? ampm SEMI_HULL?

ag,ba,....aj—1,bj—1,aj.05.8;31 0{ s a1,by,....aj—1.bj—1,a5,b;...abR>

but vi,...,vk_1 are chosen to be the minimum possible values, thus only uy,...,u, can vary
for a4, JJrl,...,a’rﬁ,b{,’,).

Thus © (along with W) essentially witnesses that

{SEMI_HULLY, o, o', by s ay by o 0, ...affbf |
(ar, by, ..., @-1,b5-1,8j,b5,8],4,bf sy, ..., a4, b7) is S-valid } <TxtEx rQ™ (gince parameters
for the first k — 1 INIT's are fixed in Q" to be vy,...,vk_1). This is not possible by induction
hypothesis (since £Q"' ¢ TXtEx Q™ |

Corollary 6 Suppose S is rat*-covering. Let Q = (qi,...,02n), Where gzi+1 = INIT and
Goiv2 = COINIT, for i < n. Suppose Q' € BASIC* is such that £Q % £R7 Then,
SEMI_HULL™S ¢ TXtEx £Q"

8 Q-classes Which Are Reducible to SEMI_HULL"®

In this section we establish the best possible lower bound on the complexity of SEMI_HULL™S
in terms of the Q-classes. One can ask the question: using a learner powerful enough to learn
SEMI_HULL"™S, can a learner learn languages from the hierarchy based on BASIC? The next
result shows that, using a learner able to learn SEMI_HULL™S, one can learn all languages in
(HALF, INIT,...,INIT), where INIT is taken n — 1 times.

We begin with two useful technical propositions.

Proposition 19 Suppose S is rat™-covering. Then there exists an S’ C S, such that S’ is
rat*-covering, and for all b,b’ € S/, if b <b’ then 2b <.
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PROOF. Suppose h is an isomorphism from Z to S such that h(i) < h(i + 1). Define h’ as
follows: h’(0) = h(0). Suppose we have defined h’(i) and h’(—i). Then define h’(i + 1) and
h'(—i — 1) as follows. h'(i + 1) = h(j), such that h(j) > 2h’(i), and h’(—i — 1) = h(j’) such
that h(j’) < h’(—i)/2. Note that such j and j’ exist since S is rat™*-covering. It immediately
follows that S’ = range(h’) satisfies the requirements of the Proposition. |

Proposition 20 Suppose S’ C S. Then SEMI_HULL™S"<TXtEx SEMT_HULL™S,

Proor. Follows trivially, since SEMI_HULL™S"C SEMI_HULL"S. [

Theorem 5 Suppose S is rat™-covering. Let n € N*, and Q = (q1,92,...,0n), Where g =
HALF, and for 2 <i <n, gj = INIT.
Then, £Q <TXEX SEMT_HULL"S.

Proor. The intuitive idea of the reduction is as follows. Fix the first break point to be a; = 1.
The first HALF -component can be reduced to the first slope b;. Then the (j — 1)-th INIT-
component ij is reduced to a;. Then bj is fixed based on a;j in such a way that ij < ij would
imply aj < aj and bj > bj + 37, i< bj, for any potential values of b, i > j. This ensures the
desired monotonicity in the definition of the reducing operator ©.

Now we proceed with the formal proof.

Without loss of generality (using Propositions 19 and 20) we can assume that,

(PropertyH) for each b,b’ € S, if b < b/, then 2b <b/.

Let h be an isomorphism from Z to S such that h(i) < h(i + 1).

Foriy € Z,and ip,...,inh € N, let map(iy, i2,...,in) = (az,b1,...,an,bn), where a;,bj, 1 <
J < nare defined as follows. a; =1, by = h(i; —az1). Suppose we have defined az, by, ..., ax, bk.
Then let Ax+1 = {X € N | X > ay, [>1<j<k bi * (X = aj)] € N}, and then let ax+; to be the
(i1 + 1)-th least element in Agyq. Let byt = h(iy — ags1).

Claim 3 (ig,i2,...,in) <o (i1, 15, ..., in implies
n,S n,S

SEMI_HULLg o, iy © SEMI_LHULLgo o iy

PROOF. Suppose (i1,i2,...,10p) <o (i1, 15, ..., 0p). Suppose

map(i1, ..., in) = (a1,b1,...,an,bn) and map(iy, ..., i) = (@1,b1, ..., ah, bj).

We consider the following cases.
Case 1: i1 > if.

In this case
(1) by > b/, and
(2) a1 = a’l =1

From (1) and (PropertyH) it follows that

(B) by =>2x bﬁ_

Now, for 1 < i < n, since &, < aj,;, and b; = h(i} — aj), we have b} > bi,,. Thus,
bi > 2 xbj,,, for 1 <i < n by hypothesis about elements of S.

Thus, > 1<i<nbi < 2bj. Along with (3), we have that by > >, -, bi. This along with
(2), Proposition 11 and Proposition 15 gives SEMI_HULL™S by © SEMI_HULL:‘;S’,O1 -

al ,b1 ..... an
SEMI_HULLS 0 oo

Case 2: For some’"j.’, l1<j<nforl<k<j,ix=1i, butij<i
In this case
(4)aj=a,and bj =bj, for1 <i<]j.

!
I
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(5) bj >bj, and

(6) aj < aj.

From (5) and (PropertyH) it follows that

(7) bj > 2 xbj.

Now, for 1 < i < n, since aj < aj,;, and b} = h(i} — a}), we have b} > bi, ;. Thus,
bi > 2 xbi,,, for 1 <i < n by hypothesis about elements of S.

Thus, > j<icpbi < 2bj.  This, along with (7) gives us that by > 3;,bi.
Thus using (6) Proposition 11 and Proposmon 15 we have SEMI HULLa bioanbn =
SEMI_HULILY

ai, bl ,,,,,,,,,, allbLr
Claim follows from above cases. O
For any X C N, let ©(X) = U _____ in)ex SEMI _ HULLmap(, ’’’’’ in)"
Thus, it follows that G)(LI1 in...in) = SEMI_ HULLmap(l i)’
Define W as follows. If a sequence a of grammar converges to a grammar for
SEMI_ HULLgfp(I ’’’’ iy then W(a) converges to a grammar for LIl iorin:
It is now easy to verify that © and W witness that £2 <TXEx SENMT_HULL™S. |

We now show that the above result is in some sense the best possible with respect to the Q-
classes considered in this paper. For example, as Corollary 9 and 10 show, being able to learn the
classes SEMI_HULL™S cannot help to learn languages even in the classes (COINIT, COINIT)
and (INIT, COINIT).

The following technical result will be used to show that the Q-classes with n + 1 INITs in
Q cannot be reduced to SEMI_HULL"S.

Theorem 6 Let n € N*. Suppose 0 < j < n. Q = (01,02, -..,0dn+1—j), Where g; = INIT,

fori1<i<n-—j+1 Let R=R; xRy x...xRnp+1_j, Where Ry is of cardinality at least

2 and, for 2 <i < n+1-j, Rjis an infinite subset of N. Suppose S is rat™-covering, and

(a1, by, ..., a,b;) is S-valid.
Then,

LR L TXX®EX {SEMI_HULLY, ,

is S-valid }.

- - / / !/ /
1y aJ bJ J+1bJD+1 _____ aEvi | (a]_,b]_,...,aj,bj,aj+l,bj+l,...,an,bn)

Proor. We prove the theorem by reverse induction on j (from n to O0). For
j = n, theorem clearly holds (since £2R contains at least two languages, whereas
{SEMI _ HULLall D185 B3 80 B A0 ] (al,bl,...,aj,bj,ajﬂ,bjﬂ,...,a’n,bg) is S-valid }

j+1re n

contains only one language).
So suppose the theorem holds for j’ < j < n. Then, we show that the theorem holds for

i=j.

Suppose by way of contradiction that © (along with some W) witnesses that LR <TXtEX
{SEMI HULLa bl 11111 aj bj J+1 bJ|:|+l ..... aELb'Q ‘ (al,bl,...,aj,bj,a_li_'_l, j_'_l,-..,a:’],b:r]) iS S'Valid },
for some S-valid (ag, by, ..., aj,bj).

Let w be the minimal element in R;. For i € Ry, suppose O(LS
SEMI_HULL""

ai,bi,....aj,0bj,aj+1(i),0j+1(i),...,an(i),bn (i)
trarily large value then, for w > w, w € Ry, @(L

SEMI_ HULLa b

w,i,min(R3),min(Ry4),.. ) =
If, as 1 varies, aj+1(i) takes arbi-

wEmin(Rz2),min(R3),.. )
and is thus not a member of {SEMI HULLZ ,

1,48 ,0j R T TR TS O AP aF,',bF,"

(a1,by, ..., aj,bj, J+1,bj+1,...,an,b’n) is S-valid }.
So suppose i1 € Ry maximizes aj+1(i1). Now for i > iy, if bj+1(i) takes arbitrarily small
value, then for w/ > w,
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O(LQ __) D UbjD+1€S SEMT_HULI} . However, any member

WE,h]in(Rz),min(Rg),. ai,bi,..., aj,bj,aj+1(i1),bjE'+1

of {SEMI_HULLY , 83,5800 001, aopg | (@1, b1, 85, b, @541, bj4g, ... a5, by) is S-valid},
misses - out infinitely
many elements in Ubjz|+1€5 SEMI_HULLéLbl _____ a3 5,25 +1(i2)b{, 1 Thus, @(Lﬁ%in(Rz)’min(R@““) ¢
{SEMI _HULLZ , 83,5800 04 aopp | (1,01, ... @5, b5, 8549, D54 q, ..., @0, by) is S-valid}.

S0, suppose iz > iy, i2 € Ry, minimizes by (i2).

Thus, (C] (along with ¥) essentially
witnesses that that £OR" <TXSX {SEMIHULLY, ) /by ) 1r(io)bysa(io) al bt ity |
(@1,by, ..., a5, bj, @j+1(i2), bj+1(i2), &jp, bjup, - - -, aK, by) is S-valid}, where Q' is obtained by
dropping g; from Q. R’ is obtained from R by dropping R; and changing R, to R;—{x | x < i, }.

This is a contradiction to induction hypothesis. |

Corollary 7 Suppose Q = (q1,02, - - -,0dn+1), Where g = INIT, for 1 <i < n+ 1. Suppose S
is rat™* -covering.
Then, £Q £ TXtEX SEMT_HULL™S.

Proof similar to the one used in proving Theorem 6 above can be used to show the following
theorem (we just need to interchange the role of w and w’ in the proof, for j = 0 case).

Theorem 7 Letn e N*, and Q = (q1,0z2, . . . , Gn+1), Where g1 = COINIT, and g = INIT, for
2<i<n+1 LetR=Ri xRz x...xRp+1, Where Ry is of cardinality at least 2 and, for
2 <i<n+1, Rjis an infinite subset of N. Suppose S is any rat*-covering set.

Then, LR ¢ TXXEX SEMT_HULL™S.

Corollary 8 Suppose Q = (01,92, - .., dn+1), Where g = COINIT, and q; = INIT, for 2 <i <
n+ 1. Suppose S is rat*-covering.
Then, £Q £ TXtEX SEMT_HULL™S.

Do there exist Q-classes reducible to SEMI_HULL™S with COINIT on the second or greater
positions in Q? Our next results show that even (COINIT, COINIT) and (INIT, COINIT) are
not reducible to SEMI_HULL"™S.

Based on Corollary 3, let us define <ygajiq as follows.

Definition 19 Suppose (ai,b1,...,an,bn) and (aj,by,...,a,,b,) are valid. Then,
(@1,b1,...,an,bn) <vaiig (@1,b%,...,a,,by) iCHhere exists an i, 1 < i < n such that, for
1<j<i, gj =aJ/-,bj =bJ’- and a; < aj or aj = aj and b; > bj.

Note that <,ig imposes a total order among valid sequences of form (ai,bs,...,an,bn).
Moreover, SEMI_HULLQL,Dl _____ anbn C SEMI—HULLQEbE...,aE',bE“ implies (az, b1, ..., an, bn) <valid
(@1,by, ..., an,bp).

Similarly define (az,b1,...,an,bn) <vaiia (@5,b%,...,a5,by) iC a1, bs,...,an,bn) <vaid
(@},bi,...,a5,by) or (a1,b1,...,an,bn) = (@7, b4, ..., a5, by).

>valid and >y4jig can be similarly defined.

For any fixed n € N, X C {(a,bs,...,an,bn) | (@1,b1,...,an,by) € VALIDs},
let maxyaia(X) = (ai,b1,...,an,bn) € X, if any, such that (V(aj,bi,...,ahb,) €
X))@, b1, ... an, b)) <vaiig (@1,b1,...,an, bn)l.

Similarly, let minygig(X) = (a1, b1, ..., an,bn) € X, if any, such that (v(al,bl, ..., a,, by) €
X)[(alybl, e -1an7bn) <valid (allvbll’ s .,a’n,b;])].
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Proposition 21 Suppose n € N, S is rat*-covering, and X C {(a1,b1,...,an,bn) |
(a1, b1,...,an,bn) € VALIDs}. Then, if minyyig(X) does not exist, then no subset of
(Miex SEMI_HULLY) belongs to SEMT_HULL"™S.

ProoOF. Suppose S, X is given as above, and minygig(X) does not exist. Then, there ex-
ists a j, such that for some ay,bs,...,aj_1,bj—1,aj, there exist arbitrarily large bj such that
(a1,bg,...,aj-1,bj—1,a5,bj,...) € X, for some aj+1, bj+1,...,an, bn, (which may depend on b;).
Thus, Nyex SEMI_HULL} C {(x,y) | X < aj}. But no subset of {(x,y) € N? | x < aj} belongs
to SEMI_HULL™S (any language L in SEMI_HULL™S satisfies: for all x, there exists a y such
that (x,y) € L). |

Theorem 8 Suppose S is rat*-covering and n € N. Let Q = (COINIT, COINIT), R =
R1 x Ry, where R, is infinite, and R; contains at least two elements. Then LR £ TxtEX
SEMI_HULL"™S.

PROOF. Suppose by way of contradiction that £L2R <TXtEx SEMT_HULL™S as witnessed by
© (along with ¥).

Let w = min(R1). Suppose O(L ) = SEMI_HULLZ, 4y b, (x)... an(x)bn(x): 107 X € Ra.

Note that, for x < X/, x,X' € Ry, O(LQ,) D O(LJ,0. Thus, for x < x/, x,x' € Ry,
(@1(x), - - ., bn (X)) >vaiig (@1(X), - .., bn(X")), by Corollary 3.

Let X = {(a1(x), b1(X), . . ., an(x), bn(X)) | X € Rz}

If minyaig(>X) does not exist, then for any w; > w, w; € R; and wy € Ry, O(LVQvl,Wz) C
Mxer, SEMI_HULLZ, 4y 1, x....» d0es not belong to SEMI_HULL™S by Proposition 21.

So suppose X1 € Ry is such that minygig(X) = (a1(X1),b1(X1),...,an(X1),bn(X1)). But

then, for all x > X1, (a1(X),...,bn(X)) <valig (@1(X1),...,bn(X1)) (due to monotonicity of ©).
Thus, for all X > X1, X € Rz, (a1(X),...,bn(X)) = (a1(X1),...,bn(X1)). A contradiction to ©
(along with W) witnessing that £QR <TXEX SpNT HULL™S. |

Corollary 9 Suppose S is rat*-covering, and n € N. Let Q = (COINIT, COINIT). Then
LR £ TXEX SENT HULL™S.

Similarly, to Theorem 8 we also have the following theorem (for proving it, we just need to
interchange the roles of LR, and LY, , in the proof of Theorem 8).

Theorem 9 Suppose n € N and S is rat*-covering. Let Q = (INIT,COINIT), R =
R; x Ry, where R is infinite, and R; contains at least two elements. Then LR g TXtEX
SEMI_HULL™S.

Corollary 10 Suppose S is rat*-covering. Let Q = (INIT, COINIT). Then £Q ¢ TXtEx
SEMI_HULL"S.
9 Definitions for Complements of Open Semi Hull

In this section we define the classes of complements of SEMI_HULLSs and establish some useful
propositions following from appropriate definitions.

Definition 20 Suppose a3,...,ah € N and by,...,bh e rat™, where0<a; <a; <...<an.
COSEMI_HULLR, o ao oy = {(XYy) € N2 | y < Sy icnbi* (x = &)} = N2 —
SEMI,HULLQLbl’az,b2 _____ an.bn-
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Definition 21 Suppose S C rat* is rat™-covering.
coSEMI_HULL™S = {coSEMI_HULL? | (@1,b1,...,an,bn) € VALIDs}.

ai,bi,....an,bn

Proposition 22 Suppose (ai, b, ...,an,bn) and (a3,bl, ..., a/,, b, are valid.
Then, SEMI_HULLngl _____ anbn & SEMI—HULL?E!blE!...,ag,bE iIfchEMI_HULLQLb1 _____ anby =
m
coSEMI_HULLZbyn oo po
Proor. Follows from the definitions. |
Definition 22 Suppose ai,bs,...,,aj,bj are given such that (ai,bs,...,a5,bj) € VALID.

Then, let coINTER(ay, by, ..., aj,b;) = U{coSEMI_HULLZ p, o biivanbn | N = T A
(ar,b1,...,8j,bj,...,an,bn) € VALID} = N? — INTER(ay, by, . .., j, bj).

Proposition 23 Suppose 1 < j < n, and (az,b1,...,...,an,bn) and (aj,bi,...,an,bj,,) are
valid. Then  coINTER(aj,bi, ..., an, by) 2 coOSEMI_HULLY y o p, 10
INTER(a,, by, ...y, bly) € SEMI_HULLY . o .

Proor. Follows from the definitions. |

Proposition 24 Suppose (ai,bs,...,aj-1,bj—1) is valid. Let (X,y) € N? be such that

Y > Yicicjbi(x = ai). Then, there exists a B’ € rat™ obtainable eleckively from
ag, by, .. .,aj,l,bj,l,x_and y such that for any (aj,bj), if (a,by, .. .,aj,l,bj,l,aj,bj), is valid
and (x,y) € COINTERal,bl,...,aj_l,bj_l,ajﬂ,bjﬂ then aj < x and bj > B’.

Proor. Follows from Proposition 16. |

10 Classes to Which coSEMI_HULL™® is Reducible

In this section we obtain nearly the best possible upper bound on the complexity of
coSEMI_HULLSs in terms of Q-degrees. Intuitive upper bound £ for Q = (q1, 02, . - ., Y2n—1, G2n)
with goj+1 = COINIT and qzj+2 = HALF can be easily established using the following learning
strategy for coSEMI_HULL™S: apply a COINIT-type strategy to learn the first break point
ai, then apply a HALF-type strategy to learn the first slope by, etc. However, the upper bound
established below contains only n + 1 components!

Theorem 10 Suppose n € N and S is rat™-covering. Suppose Q = (1,02, - --,0n+1), Where
qi = INIT and g; = COINIT, for 2 < i <n+ 1. Then coSEMI_HULL™S <TXtEX /Q

PrROOF. The intuitive strategy for learning coSEMI_HULL™S providing the desired upper
bound operates as follows: first, it applies an INIT-type strategy to learn a bound on the
maximum slope: 3";b;; then, using this bound, it applies COINIT-type strategies to learn
every pair of parameters a;j, bj. This COINIT-type strategy is in some sense mirror image of
the INIT-type strategy used in the proof of Theorem 3. The technical details though become
somewhat more complicated.

Now we proceed with the formal proof.

Fix S which is rat™-covering. Let h be a recursive bijection from Z to S such that h(i) <
h(i +1). Fix code as in Proposition 18.
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Claim 4 Suppose B € S. Suppose (az,by,...,aj-1,bj-1,85,bj),(ar,bs,...,aj-1,bj_1,a},bi) €

R
VALIDs, where bj,bj < B, and (aj,bj) # (aj, b5)- Suppose
coINTER(ay, by, ..., &j-1,bj-1,8,bj) 2 coSEMI_HULL] y, o p 1 aip;-
Then, code(B, a, by, .. .,aj,l,bj,l,aj,bj) < code(B, a, by, ..., aj-1,bj—1, aj, bj).

Proor. By Proposition 14 and definitions of SEMI_HULL, coSEMI_HULL, INTER, coINTER,
we have that aj < aj.

Now, since, coINTER(ay, by, ..., aj-1,bj1,},b}) 2 coSEMI_HULL}, ,

.@j—1,0j—1,a5,b5’
have INTER(ay, by, ..., 8j-1,bj-1,8),bj) C SEMI_HULL] y, o b . a0, Thus, we have
code(B,al,bl,...,aj_l,bj_l,aj,bj) < code(B,az,bs,...,aj-1,bj_1,aj,bj) (by Proposition 18;
for getting < instead of < use the fact that (aj, bj) 7 (aj,bj)). O

Let map be a mapping from VALID to N* such that

map(az, b1, ...,an,bn) =
(h—%(B), code(B, az, b1), code(B, ar, b1, az, by), . ..,code(B, as, by, ..., an, b)), where B is the
least element of S such that max(h(0), > 1<i<0i) < B.

we

Claim 5 Suppose (ai,bs,...,an,bn) is S-valid. let B = min{b € S | b >

max(h(0), >-1<ij<n bi)}).
(A) Suppose 1 < j < n. Suppose B > bj, and (as,by,...,aj-1,bj-1,aj,bf) is S-

valid. If code(B,al,bl,...,aj_l,bj_l,aj,bj) > code(B,ag, by, ...,aj-1,bj—1,8;,b5). Then
coINTER(ay, by, ..., aj,bj) 2 coSEMI_HULLY, 4, o i b s aib;-

(B)
Suppose (aj,by,...,an,by) is S-valid, and map(aj,bl,...,an,b,) <q map(as,bs,...,an,bn).

Then either B > min({b € S | b > max(h(0), >";<j<n bj)}) or for the least j, 1 < j < n, such
that (aj, bj) # (a},b}), coINTER(a}, b}, ..., a;,b) 2 coSEMI_HULL}

1) | J’/ J o alybly_---yaj—lybj—lfaj,bj' )
© Suppose (ay, by, ..., an,by) is S-valid,
and map(ay,bi,...,an,by) <o map(ai,bi,...,an,bn). Then either B > min({b € S | b >
max(h(0), Y1<i<n bi)}) or coINTER(ay,bi, ..., a,bi, ..., an,b,) 2 coSEMI_HULL

R al,bl ----- an,bn'

(D) If  coSEMI_HULLY , . ¢ C coSEMI_HULL]yo aopc, then
map(ay, b1, ..., an,bn) <g map(ay, by, ..., an, by).

(E) Suppose 1 < j < n. There exists a finite Xj C coSEMI_HULLy, y .. p. such that, for

154,05

all S-valid (al, by,..., aj-1, bjfl; aj/, bJ/_/)’ if B > bj/ and code(B, ap, by, ..., aj—1, bjfly aJ’.’, bj’) >
code(B,a, by, ..., aj-1,bj-1,j,bj), then coINTER(ay, by, ..., af,bj") 2 X;j.

(F) There exists a finite X C coSEMI_HULLZ p . , such that, for all S-
valid (aj,by,...,ahby), if B = min({b € S | b > max(h(0),>;<j<nbj)}), and

map(ay, by, ..., an, b,) <o map(ai, b, ..., an,bn), then coINTER(ay,bi, ..., an, by) 2 X.

Proor. (A) Follows from Claim 4.

(B) Let B’ = min({b € S | b > max(h(0), > 1<j<nbi)}). Since map(aj,bi,...,an, by) <o
map(ay, b, ...,an,bn), h"1(B’) < h—1(B). Therefore, B’ < B, and we must have min({b € S |
b > max(h(0), Cy<icn b)}) < min(fb € S | b > max(h(0), T1<icnbi)}) = B. I min({b € S |
b > max(h(0), >1<j<nb})}) = B, then let j be the least value such that 1 < j < n, and (a],b}) #
(aj,bj). Thus, code(B,az, by, ..., a5-1,bj-1,8j,bj) > code(B, az, by, ..., a5-1,bj-1,aj,bj). Now
part (B) follows from part (A).

(C) Since coINTER(aj, /1,...,aj,bj) D coINTER(aj, g,...,aj,bj,...,a{q,bg) (by Propo-
sition 12 and definitions of INTER and coINTER), and COSEMI-HULLJal,bl,...,aj_l,bj_l,aj,bj C

coSEMI_HULLY b, (Proposition 11 and definitions of SEMI_HULL, coSEMI_HULL),

a,by,...,an,

part (C) follows from part (B).
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(D) Suppose coSEMI _ HULLal b1,..anbn & COSEMI_HULLjoyo, OpC
min({b € S | b > Max(h(0), Syeien b)) > min({b € S | b > max(h(0), Syicnbi)}) (since
otherwise, for all but finitely many X, Y1 <j<pbi(X = a; ) >1+ Zl<|<n bj(x = a), which would
contradict coSEMI_HULLY, y 5 1, C coSEMI_HULL]oyo

it min({b € S | b > max(h(0). Xacren b)) > Min((b < S | b > max(h(0), Cpn b)),
then clearly, map(as,bs,...,an,bn) <q map(aj,by,...,ah,by). 1If min(lb € S | b >
max(h(0), > 1<i<n b))} = min({b € S | b > max(h(0), >"1<j<nbi)}), then (D) follows from
part (C), and the fact that coSEMI _ HULLanD apo © coINTER(a}, bi, ..., apn, by).

(E) Let (x,y) € N2 be such “that (X,y) € coSEMI_HULLY, ;, o 1
coSEMI_HULLZ, y, 4 1., buty =37 i bi(x = a;). Note that there exists such (x, y)
By
Proposition 24, there exists a B’ € rat™ such that, if (x,y) € coINTER!

a1 bi,....a5—1,bj—1,allb[®
then aj < x and bj > B’. Thus, it follows that for any (aj, bj), if aj > x, or b’ < B’, (X, y) ¢
coINTER(al, by, .. - 8j-1, bj— 1,a” b”) Now, for each a” < X, and b” € S such that B’ < bj’ <

, if coSEMI_HULL) , aj b Z coINTER(al,bl,...,aj,l,bj,l, j’,bj’) then pick Xy Yampm
such that (xauq)u:;yauccbu@ € coSEMI_ HULLa1 T coINTER(asz, by, .. .,aj_l,bj_l,aj/./,bj/./);
if coSEMI _ HULL .aj.bj - COINTER(al, bl, Ceey aj —1, bj_l, aj’, bj,) then let (XaJ_DIbJ_D]; ya}]I,b}]]) =
(X, y).

Now let X; = {(x,y)} U {(Xajl;lj;bjl;ljj YajE%jED) | aj <x,B’ <bj <B,bj € S}. Using part (A), it
is easy to verify that X; witnesses the claim of part (E).

(F) Let X = Ui<j<n Xj Where Xj is as in part (E). Now, if map(aj,by,...,an,b,) <q
map(ai, b1, ...,an,bn), and B = min({b € S | b > max(h(0), >"1<j<n bi)}), then there exists a
j.1<j<nsuchforl<i<j,a =ajand b =bj and code(B,as,bs,...,aj_1,bj_1,a},b}) >
code(B,as, by, ..., aj-1,bj_1,aj,b;). Part (F) now follows from part (E) and definition of X. O

We now continue with the proof of the theorem. The aim is to construct © which maps
coSEMI_HULLY, 4, o b0 10 Lo v o

Note that definition of W mapping grammar sequence converging to a gram-
mar for LS]ap(al bi..anbyy L0 @ grammar sequence converging to a grammar for
coSEMI_HULLZ, p,, . 4.1, Would be trivial. We thus just define ©.

Without loss of generality, we will be giving © as mapping sets to sets.

For any finite X C N2, Jet Prop(X,azs,bi,...,an,bn) be true i CIbllowing three properties
are satisfied. Let B =min({b €S |b>h(0) A (V(x,y) € X)[b > £1}).

(A) (a1,by,...,an,bn) € VALIDs,

(B) B > min({b € S | b > max(h(0), C1<icnbi)})

and

© If B = min{fb € S | b > max(h(),> 1<j<nbi)}), then for all j, 1 < j
n, for all & € N,bj € S such that (B,ay,bs, .T.Taj_l,bj_l,aj,b_,i) is S-valid, B
bj- and code(B, ay, b, .. .,aj,l,bj,l,aj-,bj) > code(B,a,bs,...,aj-1,bj—1,aj,bj)), [X
COINTERal,bl,...,aJ—_1,bj_1,ajE,'bjE]-

Note that whether X, as, by, ..., an, bn, satisfy (A) and (B) and (C) is e [edtively testable.

Moreover, (C) along with definition of B above implies that

(D) For all (a3,by,...,an,b,) € VALID such that bj € S and map(aj,bl,...,an b,) <o
map(az, by, ...,an, bn), X € coSEMI_HULL(a}, b, ..., a},b,).

Thus for finite X C N2, let

O(X) = U{Lmap(al be.... 2 .bn) | Prop(X,az,bs,...,an,bn)}.

.....

For infinite X', ©(X") = Ux cxSeard(x)<co @(X)-
It is easy to verify that

-

ai, b1

RV IA
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(1) for any X C coSEMI_HULLY

az,bi,...,.an,bn’

OX) C LR br) (by (D) and the fact that for any valid I and I, map(l) <q

map(az,bs,....an,

map(1'), implies Loy € Liapar): @nd

map(l) map(l
(2) For all S-valid (ai,bz,...,an,bn), by Claim 5(F), there exists a finite X C
Q
coSEMI_HULLQLbl ,,,,, an.bn» SUCh that ©(X) 2 Lmap(aLbl ’’’’’ an.bn)”

Thus, we have that ©(coSEMI_HULLY )y=1L2

ai,bi,..., an.bn map(ai,bs,..., an,bn)" I

The construction in the proof of above theorem can be slightly changed along the following
lines: instead of learning first the bound on the maximum slope, one can first apply a COINIT-
type strategy trying to learn the parameters ai, by under assumption that by is smaller than
some fixed bound B € rat™, and then apply an INIT-type strategy to learn both the bound
on the maximum slope and b; if the latter becomes greater than the bound B. Thus we obtain
the following theorem.

Theorem 11 Suppose n € N and S is rat™-covering. Suppose Q = (01,02, - --,0dn+1), Where
g2 = INIT and g; = COINIT, for 1 <i<n+1, i #2. Then coSEMI_HULL™S <TXtEx £Q

11 Classes Which are Reducible to coSEMI_HULILMS

In this section we will get a lower bound for coSEMI_HULL™S having n components, and thus
being very close to the upper bounds obtained in the previous section.

The proof of the following theorem is similar to the proof of the lower bound for
SEMI_HULLs, with COINITS replacing INITS.

Theorem 12 Suppose S is rat*-covering. Let n € N*, and Q = (41,02, ...,0n), Where q; =
HALF, and for 2 <i <n, qj = COINIT.
Then, £Q <TXEX oSEMI_HULL™S.

The proof of the above theorem is given in the Appendix.

Note that upper and lower bounds for coSEMI_HULL™S given by Theorems 10, 11, and 12
do not match. The lower bound in Theorem 12 above is the best possible (for Q-classes involving
components from BASIC). However it is open whether the upper bound can be improved for
general n. For n = 1, we do know that the upper bound can be improved to show that
coSEMI_HULLYS <TXtEX HALF (which is optimal by Theorem 12).

12 Open Hulls - Intersections of Semi-Hulls

Now consider the class of language-figures that are intersections of SEMI_HULLs adjacent to
the x-axis (that is with the first break point (ai, 0)) and reverse SEMI_HULLSs adjacent to the
y-axis (with the first break point (0,a})). These figures are the open hulls.

We give the formal definition below (preceded by the formal definition of the reverse
SEMI_HULLs adjacent to the y-axis).

Definition 23 REV_SEMI_HULL] p,, 4 . = {(%Y) | (y,X) € SEMI_HULLg y . p }.
REV_SEMI_HULL™® = {REV_.SEMI_HULLY] , .. | SEMI.HULLD , . . €

SEMI_HULL™S}.
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Definition 24
OP_ HULLal by.oonar 01,1 Crrnirn = SEMI _ HULLal by....anbn [V REV _SEMI HULLCl d1.eoCom i

OP_HULL™™S = {OP_HULLY"® : | SEMI_HULLY p .. €

ai,b1,...,an,bn;c1,d1,...,.cm,dm

SEMI HULL™S, REV_SEMI_HULL? 4 € REV_SEMI_HULL™S, and Y3 cpbi <
leism di}.

The latter condition, 3" i<, bi <

C1,d1,...,Cm

O R— , ensures that the languages in OP_HULLs are
1<|<m

infinite, and thus the corresponding geometrlcal figures are open hulls.?

Surprisingly, unlike SEMI_HULLs and coSEMI_HULL, upper and lower bounds for
OP_HULLs match. The following theorem establishes the lower bound for the OP_HULLSs.
Somewhat surprising is also the fact that the learnability degree of open hulls is below the
learnability degree of semi-hulls. However, the reader must note that while slopes of segments
of the border-line for semi-hulls are bounded only by both axes, the slopes of the segments of
border-lines in a open hull bound each other (the reader should note that, as we only consider
(reversed) semi-hulls with at least one angle in the theorems below, the (reversed) semi-hull
cannot contain the entire domain). Consequently, while learning the angles along both border-
lines in a open hull, the learning algorithm becomes aware of these bounds and, as it turns out,
can use a shorter sequence of the primitive strategies to learn the concept in question.

Theorem 13 Suppose S is rat*-covering. Suppose n > 1, m > 1. Let Q = (q1,...,0n), Where
each gj = INIT. Then, (a) £Q <T<tBx Op_HULL™™S, and (b) £R <TXEx Op_HULL™"™S,

Proof of the above Theorem is given in the Appendix. We next show the upper bound for
OP_HULLs.

Theorem 14 Suppose S is rat*-covering. Suppose n > m > 1. Let Q = (qy,...,0n), Where
each gj = INIT. Then, (a) OP_HULL™™S <TXtEX £Q ‘and (b) OP_HULL™"S <TXEX £Q

Proof of the above Theorem is given in the Appendix.

13 Complements of Open Hulls
In this section we define and explore the classes of complements of OP_HULLSs.

Definition 25

REV _coSEMI_HULLY . , ={(X,y) | (y,X) € coSEMI_ HULLal be....an b -

REV coSEMI_HULL"™® = {REV _coSEMI_HULLY | coSEMI_HULLY , . , €
coSEMI_HULL™S}.

ai, b1 .....

Definition 26 coOP_ HULL‘,J1l b, 8r b CrrnsGem = coSEMI_HULL}
REV _coSEMI_HULL) g . 4 =N2?—OP_HULLy] .\ . 4 o .
coOP_HULL™™S = {coOP HULL}"Y® . | coSEMI_HULLY p, . 4, €

ai,bi,...,an,bn;c1,d1,...,.cm,dm

coSEMI_HULL™S, REV _coSEMI_HULLD 4 . 4 €  REV_coSEMI_HULL™S, and
Tisianbi < o qh

U

ai,b1,...,an,bn

21f we do not require >, _._ b < Zild’

then the geometrical figure may be finite. In this case, the
l=i=m

complexity of learnability shows similar properties as the classes considered (with the above constraint on slopes),
however the analysis becomes more complex.
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The following theorem gives the lower bound for coOP_HULLS.

Theorem 15 Suppose S is rat™-covering. Suppose n > 1, m > 1. Let Q = (q1,...,0n),
where each qi = COINIT. Then, () £Q <TXBX coOP_HULL™™S, and (b) £Q <TXtEX
coOP_HULL™"S,

Proof of the above Theorem is given in the Appendix. The following theorem gives the upper
bound for coOP_HULLs.

Theorem 16 Suppose n >m > 1. Let Q = (g1, --.,0n), Where each g; = COINIT. Then, (a)
coOP_HULL™™S <TXtEx £Q and (b) coOP_HULL™™S <TXtEx £Q,

Proof of the above Theorem is given in the Appendix.

14 Conclusions

A new complexity scale has been successfully applied for evaluating the complexity of learning
various geometrical figures from texts. Many upper bounds obtained by us are surprisingly
lower than the ones suggested by intuitive learning strategies. Another surprising result is
that upper and lower bounds match for OP_HULL and their complements, while there is a
gap between upper and lower bounds for SEMI_HULLs that cannot be narrowed. One more
interesting aspect of this picture is that upper bounds for OP_HULLs, the intersection of
SEMI_HULLSs, are much lower than that for SEMI_HULLs themselves! In general, the picture
of upper and lower bounds for OP_HULLSs and their complements is much more uniform than
for SEMI_HULLSs and their complements: bounds for coOP_HULLSs can be obtained from the
bounds for OP_HULLs by just replacing INITs by COINITs, while bounds for SEMI_HULLs
and coSEMI_HULLSs di[en even in the number of components in Q-vectors.

There are many other interesting types of geometrical concepts whose complexity can be
explored in terms of the Q-classes. For example, one can evaluate the complexity of learning
SEMI_HULLs and all other figures observed in our paper dropping requirement of the first
angle being adjacent to x or y-axis. Even more promising seems to be the class of finite unions
of OP_HULLs (though proofs may become technically messy). In general, we are convinced
that the Q-classes (possibly using some other basic classes/strategies) are very promising tools
for exploring the complexity of learning hard languages from texts.
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16 Appendix

16.1 Proof of Theorem 1

Theorem 1 HALF ="*X INIT x COINIT.
ProOOF. Forae Z, let Lo ={xe Z | x>a}. Fori,J e N, let Xjj ={x e N | x <i} x {X]
X>]j}

We now define © and W witnessing that HALF <TX*EX INIT x COINIT.

For any finite subset Y of Z, let ©(Y ) = Ua>0.aey Xo0,a UUa<0,aey X-a0-

It can be easily verified that ©(L,) = Xo 4 (if a > 0), and O(La) = X_q0 (if a < 0).

Y is defined as follows. Suppose a sequence a of grammars converges to grammar p. Suppose
I =max({x € N | 3y € N)[(X,y) € Wp]}), and j = min({y € N | (3x € N)[(X,y) € Wp]}).
Then, if i =0, then W(a) converges to a program for Lj. If i > 0, then W(a) converges to a
program for L_j;.

It is easy to verify that © and W witness that HALF <TX*&X INIT x COINIT.

Now, we show that INIT x COINIT <TX*EX JALF.
Define h as follows:

fori,j € N,

h(i,j)=—[(i+D([+2)/2)+1+j,ifi>];

h(i, ) =00 +1/72]—1i,ifi<]j.
Intuitively picture h(i, j) as follows:

h(2,0) h(2,1) h(2,2) h(l,0) h(,1) h(,0)
5 4 -3 2 1 0

h(0,1) h(1,2) h(0,2) h(2,3) h(1,3) h(0,3)
1 2 3 4 5 6

Note that for all i,j,k,1 € N, if i > k and j < I, then h(i,j) < h(k,l). Now, for any set
Y CN? let ©(Y) = Ugijiev Lng,j)- It is easy to verify that ©(Xi;) = L j)-

W(a) is defined as follows. If a sequence a of grammars converges to a grammar p for Ly j),
then W(a) converges to a grammar for X;;. (Note that, if p, is a grammar for some Ly jy,
then such i, j can be determined in the limit from p.) It is easy to verify that © and W witness
that INIT x COINIT <T™tEX HALF. |

16.2 Proof of Theorem 2

Theorem 2 Suppose Q = (qy,...,0k) € BASICX and Q' = (q},...,q]) € BASIC'. LetR =
Ri xRy x -+ x Rk, R" = R] x R, x --- x R{, where each R; (R}) is an infinite subset of N,
if gi € {INIT, COINIT} (qf € {INIT, COINIT}), and R; (Rj) is a subset of Z, with infinite
intersection with both N and Z~, if g = HALF (q; = HALF).

If Q is not a pseudo-subsequence of Q then LR ¢ TXtEX £QR™
Proor. We prove the theorem by double induction (first on k and then on I). For k = 0 or
I = 0 theorem clearly holds. Suppose by induction that the theorem holds for k < m, |l € N,
and for k =m+1, | <r. We then show that the theorem holds fork =m+1and | =r + 1.
Suppose by way of contradiction that © (along with W) witnesses that LR <TxtEx £Q'R"]

We consider the following cases:

Case 1: q; = INIT.

Case 1.1: q1 = COINIT.
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Consider g, which minimizes i € N such that (i,...) € content(©(0)). Let j € N be the
maximum number such that (j,...) € content(c). It follows that, for any j' > j, j’ € Ry,
O(L 5.), for any values of other parameters, is of the form LQ for some values of the other

parameters. Thus, © (along with W) essentially witnesses that LQRR <TXtEx £QQSRR™ \yhere
RR is obtained from R by replacing R; by R; — {x | x < j}, and QQ’ is obtained from Q'
by dropping q; and RR’ is obtained from R’ by dropping R}. Now we are done by induction
hypothesis.

Case 1.2: g = INIT.

In this case k > 2.

Case 1.2.1: g = INIT.

Fix iy € Ry, and consider the set {Jj,cg,.. (D(LIl i,..). Suppose this set contains (ij, .. .),

for arbitrarily large if. Then for any ii; > iy (since Lﬁlp_ 2 LS for all possible values of

other parameters) we have that @(L ) contains elements of form (i, ...) for

ii1,min(R2),min(R3),..

arbitrarily large ij. Thus, O(Liil,min(Rz),min(Rs),...) ¢ Q"
So let i} be maximum value such that some element of form (i1, ...) isin Uj,cr,... (D(LIl in.):

Let o be such that content(c) C LI1 i,...» and ©(o) contains an element of form (if,...).
Let i, be maximum value such that some element of form (iq, io, ...) is in content(c). It follows
that, for all ii; > iy, 1i2 € Ry, G)(L ), for any value of other parameters, is of form

LIEI , for some value of other parameters. Thus, @ (along with W) essentially witnesses that

LQQ RR <TxtEx rQQ'RR"! \yhere QQ is obtained from Q by dropping ¢:, QQ’ is obtained from
Q’ by dropping g7, RR’ is obtained from R’ by dropping R} and RR is obtained from R by
dropping R; plus changing R, to Ry — {x | x <'i2}. Now we are done by induction hypothesis.

Case 1.2.2: g2 = COINIT.

In this case, by Proposition 10(a) QQ obtained from Q by dropping g; is not a pseudo-
subsequence of Q’. Thus we are done by induction hypothesis.

Case 1.2.3: qp = HALF.

If | =1, then we are done. So assume | > 2.

Case 1.2.3.1: g5 = INIT or HALF.

Then, by replacing g2 by COINIT, using Proposition 10(d) we still have that Q is not a
pseudo-subsequence of Q’. Thus, we can use Case 1.2.2.

Case 1.2.3.2: g5, = COINIT.

Then, by replacing gz by INIT, using Proposition 10(e) we still have that Q is not a pseudo-
subsequence of Q’. Thus, we can use Case 1.2.1.

Case 1.3 q; = HALF.

In this case, let i € R1. Suppose G)(LQ )= LQ for some values of other parameters But

11, Ilz

then for all i’ > i, @(L ), for any value of other parameters must be of form LJ , for some
value of other parameters where j° < j. Thus, one could essentially consider © (along with
W) as a reduction from LRR to £LRQRR" \where RR is obtained from R by replacing Ry by
R1—{x|x < i}, QQ’ is obtained from Q’ by replacing q; with INIT, and RR’ is obtained from
R’ by replacing Ry by {x e N | -—x+j € R} —{y |y > j}}. Thus we can use Case 1.2.

Case 2: g1 = COINIT. This case is very similar to Case 1. We give the analysis for
completeness sake.

Case 2.1: q; = INIT.

Let i € N be minimum value such that O(L?) = LQD for some values of the other param-
eters. Let j € Ry be such that (a(LQ )= LQ for some values of the parameters. It follows
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that for all j > j, j’ € Ry, ©(L}%, ), for any value of other parameters, is of form L?D for
some value of other parameters.

Thus, © (along with W) essentially witnesses that £QRR <TXtEx £QQSRR™ where RR s
obtained from R by replacing R; by Ry — {x | x < j}, and QQ’ is obtained from Q' by dropping
g1 and RR’ is obtained from R’ by dropping R}. Now we are done by induction hypothesis.

Case 2.2: q1 = COINIT.

In this case k > 2.

Case 2.2.1: g = INIT.

In this case, by Proposition 10(a) QQ obtained from Q by dropping g; is not a pseudo-
subsequence of Q’. Thus we are done by induction hypothesis.

Case 2.2.2: g = COINIT. Fix iy € Ry, and consider O(LY ) = L%D If i} achieves

arbitrary high value (for some values of other parameters) then, for ii; > iy, since L?il,o,o,... -
L | and Niorol? =0, O(Lii =0 ¢ LR
i irerpLn . =0, (Liiy,00,.)=0¢ :

- . O
So let i{ be maximum value such that for some value of other parameters, @(LS’R) = L%ER .

youn

let i, be such that, for some value of other parameters, (B(LS’iR2 ) = L?DE'RD. It follows that,

for all iip > iy, (9(L-Q’R ) is of form L%DRD Thus, © (along with W) essentially witnesses that

11,12,
LRQRR < TxtEx £QQRR™ \where QQ is obtained from Q by dropping g1, QQ’ is obtained from
Q' by dropping g;, RR’ is obtained from R’ by dropping R} and RR is obtained from R by
dropping R1 plus changing Rz to Rz — {x | X <'i2}. Now we are done by induction hypothesis.

Case 2.2.3: g = HALF.

If | =1, then we are done. So assume | > 2.

Case 2.2.3.1: q, = INIT or HALF.

Then, by replacing g2 by COINIT, using Proposition 10(d), we still have that Q is not a
pseudo-subsequence of Q’. Thus, we can use Case 2.2.2.

Case 2.2.3.2: g5 = COINIT.

Then, by replacing g, by INIT, using Proposition 10(e), we still have that Q is not a
pseudo-subsequence of Q’. Thus, we can use Case 2.2.1.

Case 3: qp = HALF.

Case 3.1: q; = INIT.

Then by Proposition 10(b) replacing g1 by COINIT, still gives us that Q is not a pseudo-
subsequence of Q’. Thus, we can use Case 2.

Case 3.2: q; = COINIT.

Then by Proposition 10(c) replacing g1 by INIT, still gives us that Q is not a pseudo-
subsequence of Q. Thus, we can use Case 1.

Case 3.3: q1 = HALF.

In this case, let i € Ry and consider @(Li(?___), for some value of other parameters. Suppose
itis LJQD for some value of other parameters. Then for all i’ <, i’ € Ry, O(L%__) must be of
form L%E_l__, where j’ < j. Thus, one could essentially consider this as a reduction from LQQRR
to LQQJERRD, where QQ is obtained from Q by replacing q; by INIT, RR is obtained from R by
replacing Ry by {x e N | - x+ie Ry —{y |y >i}}, QQ’ is obtained from Q’ by replacing g
with INIT, and RR’ is obtained from R" by replacing R; by {x e N | -x+j e R1—{y |y > j}}.
Now we can use Case 1.

It follows from above cases that LR ¢ TXtEx £QIR" |
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16.3 Proof of Theorem 12
Proposition 25 Suppose S’ C S. Then coSEMI_HULL™S"<TXtEX coSEMT_HULL™S.

Theorem 12 Suppose S is rat*-covering. Let n € N, and Q = (q1,92,...,0qn), Where
g1 = HALF, and for 2 < i < n, g; = COINIT.
Then, £O <TXtEX coSEMI_HULL™S.
Proor. Without loss of generality (using Propositions 19 and 25) we can assume that, for each
b,b" € S, if b </, then 2b < b’. Let h be an isomorphism from Z to S such that h(i) < h(i +1).
Let map(iy,iz,...,In) = (az,b1,...,an,bn), where a;,bj, 1 < j < n are defined as follows.
a; =1, by = h(—i; —az). Suppose we have defined az, by, ..., ak, bk. Then let A4 = {X €N |
X > ak, [Do1<i<k i * (X = ai)] € N}, and then let a4+ to be the (ix+1 + 1)-th least element in
Ax+1. Let b1 = h(—ip — ak+1).

Claim 6 (ig,i2,...,in) <o (i}, 15, ...,i5,) implies  coSEMI HULL;;O(I _____ iy C
coSEMI_HULLLZ i) oy

PROOF. Suppose (i1,i2,...,10n) <o (i1, 15, ..., 0p). Suppose
map(i1, ..., in) = (a1,b1,...,an,bn) and map(iy, ..., i) = (@1, b1, ..., an, bj).

We consider the following cases.
Case 1: i; > 1j.

In this case

(1) by < b/, and

(2) a; = a’l.

From (1) it follows that

(3) 2by < bj.

Now, for 1 < i < n, since a; < aj+1, and bj = h(—i1 — a;), we have b; > bj+;. Thus, b >
2xbj+1, for 1 <i < n by hypothesis about elements of S. Thus, > ;;<n bi < 2b1. Along with (3),
we have that by > 37, i<, bi. This along with (2), Proposition 11, Proposition 15 and Propo-

sition 22 gives coSEMI HULLa b1,.,an,by = OOV LL 00 = COOLME IV L0

Case 2: Forsome j,1<j <n, 'k_lk’ for1§k<J, but i; >|

In this case

(4 aj=ajand bj =bj, for1 <i<j.

(5) bj <bj, and

(6) aj > aj.

From (5) it follows that

(7) 2 xbj <.

Now, for 1 <i <n, since aj < aj+1, bi = h(—i1 —a;j), we have bj > bj+1. Thus, bj > 2 xbj+1,
for 1 <i < n, by hypothesis about elements of S.

Thus, 3> ;<i<nbi < 2bj. This, along with (7) gives us that b/ > Yj<i<nbi- Thus using

(6), Proposition 11, Proposition 15, and Proposition 22 we have coSEMI HULL!
coSEMI_HULI}S . aEIbEIC coSEMI _ HULLanD___ a0po

az,h1,...,a5—1,bj
Claim follows from above cases O
We let ©(X) = U ’’’’’ >€x coSEMI _ HULLmaIO(I1 ..... i ).

Thus, it follows that (a(LI1 in....in) = COSEMI_ HULLmap(Il ’’’’’ in)-
Define W as follows. If a sequence a of grammars converges to a grammar for
coSEMI_HULL™S then W(a) converges to a grammar for LR

map(i1,...,in)’ i1,i2,...,in"

It is now easy to verify that © and W witness that £Q <TXEX coSEMI_HULL"™S. |

ai, I31 ----- an.bn g
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16.4 Proofs of Theorem 13 and Theorem 14

The following proposition is an obvious corollary of the definition of OP_HULLSs.
Proposition 26 Suppose S C S’. Then OP_HULL"™S <TXtEx op_furnms"

Theorem 13 Suppose S is rat™-covering. Suppose n > 1, m > 1. Let Q = (qy,...,qn), Where
each gj = INIT. Then, (a) £Q <TXEX OpP_HULL™™S, and (b) £Q <T™&X Op_HULL™"S,
Proor. We only show part (a). Part (b) can be proved similarly.

The desired reduction works very similarly to the analogous reduction in Theorem 5: we
just fix a REV_SEMI_HULL and try to reduce a language in £® to the SEMI_HULL part of
the OP_HULL; the slope of the REV _SEMI_HULL provides a starting point for learning the
first slope by, thus HALF' being replaced with INIT in the first component of Q.

Now we proceed with the formal proof.

Without loss of generality (using Propositions 19 and 26) we can assume that, for each
b,b’ € S, if b <V, then 2b < ’. Let h be an isomorphism from Z to S such that h(i) < h(i +1).

Let (c1,d1,...,Cm,dm) be S-valid such that > ; ;- di < 1/h(1) (note that there clearly
exist such ¢1,d, ..., Ccm, dm). o

Let map(iy,i2,...,in) = (a1,01,...,8n,bn;C1,d1,...,Cm,dm), Where aj,bj, 1 < j < n are
defined as follows. a; = i1 +1, by = h(—a;). Suppose we have defined az, by, ..., ax, bx. Then let
A1 = {XEN | X>ak, [>1<j<kbi * (X = aj)] € N}, and then let ax+1 to be the (ix+1 + 1)-th
least element in Agy1. Let bt = h(—aw+1).

Note that,
for all (iy,iz,...,in) € N", if map(iy,iz,...,in) = (a1,bs1,...,an,bn;c1,d1,...,Cm,dm), then
since aj < aj+1, by definition of b;, we have bj = h(—a;) > h(—aj+1) = bj+1. This along with
requirement on S gives bj > 2bj+1. Thus, >, j<nbi < 20 < 2h( ai) < 2h(0) < h(l) Since,
> 1<i<m di < 1/h(1), we immediately have that > i<, bi < DR~ , for all (iq,i2,...,1n).

1<|<m

Claim 7 (ig,io,...,in) <o (1,15, ..., 0p) implies
n,m,S n,m,S

OP_ HULLmap(I _____ in) C OP_ HULLmap(nﬂ,...,u,ED

PROOF. Suppose (i1, i2,...,in) <o (i}, 15, ...,10p). Suppose map(is,...,in) =

(a1,b1,...,an,bn;c1,d1,...,cm,dm) and map(i, ..., i) = (@, b1, ..., ah, bh;c1,d1, ..., Cm, dm).

Let j be the least number such that iy = i, for 1 <k <j, and ij # |j

Thus,

(1) aj=ajand bj =bj, for1 <i<]j.

(2) bj > bj, and

(3) aj < gj.

From (2) it follows that

(4) bj > 2 xbj.

Now, for 1 < i < n, since a} < aj,;, we have b; = h(-a}) > h(-aj,;) = bi,;. Thus,
bi >2xbji,,, for1<i<nby hypothe5|s about elements of S.

Thus, Y j<icnbi < 2bj.  This, along with (4) gives us that by > 3 ;b
Thus using (3), Proposmon 11 and Proposmon 15 we have SEMI HULLa b C
SEMI_HULI}®

ai, b1 ..... J
Claim follows. O
We now define @(X) for any finite set X as follows.
We let ©(X) = Ui, _inyex OP-HULL:

Thus, it follows that ©(LS

1,0--,8n,0n

map(ll ..... in)’

i )= OP_.HULL'™®>

i1,i2,..., map(iy,...,in)"
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Define W as follows. If a sequence a of grammars converges to a grammar for

OP_HULL;'QE)'gl ..iny» then W(a) converges to a grammar for L. i
It is now easy to verify that © and W witness that £2 <TXtEx Op_HULL™™S, |

Before proving Theorem 14 we need some propositions.

Definition 27 Suppose (ag,bs,...,aj,bj) is valid. REV_INTER(ay,bs,...,a5,05) = {(X,y) |
(y,X) € INTER(a1, by, ..., aj,bj)}.

Definition 28 Suppose (a1, b1,...,aj,bj)
and (cg,dy,...,ck, dx) are valid. Then, INT_OP_HULI(ay,bs,...,aj,bj;C1,d1,...,Ck, dx) =
M{OP_HULLYS, by anbniosdi,.codiomdm | N = J @nd m > k and (ag, by, ..., an, bn)
and (cy,ds,...,Cm,dm) are valid and 3", i, bi < ﬁ}.
- = l<ism !

Proposition 27 Suppose (ai,bs,...,aj,bj) and (cq,ds, ..., Ck, dk) are valid, and >>; j<jbj <

1
leiskdi ) Then’

@ {(xy) | x < maxinter(a,bsy,...,a5b),y = min(y | (xy) e
INTER(al, bl, ey aj,bj)})} - INT_OP_HULL(al, bl, Cey aj , bj ;C1, d]_, R dk).

®) {xy) | y < maxinter(c,ds,...,Ckdk),x = min({xX | ,y) €

REV _INTER(cy,ds, .. .,¢,dj)})} € INT_OP_HULL(ay, by, ..., aj,bj;c1,di, . ..., Ck, di).

ProOOF. We show only part (a). Part (b) can be proved similarly. Suppose (Xo,Yo) € {(X,Y) |
X < maxinter(ay, by, ...,aj,bj),y = min({y’ | (X,y") € INTER(ay,bs,...,aj,bj)})}. Then,
1+ > a<icj bilXo = @i) > Yo > X1<icjbi(Xo = a@i). Thus, 1+ 37, i bi * Xo > yo. Hence,

(1) >1<i<j bi = (Yo — 1)/ Xo.

Clearly, (X0, Yo) € INTER(ay, by, ..., aj,bj).
Thus, (Xo,Yo0) € SEMI—HULLgl,bl,...,aj,bj,...,an,bnv for all valid (ag,bs,...,aj,0j,...,an,bn) (by
definition of INTER).

Thus, if (Xo,Yo) € INT_-OP_HULL(ay,bs,...,aj,bj;c1,d1,...,Ck, dy), there must exist
a valid (c1,d1,...,C, dk,-..,Cm,dm), and Yi b < m such that (Xo,yo) ¢

REV _SEMI_HULLZ] 4, ¢ d....cmdm- BUL this would mean, Xo < >;cjcmdi(Yo = €i) <
> 1<i<mdi(yo = 1). Thus,

(2) Y1<i<mdi > Xo/ (Yo — 1).

From (1) and (2) we have

> 1<i<nbi > ﬁ A contradiction to the hypothesis. i

Proposition 28

Suppose (ai, b1, ..., aj,bj), (a1,by,...,aj,bj), (c1,d1,...,ck di), (c1,d7,...,Cp, di), are valid.
Suppose further that Yy ;< bi < ﬁ and Yop i bf < mm

If INT_OP_HULL(&}, ’1,...,aj-,bj/-;c’1, Loee i Clodi) C
OP_HULLLS, o bci i coder then, INTER(a,, b, ..., a5, b) € SEMIHULLL . and

REV_INTER(c},d}, ..., c},di) C REV_SEMI_HULLK

cl,dl,...,ck,dk'
PRrROOF. Suppose )
INT_OP_HULL(&4, b, ..., &, bj; ¢4, df, ..., G, df) € OP-HULLLS, ooy

Thus (using Proposition 27) {(x,y) | x < maxinter(ay,by,...,aj,b5),y = min({y’ |

(x,y") € INTER(a}, ’1,...,aj,bj)})} C INT_OP_HULL(aj, ’1,...,aj,bj;c’l, oo G dy) C
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OP_HULLa, py,...a byic1 1.t S SEMI_HULL) , ay.by - It follows that
INTER(a},b),...,a%,b) € SEMI_HULL!

R R J'7) i al,bl ..... aj ,bj -
Similarly, it can be shown that
REV_INTER(c;, dy, ..., ¢, di) € REV_SEMI_HULLE 4, . ¢ d.- ]

Corollary 11 Suppose 1 <j <n, 1<k <n. Let S be any rat™*-covering set.
Suppose (a,by,...,a5-1,bj-1,3;,b5), (C1,d1,...,Ck_1,dk_1,Ck,dx) are S-valid, and
N

Zlglg : leisk di
Then, there exist only finitely many (aj, b, ci, d) such that

H . 1
() bJ/- + 2 1<icj bi < A ST and

(i) (al,bl,...,aj,l,bj,l,aj’-,bj’-), (c1,d1,...,Ck_1,dk_1,C, di) are S-valid, and
(iii)  INTER(ay,by, ..., a5-1,bj_1,8;,b}) C SEMI_HULL) p,, ap,» — @nd

REV_INTER(C1,dy, .. ., Ck—1, dk_1, Ck, di) € REV_SEMI_HULLK 4 . 4.
Moreover, canonical index for the finite set of (aj, bj, ¢, di) satisfying above three conditions
can be obtained e Leckively from ag, by, ...,aj,bj,c1,dg,...,Ck, dk.
Furthermore, for any (&j, bj, ¢j, d) satisfying the above three conditions, aj < aj, ¢, < cx,
and if aJ’- = a;j then bJ’- > bj, and if ¢, = c, then dj > d.
Proor. Suppose INTER(ai,bs,...,aj-1,bj-1,aj,bj) C SEMI_HULLEM’bl ..... aj b and
REV_INTER(Cy,d1, ..., Ck—1,0dk_1,C, d}) C REV_SEMI_HULL'QLdl cedes  BY Corollary 5

and Proposition 14 it follows that aj < aj, ¢j < ¢k, and there exists only finitely many (aj, b})
such that bj < bj and INTER(ay, by, ...,aj_1, bj_l,aj,bj) C SEMI,HULL{Mbl _____ aj b; and only
finitely many (cy,d}) such that di < dx and REV_INTER(c1,dy,...,Ck_1,dk_1,Cy, di) <

REV_SEMI_HULL‘QLdl ’’’’’ aode and these (aj,bj), (ci,dy) can be obtained eledtively
from (ay,bs,...,aj,bj;c1,d1,...,Ck, di). Let BJf = min({bj} U {bj | bj < b A
INTER(al,bl,...,aj,l,bj,l,aj,bj) C SEMI_HULL{:ILbl _____ aj bj }). Let Dy = min({dx} U {dj |

di < d« A REV_INTER(Ccy,dy, ..., Ck1,dk_1,Ck, df) € REV_SEMI_HULLY 4 . a.D-

Note that clause (i) in the corollary implies that bj < al,‘? and dj < ;-

It follows that, for any (aj, bj, ¢, dj) to satisfy the hypothesis of the ::orollary we must have
0< aj <aj, 0<c <c, ij < bj <1/D;, and D} < dj < 1/ij. Thus, there exist only finitely
many (&j, bj, ¢y, di) which can satisfy clauses (i), (ii) and (iii) of the corollary. Moreover since
for any (aj, bj, ci, dj) it is e [edtively testable whether clauses (i), (ii) and (iii) of the corollary
are satisfiable, we can find the canonical index for the set of (a:, b, c,, di) satisfying the clauses

R N
(1), (ii) and (iii) of the corollary e [edtively from ag, by, ..., a;,bj,C1,d1,...,Ck, dk.
Furthermore clause of the corollary follows using Corollary 5. |

Proposition 29 Let S be any rat™-covering set. Then, there exists a recursive function Icode
with domain VALIDs x VALIDs, and range C N such that following is satisfied.

Suppose (@1,bs,...,a5-1,bj_1,a5,bj),
(@1, b1, ..., a5-1,05-1,85,05), (c1,d1, ..., Ck-1,dk-1,Ck, dk), (C1,d1, ..., Ck—1,dk—1,Ck, di) are S-
Valid, and Z]-S'SJ bi < ﬁ and bj + Zl§i<j bi < m Then

(A) If INTER(a,by,...,aj-1,bj 1,8j,b}) - SEMI_HULL) p,, a1, @nd
REV_INTER(C1, dy, ..., Ck_1, k_1, Cj, dj) - REV_SEMI_HULLE 4, .4,  then
Icode(as, by, ..., aj-1,bj—1,aj,bj;c1,d1, ..., Ck—1, dk—1, Ci, di) <

Icode(ay, by, ..., @j—1,bj-1,8j,bj;C1,d1, ..., Ck—1, dk—1, Ck, di)-
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(B) If (aj, by, cx, dk) e (@j,bj, ¢, di), then

Icode(al,bl,...,aj,l,bj,l,aj,bj’-;cl,dl,---,Ckfl,dkfl,cfo /k) n #
Icode(ay, by, ..., aj—1, bj_l, aj, bj ;C1,0d1,...,Ck_1,dk_1,Ck, dk).

©)
{Icode(al,bl,...,aj_l,bj_l,aj’,bj’;cl,dl, covy Cke1, Ok—n, cf, dY) | (al,bl,...,aj_l,bj_l,aj’,bj’) c
VALIDs, (¢1, 1, ., Gt thet, ¢f, df) € VALIDs, and b + 51 i by < gy} = N.

Proof can be done along similar lines as of Proposition 18.

Now we show the upper bound for OP_HULLS.
Theorem 14 Suppose S is rat™*-covering. Suppose n > m > 1. Let Q = (q1,...,0qn), Where
each gj = INIT. Then, (a) OP_HULL™™S <TXtEX £Q ‘and (b) OP_HULL™™S <TXtEX £Q
Proor. We show only part (a). Part (b) can be done similarly.

Intuitively, we use INIT type strategy to learn every set of parameters (aj, bi, Ci, dj). This
is possible based on Proposition 29 above.

Now we proceed with the formal proof.

Let h be a recursive bijection from Z to S such that h(i) < h(i + 1), for i €
Z. Let Icode be as in Proposition 29. For (ai,bi,...,an,bn) and (c1,d1,...,Cm,dm) in
VALIDs, such that >, jcnbi < ﬁ we let map(as,bi,...,an,bn;c1,d1,...,Cm, dm)

= (Icode(ay, by;cq,d1), Icode(ay, by, az, bp; c1,d1, C2,d2), . . .,

Icode(ai, b1, ..., am,bm;C1,d1,...,Cm,dm), lcode(as,b1,...,am+1,bm+1;¢1,d1,...,Cm,dm), ...
Icode(as, by, ...,an,bn;c1,d1,...,Cm,dm))
Claim 8 Suppose (ai,b1,...,an,bn) and (aj,by,...,a5,b,), (c1,d1,...,cm,dm) and
(¢}, di,...,ch,dy), are S-valid, and 3y i bi < 22—+, and Y jep bl < ——1,
- leismd' - - leism di
(A) Suppose
map(ay, by, ..., an, by ¢, dl, ... e, dy) <o map(ag,bi,...,an,bn;C1,d1,...,Cm,dm). Then,
for the least ]
such that (@j, bj, Cmincj,m), Amingj,m)) 7 (aj,bj,c;nin(j’m),dgﬂn(j'm)), INTER(ay, by, ...,aj,bj) £
SEMIHULLL 4. o\ o  OF  REVINTER(eL,ds, ., Cringm), dmingi.m) Z

REV_SEMI_HULI}

C1,d1,..ey Cmin(_i,m)—l’dmin(_ism)—l’cEin(j,m)’dEin(j,m) '
/ / !/ VAN, / / /
(B) Suppose map(aj, by, ..., an, by ¢, d%, ..., Cmy i) <Q

map(ay, b1, ...,an,bn;C1,d1,...,Cm, dm). Then, INTER(ai,bs,...,aj,bj,...,an,bn) &
SEMI_HULLjy a0 OF REV_INTER(C1,dy, .., Cm, dm) € REV_SEMI_HULLD )0 oo 401

(C) Suppose OP_HULLy'"} dm © OP-HULLMo  opsengn ooan- TheN

ai,b1,...,an,bn;c1,d1,....Cm, Tieees Toeees

map(ay, b1, ..., an,bn;C1,d1, ..., Cm, dm) <q map(ay, b, ..., an, by, di, ..., ch, dy).
(D)

Suppose map(aj,bl, ..., an, bh;ch, di, ..., ch, dn) <o map(ai,bi,...,an,bn;c1,d1, ..., Cm,dm).
Then, {(x,y) € N? | x < maxinter(as,by,...,an,bn) and y = min({y’ | (x,y) €
INTER(a,b1,...,an,bn)}) or y < maxinter(cy,ds,...,cm,dm) and x = min({x’ | (xX,y) €
REV _INTER(c1,d1,...,Cm,dm)})} & OP,HULLQ;D’EE.._’agybﬁcgdlg O 4o
Proor. (A)
Let j be least number such that (aj,bj, Cmin¢,m): dmin,m)) 7 (aj,bj,cimn(j’m),d;“n(j’m)).
Note that, for i < j, we must have Icode(as,bs,...,ai,bj;C1,d1, ..., Cming,m)» Amini,m)) =
Icode(ay, by, ..., aj,bi;ch,di,....c d If INTER(ay,b,...,aj,bj)

) * min(i,m)’ :nin(i,m))'
SEMI_HULLéll,bl,---,aj—l,bj—lyajt,'bjm and REV_INTER(C]_, dq,..., Crminj,m)> dmin(j,m))

NN
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REV_SEMI_HULI}

€1,01,+.CminG.m)~1:4minG,m)~1 Cring,my IminG.m)
then, by Proposition 29 we would have Icode(as, by, . .., aj, bj;C1,d1, ..., Cmincj,m), Amingj,m)) <
Icode(al, bi, ... aj,bj,cl, ,...,cmm(J m)’d, minGi, m)) Thus,
map(al, b1,...,an,bn;cC1,d1,.. +1 Cmin(j,m)» dmln(J,m)) <0
map(ay,by,...,an, b ch,di, ..., c’min(j’m), d:mn(j'm)), a contradiction to the hypothesis.
(B)
Follows from the fact that INTER(ay,by,...,aj,b;) € INTER(ay,b,...,aj,bj,...,an,bn),
REV_INTER(Cl, dg,..., Cmin(j,m)1 dmin(j,m)) -

REV_INTER(cy,dq, .. + 1+ Cmin(j,m)» dmln(_| m) - - Cm, dm),
SEMI _ HULLa[Ib[!_”’agbg C SEMI_ HULLambmmambm and REV _SEMI_ HULLchD,...,cg,dg -
REV _SEMI _ HULLC[.dD 0 = and part (A).

""" min(j,m)’ " min(j,m)
©) If
OP_ HULLal b.....an,bn;c1,d1,....0m,dm = 7 7Y anby. . aRlbFlendr. .,

INTER(@y, by 3n,bn) “SEMI HULLaE.bE. i and REV-INTER(c1, O, ., Cons ) c

(D) Follows from (B) and deflnltlon of OP_HULL™™. O
We now continue with the proof of the theorem. The aim is to construct ® which maps
Q
OP_ HULLal bl ----- an,bn;c1,d1,...,.Cm,dm to Lmap(al,bl ..... an,bn;c1,d1,....cm,dm)" i
Note that definition of W mapping grammar sequence converging to a grammar

for LY to a grammar sequence converging to a grammar for

map(al bl ..... an,bn;c1,d1,...,Cm,dm)
OP_ HULLal by....anbnice.di....cmdm WoUld be trivial. We thus just define ©.

Without loss of generality, we will be giving © as mapping sets to sets.

For any finite X C N2, let Prop(X,az,b1,...,an,bn;c1,d1,...,Cm,dm) be true i Cfdllowing
two properties are satisfied.

(A) (a,by,...,an,bn) € VALIDs, (c1,d1,...,Cm,dm) € VALIDs, and Zl<i<nbi <
1 <i<

leism di.
(B) For all (aj, by, ... an,bp), (ch,di, ..., ¢, dy) € VALIDs, 31 jcnbf < %D such

l<i=m i

that map(al, San, bhieydi, . cm,dy) <o map(ai,bi,...,an,bn;ct,di, ..., Cm, dm),

..........

Note that condltlon (B) above is equivalent to
(B)Forallj,1 <j <n,forall aj,c; ) € N,bj,démn(j’m) € S, such that bj +37; i bi <

min(j,m
1
dnEw]in_(j,m)+lei<min(j,m) d’ , /
if Icode(ay,by,...,a5-1,bj—1, J,bJ 1C1,dq,... » Cmingj,m)—1» dmin(j,m)_l, Cring,m)’ dm d ming. m)) <
Icode(al, b1, ..  dj—1, bJ 1, Qj, bj ;C1,d1, ..., Cmin(j,m)—1 dmin(j,m)fla Cmin(j,m): dmin(j,m)) then

[X ¢ OP_ HULLJ minG,m)

a1,ba,...,aj-1.bj—1,apbrlc1,du,..., Cmin(ivm)—l’dmin(ivm)—l’CEin(j,m)’dEin(j,m) '

Note that whether X, as,bs,...,an,bn,C1,d1,...,cm,dm, satisfy (A) and (B’), for all j,
1 <j <n, is eledtively testable.

Thus, for finite X C N2, let

O(X) = U{Lmap(al be.....anbr) | Prop(X,as,b1,...,an,bn)}.

For infinite X', ©(X’) = Ux cxDcard(x)<oo @(X)-

It is easy to verify that

(1) for any X C OP_HULL!"

@(X) c Lmap(a1 b1,...,an,bn;c1,d1,...,
the fact that for any valid | and I’, map(l) <g map(l’), implies LQ

a1, bl ..... an,bn;c1,d1,...,cm,dm’
i) (due to clause (B) in definition of Prop above, and

map(l) map(l q) and
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(2) for any finite set X such that {(x,y) € N? | x < maxinter(as,bs,...,an,bn) and
y = min({y’ | (X,y’) € INTER(ai,b1,...,an,bn)}) or y < maxinter(cy,ds,...,Cm,dm)

and x = min({(xX | ,y) € REV_INTER(c,ds,...,cm,dn)})} <€ X C
n,m
OP*HULLal,bl ..... an,bn;c1,d1,....Cm,dm?*
O(X) 2 LR

map(ax,ba,...,an,bn;c1,d1,...,Cm,dm)"

(By Claim 8(D), and definition of Prop and ©).
Thus, we have that
©(OP_HULL." )=

. LR _ . 1
ai,bi,....an,bn;c1,d1,....cm,dm map(az,b1,...,an,bn;c1,d1,....cm,dm)

16.5 Proofs of Theorem 15 and Theorem 16
Proposition 30 Suppose S C S’. Then coOP_HULLM™S <TXtEx c,Op_HULL™MS".

The following theorem gives the lower bound for coOP_HULLS.

Theorem 15 Suppose S is rat™-covering. Suppose n > 1, m > 1. Let Q = (q1,...,0n),
where each qi = COINIT. Then, (a) £92 <TXEX coOP_HULL™™S, and (b) £Q <TXtEx
coOP_HULL™"S,

Proor. We only show part (). Part (b) can be proved similarly. The proof is very similar to
the proof of lower bound for OP_HULLs with INITs being replaced by COINITSs. Without loss
of generality (using Propositions 19 and 30) we can assume that, for each b,b’ € S, if b < v/,
then 2b < b’. Let h be an isomorphism from Z to S such that h(i) < h(i + 1).

Let (c1,d1,...,Cm,dm) be S-valid such that > ; ;- di < 1/h(1) (note that there clearly
exist such ¢1,d, ..., Cm, dm). o

Let map(iy, i2,...,in) = (a1,b1,...,8n,bn;C1,d1,...,Cm, dm), Where aj,bj, 1 < j < n are
defined as follows. a; = i1 +1, by = h(—a3). Suppose we have defined az, by, ..., ax, bx. Then let
A1 = {XEN | X>ak, [>1<j<kbi * (X = aj)] € N}, and then let ax+1 to be the (ix+1 + 1)-th
least element in Agy1. Let bt = h(—aw+1).

Note that,
for all (iy,ip,...,in) € N", if map(iy,io,...,in) = (@1,b1,...,a8n,bn;C1,d1,...,cm,dm), then
since aj < aj+1, by definition of bj, we have bj = h(—aj) > h(—aj+1) = bj+1. This along with
requirement on S gives bj > 2bj+1. Thus, > 1 i<nbi < 2b; < 2h(—a;) < 2h(0) < h(1). Since,

Si<iemdi < 1/h(1), we immediately have that 3", i, bi < ﬁ, for all (i1, io,...,0n).
L - = 1<i=m !
Claim 9 (ig,i2,...,in) <o (1,15, ..., 0p) implies
n,m,S n,m,S
COOP_HULLmap(il _____ in) C COOP-HULLmap(iE...,iED'
PROOF. Suppose (i1, i2,...,in) <o (i1, 15, ...,10p). Suppose map(iy,...,in) =
(a1,b1,...,an,bn;c1,d1,...,cm,dm) and map(i, ..., i) = (@3, b1, ..., a5, bh;c1,d1, ..., Cm, dm).

Let j be the least number such that iy = i}, for 1 <k <j, and ij # |j

Thus,

(1) aij=ajand bj =bj, for1 <i<]j.

(2) bj <bj, and

() a > aj.

From (2) it follows that

(4) 2bj < bj.

Now, for 1 < i < n, since aj < aj+1, We have bj = h(-aj) > h(—aj+1) = bj+1. Thus,
bi > 2 x bj+1, for 1 < i < n by hypothesis about elements of S.
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Thus, > j<i<nbi < 2bj. This, along with (4) gives us that b’ > Y j<i<nbi- Thus using
3), Proposmon 11 Proposition 15, and Proposmon 22, we have coSEMI HULLa b C

1,.--,8n,0n

..........

Claim foIIows D
We now define ©@(X) for any finite set X as follows.
We let ©(X) = Uiy is,... ,n> ex coOP HULLmap(ll ’’’’’ in)"

Thus, it follows that O(LY;, ;) = coOP_HULLY™>

i1,i2,..., map(i,-..., in)’
Define W as follows. If a sequence a of grammars converges to a grammar for

coOP_ HULL%;?)(SI ..... i) then W(a) converges to a grammar for L2 i

It is now easy to verify that © and W witness that £2 <TXEX cocOP_HULL™™S. |

Before proving Theorem 16 we need some propositions.

Definition 29 Suppose (a1, by, ..., aj,bj) isvalid. REV _coINTER(ay, by, ..., aj,0j) = {(X,y) |
(y, X) € COINTER(al, bi,..., aj, bj)}

Definition 30 Suppose (a1,b1,...,4aj,bj)
and (cp,dq,... ck,dk) are valid. Then, coINT_OP_HULL(ay, by, ...,a;j,bj;c1,d1,...,Ck, dk) =

{COOP HULLal b1,...,a,bj,....an,bn;c1,d1,....Ck,dk,....Cm ,dm | n > J and m = k and
(az,b1,...,an,bn) and (c1,ds,...,Cm,dm) are valid and > ;i bi < Zl<<m -} = N2 —

INT_OP_HULL(al, b]_, e ,aj , bj;C]_, d1, R dk).

Proposition 31 Suppose (ag,bs,...,aj,bj) and (c1,dg,...,ck, d¢) are valid. Suppose

Sicicjbi < ﬁ Let (x,y) € NZ? be such that 1 + Y ;bi(x = a) >y >
- 1=isk ! -

> 1<i<j Di(X = aj). Then, if (X,y) € coINT_-OP_HULL(ay, by, ..., aj,bj;c1,d1, ..., Ck dk), then

(X,y) € coINTER(az, by, ..., aj,bj).

Proor. Suppose (X,y) € coINT_OP_HULIL(ay,by,...,a;j,bj;c1,d1,...,Ck, dy). Then,
(X y) € U{COOPHULLalbl ..... a;j,bj,....an,bn;c1,d1,...,Ck,dk,...,Cm,dm ’ n > J and m > Kk

and (az,bg,...,an,bn) and (c1,ds,...,Cm,dm) are valid and >, i bi < ﬁ}.
- - l<i=m !
Thus (x,y) € U{coSEMI_HULLY | n > j and (ai,b1,...,an,bn)
is valid} U U{REV_coSEMI_ HULLCldl ..... e dkcmdm | M > Kk and (cy,dg,...,Cm,dm)
is valid and >3 jcmdi < 5 b_}. Thus, (X,y) € coINTER(ag,bs,...,a5,bj) U
1<i<j !

U{REV _coSEMI_HULLZ 4, . . dv
Zl<|<m dI m}

We claim that (x,y) ¢ U{REV_coSEMI HULLCldl _____ i omdm | M >k and
(c1,d1,...,Cm,dm) is valid and >, iy di < qu b.} This would prove the proposi-

tion. Suppose by way of contradiction that (x,y) € REV_ coSEMI HULLE] 4, . dir.Condin?
where m > K, (c1,ds,...,Cm,dm) is valid and > jcmdi < S But, then (x,y) €
1<i<j bi

REV _coSEMI _ HULLC > Thus, X < >21j<mdi(y = 1). If y <1, then clearly, above
1<i=m di’

cannot happen. So assume y > 1. Thus, X < > i<y di(y — 1). Hence

(D) xX/(y —1) < >Xi<i<m di-

However, y < 1+ 371 j<jbi(x = aj). Thus,y —1 < > j<jbi(x = ai). Thus,y —1 <
> 1<i<j DiX. Thus,

(2) (y - 1)/X < Zl<|<J

a1 b1,...,a5,0j,....an,bn

| m > k and (c1,d1,...,Ccm,dm) is valid and
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Multiplying (1) and (2) we have 1 < [30;<j<jbil * [X1<i<mdi]l. But then, 37, i bi >
Ya<i<j bi = 1/[X1<i<m di]. A contradiction.

Similarly, one can show

Proposition 32 Suppose (ag,bs,...,aj,bj) and (ci,dg,...,ck,dk) are valid. Suppose
Ya<icjbi < ﬁ Let (x,y) € N? be such that 1 + Ya<i<j diy = ¢ci) > x >
-7 1<isk ! -

>1<i<j di(y = ci). Then, if (X,y) € coINT_-OP_HULL(as, ba, ..., aj,bj;c1,d1, ..., Ck, dk), then
(X,¥) € REV _coINTER(cy1,dq, ..., Ck, dk).

Proposition 33
Suppose (a, ba, ..., aj,b5), (@1,by,...,aj,b5), (c1,d1,...,Ck dk), (C1,dy,...,C, dy), are valid.
Suppose furthel’ that ZlSISJ bi < m, and ZlSISJ b1 < m‘j

If
coINT_OP_HULL(a}, b, ... a},bj;cy, d, ... cf,di) 2  coOP_HULLLX

a,ba,...,aj,bj;c1,d1,....Ck,dk*

then, coINTER(a}, b}, ..., a;,b) ) coSEMI_HULI} _ and

1'7) az,bi,...,aj,bj

REV _coINTER(c}, d}, . .., ¢k, di) D REV_coSEMI_HULLX

Cl,dl ..... Ck,dk'
Proor. Follows from Proposition 28. |

Theorem 16 Suppose n > m > 1. Let Q = (q1,...,0n), Where each g = COINIT. Then, (a)
coOP_HULL™™S <TXtEx £Q ‘and (b) coOP_HULL™"S <TXtEx £Q
ProoOF. We show only part (a). Part (b) can be done similarly.

Intuitively, we use COINIT type strategy to learn every set of parameters (aj, bj, ¢i, dj). This
is possible based on Proposition 29 above using a method similar to that used in Theorem 14,
though technical details become more complicated.

Let h be a recursive bijection from Z to S such that h(i) < h(i + 1), for i € Z. Let Icode
be as in Proposition 29. For (ai,bs,...,an,bn) and (c1,d1,...,cm,dm) in VALIDs, such that

S1<icn bi < ﬁ we let map(ai, by, ..., an, bn;c1,d1,...,cm,dm) = (Icode(as, bi;ca,d1),
l<i=m !
Icode(ay, by, az, by; €1, dy, €2, d2),
Icode(as, b1, ...,am,bm;C1,d1,...,Cm,dm), lcode(as,by,...,am+1,0m+1;¢1,d1,...,Cm,dm), ...
Icode(ag, b1, ..., an,bn;c1,d1,...,Cm,dm))
Claim 10 Suppose (a1,by,...,a5,bj), (al,bl,...,aj_l,bj_l,aj,bj),
(c1,d1,..., 0k, dy), (C1,d1,...,Ck_1,dk_1,Cf,d;), are S-valid, where >, i jbj < ﬁ
- 1=si=sk
and bj + Yicigby < m Suppose (aj,bj,c.dk)  # (@], b5, i, di).
Suppose coINTER(ay, by, ..., 8j-1,bj-1,8),b)) 2 coSEMI_HULL] y, o .y . o, and
REV _coINTER(C1,dy, .. ., Ck—1,Ok—1,Cf, df) 2 REV_coSEMI_HULLE 4 ¢ . di icode then
Icode(al,bl,...,aj_l,bj_l,aj,bj;cl,dl,...,ck,l,dk,l,c{(, ) <
Icode(ay, by, ...,aj-1,0j-1,8j,0j;¢1,d1, ..., Ck_1,dk_1, Ck, dk).
ProoFr. By ) hy-
pothesis, we have INTER(al,bl,...,aj_l,bj_l,aj,bj) C SEMI—HULLJal,bl,...,aj_l,bj_l,aj,bj and
REV_INTER(Cy, d1, . .., Ck—1, Ok_1, C, di) € REV_SEMI_HULLE, 4, e 1 de_r.cd- TNUS, We
have Icode(al,bl,...,aj,l,bj,l,aj,bj;cl,dl,...,ck,l,dk,l,c{(,d{() <
Icode(ay, by, ..., aj-1,bj—1,a;,bj;C1,d1, ..., Ck_1, dk_1, Ck, dk) (by Proposition 29; for getting <,
use the fact that (a;j, bj, ¢k, di) # (aj , bj ,C. dp)). O
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Claim 11 Suppose (ai,b1,...,an,bn), (C1,d1,...,Cm,dm) are S-valid, and > ;. j<nbi <
1 <i<

leism di '

(A) Suppose 1 < j < n, 1 < k < m. Suppose (a,bs,...,aj-1,bj—1,aj,bj) and
; _ 1
(c1,d1,...,Ck_1,0dk_1,Cy, d}) are S-valid, bj + 2 icigg bi < Flam DA
Suppose Icode(ag, by, ..., aj-1,bj_1, J,bj,cl,dl,...,ck_l,dk_l,cf(, ) >
Icode(as, ba, ..., aj-1,05-1,8j,bj;¢1,d1, ..., Ck_1, k1, Ck, dk)- Then
[coINTER(as, by, .. ., aj-1,bj_1, a}, b)) 2 coOSEMI_HULLY o oo

or REV _coINTER(c1,d1,...,Ck_1,dk_1, Cf(, ) 2 REV _coSEMI _ I‘IULLCl di... Ck—l-dk—lyckydk]'
Thus, COINT,OP,HULL(al,bl,...,aj_l,bj_l, b 1C1,d1, ..., C1, Ok 1,Ck,df()

coOP_HULI}X

ap,ba,...,aj—1,bj—1,aj,bj;c1,d1,...,Ck—1,dk—1,C, Ak *

(B) Suppose (aj, by, ..., apn,bp) and (cq,di, ..., ¢y, dpy,) are S-valid, 3"y ;< b} < ﬁm
Suppose map(aj, by, ..., an, by;cy,di, ..., ch,dy) <o map(ai, by, ..., an,bn;c1,d1,...,Cm, dm).
Then, for the least j such that (@j, bj, Cming, m), Amingj,m)) =
(aj,bj, mingj. m),dmin(j'm)), coINTER(ay, by, .. aJ,bj) 2 coSEMI_HULI? a1,b1,.. 851,051, b5 * OF
REV _ COINTER(Cl, d]_, Ceey Cmin(j,m)flv dmin(j,m)fli min(j,m)’ dmin(j,m))

REV _coSEMI_ HULLCl e

(C) Suppose (aj, by, ..., an,bp) and (cq,di, ..., ¢y, dpy) are S-valid, 3"y <<n b} < mﬂ
Suppose map(aj, /1,...,an,b§1;cl, 5o oiCm.dr) <o map(as,bi,...,an,bn;c1,d1, ..., Cm, dm).
Then, coINTER(al, voe @, 05,0 an, ) 2 coSEMI_HULL . . a.p, OF
REV _coINTER(c}, d}, . . cm,d'm) z REV coSEMI_ HULL? g, o 4.

(D) Suppose (aj, by, ..., an,bp) and (cy,di, ..., cpy, dpy,) are S-valid, 3"y bj < ﬁm
Suppose coOP_HULLZ') .\ .4 . 4 C coOP HULLQD'E[!__YanD Odl.co.dg-  Then
map(ay, b1, ..., an,bn;C1,d1,...,Cm,dm) <q map(ay,bi, .. an,bg,cl, m,d’m)

(E) For 1 < j < n, there exists a finite Xj C CoOP HULLY'Y o berdyncomden SUCH
that, for all S-
valid (ag,ba,...,aj-1,bj-1,j,bj), (cl,dl,...,cmin(j,m)_l,dmina,m)_l,cﬁmn(j‘m),d;nin(j,m)), such
that b + b < L , if

] Zl<I<J : drgin(j,m)f21si<mir;(j,m) di
Icode(ay, by, ..., @j-1,bj—1, 5, bj; €1, d1, . .., Cmingg,m)—1, AminG,m)—1: Cminj.m)* Imingi.m))
> Icode(ay, by, ..., aj—1, bj_l, aj, bJ ;C1, dl, «++» Cmingj,m)—1 dmin(j,m)flf Cmin(j,m): dmin(j,m)) then,

COINT_OP_HULL(B.]_, b]_, Cey aj,]_, bj _1,a J s bJ ;C1, d]_, A Cmin(j,m)—l’ dmin(j,m)—11 C:nin(j,m)’ d/ min(j, m))
2 X;.

(F) There
exists a finite X C coOP_ HULLa b1...anbnicsdi...cmdm SUCh that, for all j, 1 <j <n, for S-
valid (az,by,...,aj-1,0j_1,a;] i J) (c1,dq,.. cmmoym),l,dmin(j,m),l,cgﬂn(j’m),d;nin(j,m)), such
that bj + 21<I<J = dEin(j,m)+Z:si<min(j,m) di, If
Icode(as, by, ..., aj-1,bj—1,a5,bj;c1,d1, ..., Cming,m)—1, dming,m)—1, c;mn(j’m), d;mn(j,m))
> Icode(ay, by, ...,aj-1,bj_1,a;j,bj; 1, dl: ++++ Cmin(j,m)—1 Amini,m)—1+ Cmin(j,m)> Amin¢,m))» then,

COINT_OP_HULL(al, bi,..., aj—1, bj _1,a J’ bJ :C1,dq,... vain(j,m)fl’ dmin(j,m)flv C:Tlin(j,m)’ d’ minGi, m))
2 X.

PRrOOF.
(A) Suppose the hypothesis. Then, it follows
from Claim 10 that [coINTER(az, by, ..., aj-1,bj— 1,a/ b/) 2 coSEMI _ HULI}

or REV _coINTER(Cy,d1,...,Ck—1,0dk_1,Cy,dy) 2 REV_coSEMI._ HULLKX

ai,b1,....aj—1,bj—1,a;j,bj

c1,d1,.. Ck—lydk—lyckydk]'
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Thus, by Proposi-
tion 33, we have coINT_OP_HULL(ay, by, ..., aj-1,bj_1, J,bj,cl,dl,...,ck_l,dk_l,c{(, W 2

coOP_HULI}X

aa,bi,...,aj—1,bj—1,aj,bj;c1,d1,...,Ck—1,dk—1,Ck,dk *

(B) Let j be least number such that (a;, bj, Cminj,m)> dmin(j,m)) % (aj,bj, minGi,m)’ dmin(j,m)).
Note that, for i < j, We must have Icode(ay, by, ..., ai,bi;C1,d1, ..., Cminci,m): AminG,m)) =

Icode(ay, by, ..., aj,bi;cy,di, ..., c d’ |n(i,m))' If coINTER(ay,by,...,aj-1,bj_1,a%,bt) D

' ¥min(i,m)’ "
coSEMI_HULL} , \8j—1,b5-1.,35 b3 an

REV _ COINTER(C;L, d]_, «++» Cming,m)—1 dmln(] m)—1,C mln(J m) d;'nln(j m)) D
REV _coSEMI_HULI? then, by part (A) we would

C1,d1,..., Cmin(j,m)—lvdmin(j.m)—vamin(j,m)vdmih(j,m)

have Icode(ay, bl, cee aJ ,bj;c1,d1, ..+, Cmingj,m)» dming,m)) >
Icode(B, a3, ’1, -0 85, D351, A1, Ciingiumy s Aiminggm))- Thus,
map(al, by,...,an, bn, C1, dl, . len(J m)» dmln(] m)) <Q
map(ay, by, ..., an, by;cl, ,...,cmm(J my Omingj.my)» @ contradiction to the hypothesis.

© FoIIows from the fact that, for 1 < j < n, coINTER(ai,by,...,aj,b) 2
coINTER(az,bq, ..., aj, bj, ..., an, bn), REV _coINTER(c1,dq, ... » Cmingj,m)> dmin(j,m)) D)
REV _ COINTER(Cl, d]_, Ceey Cmin(j,m)v dmin(j,m)’ .oy Cm, dm),

coSEMI_HULLYoy0 a0 ) coSEMI .- HULLanD,...,anD
and REV _coSEMI _ HULLng[,___YCEI g = REV_coSEMI. HULLCDdE!...,CEmU =R, and part
(B).

(D) If coOP HULLa o1 brCydecmd C COOP_ HULLZDrEE!_”’anD 040, dE)” then
coOP_HULLR'D .\ 4 g C COINT_OP_ HULLQD”;D aQbiclldr chldm- TNus, by

..........

Proposition 33, coSEMI_HULL(az, b1, ...,an,bn) g COINTERa[lb[!_“’anD and
REV _coSEMI_HULL(Cy,ds, ...,Cm,dm) € REV_ coINTERCDdD’__'CE.’dE1 Now part (D) follows
from part (C).

(E) Let (X1,y1) € coSEMI_HULI} arbi,...a b5 be such that 1 + 21<i<j bi(x1 — aj) > y1 >
>i<i<j Di(X1 = ai). Note that there eX|sts such (X1,y1). By Proposition 31 if (x1,y1) €
COINT,OP,HULL(al, b1,..., dj—1, bJ —1 a b// C1,d1,..., Cmin(j,m)—1 dmin(j,m)fli Czﬂn(j,m)’ dﬁﬂn(j,m))’
then (X1,y1) € coINTER(ay, by, ..., aj_1, bj,l, j’, bj’) Thus, by Proposition 24, there exists a
B’ € rat* such that if (X1,Y1) €
COINT_OP_HULL(B.]_, bi,..., aj—1, bj —1,a J ) bJ ;C1,d1,..., Cmin(j,m)—1 dmin(j,m)—la C;'/nin(j,m)’ d/r;lin(j,m))’
then aJ/-’ < X; and bj/ >B'.

Similarly, o let (X2,¥2) €
REV_COSEMI_HULL:LIE?,iTgmin(ivm)'dmin(j,m) be SUCh that 1+ Zl§i<min(j,m) bi(yZ - ai) 2 X2 =
> 1<i<min(,m) bi(y2 = @i). Note that there exists such (xz,y2). By Proposition 32 if (xz,y2) €
COINT_OP_HULL(al, bl, . aj,l, bjfl, aj’, bj/; Cq, d]_, . Cmin(j,m)—l’ dmin(j m)—1> C/r;ﬂn(j,m)’ d// min(j, m))
then (X2,y¥2) € REV _coINTER(Cy,dq, ..., Cmin(j,m)—1 dmin(j,m)flv C/r:“lin(j,m)’ dﬁ“”(] m)) Thus, by
Proposition 24, there exists a B” € rat* such that if (x2,y2) €

coINT_ OP_HULL(al, bi,..., - dj—1, bjfl, aj’, bj/; C1,d1,..., Crmin(j,m)—1> dmin(j,m)—la C%in(j,m)’ dﬁﬂn(j,m))'

then cflin.my <Yz and dmm(J my > B”.

Thus, for (X1,Y1) and (X2,Y2) to be in
coINT_OP_HULL}™"G-M(ay by, ..., aj_1,bj_1,a},b};¢1,d1, . .., Cming,m)— 1,o|mm(j m)—1s Chingi.my> Sing.my):
where bj + 35 i< bi < =R le<.<m.n<, . we must have aj < x1, bj > B/, ¢/iniimy < Y2,
d;mno m) > B, and bj < 1/B” and dming,m) < 1/B’. Since there are only finitely many such
(a5 95, Cingim) Iming., m)) with b}, diin.m) € S. We have part (E) using part (A).
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(F) Let X = Uj<j<n Xj where Xj is as in part (E). Now, if map(ay,bi,...,an,by) <q

map(ai, bi,...,an,bn), there exists a j, 1 < j < nsuchforl <i <j, a = ajandb =
bi and Icode(as, by, . . .,aj_l,bj_l,a_/i,b_/i;(:]_,dl, . ,cmin(j,m),l,dmin(j,m),l,c;mn(j,m),dfnm(j’m)) >
Icode(as, ba, . .., aj-1,05-1,aj,05;C1,d1, . . ., Crminci,m)—1+ Amin¢,m)—1> Cmingi,m)» dmingj,m))-

Part (F) now follows from part (E), and definition of X. O
We now continue with the proof of the theorem. The aim is to construct ® which maps
Q
coOP. HULLal bl ----- an,bn;c1,d1,....Cm,dm to L_map(al,bl ..... an,bn;c1,d1,....Cm,dm)" .
Note that definition of W mapping grammar sequence converging to a grammar

for L%ap(al By an b C1. 01O d) to a grammar sequence converging to a grammar for
coOP_HULLZ"} .\ . 4 . 4 Would be trivial. We thus just define ©.

Without loss of generality, we will be giving ©® as mapping sets to sets.

For any finite X C N2, let Prop(X,ai,b1,...,an,bn;C1,d1,...,Cm, dm) be true i CTdllowing
two properties are satisfied.

(/15\) (a1,b1,...,an,bn) € VALIDs, (c1,d1,...,Ch,dn) € VALIDs, and Zlgign bi <

leism di’
(B) Forall j,1<j <n,
for all aj,c; € N, bj, d/ y € S, such that bj + 3, i bi < 1

O
e mm(‘l m dmin(j,m)+zlsi<m|n(1 m)

d b

If Icode(as, by, ..., aj-1,0j-1,8],bj; 1, d1, ..., Cming,m)—1, AminG.m)—1: Cringj.my: Iming.m)) >
|COdE(al, bl, Cey aj_l, bJ 1, aJ , bJ ;C1, dl, Cey Cmin(j,m)flf dmin(j,m)fli Cmin(j,m)1 dmin(j,m)) then

[X ¢ coINT_OP_HULLI ™4™

a1,by,....aj—1.bj—1,a5b e, da, .., Cmin(j,m)_l’dmin(j,m)_l’CEinG‘m)’ernin(j,m) '
Note that whether X, as, bs,...,an,bn,c1,d1,...,Cm,dm, satisfy (A) and (B), for all j, 1 <
J < n, is eledtively testable.
Moreover, (B) above implies that,
(C) For all (al, an,b{,,) (c1,d,...,Cm,dy) € VALIDs, Y 1<jcnbf < 1=i==dj, such
that map(al, an,bg,cl, 5eeoiCmydm) <o map(ai,ba,...,an,bn;c1,di, ..., Cm,dm),

G)(X) = U{Lmap(al ba....ar.bn) | Prop(X,az,bs,...,an,bn)}.
For infinite X', ©(X") = Ux cxSeard(x)<co @(X)-
It is easy to verify that

(1) for any X C coOP_HULL"
O(X) C Lmap(al by A b Cl i dm) (by (C) and the fact that for any valid I and I’,
map(l) <q map(l’), implies Lmap(l) map(lq) and

(2) for any S-valid (ai,bs,...,an,bn) and (c1,d1,...,Cm,dm), by Claim 11(F) there
exists a finite set X C coOP_HULL) such that O(X) DO

ai, bl ----- an,bn;c1,d1,....Cm,dm"’

ai, bl ----- an,bn;c1,dg,..., Cm,dm’’

map(ai,bi,...,an,bn;c1,d1,....Cm,dm)"
Thus, we have that

©(coOP_HULL!

a, bl ----- an,bn;c1,d1,..., Cm,dm) = Lmap(al,bl ..... an,bn;c1,d1,....cm,dm)" I
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