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Abstract. Thetheoryof learningin thelimit hasbeenafocusof studyby severalresearchersver
the lastthreedecades.Therehave beenseveral suggestion®n how to measurahe compleity or
hardnes®f learning. In this paperwe suney the work donein onespeci ¢ suchmeasurecalled
intrinsic compleity of learning. We will be mostly concentratingn learninglanguageswith only
abrief look atfunctionlearning.

1. Intr oduction

Considertheidenti cation of formal languagesrom positive data. A machineis fed all the stringsand
no nonstringsof alanguage., in ary order onestringatatime. The machine asit is receving strings
of L, outputsa sequencef grammars.The machineis saidto identify L justin casethe sequencef
grammarsorvergesto a grammarfor L. This is essentiallythe paradigmof identi cation in the limit
(calledTxtEx -identi cation) introducedoy Gold[11]. Identi cation of totalfunctionsfrom theirgraphs
canbemodeledsimilarly with themachinereceving asinputelement®of thegraphof thefunction. Note
thatin functionlearning,amachinecandeducenggative data,sincepresencef (x; y) in theinputimplies
that(x; z) is notin theinputforarny z 6 .

Thetheoryof learningin thelimit hasbeenafocusof studyby severalresearchergverthelastthree
decadesWe directthereadetto [15] for anintroductionto thearea.Therehave beenseveralsuggestions
on how to measurehe compleity or hardnessf learning.Someof theseare:

a) countingthe numberof mindchanges[2, 6, 24] madeby the learnerbeforeit corvergesto a nal
hypothesis;
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b) measuringhe time taken by the machine(“areaunderthe curve) beforecorverging to the nal
hypothesiq7];

¢) measuringheamountof (so-calledong-term) memorythelearnerusedq21, 23];

d) numberof examplesneededeforecorvergencg30]; and

e) intrinsic compleity of learning[9, 10, 17).

Theaim of this paperis to suney the work donein intrinsic compleity of learning. As mentioned
above, two modelsof learningare usually consideredn the literature: languagedearningfrom texts
(positive data)andfunction learningfrom graphs.In somecases|anguagdearningfrom both positive
andnegative data(informants)is alsoconsideredIn this surwey, we will be concentratingnostlyonthe
intrinsic compleity of languagedenti cation from texts,andonly brie y look atfunctionidenti cation
from graphsandlanguagedenti cation from informants.

The origins of intrinsic complity of learningdatebackto a paperby Freivalds[9] andwere rst
developedfor functionlearningby Freivalds,KinberandSmith[10]. JainandSharmg17] rst studied
intrinsic complity for languagdearning. We illustrate the notion usinglearningof somecommonly
consideredtlasse®f languages.

The following discussiornis from [17]. Considerthe following threecollectionsof language®ver
N, thesetof naturalnumbers.

SINGLE = fL jcard(L) = 1g
COINIT=fLj(9n)[L = fxjx ng]g
FIN = fL j cardinalityof L is nite g

So,SINGLE is the collectionof all singletonlanguagesCOINIT is the collectionof languageshat
containall naturalnumbersexcepta nite initial sggment.andFIN is thecollectionof all nite languages.
Clearly, eachof thesethreeclassess identi able in the limit from only positive data. For example,a
machineM ; thatuponencounteringhe rst dataelementsayn, keepson emittinga grammairfor the
singletonlanguagd ng identi es SINGLE. A machineM » that,atary giventime, nds the minimum
elementamongthedataseensofar, sayn, andemitsagrammarfor thelanguagd x j x ~ ng caneasily
be seento identify COINIT. Similarly, amachineM 3 thatcontinuallyoutputsa grammarfor the nite
setof dataseensofaridenti es FIN.

Now, althoughall threeof theseclassesareidenti able, it canbe amguedthatthey presentearning
problemsof varying dif culty . Oneway to look at the dif culty is to askthe question,*At what stage
in the processingof the datacan a learningmachinecon rm its success?”In the caseof SINGLE,
the machinecan be con dent of successassoonasit encounterghe rst dataelement. In the case
of COINIT, the machinecannotalways be surethat it hasidenti ed the language. However, at ary
stageafterit hasseenthe rst dataelementthe machinecanprovide anupperboundon the numberof
mind changeghat the machinewill make beforecornverging to a correctgrammar For example,if at
somestagethe minimumelementseeris m, thenM , will make no morethanm mind changedecause
it changedts mind only if a smallerelementappears.In the caseof FIN, the learningmachinecan
neitherbe con dent aboutits successor canit, at ary stage provide anupperboundon the numberof
furthermind changegshatit mayhave to undego beforeit is rewardedwith successClearly, thesethree
collectionsof languageposelearningproblemsof varying dif culty whereSINGLE appeargo bethe
leastdif cult to learnandFIN is seento be the mostdif cult to learnwith COINIT appearingo be of
intermediatedif culty .
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We next presentan informal descriptionof the reductionsthat are centralto our analysisof the
intrinsic compleity of languagdearning. To facilitate our discussionwe rst presentsometechnical
notionsaboutlanguagdearning.

Informally, atext for alanguagé. is justanin nite sequencef elementsyith possiblerepetitions,
of all andonly theelement®f L. A text for L is thusanabstractiorof the presentatiomf positive data
aboutL. A learningmachineis essentiallyan algorithmicdevice. Elementsof a text are sequentially
fed to a learningmachineone elementat a time. The learningmachine asit receveselementof the
text, outputsanin nite sequencef grammarsSeveralcriteriafor thelearningmachineto be successful
on atext have beenproposedln the presenpaperwe will concernourseheswith Gold's [11] criterion
of identi cation in the limit (referredto as TxtEx -identi cation). A sequenceof grammars,G =
Oo; O1;:::, IS saidto corverge to g justin case,for all but nitely mary n, g, = g. We saythatthe
sequencef grammarsG = do; 01;:::, convergesjustin casethereexistsa g suchthatG corvergesto
g; If nosuchg exists,thenwe saythatthe sequenc& diverges.We saythatM corvergesonT (to g), if
thesequencef grammaremittedby M on T corverges(to g). If thesequencef grammaremittedby
the learningmachinecorvergesto a correctgrammarfor the languagevhosetext is fed to the machine,
thenthe machineis saidto TxtEx -identifythetext. A machineis saidto TxtEx -identify a language
justin caseit TXtEx -identi es eachtext for thelanguage.

It is alsousefulto call anin nite sequencef grammarsgo; g1; g2;:::, TXtEx -admissiblefor atext
T justin casethe sequencef grammarsorvergesto a singlecorrectgrammairfor the languagevhose
textisT.

Our reductionsare basedon the ideathat for a collectionof languages. to be reducibleto L © we
shouldbeableto transformtexts T for languaged L totexts T °for language L ®andfurthertransform
TxtEx -admissiblesequencesor T%into TxtEx -admissiblesequencefor T. This is achieved with
the help of two enumeratioroperators.Informally, enumeratioroperatorsare algorithmicdevicesthat
mapin nite sequencesf objects(for example,texts andin nite sequencesf grammarsjnto in nite
sequencesf objects.The rst operator , transformdexts for languagesn L into texts for languages
in L% The secondoperatoy , behaesasfollows: if  transformsatext T for somelanguagen L
into text TO (for somelanguagein L9, then transformsTxtEx -admissiblesequence$or T into
TxtEx -admissiblesequencefor T.

To seethat the above satis esthe intuitive notion of reductionconsidercollectionsL andL °such
thatL is reducibleto L% We now arguethatif L%is identi able thensois L.

Let M °TxtEx -identify L® Let enumeratioroperators and witnessthe reductionof L to L°
We now describeamachineM thatTxtEx -identiesL. M, uponbeingfedatext T for somelanguage
L 2 L, uses to constructatext TOfor alanguagen L2 It thensimulatesmachineM © on text T°
andfeedsconjecturef M °to the operator to produceits conjectures.lt is easyto verify thatthe
propertief ; , andM °guarante¢hesucces®f M on eachtext for eachlanguagen L .

We also considera strongernotion of reductionthanthe one discussedibove. The readershould
notethatin theabove reduction differenttexts for the samelanguagemay be transformednto texts for
differentlanguagedy . If wefurtherrequirethat is suchthatit transformseverytext for alanguage
into texts for someuniquelanguagethen we have a strongernotion of reduction. In the contet of
functionlearningthesetwo notionsof reductionarethe same[10]. However, in the context of language
identi cation, from texts, this strongernotion of reductionturns out to be differentfrom its wealer
counterpart.
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In this paperwe will surwey several resultsfrom the literatureon intrinsic compleity of learning,
mainly concentratingon structuralresults,completeclassesand somecharacterizationsWe will only
be giving afew simplesampleproofs. We directthereadetto respectie paperscitedfor the proofs.

We now proceedormally.

2. Notation and Preliminaries

Any unexplainedrecursion-theoretiootationis from [28]. The symbolN denoteshe setof natural
numbersf0;1;2;3;:::9. Symbols;,, , , ,and denoteemptyset,subsetpropersubsetsuperset,

sets[28, Page70]. We assumehatif D;j  Dj theni | (thecanonicalindexing de ned by Rogers
[28] satis esthis property).Cardinalityof a setS is denotedby card(S). The maximumandminimum
of asetaredenotedby max( ); min( ), respectiely, wheremax(;) = Oandmin(;) = 1 .

We let h; i standfor an arbitrary computablebijective mappingfrom N N ontoN [28]. We
assumewithout loss of generalitythath; i is monotonicallyincreasingin both of its aguments. We
dene 1(hx;yi) = xand »(hx;yi) = y. h; i canbeextendedo n-tuplesin anaturalway (including

n = 1, wherehxi maybetakento bex). Projectionfunctions 1;:::; n correspondingo n-tuplescan
be de ned similarly (wherethetuple sizewould be clearfrom contect). Dueto the above isomorphism
betweerN ¥ andN , we oftenidentify thetuple (x1; ; Xn) with hxq; (Xni.

By ' we denotea x edacceptablgprogrammingsystemfor the partial computabldunctionsmap-
pingN toN [28, 25]. By ' ; we denotethe partial computabldunction computedby the programwith
numberi in the' -system.SymbolR denoteghe setof all recursve functions,thatis total computable
functions.By wedenoteanarbitrary x ed Blum compleity measurd3, 12] for the' -system.By Wi
we denotedomain(’ ;). W; is, then,ther.e. set/languagé N) acceptedor equialently, generated)
by the' -programi. We alsosaythati is agrammarfor W;. SymbolE will denotethesetof all r.e.lan-
guages. SymbolL , with or without decorationsfangesover E. By L, we denotethe complemenbf L,
thatisN L. SymbolL, with or without decorationsfangesover subset®f E. We denoteby Wi.s the
setfx sj (x) < sg.

A classL  Eis saidto berecursvely enumerabldr.e.) [28], iff L = ; or thereexistsarecursve
functionf suchthatL = fWs ;) ji 2 Ng. In thislattercasewe saythatWs g); Wg (1y; 1@ - isarecursve
enumeratiorof L. L is saidto be1-1enumerabléf (i) L is nite or (ii) thereexistsarecursvefunction
f suchthatL = fWiq4) j i 2 NgandW;iy 6 Wiy, if i € j. In this latter casewe say that
Ws (0); Ws (1y; - T is al-1recursve enumeratiorof L.

A partial function F from N to N is saidto be partial limit recursve, iff thereexists a recursve
functionf fromN N to N suchthatfor all x, F(x) = limyi1  f (X;y). Hereif F(x) is notde ned
thenlimyi;  f (X; y), mustalsobeunde ned. A partiallimit recursve functionF is called(total) limit
recursve function,if F is total. # denotesle ned or corverges.” denotesinde nedor diverges.

3. Languageldenti cation

We now presentonceptgrom languagdearningtheory Thenext de nition introduceghe concepbf a
sequencef data.
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De nition 3.1. (a) A sequence isamappingfrom aninitial ssgmentof N into (N [ f# g). Theempty
sequencés denotecby
(b) Thecontentof asequence, denotectontent( ), is thesetof naturalnumbersn therangeof
(c) Thelengthof , denotedbyj j, isthenumberof elementsn . So,j j= 0.
(d)Forn j j,theinitial sequencef of lengthn is denotedby [n]. So, [0]is

Intuitively, # 's represenpausesn the presentatiorof data. We let , , and , with or without
decorationsrangeover nite sequencesWe denotethe sequencéormedby the concatenatioof at
theendof by . Sometimesve alusethe notationanduse  x to denotethe concatenatiorof
sequence andthesequencef lengthl which containghe elementx. SEQdenoteghe setof all nite
sequences.

De nition 3.2. [11] (a) A text T for alanguagd. is amappingfrom N into (N [ f# g) suchthatL is
the setof naturalnumberdn therangeof T.

(b) The contentof atext T, denotecby cortent(T), is the setof naturalnumbersn therangeof T
thatis, thelanguagewhich T is atext for.
(c) T[n] denoteghe nite initial sequencef T with lengthn.

Welet T, with or without decorationstangeovertexts. We let T rangeover setsof texts.

A classT of textsis saidto ber.e. if thereexistsarecursvefunctionf , andasequencéy; Tq;::: of
textssuchthatT = fT; ji 2 Ng, and,for all i; x, Ti(x) = f (i; X).

De nition 3.3. [11] A languaye learning madineis analgorithmicdevice which computesa mapping
from SEQinto N .

We let M, with or without decorationsrangeover learningmachines.M (T[n]) is interpretedasthe
grammar(indedoranaccepting)rogram)conjecturedaythelearniqgmachind\/l ontheinitial sequence
T[n]. We saythatM corvergesonT toi, (writtenM (T)#= 1) if (8 N)[M (T[n]) = i].

Thereareseveral criteriafor alearningmachineto be successfubn a language.Below we de ne
identi cation in thelimit introducedby Gold [11].

De nition 3.4. [11]

()M TxtEx -identiesatext T justin case(9i | W; = content(T)) (18 N[M (T[n]) = i].

(b) M TxtEx -identi es anr.e.languagel (written:L 2 TxtEx (M)) justin caseM TxtEx -
identi es eachtext for L.

(c) M TxtEx -identi es aclassL of r.e. languagegwritten: L~ TxtEx (M)) justin caseM
TxtEx -identi es eachlanguagdromL.

(d)TxteEx =fL Ej(OM)[L TxtEx (M)]g.

Othercriteria of successre nite identi cation [11], behaiorally correctidenti cation [8, 27, 5],
and vacillatory identi cation [27, 4]. In the presentsuney, we only discussresultsabout TxtEx -
identi cation (sometimesvith anomaliesseeSection12).
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4. Weakand Strong Reductions

We rst presensometechnicalmachinery

We write if is aninitial sgmentof , and if is a properinitial segmentof
Lik ewise,we write T if isaninitial nite sequencef text T. Let nite sequences®; 1; 2;:::
begivensuchthat ©° 1 2 andlimin d 'j = 1 . Thenthereis auniquetext T suchthat

foralln 2 N, "= TJ[j "j]. Thistext is denotedby
setof all in nite sequenceeverN [ f#g.

We de ne an enumeation opeator (or just operator), , to be analgorithmicmappingfrom SEQ
into SEQsuchthatfor all ; 2 SEQ,if ,then () (). We furtherassumehatfor all
textsT, limnr  j( &[N]j = 1 . By extensionwethink of asalsode ning amappingfrom T into
T suchthat ( T) = |, ( T[n]).

A nal notationabouttheoperator . ( L) = fcontent(( T)) j T isatext for Lg. Thereader
shouldnotethe overloadingof notationbecausehe type of the agumentto  could be a sequencea
text, or alanguageit will beclearfrom the context g/hich usagds intended.

Welet (T)=f(T)jT2Tg,and( L)= |, (L).

We alsoneedthenotionof anin nite sequencef grammarsWelet , with or withoutdecorations,
rangeover in nite sequencesf grammars.Fromthe discussionin the previous sectionit is clearthat
in nite sequencesf grammarsareessentiallyn nite sequencesverN . Hence we adoptthemachinery
de nedfor sequenceandtextsoverto nite sequencesf grammarandin nite sequencesf grammars.
So,if =ig;i1;ig;is; i then [3]denoteghesequencép;ii;iz, and (3) isiz. Furthermorewe say
that corvergestoi if thereexistsann suchthat,foralln® n, i = i.

Let | beary criterionfor languagddenti cation from texts, for examplel = TxtEx . We saythat
anin nite sequence of grammarss | -admissiblgor text T justin case witnesses-identi cation of
text T. So,if = ip; i1;i2;:::isaTxtEx -admissiblesequencéor T,then cornvergesto somei such
thatW; = content(T); thatis, thelimit i of thesequence is agrammaifor thelanguagecontent (T).

We now formally introduceour reductions.

N LetT denotethesetof all texts, thatis, the

n

De nition 4.1. [17] LetL; EandL, E begiven.Letidenti cation criterial 1 andl» begiven. Let
T, = fTjTisatextforL 2 Lig. LetT, = fT j TisatextforL 2 L,g. WesaythatL; |12 L,
justin casethereexist operators and suchthatfor all T 2 T, andfor all in nite sequences of
grammarghefollowing hold:

@ (T)2T,and

(b)if isanl,-admissiblesequencéor ( T),then ( ) isanli-admissiblesequencéor T.

We saythatlLy | L2 iff L1 Ul Lo Wesaythatly | L2 iff L1 |, L2 and
L2 \INeakLl'
Intuitively, L1 | .o L2 justin casethereexistsanoperator thattransformsexts for languagesn L 1

into textsfor language# L , andthereexistsanotheoperator thatbehaesasfollows:if transforms

text T (for alanguagen L 1) to text TO(for alanguagen L »), then transformd -admissiblesequences

for T%into | -admissiblesequence$or T. Thus,informally, the operator has“to work” only on |-

admissiblesequence$or suchtexts T® In otherwords,if is a sequencef grammarswhich is not

| -admissiblefor any text T%inf ( T) j content(T) 2 L1g, then () canbede ned arbitrarily.
Intuitively, for mary commonlystudiedcriteriaof inference suchasl = TxtEx ,if L ! Lo

weak
thentheproblemof identifying L ; in thesenseof | is atleastashardasthe problemof identifyingL 1 in
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the senseof I, sincethe sohability of the former problemimpliesthe solvability of thelatterone. That
is, givenary machineM ; which | -identi es L ,, it is easyto constructa machineM ; which|-identi es
L;. To seethisfor | = TxtEx , suppose and witnessL \'Neak Lo. My(T), foratext T, is
de ned asfollows. Letp, = M (( T)[n]),and = po;ps;:::. Let O= ()= p8;pd;:::. Thenlet
M 1(T) = limp; pY. Consequentlyl , maybe consideredsa “hardest”problemfor | -identi cation
if forall classed 1 2 1,L4 \'Neak L, holds.If L, itself belonggo I, thenL , is saidto becomplete We
now formally de ne thesenotionsof hardnessandcompletenestr theabove reduction.

De nition 4.2. [17] Let]l beanidenti cation criterion.LetL  E begiven.

(@lIf forallL°21,L° | . L, thenLis | -hard.
(b)If Lis | .,c-hardandL 2 1, thenL is | . -complete
It shouldbenotedthatif L1 |, L2 iswitnessedby and , thenthereis norequirementhat

mapsall texts for eachlanguagen L ; into texts for a uniquelanguagen L ». If we furtherplacesucha
constrainbn , we getthefollowing strongemotion.

De nition 4.3.[17] LetL; EandL, E begiven. We saythatL ; 's%r}')ﬁg L2 justin casethere

exist operators ; witnessingthatL 1 \'Nle!,j( Lo, andforallL; 2 L4, thereexistsanL, 2 L, such

that(8 texts T for L1)[ ( T) isatextforL5].
We saythatLy gyong L2 iff L1 'S;t'rong Lo. WesaythatL: gyong L2 iff L1 gyong L2 @nd

|
L2 strong Li.

We cansimilarly de ne  §yong-hardnessind  g,qn4-completeness.

Proposition4.1. ([17]) ga&x , X arere exive andtransitive.

Theabove propositiorholdsfor mostnaturallearningcriteria. It is alsoeasyto verify thenext proposition
statingthatstrongreducibility impliesweakreducibility.

Proposition4.2. [17] Let L EandL® E begiven. Let | be anidenti cation criterion. Then
L !strong LO) L I k LO‘

weal

5. SomePropertiesof Reductions

In this sectionwe will presensomelemmaswhich illustratesomeof theimportantpropertiesof reduc-
tions. Thesepropertiesare mainly constraintsvhich have to be satis ed by  witnessinga reduction
from someclassto another Thesepropertiesareoftenusefulin shaving nonreducibilityresults.

Lemma5.1. [19] Suppose.  E, L% EandL [XEX LOaswitnessecry and .Then
@ @L2L)[(L)y LY
(b) (8L; L2 L)L 6 LY (L)\ (LY=;]

Part (b) of the abose lemmaessentiallysaysthat ~ (witnessinga \,TvﬁaElz‘:Smng reductionfrom L to

L9 cannotmap(texts for) two distinctlanguagesn L to (texts for) the samelanguagen L °
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Lemma5.2. [19] Suppose is anenumeratioroperator

(@) Supposd.; L, N,andL§ 2 ( Lj). Thenfor every nite subsetS of LY, thereexistsan
L2 ( L) suchthatS LY.

(b) Supposd.; Lo N. Supposdurtherthat ( L1) consistsonly of nite languagesThenfor
allLY2 ( Lj),thereexistsanL) 2 ( Lj) suchthatL LY.

Part(a) of thefollowing Corollaryessentiallysaysthat“subsetrelationis preseredin strongreduc-
tion. Thatis, if ~ (alongwith ) witnesseshatL Q&% L% thenL; Lpimplies ( L1)  ( Ly),
forallLi;L,2 L.

A wealer versionof abore holdsfor weakreductiongpart(b) of thefollowing corollary).

Corollary 5.1. [19] LetL E;L° E.

(a) Suppose. X L°aswitnessechy and . Supposei;L> 2 L andL; Lo LetS;;S;
besuchthat ( L1) = fSigand ( Ly) = fS;g. ThenS;  Sp.

(b) Supposd.  XEx | Oaswitnessedby and . Suppose.i;L, 2 L andL;  Lo. Further
supposehat L consistsonly of nite languages.Then,for everyS; 2 ( L1), thereexistsan
Sy 2 ( L) suchthatS;  S,.

The above resultcanessentiallybe usedto showv that several structuralpropertiesarepresered by
reductionsWe illustratethis usingexampleof chainsin Lemmabs.3below.
We rst de ne chainsasfollows.

De nition 5.1. [19] A chainis asequencef languages 1;L;:::;Lj,suchthatL; L Lj.

We saythatL containsa j -chain, iff it containslanguaged. 1;L»;:::;L; which form aj-chain.
Similarly, we saythatL containsk-independenj-chainsiff, for1 r k,1 i |, L contains
languages |, suchthat,for1 r k,Lj;L5;:::; L] form pairwise-independemhains.

Thenextlemmagivessufcient conditionfor nonreducibilityin thestrongsenselt saysfor L lt’;toEn’é
L% L9mustcontainatleastasmary pairwise-independeftchainsasL .

Lemma5.3. [19] Letj > 0. Suppose. containsk pairwise-independefitchainsandL X5 L°
ThenL alsohask pairwise-independetchains.

A slightly wealer versionof the abose lemmaholdsfor weakreduction.

Lemma5.4. [19] Supposel;L°® E. Supposel  [XEX O SupposeurtherthatL containsk
pairwise-independerjtchains,andL ° consistsonly of nite languagesThen,L °containsk pairwise-

independeng-chains.

Onecangeneralizeabore lemmasio shawv thatsereral structuralconstraintsnustbe satis edin ary
reduction.This oftenallows usto claim nonreduciblityresultsjust basecn structure.
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6. Intrinsic Complexity of Natural Classes

In this sectionwe will presentsomeresultsaboutthe intrinsic complity relationshipamongseveral
naturalclasses.
Letus rst de ne somenaturalclasses.

De nition 6.1. SINGLE= fL j card(L) = 1g.
COSINGLE= fL jcard(N L) = 1g.
INIT=fLj(9 2 N)[L="Ffxjx ig]o.
COINIT=fLj (912 N)[L =fxjx ig]o.
FIN= fL jcard(L) < 1g .

Thefollowing theoremshaws that SINGLE is strictly simplerlearningproblemthan COINIT with

respectoboth %X and [XEX reductions.

Theorem6.1. [17] SINGLE R%EX COINIT ~ COINIT 6 45 SINGLE.

Thefollowing resultjusti es the earlierdiscussiorthat COINIT is a simplerlearningproblemthan
FIN.

Theorem6.2. [17] COINIT T™XEX FIN A FIN 6 [XEX  COINIT.

weak weak
Proof:
COINIT ™XEX FIN follows from Theorem7.1 presentedater. FIN 6 [XEX  COINIT follows from
Theorenm9.6 presentedater. u

In contrasto above resultthefollowing theoremshavs that COINIT 6 Jith  FIN.
Theorem6.3. [17] COINIT 6 {0 FIN.

Proof:

Supposdy way of contradictionthat COINIT l{ﬁg% FIN, aswitnessedby and . Thenby Corol-
lary 5.1t follows that (8L 2 COINIT)[( L) ( N)]. SinceCOINIT is anin nite collection of
languagesit follows thateither ( N) isin nite or thereexist distinctL ; andL » in COINIT suchthat
( L1) = ( Lo). It followsthatCOINIT 6 Ji5% FIN. t

Our next resultshavs thatINIT andFIN areequivalentin the strongsense.

Theorem6.4. [17] INIT X% FIN.

Next threeresultsestablisithe positionof COSINGLEamongthe classesSINGLE, INIT, COINIT,
FIN.

Theorem6.5. [17] SINGLE J4X  COSINGLE COSINGLE6 D& SINGLE.

weak
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Theorem6.6. [17] COINIT 6 X COSINGLE
COINIT TXEX COSINGLE

weak

COSINGLEG IXEx  COINIT.

weak

Theorem6+7.E[17] COSINGLE &a% INIT.
INIT 6 it COSINGLE
INIT [XEX COSINGLE

weak

Earlierresultsaboutidenti cation in thelimit from positive dataturnedoutto be pessimistidoecause
Gold[11] establishedhatary collectionof languageshatcontainsanin nite languageandall its nite
subsetgannotbe TxtEx -identi ed. As aconsequencef this resultno classin the Chomsky hierarcly
canbeidenti ed in thelimit from texts. However, later, two interestingclassesvereproposedhatcould
beidenti ed in thelimit from texts. In this sectionwe describeheseclassegndlocatetheir statuswith
respecto thereductionsntroducedn this paper

The rst of theseclassesvasintroducedby Wiehagen29]. We de ne, WIEHAGEN = fL j L 2
E™ L= Whnin)9:

WIEHAGEN is aninterestingclassbecausét canbe shovn thatit containsa nite variantof every
recursvely enumerabléanguagelt is easyto verify thatWIEHAGEN 2 TxtEx . It is alsoeasyto see
thatthereexistsa machinewhich TxteEx -identi es WIEHAGEN andthatthis machinewhile process-
ing a text for ary languagein WIEHAGEN, can provide an upperboundon the numberof additional
mind changesequiredbeforeconvergence.In this connectiorthis classappearso posealearningprob-
lem similar in natureto COINIT above. This intuition is indeedjusti ed by the following theoremas
thesetwo classegurn outto be equivalentin the strongsense.

Theorem6.8. [17] COINIT  [4EX WIEHAGEN.

We next considerthe class,PATTERN, of patternlanguagesntroducedoy Angluin [1].

SupposeV is a countablyin nite setof variablesandC is a nonempty nite setof constantssuch
thatV\ C = ;. Notation ForasetX overvariablesandconstantsX denoteghesetof stringsoverX,
andX * denoteghesetof nonemptystringsover X . Anyw 2 (V [ C)* is calledapattern Supposé
isamappingirom (V[ C)* toC™, suchthat,foralla 2 C,f (a) = aand,foreachw;;w, 2 (V[ C)*,
f(wy wp) = f(wy) f(wy), where denotesoncatenationf strings.Let PatMap denotethecollection
of all suchmappingd .

Let code denotea 1-1 ontomappingfrom stringsin C to N .

Thelanguagessociatewvith the patternw is de nedasLang (w) = fcode(f (w)) j f 2 PatMapg.
Then,PATTERN = fLang (w) j w is apatterm.

The following theoremshaows that learning PATTERN hasthe samecompleity as COINIT and
WIEHAGEN.

Theorem6.9. [17] COINIT  RXEx  PATTERN.

Proof:

We rst shov thatCOINIT =~ JXEX PATTERN. LetS; = Lang (a'x), wherea 2 C andx 2 V. Let
besuchthat ( L) = Spin) = fcode@w) jw 2 C* ~ | = min(L)g. Notethatsucha canbe

easilyconstructedNotethatcode(a'*1) 2 cortent(( L)), | min(L).
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Letf (i) denoteanindex of agrammar(obtaineceffectivelyfromi)forfx jx ig. Let bede ned
asfollows. SupposeG = go; g1;:::. Then ( G) = g3;0%;:::, suchthat,forn 2 N, g2 = f (min(fl j
code(@*!) 2 Wy, :n0)). It iseasyto verify that and  witnessthatCOINIT = J¥EX PATTERN.

Wenow shav thatPATTERN XX COINIT. NotethatthereexistsarecursiveindexingLo; L 1;: ::
of patternlanguagesuchthat

(1)Li= Lj , i=j.

@@L Lj) i>]j.

(Onesuchindexing canbeobtainedasfollows. Firstnotethatfor patternav, andwso, if Lang (wq)
Lang (w») thenlengthof w; is at leastaslarge asthat of w,. Also for patternsof the samelength
relationis decidable asshavn by Angluin [1]. Thuswe canform the indexing asrequiredusingthe
following method.We consideronly canonicalpatternd1]. Forw; 6 wy, we placew; beforews; if (a)
lengthof wy is smallerthanthatof w, or (b) lengthof w; andw, aresameputLang (w;) Lang (w2)
or (c) lengthof wy andw, aresameLang (w1) 6 Lang (w) andw; is lexicographicallysmallerthan

W2.)
Moreover, thereexistsa machineM , suchthat
(a)Forall , suchthatcontent( )6 ;,M( ) M().

(b) For all texts T for patternlanguagesM (T)# = i, suchthatL; = content(T).

(Angluin's methodof identi cation of patternlanguagessentiallyachiasesthis property).

Let m:n bethelexicographicallyleastsequencef lengthn, suchthatcontent( m:n) = fx jm
X ng. Letprev() = :forw2 fNg[ f#gand = © w,letprev( ) denote ©

If cortent( ) = ;,then( )= ,else( )= ( prev( )) w(); j- NotethatforatextT for
Li, ( T)wouldbefxjx M(T)g.

Letf (i) denoteagrammareffectively obtainedromi for L;. Let bede ned asfollows. Suppose
G = Qo;0u1;:::. Then ( G) = g3;0%;:::, suchthat,forn 2 N, g2 = f (min(fng[ Wy,.n)). It is easy
to verify thatif G corvergesto agrammarforfx j X ig,then corvergesto agrammarfor L;. Thus,

and witnessthatPATTERN X0 COINIT. ti

Therehave beenseveral other“natural” classestudiedin theliterature,for exampleCONTON,, =
fLjcard(N L) = ng. Wehoweverwill notconsiderthemin this surwey. Jain,KinberandWiehagen
[14] consideredyeneralizatiorof the above naturalclassedo multidimensionalanguagesvhereeach
individual dimensioris learnableby usingoneof above stratgies(suchasINIT; COINIT; COSINGLE).
RecentlyJainandKinber[13] have alsoconsideredntrinsic compleity of learningseveralnaturalgeo-
metricalclassesuchassemi-hullsandopen-hulls.

7. CompleteClasses

Completeclasseshave often beenusedto identify the hardestproblemin a classof problems.In this
sectionwe will studysomeproblemswhich areknown to be completefor weakandstrongreductions
for TXtEx identi cation.

Theorem7.1. [17] COSINGLE INIT andFIN are XX _complete.

weak

Proof:
We only shav FIN is  'XEX -complete.INIT andCOSINGLEcanbeshavntobe [XEX -complete
in asimilar fashion.
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Considerany L 2 TxtEx . Supposd.  TxtEx (M). Weconstruct and which witnessthat
L MXEX FIN. Withoutlossof generalitywe assumehatM (T[0]) =?. De ne ( T[n]) asfollows.

weak A
( T[O]) = sequenceontainingjust# .

( TnD) #; it M(T[n]) = M(T[n+ 1]);

(TIn+1]p= _ _
( T[n)) AWM (T[n+ 1]);n+ 1i; otherwise

If M TxtEx -identies T, thencontent(( T)) is a nonempty nite set. Letjt = max(fn j
(91)[h; ni 2 content( ( T)])g). Onecannow easilyverify that,if M TxtEx -identies T, thenM (T)
is theuniquei suchthath; jti 2 content(( T)).

Suppose = gog10z:::is anin nite sequencef grammarsDene () = g3;0%;0Y;:::, where
g2 is de ned asfollows. Letj, = max(fn j (9i)[h; ni 2 Wg,:m]9). Let g% = min(fi j h;jmi 2

Wgi:m0)-
It is easyto verify that,if M TxtEx -identiesT,and corvergestoagrammaifor content(( T)),
then () corvergesto M (T), agrammarfor cortent(T). It followsthatL  [XEX FIN. u

However, usingTheorem6.3,we have

Corollary 7.1. FIN, COSINGLE INIT arenot & -complete.

We next considera naturalclasswhichis ~ {itaé -complete.

Let Q denotethesetof all rationalnumbers 0. Fors;r 2 Q,letQg, = fx2Qjs x rg. For
allowing usto consider.e. setsof rationalnumbers|et coderat( ) denoteaneffective bijective mapping
fromQtoN.

De nition 7.1. Suppose 2 Qg ;.
LetX, = fcoderat(x) jx 2 Qand0 x rg.

De nition 7.2. Supposes;r 2 Qy, ands < r.
LetRINITgy = fXw j w2 Qg Q.

Theorem7.2. [14] RINITo1 is  Jiohg -complete.

8. Characterizations

Characterizationareoftenusefulin theoreticaktudiesandspeciallyin inductive inference(for example
seethe suney by ZeugmanrandLange[32]). In this sectionwe will be consideringsomecharacteriza-
tions.

We rst considercharacterizationf completeclassesFor this we introducethe notion of limiting-
standardizable.

De nition 8.1. [20, 9, 16] A classL of recursvely enumerablesetsis calledlimiting standadizableiff
thereexistsa partiallimiting recursve functionF suchthat
(a)Forall i suchthatW; = L for someL 2 L, F (i) isde ned.
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(b)ForallL; L°2 L, for all i; j suchthatW; = L andw; = L°
i
F@i)=F(@), L=1L"

Thus,informally, aclassL of r.e.languagess limiting standardizablé all thein nitely mary grammers

i 2 N of eachlanguage. 2 L canbe mapped“standardized”)n thelimit to someuniquegrammar

(naturalnumber). Notice thatit is not requiredthat this “standardgrammar”’mustbe a grammarof L

again. However, standardgrammardor differentlanguage$rom L have to be pairwisedifferent.
Thefollowing theoremcharacterizethe [0 -completeclasses.

Theorem 8.1. [14] Supposd. 2 TxtEx . Then,thefollowing threestatementareequialent.
(DLis &g -complete.
(QRINITor Ty L.
(3) Thereexistsarecursve functionH from Qq.; to N suchthat:

(a)fWH(r) J r2 Qo;lg L.
)IF0 r<r® 1thenWyiy Wyro.
(©) fWhry ] 1 2 Q19 s limiting standardizable.

Intuitively H in part(c) in theabove characterizatiogivesa subclas®f L, whichis in somesense
effectively isomorphicto RINITg;1.

We next give acharacterizatioof [XEX -completeclasses.

De nition 8.2. [14] A nonemptyclassL of languagess calledquasi-denséf
(a)L is 1-1recursvely enumerable.
(b)Forary L 2 L andary nite S L, thereexistsanL®2 L, suchthatS L butL 6 L°

Note: (b) canbeequialentlyreplacedy
(b") For ary nite setS, eitherthereexists no languagen L extendingS, or thereexist in nitely
mary distinctlanguage# L extendings.

Theorem8.2. [14] L is [XEX -completeiff L 2 TxtEx andthereexistsaquasi-denssubclas®f L

whichis limiting standardizable.

Jain, Kinber and Wiehagen[14] also give several other characterizationsf classesvhich arere-
ducibleto naturalclassesuchasINIT, andclassedo which naturalclassesarereducible.For example,
strong-dgreesbelov andabove INIT canbe characterizedsfollows:

De nition 8.3. [14] F, apartialrecursve mappingfrom FIN N to N, is calledanup-mappingff for
all nite setsS;S° forallj; j°2 N:

If S SPandj jOthenF(S;j)#) [F(S%j9% F(S;j)l.

Foranup-mapping= andL N, we alusenotationslightly andlet F (L) denotdims, ji1  F(S;])
hereby S | L we mean: take ary sequencef nite setsSi;Sy;:::, suchthatS; Si+1 and
S; = L, andthentake thelimit overtheseS;'s).

NotethatF (L) maybeunde nedin two ways:
(1) F(S;]j) maytake arbitrarily largevaluesfor S L, andj 2 N, or
(2) F(S;j) maybeunde nedforallS L,j 2 N.
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Theorem8.3. [14] L l{ﬁgﬁé INIT iff thereexist F, a partial recursve up-mappingandG, a partial
limit recursve mappingfrom N to N, suchthat

(@)Forary languagd. 2 L, F(L)#< 1.

(b)ForallL 2 L, G(F (L)) corvergesto agrammaifor L.

Theorem8.4. [14] INIT Q2 L iff thereexistsarecursie functionH suchthat
@fWhaii2Ng L,
O Whay  Wh+yy ,and
(€)fWh iy J 1 2 Ngislimiting standardizable.

Severalsimilar characterizatioffior naturalclassesuchasCOINIT andCOSINGLEwerealsogiven
by Jain, Kinber and Wiehagen[14]. The above paperalsoconsidersa generalizatiorof classessuch
asINIT andCOINIT, by consideringcombinationsof INIT and COINIT-like stratgjies. They give a
hierarcly basedon suchcombinationsandcharacterizéhelearningclassesoformed.

9. Somestructural Results

We now considersomestructuralresultsregardingreductions.The next theoremshaows thatthereexists
anin nite hierarcly of moreandmorecomple classes.

LetFIN; = fL jcard(L) ig.
Theorem9.1. [19] Foreachi 1, FIN; JfX FINi.1 andFINis 6 095X FIN;.

weak

Onecanview thereducibility structureasa directedgraph,wherenodesrepresentanguageclasses,
andanedgefrom L to L °denoteghefactthatL is (weak,strong)reducibleto L °

TheoremB.2shavsthatthestructureof intrinsiccompleity is veryrich asary nite agyclic directed
graphcanbe embeddedh this structure.

Theorem 9.2. [19] Every nite directedacgyclic graphH canbeembeddedn thereducibility structure.

Ambainis(private communicationhasshavn thatarny recursiely enumerablddAG (evenin nite)
canbeembededn thereducibility structure.

Although the above theoremshaws that the intrinsic compleity of languagedenti cation is rich,
the next two resultsestablishthatthis structureis not densethatis, thereexist two languageclassesl
andL® thatsatisfythefollowing properties:

(a) L is strong-reduciblgo L °but L °is not evenweak-reducibléo L .

(b) Thereis nolanguagelassbetweerl andL °with respecto eitherstrongor weakreduction.

Theorem9.3. [19] Fori > O, letL; = fig. LetLo = f1;0g. LetL = fL;ji > Og. LetL%= fLog[ L.
(NotethatL — I¥Ex LObutL?6 XEX L). Thenfor all S suchthatL JXEX S I¥EX LS either
S dong LOrS dong L

Theorem9.4. [19] Fori > O, letL; = fig. LetLo = f1;0g. LetL = fL;ji > Og. LetL%= fLog[ L.

(NotethatL — IMEx LO butL?6 XEX L). Thenfor all S suchthatL [XEx S TXEx | 0 either

0 weak weak weak
TXtEX TxtEx
S weak LorS weak L™
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We have seenearlierthat FIN is completewith respecto  [XEX  reduction. This meansthat FIN
captureghe essencef the mostdif cult learningproblemwith respecto weak-reductionlIt wasalso
shavn thatFIN is notcompletewith respecto strong-reductionBelow we give aninterestingcollection

of languageshatis trivially identi able (with 0 mind changeshput is not strongreducibleto FIN.

Theorem9.5. [19] LetL = fL jL 6 ; ~ (8x 2 L)[Wy = L]g. ThenL 6 iitng FIN.

We now considerconnectiondetweertopologicalpropertieof learnableclassesandtheir intrinsic
compleity. Thefollowing notionwasintroducedoy Angluin [1].

De nition 9.1. [1] L has nite thicknesgustin casefor eachn 2 N, card(fL 2 L j n 2 Lg) is nite.

PATTERN has nite thicknessAngluin [1] shavedthatif L is anindexedfamily of recursve languages
andL has nite thicknesghenL 2 TxtEx .

We now presenta theoremthat turnsout to be very usefulin shoving that certainclassesare not
completewith respecto [XEX  reduction. The theoremstatesthatif a collectionof languages. is

suchthateachnaturalnumberx appearsn only nitely mary languagesn L, thenFIN is not  [XEX
reducibleto L. SinceFIN 2 TxtEx , this theoremimmediatelyimpliesthat classesuchas COINIT,

PATTERN, WIEHAGEN arenot ™XEX _complete.

weak

Theorem9.6. [17] Supposé. has nite thicknessThenFIN 6 XEX |

weak

A moreinterestingopologicalnotionwasintroducedoy Wright [31] describedelow (seealsopaper
by Motoki, ShinoharaandWright [26]).

De nition 9.2. [31, 26] L hasin nite elasticityjustin casethereexistsanin nite sequencef pairwise
distinctnumbersfw; 2 N ji 2 N g, andanin nite sequencef pairwisedistinctlanguagestA; 2 L |
i 2 Ng, suchthatfor eachk 2 N, fw; ji < kg Ay, butwy 62A¢. L is saidto have nite elasticity
justin caseL doesnothavein nite elasticity

Wright[31] shovedthatif aclassL has nite thicknesghenit has nite elasticity Hefurthershoved
thatif aclassL is anindexedfamily of recursve languagesndL has nite elasticity thenL 2 TxtEx .
Now, languageclasseshatare [XEX -completeare,in somesensethe mostdif cult learning
problems.Interestingly it hasbeenestablishedhat XEX -completenesis alsoa sufcient condition

weak
for in nite elasticity

Theorem9.7. [18] Supposé. is [ XEX -complete.ThenL hasin nite elasticity

Classeshathave in nite elasticityarenot necessarilydenti able. However, it is interestingto ask:
Are all identi able classeshat have in nite elasticityalso [ XEX -complete? The following result
answerghis questiomegatively.

Theorem9.8. [18] ThereexistaclassL suchthatL 2 TxtEx andL hasin nite elasticity butL is not

TXtEX
weak -complete.
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10. Informants

In this sectionwe brie y considerintrinsic compleity of learningfrom informants. The conceptsof
weakandstrongreductioncanbe adoptedo languagadenti cation from informants.Informally, infor-
mants, rst introducedby Gold [11], aretexts which containboth positive andnegative data. Thusif | |
is aninformantfor L, thencortent(l) = fhx; 0i j x 62Lg[ fhx; 1i j x 2 Lg.! Identi cation in the
limit from informantsis referredto asInfEx -identi cation (we referthereadetto [11] for details).The
de nition of weakandstrongreductioncanbe adoptedo languagddenti cation from informantsin a
straightforvardway by replacingtexts by informantsin De nitions 4.1and4.3.

For ary languagel, aninformantof specialinterestis the canonicalinformant. | is a canonical
informantfor L justin caseforn 2 N, 1 (n) = m; _(n)i, where _ denoteghecharacteristidunction
of L.

Sincea canonicalinformantcanalwaysbe producedrom ary informant,we have the following:

Proposition10.1. L1 {eX Ly () La  Mf6% Lo

Theorem10.1. [17] FINis &EX, complete.

However,

Theorem10.2. [17] TheclassesSINGLE, INIT, COSINGLE COINIT, WIEHAGEN, andPATTERN
areequivalentwith respecto 5%, reduction?

11. Function Learning

In this sectionwe brie y consideiintrinsiccompleity of functionlearning.Frewvalds,KinberandSmith
[10] werethe rst to considelintrinsic compleity of functionlearning.In this surwey we mostlyfollow
Kinber, PapazianSmith,andWiehageri22].

We rst considersomenotationandde nitions for functionidenti cation.

For afunction suchthat (x)# for x < n,welet [n] = f(x; (X)) j X < ng. Welet SEG =
ff[n]jf 2 Rg. A functionlearningmachines analgorithmicmappingfrom SEGinto N .

De nition 11.1.[11, 6] .
(a)M Ex-identi esafunctionf (writtenf 2 Ex(M))justincasg9ij' i=f) (8 n)[M (f [n])=1i].
(b) M Ex-identi es a classC of recursve functions(written: C ~ Ex(M)) justin caseM Ex -
identi es eachfunctionfrom C.
(dEx =fC R j(OM)[C Ex(M)]o.

In consideringntrinsic compleity of functionlearningit is easierto consider asmappingpartial
functionsto partialfunctions.

!Alternatively, aninformantfor alanguagel. may be thoughtof asa “tagged”text for N suchthatn appearsn the text with
taglif n 2 L; otherwisen appearsn thetext with tagO.
2Actually, it canbe shavn thatary collectionof languageshatcanbe nitely identi ed (i.e.,identi ed with 0 mind changes)

frominformantsis &5, SINGLE.
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De nition 11.2. [28] A recursve operatoris an effective total mapping from (possiblypartial) func-
tionsto (possiblypartial) functions,which satis esthefollowing properties:

(a) Monotonicity: For all functions and 9 if Othen( ) ( 9.
(b) CompactnessFor all , if (x;y) 2 ( ), thenthereexistsa nite function suchthat
xxy)2 ().

(c) Recursvenessfor all nite functions , onecaneffectively enumeratéin ) all (x;y) 2 ( ).

Admissiblesequencefor functionlearningcriteriacanbede ned similarly to thelanguagédearning
case.

De nition 11.3.[10, 22]. Suppos&; R, G R, andidenti cation criterial ; andl ; aregiven.
We saythatG il G, iff thereexistrecursveoperators and suchthatfor ary functionf 2 G,
1. ()2 G,
2. for ary | , admissiblesequence for ( f), ( ) isanl; admissiblesequencéor f .

WesaythatG, ' G,iffG "' G. '-hardnessind '-completenessanbede ned similarly.

Notice thatunlike in thelanguagdearningcasewe haven't de ned weakandstrongreductionsor
functionlearning. Reasoris thatfor mostnaturalidenti cation criteriafor functionlearning,thesetwo
reductionsare same. (Sinceone can effectively corvert an arbitrary orderingof a total function into
canonicabrder). Thuswe only concentraten strongreductions.

We next considera completeclassfor Ex -identi cation.

LetFINSUP= ff 2 Rjcard(fxjf(x)6 0g) < 1g .

Theorem11.1. [10, 22] FINSUPis  BX-complete.

We now give characterizationfor 5* -completeclasses.

De nition 11.4. [28] A nonemptyclassC R is saidto berecussivelyenumeable iff thereexists a
recursve functionf suchthatC= f' ¢y ji 2 Ng.

De nition 11.5. A functionf is saidto beanaccumulatiorpoint of C, iff for all n, thereexistsag 2 C
suchthatf (x) = g(x),forx n, butf 6 g.

De nition 11.6. [22] Cis calleddenséff Cis nonemptyandeveryf 2 Cis anaccumulatiorpointof C.

Theorem11.2. [22] Cis ®*-completeff C2 Ex andC containsanr.e. densesubclass.

Kinber, PapazianSmith,andWiehager22] alsogive severalresultsregardingidenti cation criteria
involving mind changes Frewalds, Kinber and Smith [10] alsoconsidervariousotherformulationsof
reductiongsuchasspaceéioundededuction).Wereferthereadeito above two paperdor furtherresults
onintrinsic compleity of functionidenti cation.
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12. Learning with Anomalies

In this sectionwe brie y discusssomeof theresultsin intrinsic compleity in presencef anomaliesn
the nal programconjecturedy thelearner

Let us rst considersomenotation.L1 L, denoteghe symmetricdifferenceof L, andL ,, thatis
L1 L= (L1 L2)[ (L2 Lj).Foranaturalnumbera, wesaythatL; =2 L, iffcard(L; L) a.
WesaythatL; = Ly, iffcard(L; L)< 1 .Thus,wetaken< < 1 ,foralln2 N.IfL;=2L,,
thenwe saythatL 1 is ana-variantof L .

We now de ne identi cation with anomalies.

De nition 12.1.[11, 6,5] Supposea2 N [ fg .

(a)M TxtEx 2-identi es atext T justin case(9i j W; =2 content(T)) (% N[M (T[n]) = i].

(b) M TxtEx 2-identi es anr.e.languagd. (written: L 2 TxtEx 2(M)) justin caseM TxtEx 2-
identi es eachtext for L.

()M TxtEx 2-identi es aclassL of r.e. languagegwritten: L~ TxtEx 2(M)) justin caseM
TxtEx 2-identi es eachlanguagedromL.

(d)TxtEx 2 =fL  Ej(9M)[L TxtEx &(M)]g.

Notethat TxtEx ° = TxtEx . NotethatDe nition of reductionandcompleteneswe usedin De ni-
tion 4.1, De nition 4.3,andDe nition 4.2 aregeneralandthuscanbe usedfor TxtEx 2-identi cation
too.

We next considercompleteclassedor TxtEx 2-identi cation, andtheir characterization.

De nition 12.2. Suppose 2 Q.
LetXrCyI = fcoderat(2w + x) jx2 Q,w2 N and0 x rg.

De nition 12.3. Supposes;r 2 Qg ands < r.
LetRINITY! = XY jw2 Qg

Theorem12.1. [14] Foralla2 N, RINITg?iI is X “-complete.

Thefollowing de nition is ageneralizatiorof thede nition of limiting standardizabiliticonsidered
by Kinber[20], Freivalds[9] andJainandSharmdg16].

De nition 12.4.[14] Leta 2 N[ fg . A classL of recursiely enumerablesetsis calleda-limiting
standadizableiff thereexistsa partiallimiting recursve functionF suchthat

(a) For all i suchthatW; =2 L for someL 2 L, F(i) isde ned.

(b)Forall L; L°2 L, foralli; j suchthatw; =2 L andw; =2 L5

F(i)=F(), L=L"

Thefollowing theoremcharacterizethe JX&X “-completeclassesfor alla2 N.
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Theorem12.2. [14] Suppos& 2 N. Supposd. 2 TxtEx 2. Then,thefollowing threestatementare
equialent.
(LLis IO “-complete.
I a
(2RINITG,  Tagx * |,
(3) Thereexistsarecursve functionH from Qq.; to N suchthat:

@FfWhryir2 Qo9 L.
B)IF0 r<r® 1thenWyiy Wyro.
(©) fWh () ] 1 2 Qo9 is a-limiting standardizable.

Thefollowing theoremcharacterizethe  XEX “-completeclassesforalla2 N [ fg .

Theorem12.3. [14] Suppose 2 N [ fg . L is IXEX “_completeiff L 2 TxtEx 2 andthereexists

weak
aquasi-denssubclas®f L whichis a-limiting standardizable.

For functionlearning,identi cation with anomaliesanbede ned similarly to languagdearning.
Notation: 1 =2 ,,iffcard(fxj 1(x) 8 2(x)g) a.

De nition 12.5.[11, 6] Supposea2 N[ fg . .
()M Ex2-identi esafunctionf (writtenf 2 Ex (M ) justincasg9ij' j=2f )(8n)[M (f [n]) =i].
(b) M Ex2-identi es aclassC of recursve functions(written: C  Ex?(M)) justin caseM Ex2-

identi es eachfunctionfrom C.
(dEx? =fC Rj(OM)[C Ex?3M)]g.

FINSUPsenesasacompleteclassevenfor Ex @, fora2 N.

Theorem12.4. [10, 22] Leta 2 N. FINSUPis E**-complete.

For Ex -identi cation completeclassesake a slightly differentform.

Kinber, PapazianSmith,andWiehagern22] de ned functionswith quasi- nite supportasfollows.
f hasquasi- nite-supporif

(D) Forallx 2 N, if x is0, 1 or notapower of prime,thenf (x) = 0.

(2) Forall but nitely mary primenumbersp, forallk 2 N, f (p¥) = 0.

(3) For every primenumberp, therearey andn 2 N suchthateither

f(p¥) = y,forallk 1,0R

(
y;, ifl1 k n;
0; otherwise

Let QUASIFINSUP= ff j f hasquasi- nite-supporg.

f(p) =

Theorem12.5. [22] QUASIFINSUPis EX -complete.

Following two theoremggive a characterizatiofor = *-completeclasses.

Theorem12.6. [22] Suppos& 2 N. ThenCis EX*-completeiff C 2 Ex @ andCcontainsar.e. dense
subclass.
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Theorem12.7.[22] Cis ®* -completeiff C2 Ex andC containsar.e. densesubclassS suchthat
for ary two distinctf;g2 S,f 6 g.
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