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Abstract

Limiting identi�cation of r.e. indexesfor r.e. languages(from a presentation of elements
of the language) and limiting identi�cation of programs for computable functions (from a
graph of the function) have served asmodels for investigating the boundariesof learnabilit y.
Recently , a new approach to the study of \in trinsic" complexity of identi�cation in the limit
hasbeenproposed. This approach, instead of dealing with the resourcerequirements of the
learning algorithm, usesthe notion of reducibilit y from recursion theory to compare and
to capture the intuitiv e di�cult y of learning various classesof concepts. Freivalds, Kinber,
and Smith have studied this approach for function identi�cation and Jain and Sharmahave
studied it for languageidenti�cation.

The present paper exploresthe structure of thesereducibilities in the context of language
identi�cation. It is shown that there is an in�nite hierarchy of languageclassesthat represent
learning problems of increasingdi�cult y. It is also shown that the languageclassesin this
hierarchy are incomparable, under the reductions intro duced, to the collection of pattern
languages.

Richnessof the structure of intrinsic complexity is demonstrated by proving that any
�nite, acyclic, directed graph can be embeddedin the reducibilit y structure. However, it is
also establishedthat this structure is not dense. The question of embedding any in�nite,
acyclic, directed graph is open.

1 In tro duction

Recently , a new approach to the study of \in trinsic" complexity of learning has beenproposed.
This approach can be traced to the work of Freivalds [Fre91] and wasproposedfor identi�cation
in the limit of functions by Freivalds, Kinber, and Smith [FKS95] and for identi�cation in the
limit of languagesby Jain and Sharma [JS94,JS96].

Instead of concentrating on the resourcerequirement complexity of the learning algorithm,
this approach usesthe notion of reducibilit y from recursion theory to compare the learning
di�cult y of the concept classesbeing learned. Since the treatment of languagesturns out
to be more general than that of functions (as functions can be treated as single valued total
languages),we limit our investigation to languagesin the present paper.
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The main idea of the approach is to intro duce reductions between learnable classesof lan-
guages.If a collection of languages,L 1, can be reducedto another collection of languages,L 2,
then the learnabilit y of L 1 is no more di�cult than that of L 2. Moreover, an algorithm for
learning L 2 can be transformed into an algorithm for learning L 1. Basedon these reductions,
one can de�ne the notion of hardnessand completeness.We present an informal description of
these reductions. To facilitate our discussion,we �rst intro duce sometechnical details about
languageidenti�cation in the limit.

L , with or without decorations, rangesover recursively enumerable languagesover the set
of natural numbers. An r.e. index for a languageL is referred to as a grammar (acceptor) for
L . Informally , a text for a languageL is just an in�nite sequence,with possible repetitions,
of all and only the elements of L . A learning machine is an algorithmic device. Elements of a
text are sequentially fed to a learning machine one element at a time. The learning machine,
as it receives elements of the text, outputs an in�nite sequenceof grammars. If the sequence
of grammars emitted by the learning machine convergesto a single correct grammar for the
languagewhose text is fed to the machine, then the machine is said to identify the text. A
machine is said to identify a languagejust in caseit identi�es each text for the language. This
is essentially Gold's [Gol67] criterion of identi�cation in the limit.

It is also useful to call an in�nite sequenceof grammars, g0; g1; g2; : : :, admissible for a text
T just in casethe sequenceof grammarsconvergesto a singlecorrect grammar for the language
whosetext is T.

The reductions are basedon the idea that for a collection of languagesL to be reducible
to L 0, we should be able to transform texts T for languagesin L to texts T 0 for languagesin
L 0 and further transform admissible sequencesfor T 0 into admissible sequencesfor T. This
is achieved with the help of two enumeration operators. Informally , enumeration operators
are algorithmic devicesthat map in�nite sequencesof objects (for example, texts and in�nite
sequencesof grammars) into in�nite sequencesof objects. The �rst operator, �, transforms
texts for languagesin L into texts for languagesin L 0. The secondoperator, 	, behaves as
follows: if � transforms a text T for somelanguagein L into text T 0 (for somelanguagein L 0),
then 	 transforms admissiblesequencesfor T 0 into admissiblesequencesfor T.

To seethat the above satis�es the intuitiv e notion of reduction, considercollections L and
L 0 such that L is reducible to L 0. We now argue that if L 0 is identi�able then so is L . Let
learning machine M 0 identify L 0. Let enumeration operators � and 	 witness the reduction of
L to L 0. Then we describe a learning machine M that TxtEx -identi�es L . M , upon being fed
a text T for somelanguageL 2 L , uses� to construct a text T 0 for a languagein L 0. It then
simulates machine M 0 on text T0 and feedsconjecturesof M 0 to the operator 	 to produce its
conjectures. It is easy to verify that the properties of � ; 	, and M 0 guarantee the successof
M on each text for each languagein L .

The above reduction hasbeenusedto show that the following three collectionsof languages,
each of which is identi�able, poselearning problems of increasingdi�cult y.

(a) SINGLE , the collection of singleton languages;

(b) COINIT = f L j (9n)[L = f x j x � ng]g (essentially , COINIT is the collection of those
languagesthat contain all the natural numbers except a �nite initial segment);

(c) FIN , the collection of �nite languages.

According to the above reduction SINGLE is reducible to COINIT but COINIT is not
reducible to SINGLE and COINIT is reducible to FIN but FIN is not reducible to COINIT .
It was discussedin [JS94, JS96] that this reduction captures an intuitiv e sensein which these
classesrepresent learning problemsof increasingdi�cult y. The classSINGLE can be identi�ed
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by a learning machine that can con�rm its success. The class COINIT cannot be identi�ed
by any machine that can con�rm its success,but it can be identi�ed by a machine, that after
inspecting an element of the language,providesan upper bound on the number of mind changes
it will make before converging to a correct grammar. FIN , on the other hand, can neither be
identi�ed by a machine that con�rms its successnor can it be learnedby a machine that provides
an upper bound on the number of mind changesafter inspecting an element of the language.
In fact accordingto the reduction described above, FIN is complete|it posesthe most di�cult
learning problem. It was also shown that the classCOINIT was equivalent to PATTERN , the
classof pattern languagesintro ducedby Angluin [Ang80a]. Pattern languagesare a useful class
of languagesand will be described later in the paper.

In the present paper we investigatethe structure of the abovereductions. Wepresent a series
of results that provide su�cien t conditions for when a collection of languagesis not reducible
to another. Using theseresults we show that there is an in�nite chain of languageclassesthat
represent learning problems of increasing di�cult y. We give an informal description of this
chain of languages.

For i � 1, let FIN i denote the collection of languageswith cardinalit y lessthan or equal to
i . Then for each i > 1, FIN i is reducible to FIN i +1 but FIN i +1 is not reducible to FIN i . This
means that FIN i +1 is a strictly more di�cult learning problem than FIN i . We also provide
an insight into the classesFIN i and identi�cation in the limit with bounded number of mind
changes.If a collection of languagesL can be identi�ed in the limit with no more than n mind
changesthen L is reducible to FIN n+1 . That is, we can usean algorithm that learns FIN n+1

to designan algorithm that learns L .
It is interesting to investigate the relationship between identi�cation in the limit with

bounded number of mind changesand identi�cation in the limit where a learning machine
can provide an upper bound on the number of mind changesafter inspecting an element of
the languagebeing learned. In other words, we would like to �nd out how FIN i , i > 1, and
PATTERN (or, COINIT ) compare with respect to the above reduction. It turns out that
PATTERN is incomparable to FIN i , for each i > 1, with respect to the above reduction. In
other words, for each i > 1, FIN i is not reducible to PATTERN and PATTERN is not reducible
to FIN i .

Wedemonstratethe richnessof this reducibilit y structure by showing that any �nite directed
acyclic graph can be embedded in the reducibilit y structure. However, we also show that the
reducibilit y structure is not denseas there are languageclassesbetweenwhich there is nothing.
More speci�cally , we show that there exist languageclassesL and L 0 such that

� L is reducible to L 0 and L 0 is not reducible to L , and

� for all L 00such that L is reducible to L 00and L 00is reducible to L 0, either L 00is equivalent
to L or L 00is equivalent to L 0.

We also consider a �ner notion of reduction called strong reduction in which texts for
the same language are mapped to texts for a unique language. Under this stronger version
of reduction, it turns out that FIN is not complete. We demonstrate an interesting class of
languagesthat is trivially learnable (with 0 mind changes)but is not strong-reducible to FIN .

We also note that the question of embedding any in�nite, acyclic, directed graph in the
reducibilit y structure is open.

We now proceedformally.
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2 Notation and Preliminaries

Any unexplained recursion theoretic notation is from [Rog67]. The symbol N
denotes the set of natural numbers, f 0; 1; 2; 3; : : :g. Unless otherwise speci�ed,
e; g; i; j; k; l ; m; n; q; r; s; t; w; x; y, with or without decorations1, range over N . Unlessoth-
erwise speci�ed all conventions in this paper regarding range of variables apply for variables
with or without decorations. Symbols ; , � , � , � , and � denote empty set, subset, proper
subset, superset, and proper superset, respectively. Symbols A; L and S range over sets of
numbers.

Cardinalit y of a set S is denoted by card(S). The maximum and minimum of a set are
denoted by max(�); min(�), respectively, where max(; ) = 0 and min(; ) = 1 . h�; �i denotes
an arbitrary , computable, 1{1, onto pairing function from N � N onto N . Similarly, one can
de�ne h�; : : : ; �i for encoding multiple tuples of natural numbers onto N . Unless otherwise
speci�ed, letters f ; F and h range over total functions with arguments and values from N .
Symbol R denotesthe set of all total computable functions. By ' we denote a �xed acceptable
programming system for the partial computable functions: N ! N [Rog67, MY78]. By ' i

we denote the partial computable function computed by the program with number i in the
' -system. The letter, p, in somecontexts rangesover programs; in other contexts p rangesover
total functions with its range being construed as programs. By � we denote an arbitrary �xed
Blum complexity measure[Blu67, HU79] for the ' -system. By Wi we denote domain(' i ). Wi

is, then, the r.e. set/language (� N ) accepted(or equivalently , generated)by the ' -program
i . We also say that i is a grammar for Wi . Symbol E will denote the set of all r.e. languages.
Symbols L and S range over subsetsof E. We denote by W s

i the set f x � s j � i (x) < sg. #
denotesde�ned. " denotesunde�ned.

We now present conceptsfrom languagelearning theory. The de�nition below intro duces
the concept of a sequence of data.

De�nition 1

(a) A sequence � is a mapping from an initial segment of N into (N [ f # g). Empty sequence
is denoted by �.

(b) The content of a sequence� , denoted content(� ), is the set of natural numbers in the
range of � .

(c) The length of � , denoted by j� j, is the number of elements in � . So, j� j = 0.

(d) For n � j� j, the initial sequenceof � of length n is denoted by � [n]. So, � [0] is �.

Intuitiv ely, #'s represent pausesin the presentation of data. We let � , � , and 
 range over
�nite sequences.SEQ denotesthe set of all �nite sequences.

De�nition 2 A languagelearning machine is an algorithmic devicewhich computesa mapping
from SEQ into N .

We let M range over learning machines.

De�nition 3 A text T for a languageL is a mapping from N into (N [ f # g) such that L is
the set of natural numbers in the range of T. The content of a text T, denoted content(T), is
the set of natural numbers in the range of T. T[n] denotesthe �nite initial sequenceof T with
length n.

1Decorations are subscripts, superscripts and the lik e.
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M (T[n]) is interpreted asthe grammar (index for an acceptingprogram) conjecturedby learning
machine M on initial sequenceT[n].

We also needthe notion of an in�nite sequenceof grammars. We let G range over in�nite
sequencesof grammars. Clearly in�nite sequencesof grammarsare essentially in�nite sequences
over N . Hence,we adopt the machinery de�ned for sequencesand texts over to �nite sequences
of grammars and in�nite sequencesof grammars. So, if G = g0; g1; g2; g3; : : :, then G[3] denotes
the sequenceg0; g1; g2, G(3) is g3.

Below we de�ne identi�cation in the limit intro duced by Gold [Gol67].

De�nition 4 [Gol67]

(a) M TxtEx -identi�es a text T just in case(9i j Wi = content(T)) (
1
8 n)[M (T[n]) = i ].

(b) M TxtEx -identi�es L (written: L 2 TxtEx (M )) just in caseM TxtEx -identi�es each
text for L .

(c) TxtEx = fL � E j (9M )[L � TxtEx (M )]g.

De�nition 5 We say that an in�nite sequence of grammars g0; g1; : : : is TxtEx -admissiblefor
text T just in case

(9n)[Wgn = content(T) ^ (8n0 � n)[gn0 = gn ]]:

3 Reductions and Previous Results

We �rst present sometechnical machinery.
We write \ � � � " if � is an initial sequenceof � , and \ � � � " if � is a proper initial sequence

of � . Likewise,we write � � T if � is an initial �nite sequenceof text T. Let �nite sequences
� 0; � 1; � 2; : : : be given such that � 0 � � 1 � � 2 � � � � and lim i !1 j� i j = 1 . Then there is a
unique text T such that for all n 2 N , � n � T . This text is denoted

S
n � n . Let TEXTS

denote the set of all texts, that is, the set of all in�nite sequencesover N [ f # g.

De�nition 6 An enumeration operator , �, is an algorithmic mapping from SEQ into SEQ
such that the following two conditions are satis�ed

(i) for all � ; � 2 SEQ, if � � � , then �( � ) � �( � );
(ii) For all texts T, lim n!1 j�( T [n])j = 1 .

By extension, we think of � as also de�ning a mapping from TEXTS into TEXTS such
that �( T) =

S
n �( T [n]). Furthermore we de�ne �( L ) = f content(�( T)) j T is a text for Lg.

Intuitiv ely, �( L ) denotesthe set of languagesto whosetexts � maps texts of L . The reader
should note the overloading of this notation becausethe type of the argument to � could be a
sequence,a text, or a language;it will be clear from the context which usageis intended.

We now intro duce our �rst reduction.

De�nition 7 Let L � E and L 0 � E be given. Let T = f T j (9L 2 L)[T is a text for L ]g. Let
T 0 = f T j (9L 2 L 0)[T is a text for L ]g.

We say that L � TxtEx
weak L 0 just in casethere exist operators � and 	 such that for all T 2 T

and for all in�nite sequenceof grammars G = g0; g1; : : :, the following two conditions hold:

(a) �( T) 2 T 0 and

(b) if G is an TxtEx -admissible sequencefor �( T), then 	( G) is an TxtEx -admissible
sequencefor T.

5



In the above case,we also say that � and 	 witness L � TxtEx
weak L 0. We say that L � TxtEx

weak L 0

i� L � TxtEx
weak L 0 and L 0 � TxtEx

weak L .

The next de�nition describesthe notions of hardnessand completenessfor the above reduction.

De�nition 8 Let L � E be given.

(a) We say that L is � TxtEx
weak -hard i� for all L 0 2 TxtEx , L 0 � TxtEx

weak L .

(b) We say that L is � TxtEx
weak -complete i� L is � TxtEx

weak -hard and L 2 TxtEx .

It should be noted that there is no requirement that � map every text for a languagein L 1

into texts for a unique languagein L 2. If we further place such a constraint on �, we get the
following stronger notion.

De�nition 9 Let L � E and L 0 � E be given. We say that L � TxtEx
strong L 0 just in casethere

exist operators � ; 	 such that

(a) � and 	 witness that L � TxtEx
weak L 0, and

(b) for all L 2 L , �( L ) contains exactly one language. In other words, for all L 2 L , there
exists an L 0 2 L 0, such that (8 texts T for L )[�( T) is a text for L 0].

In the above case,we also say that � and 	 witness L � TxtEx
strong L 0. We say that L � TxtEx

strong L 0

i� L � TxtEx
strong L 0 and L 0 � TxtEx

strong L .

We can similarly de�ne � TxtEx
strong -hardnessand � TxtEx

strong -completeness.
Since TxtEx is the only learning paradigm consideredin the present paper, we refer to

� TxtEx
weak and � TxtEx

strong by � weak and � strong , repectively in the sequel. The following theorem
summarizesthe relevant results about the above reductions.

Theorem 1 [JS94,JS96]

(a) SINGLE � strong COINIT and COINIT 6�weak SINGLE .

(b) COINIT � weak FIN and FIN 6�weak COINIT .

(c) FIN is � weak-complete, but not � strong -complete.

The reader is referred to [JS94,JS96] for additional examplesand for a collection of languages
that is complete with respect to strong reduction.

4 Results

To begin with, we present a seriesof lemmasthat give su�cien t conditions for when a collection
of languagesis not reducible to another collection of languages. First, the following simple
lemma:

Lemma 1 SupposeL � E, L 0 � E and L � weak L 0 as witnessed by � and 	 . Then

(a) (8L � N )(8� j content(� ) � L )(9L 0 2 �( L ))[content(�( � )) � L 0];

(b) (8L 2 L)[�( L ) � L 0];

(c) (8L; L 0 2 L)[L 6= L 0 ) �( L ) \ �( L 0) = ; ].
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Pr oof. Part (a) follows from de�nition of �( L ). Part (b) follows from the de�nition of � weak.
For part (c) supposeby way of contradiction that L; L 0 2 L , L 6= L 0 and �( L ) \ �( L 0) 6= ; .

Let T be a text for L and T0 be a text for L 0 such that content(�( T)) = content(�( T 0)). Let G
be an admissible sequenceof grammars for �( T). Therefore G is also an admissible sequence
for �( T0). Thus, since� ; 	 witness L � weak L 0, 	( G) must be admissiblesequencefor both T
and T0. But this is impossible,sincecontent(T) = L 6= L 0 = content(T0).

Lemma 2 Suppose � is an enumeration operator.

(a) Suppose L � N and L 0 2 �( L ). Then (8 �nite S � L 0)(9� j content(� ) � L )[S �
content(�( � )) � L 0].

(b) SupposeL 1 � L 2 � N , and L 0
1 2 �( L 1). Then for every �nite subsetS of L 0

1, there exists
an L 0

2 2 �( L 2) such that S � L 0
2.

(c) SupposeL 1 � L 2 � N . Supposefurther that �( L 1) consistsonly of �nite languages.Then
for all L 0

1 2 �( L 1), there exists an L 0
2 2 �( L 2) such that L 0

1 � L 0
2.

Pr oof. (a) Assumethe hypothesis. Thus there existsa text T for L such that content(�( T)) =
L 0. Let n be such that content(�( T[n])) � S (there exists such an n, since some�nite initial
segment of �( T) contains all the elements of S). Taking T[n] as � satis�es part (a).

(b) Assume the hypothesis. Consider any �nite subset S of L 0
1. By part (a) there exists

a � such that content(� ) � L 1, and content(�( � )) � S. Consider a text T2 for L 2 such that
T2 is an extension of � . Note that there exists such a T2 since, content(� ) � L 1 � L 2. Now
content(�( T2)) � content(�( � )) � S. Sincecontent(�( T2)) 2 �( L 2), part (b) follows.

(c) follows from part (b).

Corollary 1 Let L � E; L 0 � E.

(a) Suppose L � strong L 0 as witnessed by � and 	 . Suppose L 1; L 2 2 L and L 1 � L 2. Let
S1; S2 be such that �( L 1) = f S1g and �( L 2) = f S2g. Then S1 � S2.

(b) SupposeL � weak L 0 as witnessed by � and 	 . SupposeL 1; L 2 2 L and L 1 � L 2. Further
supposethat L 0 consists only of �nite languages.Then, for every S1 2 �( L 1), there exists
an S2 2 �( L 2) such that S1 � S2.

Pr oof. Part (a) follows using Lemma 2(b). Part (b) follows using Lemma 2(c).

We next intro duce a technical de�nition about a structural property of collections of lan-
guages:

De�nition 10 A chain is a sequenceof languagesL 1; L 2; : : : ; L j , such that L 1 � L 2 � � � � � L j .
If L 1; L 2; : : : ; L j form a chain, then we also refer to them as a j -chain.
We say that two chains L 1; L 2; : : : ; L j and L 0

1; L 0
2; : : : ; L 0

k are independent i� they do not
contain any languagein common.

We say that L contains a j -chain, i� it contains languagesL 1; L 2; : : : ; L j which form a j -
chain. Similarly, we say that L contains k-independent j -chains i�, for 1 � r � k, 1 � i � j ,
L contains languagesL r

i , such that, for 1 � r � k, L r
1; L r

2; : : : ; L r
j form pairwise-independent

chains.
The next lemma gives su�cien t condition for non-reducibilit y in the strong sense. It says

for L � strong L 0, L 0 must contain at least as many pairwise-independent j -chains, as L .
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Lemma 3 Let j > 0. Suppose L contains k pairwise-independent j -chains and L � strong L 0.
Then L 0 also has k pairwise-independent j -chains.

Pr oof. Suppose� and 	 witnessthat L � strong L 0. SupposeL contains k pairwise-independent
j -chains.

For, 1 � r � k, 1 � i � j , let L r
i be distinct languagesin L such that

(8r j 1 � r � k)(8i j 1 � i < j )[L r
i � L r

i +1 ]

Now, �( L r
i ) (which is a subset of L 0) contains exactly one language. Let Sr

i denote the
language in �( L r

i ). By Lemma 1(c) we have that Sr
i are pairwise distinct. Moreover, by

Corollary 1(a) we have that

(8r j 1 � r � k)(8i j 1 � i < j )[Sr
i � Sr

i +1 ]

It follows that L 0 contains k pairwise-independent j -chains.

A slightly weaker version of the above lemma holds for weak reduction.

Lemma 4 SupposeL ; L 0 � E. SupposeL � weak L 0. Supposefurther that L contains k pairwise-
independent j -chains, and L 0 consists only of �nite languages. Then, L 0 contains k pairwise-
independent j -chains.

Pr oof. This lemma can be proved along the lines of the proof of Lemma 3, except that this
time we useCorollary 1(b). We omit the details.

Using Lemma 4 we now show that there exists an in�nite sequenceof language classes,
L 1; L 2; : : :, such that, for each i � 1, L i is strong-reducible to L i +1 but L i +1 is not even weak-
reducible to L i . Consider the following de�nition:

De�nition 11 For i > 1, let FIN i = f L j card(L ) � ig.

Theorem 2 For each i � 1, FIN i � strong FIN i +1 and FIN i +1 6�weak FIN i .

Pr oof. SinceFIN i � FIN i +1 we have FIN i � strong FIN i +1 . Now, FIN i +1 contains an (i + 2)-
chain whereasFIN i doesnot. The theorem follows using Lemma 4.

The above result describes an in�nite sequenceof languageclassesthat represent learning
problems of increasing di�cult y. It can be shown that if a collection of languages,L , can be
identi�ed with no more than n mind changes,then L � weak FIN n+1 .

We next brie
y considerthe class,PATTERN , of pattern languagesintro ducedby Angluin
[Ang80a]. Suppose V is a countably in�nite set of variables and C is a nonempty �nite set
of constants, such that V \ C = ; . Notation : For a set X over variables and constants, X �

denotesthe set of strings over X , and X + denotesthe set of non-empty strings over X . Any
w 2 (V [ C)+ is called a pattern . Supposef is a mapping from (V [ C)+ to C+ , such that,
for all a 2 C, f (a) = a and, for each w1; w2 2 (V [ C)+ , f (w1 � w2) = f (w1) � f (w2), where �
denotesconcatenation of strings. Let PatMap denote the collection of all such mappings f .

Let code denotea 1-1 onto mapping from strings in C � to N . The languageassociated with
the pattern w is de�ned as L(w) = f code(f (w)) j f 2 PatMapg. Then, PATTERN = f L(w) j
w is a patterng.

Angluin [Ang80b] showed that PATTERN 2 TxtEx . It was shown in [JS94, JS96] that
COINIT � strong PATTERN . This result yielded the insight that pattern languagesand co-
initial languageshave similar structure so far as learnabilit y is concerned. Indeed, a machine
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learning the classPATTERN can be modi�ed to calculate an upper bound on the number of
mind changesafter examining the �rst element of the languagebeing identi�ed. This is because
the pattern that generatesthe languagebeing identi�ed is of length lessthan or equal to the
length of the element examined. This knowledgecan be translated into an upper bound on the
number of mind changesthat the learner may make beforeconverging to the correct pattern.

So,from Theorem1, it is clear that SINGLE is strong-reducibleto PATTERN but PATTERN
is not even weak-reducible to SINGLE , thereby implying that PATTERN is a strictly more
di�cult learning task than SINGLE . It is interesting to investigatewherePATTERN lies with
respect to FIN i , i > 1. The next theorem shows that for i > 1, PATTERN is incomparable to
FIN i with respect to weak-reduction.

Theorem 3 Let i > 1. Then,

(a) PATTERN 6�weak FIN i ;

(b) FIN i 6�weak PATTERN .

Pr oof. The classof pattern languageshas an j -chain for each j > 1 (consider the patterns
ax, aax, aaax, : : :, where a is a constant and x is a variable). However, the classFIN i does
not contain an (i + 2)-chain. It follows using Lemma 4 that PATTERN is not weak-reducible
to FIN i .

We next show that FIN 2 is not weak-reducibleto PATTERN . Supposeby way of contra-
diction that � and 	 witness FIN 2 � weak PATTERN . Let � be such that content(� ) = f 1g,
and content(�( � )) 6= ; . There exists such a � , sincef 1g 2 FIN 2, and ; 62PATTERN .

Now consider any languageL 2 FIN 2 such that f 1g � L . By Lemma 2(b), we have that
content(�( � )) � L 0, for someL 0 2 �( L ). Moreover, these L 0 must be distinct for distinct L
(Lemma 1(c)). Thus, since there are in�nitely many languagesin FIN 2 which have f 1g as a
subset,we must have in�nitely many pattern languageswhich have content(�( � )) as a subset.
But this is not true. It follows that � and 	 cannot witness FIN 2 � weak PATTERN .

A slightly complicated modi�cation of idea used in the above proof can be used to show
that there are languageclassesthat are between SINGLE and FIN 2 but are incomparable to
PATTERN .

One can view the reducibilit y structure asa directed graph, wherenodesrepresent language
classes,and an edgefrom L to L 0 denotesthe fact that L is (weak, strong) reducible to L 0.

Theorem 4 shows that the structure of intrinsic complexity is very rich as any �nite acyclic
directed graph can be embeddedin this structure. Theorem 4 usesthe following lemma.

Lemma 5 Supposen > 1 is given. Then there exist languageclassesL 1; L 2; : : : ; L n , such that

(8i j 1 � i � n)[L i 6�weak

[

1� j � n;j 6= i

L j ]:

Pr oof.
Let L hj;i;l i = fhj; i; xi j x � lg.
Let Shj;i i = f L hj;i;l i j l < j g.
Note the following properties, (A) { (E), of Shj;i i .
(A) Languagesin Shj;i i form a j -chain;
(B) If L 2 Shj;i i and L 0 2 Shj 0;i 0i , then L \ L 0 6= ; ( ) (j = j 0 ^ i = i 0);
(C) Shk;i i , for k < j doesnot contain a j -chain.
(D) For k > j , Shk;i i , doesnot contain 1 + bk

j c pairwise-independent j -chains.
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(E) All languagesin Shj;i i are �nite.
Now de�ne L j =

S
i<n 3( n +1 � j ) Shj;i i .

Due to property (B) above, every nonempty chain in
S

1� j � n L j is contained in someL j .
Now we have:

(F) Number of j -chains in L j is n3(n+1 � j ) .
(G) Number of j -chains in

S
1� i � n;i 6= j L i is

X

j <k � n

b
k
j

c � n3(n+1 � k) � n � n � n3(n� j ) < n3(n+1 � j )

Lemma now follows using Lemma 4.

Theorem 4 Every �nite acyclic directed graph H can be embedded in the reducibility structure.

Pr oof. Without loss of generality assumethat H is transitiv e (otherwise just take the tran-
sitive closureof H ). Let n denote the number of nodes in H . Let L 1; L 2; : : : ; L n be languages
classessuch that,

(8i j 1 � i � n)[L i 6�weak

[

1� j � n;j 6= i

L j ]:

There exist such L 1; L 2; : : : ; L n , by Lemma 5.
Let the nodesof the directed graph H be labeled 1 to n. Let E denote the edgesof H . We

now de�ne the classesSj , 1 � j � n.
De�ne Sj = L j [

S
(i;j )2 E L i . It is easyto seefrom the property of L j 's that

[(i; j ) 2 E ) Si � strong Sj ]

and
[(i; j ) 62E ) Si 6�weak Sj ]

Theorem follows.

Although the above theorem shows that the intrinsic complexity of languageidenti�cation
is rich, the next result establishesthat this structure is not dense, that is, there exist two
languageclasses,L and L 0, that satisfy the following properties:

(a) L is strong-reducible to L 0 but L 0 is not even weak-reducibleto L .

(b) There is no languageclassbetweenL and L 0 with respect to either strong or weak reduc-
tion.

We give the proof only for strong reduction. Straightforward modi�cation of the proof works
for weak reduction.

Theorem 5 For i > 0, let L i = f ig. Let L 0 = f 1; 0g. Let L = f L i j i > 0g. Let L 0 = f L 0g[ L .
(Note that L � strong L 0, but L 0 6�weak L). Then for all S suchthat L � strong S � strong L 0, either
S � strong L or S � strong L 0.

Pr oof. Clearly, L � strong L 0 and by Lemma 4, L 0 6�weak L . SupposeS is such that L � strong
S � strong L 0. We now show that either S � strong L or S � strong L 0

Suppose� and 	 witness that L � strong S and � 0 and 	 0 witness that S � strong L 0.
SinceS � strong L 0, by Lemma 3, we have that S contains no 3-chain and contains at most

one 2-chain. We consider two cases.
Case1: There is exactly one 2-chain in S.
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In this casewe show that L 0 � strong S. Let S1 � S0 be the 2-chain in S. Clearly, by
Lemma 3, we must have � 0(S0) = f L 0g and � 0(S1) = f L 1g. SinceL 0, L 1 are �nite,
there exist � 0; � 1 such that content(� 0) � S0, content(� 1) � S1, content(� 0(� 0)) =
L 0, and content(� 0(� 1)) = L 1. Let S0

0 = content(� 0) and S0
1 = content(� 1).

Claim 1 (a) For all L 2 S � f S0g, S0
0 6� L .

(b) For all L 2 S � f S0; S1g, S0
1 6� L .

Pr oof. We show part (a). Part (b) can be shown similarly.
Supposeby way of contradiction, S0

0 � L , whereL 2 S� f S0g. Then, there exists
a text T for L such that � 0 � T . But then we have L 0 � content(� 0(T)). This, by
de�nition of L 0 implies L 0 = content(� 0(T)) 2 �( L ). But then �( S0) \ �( L ) 6= ; ,
a contradiction to Lemma 1. 2

Let m = max(f i j i � 1 ^ [S0 2 �( L i ) _ S1 2 �( L i )]g). Note that m is well
de�ned sinceS0 or S1 can belong to at most one �( L i ) (Lemma 1).

We now describe two operators � 00and 	 00that witness the strong-reduction of
L 0 to S. � 00and 	 00will be suitable modi�cations of � and 	 to accommodate L 0,
L 1. Let � 00be such that the following is satis�ed. Note that it is easyto construct
such a � 00.

(a) � 00(L 0) = S0;

(b) � 00(L 1) = S1;

(c) For k > 1, � 00(L k ) = �( L k+ m ).

We now construct 	 00. Let f be a recursive function such that f (i ) is a grammar
for L i . Suppose G = g0; g1; g2; : : :. Suppose 	( G) = g0

0; g0
1; g0

2; : : :. We de�ne
	 00(G) = g00

0 ; g00
1 ; g00

2 ; : : : as follows:

g00
n =

8
><

>:

f (0); if S0
0 � W n

gn
;

f (1); if S0
0 6� W n

gn
and S0

1 � W n
gn

;
f (k); if S0

0 6� W n
gn

and S0
1 6� W n

gn
and k + m = min(W n

g0
n
).

We now claim that � 00; 	 00witness that L 0 � strong S. Clearly, for all i , � 00(L i )
contains exactly one language. Moreover, � 00(L i ) are pairwise disjoint (since, �( L i )
are pairwise disjoint, and we know that S0, S1 do not belongto �( L k+ m ), for k > 1,
by de�nition of m).

Now if G is admissiblesequencefor � 00(L 0) = S0, then clearly, for large enough
n, g00

n as de�ned above is f (0).
If G is admissiblesequencefor � 00(L 1) = S1, then clearly, for large enoughn, g00

n
as de�ned above is f (1).

If G is admissible sequencefor � 00(L k ) = �( L m+ k ), k > 1, then 	( G) is ad-
missible sequencefor L m+ k , and thus, for large enough n, g00

n as de�ned above is
f (k).

It follows that � 00and 	 00witness that L 0 � strong S.

Case2: There is no 2-chain in L 00.

In this casewe show that S � strong L . Assume without loss of generality that
L 0 2 � 0(S0), for someS0 2 S (otherwise, � 0; 	 0 witness that S � strong L). We now
consider two subcases.
Subcase2.1: For all S1 2 S, L 1 62� 0(S1).
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The idea for this subcaseis to treat L 0 as L 1 and grammars for L 1 as
grammars for L 0. Let � 000be de�ned so that, for all � , content(� 000(� )) =
content(� 0(� )) � f 0g.

Let f be a recursive function such that

Wf (g) =
�

Wg; if 1 62Wg;
Wg [ f 0g; if 1 2 Wg.

Now de�ne 	 000asfollows: 	 000(g0; g1; g2; : : :) = 	 0(f (g0); f (g1); f (g2); : : :).
It is easyto verify that � 000, 	 000witness that S � strong L .

Subcase2.2: For someS1 2 S, L 1 2 � 0(S1).

Let � 0 be such that content(� 0) � S0 and content(� 0(� 0)) = L 0. Let � 1

be such that content(� 1) � S1 and content(�( � 1)) = L 1. Note that there
exist such � 0 and � 1. Let S0

0 = content(� 0). Let S0
1 � S1 be a �nite

superset of content(� 1) such that S0
1 6� S0. Note that there exists such a

S0
1, sinceS1 6� S0. Moreover, we have,

(8L 2 S � f S0g)[S0
0 6� L ] and (8L 2 S � f S1g)[S0

1 6� L ]

We describe � 000and 	 000that witness S � strong L . � 000and 	 000will be
suitable modi�cations of � 0 and 	 0.

Let � 000be de�ned so that, for all � ,

content(� 000(� )) =

8
>>>>>>>>><

>>>>>>>>>:

; ; if content(� 0(� )) = ; ;
f i + 1g; if content(� 0(� )) = f ig and i > 1;
f 1g; if f 0g � content(� 0(� )) � f 0; 1g

and S0
1 6� content(� );

f 2g; if content(� 0(� )) = f 1g and S0
1 � content(� );

; ; if content(� 0(� )) = f 1g and S0
1 6� content(� );

don't care; otherwise.

Where, the don't care entry meansthat we do not care what happens
in this case. So let � 000be de�ned so that it is consistent with de�nition
of � 000on initial segments of � .

It is easyto verify that, for all S 2 S, if � 0(S) = f L i g, then � 000(S) =
f L i +1 g.

We now describe 	 000. Let f be a recursive function such that

Wf (n;g) =

8
<

:

f i � 1g; if W n
g = f ig, where i > 1;

f 0; 1g; if W n
g = f 1g;

don't care; otherwise.

Let 	 000be de�ned so that 	 000(g0; g1; : : :) = 	 0(f (0; g0); f (1; g1); : : :).
It is easyto verify that � 000and 	 000witness S � strong L .

Theorem 6 For i > 0, let L i = f ig. Let L 0 = f 1; 0g. Let L = f L i j i > 0g. Let L 0 = f L 0g[ L .
(Note that L � strong L 0, but L 0 6�weak L). Then for all S such that L � weak S � weak L 0, either
S � weak L or S � weak L 0.
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An easymodi�cation of the proof for Theorem 5 can be usedto show the above theorem. We
omit the details.

FIN has been shown to be complete with respect to weak-reduction [JS94, JS96]. This
means that FIN captures the essenceof the most di�cult learning problem with respect to
weak-reduction. It was also shown that FIN is not complete with respect to strong-reduction
[JS94, JS96]. Below we give an interesting collection of languagesthat is trivially identi�able
(with 0 mind changes)but is not strong reducible to FIN .

Theorem 7 Let L = f L j L 6= ; ^ (8x 2 L)[Wx = L]g. Then L 6�strong FIN .

Pr oof. Suppose by way of contradiction there exist enumeration operators � and 	 that
witness L � strong FIN . Then using the operator recursion theorem [Cas74], there exists a 1-1,
increasing recursive function p such that languages,Wp(0) ; Wp(1) ; Wp(2) ; : : :, can be de�ned in
stages� 0, as follows.

Let q0 = 0. Go to Stage0.

begin Stages

1. For qs � i � qs + 2s + 2, let Wp(i ) enumerate p(i ).
2. For qs � i � qs + 2s + 2, search for sequences� i such that

content(� i ) = f p(i )g, and
card([ f i jqs � i � qs +2 s +2 gcontent(�( � i ))) > s.

3. If and when such � i 's are found let S = f p(j ) j j � qs + 2s + 2g.
4. For j � qs + 2s + 2, enumerate S in Wp(j ) .
5. Let qs+1 = qs + 2s + 3.
6. Go to Stages + 1.

end Stages

There are two cases.
Case1: Stages starts but doesnot �nish.

In this case,for qs � i � qs + 2s + 2, Wp(i ) 2 L . For qs � i � qs + 2s + 2, let Si

be such that �( Wp(i ) ) = f Si g. Since the search in step 2 did not succeed,we have
card(

S
qs � i � qs +2 s +2 Si ) � s. Now, sincethere are only 2s distinct subsetsof a set of

sizes, there exist distinct i and j such that Si = Sj . But then �( Wp(i ) ) = �( Wp(j )),
contradicting Lemma 1(c). Thus � ; 	 cannot witness L � strong FIN .

Case2: Each stagehalts.

Let L = Wp(0) . It is easyto seethat for all i , L = Wp(i ) 2 L . Suppose�( L ) = f Sg.
Now, by the successof step 2 in each stages, we have that, card(S) � s, for all s.
HenceS is in�nite. Thus, � ; 	 do not witness L � strong FIN .

5 Conclusion

The results presented in this paper describe the structure of the intrinsic complexity of language
identi�cation. It wasshown that this structure contains an in�nite hierarchy of languageclasses
that represent learning problems of increasing di�cult y. For i > 1, it was also shown that
pattern languagesare incomparable to FIN i (languageclasseshaving � i elements).
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It was also shown that the structure of intrinsic complexity is rich as any �nite directed
acyclic graph can be embedded into the reducibilit y structure. It is open at this stage if
any in�nite directed acyclic graph can be embedded in the reducibilit y structure. It was also
demonstrated that the reducibilit y structure is not dense.

It can be shown that the reducibilit y structure forms an upper semi lattice. To seethis
let E and O be mappings from 2N into 2N such that for L � N , E(L ) = f 2x j x 2 Lg and
O(L) = f 2x + 1 j x 2 Lg. For any two classesL 1 and L 2, it can be shown that f E(L ) j L 2
L 1g[ f O(L ) j L 2 L 2g is the least upper bound for L 1 and L 2 (with respect to both � weak and
� strong ). It would be interesting to �nd out whether the reducibilit y structure forms a lattice.

It is felt that the resultspresented in this paper illustrate the intrinsic complexity of learning.
Future work needsto concentrate on improving the �delit y of the operators so that a more
illuminating structure can be brought to focus.
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