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Abstract. Thetheoryof learningin thelimit hasbeena focusof studyby severalresearchersover
the last threedecades.Therehave beenseveral suggestionson how to measurethe complexity or
hardnessof learning. In this paperwe survey the work donein onespeci�c suchmeasure,called
intrinsic complexity of learning.We will bemostlyconcentratingon learninglanguages,with only
abrief look at functionlearning.

1. Intr oduction

Considerthe identi�cation of formal languagesfrom positive data.A machineis fed all thestringsand
no nonstringsof a languageL , in any order, onestringat a time. Themachine,asit is receiving strings
of L , outputsa sequenceof grammars.The machineis saidto identify L just in casethe sequenceof
grammarsconvergesto a grammarfor L . This is essentiallytheparadigmof identi�cation in the limit
(calledTxtEx -identi�cation) introducedbyGold[11]. Identi�cation of totalfunctionsfromtheirgraphs
canbemodeledsimilarly with themachinereceiving asinputelementsof thegraphof thefunction.Note
thatin functionlearning,amachinecandeducenegativedata,sincepresenceof (x; y) in theinputimplies
that(x; z) is not in theinput for any z 6= y.

Thetheoryof learningin thelimit hasbeenafocusof studyby severalresearchersover thelastthree
decades.Wedirectthereaderto [15] for anintroductionto thearea.Therehavebeenseveralsuggestions
on how to measurethecomplexity or hardnessof learning.Someof theseare:

a) countingthenumberof mindchanges[2, 6, 24] madeby thelearnerbeforeit convergesto a �nal
hypothesis;
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b) measuringthetime takenby themachine(“areaunderthecurve”) beforeconverging to the �nal
hypothesis[7];

c) measuringtheamountof (so-calledlong-term) memorythelearneruses[21, 23];
d) numberof examplesneededbeforeconvergence[30]; and
e) intrinsiccomplexity of learning[9, 10,17].
Theaim of this paperis to survey thework donein intrinsic complexity of learning.As mentioned

above, two modelsof learningare usually consideredin the literature: languagelearningfrom texts
(positive data)andfunction learningfrom graphs.In somecases,languagelearningfrom bothpositive
andnegativedata(informants)is alsoconsidered.In this survey, we will beconcentratingmostlyon the
intrinsiccomplexity of languageidenti�cation from texts,andonly brie�y look at functionidenti�cation
from graphs,andlanguageidenti�cation from informants.

The originsof intrinsic complexity of learningdatebackto a paperby Freivalds[9] andwere�rst
developedfor functionlearningby Freivalds,Kinber andSmith[10]. JainandSharma[17] �rst studied
intrinsic complexity for languagelearning. We illustratethe notionusinglearningof somecommonly
consideredclassesof languages.

The following discussionis from [17]. Considerthe following threecollectionsof languagesover
N , thesetof naturalnumbers.

SINGLE = f L j card(L ) = 1g
COINIT = f L j (9n)[L = f x j x � ng]g
FIN = f L j cardinalityof L is �nite g

So,SINGLE is thecollectionof all singletonlanguages,COINIT is thecollectionof languagesthat
containall naturalnumbersexcepta�nite initial segment,andFIN is thecollectionof all �nite languages.
Clearly, eachof thesethreeclassesis identi�able in the limit from only positive data. For example,a
machineM 1 thatuponencounteringthe �rst dataelement,sayn, keepson emittinga grammarfor the
singletonlanguagef ng identi�es SINGLE. A machineM 2 that,at any giventime, �nds theminimum
elementamongthedataseensofar, sayn, andemitsagrammarfor thelanguagef x j x � ng caneasily
beseento identify COINIT. Similarly, a machineM 3 thatcontinuallyoutputsa grammarfor the�nite
setof dataseensofar identi�es FIN.

Now, althoughall threeof theseclassesareidenti�able, it canbearguedthat they presentlearning
problemsof varyingdif�culty . Oneway to look at thedif�culty is to askthequestion,“At whatstage
in the processingof the datacan a learningmachinecon�rm its success?”In the caseof SINGLE,
the machinecan be con�dent of successas soonas it encountersthe �rst dataelement. In the case
of COINIT, the machinecannotalways be surethat it hasidenti�ed the language.However, at any
stageafter it hasseenthe�rst dataelement,themachinecanprovide anupperboundon thenumberof
mind changesthat the machinewill make beforeconverging to a correctgrammar. For example,if at
somestagetheminimumelementseenis m, thenM 2 will makenomorethanm mindchangesbecause
it changesits mind only if a smallerelementappears.In the caseof FIN, the learningmachinecan
neitherbecon�dent aboutits successnor canit, at any stage,provide anupperboundon thenumberof
furthermindchangesthatit mayhave to undergobeforeit is rewardedwith success.Clearly, thesethree
collectionsof languagesposelearningproblemsof varyingdif�culty whereSINGLE appearsto be the
leastdif�cult to learnandFIN is seento bethemostdif�cult to learnwith COINIT appearingto beof
intermediatedif�culty .
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We next presentan informal descriptionof the reductionsthat are central to our analysisof the
intrinsic complexity of languagelearning. To facilitateour discussion,we �rst presentsometechnical
notionsaboutlanguagelearning.

Informally, a text for a languageL is just anin�nite sequenceof elements,with possiblerepetitions,
of all andonly theelementsof L . A text for L is thusanabstractionof thepresentationof positive data
aboutL . A learningmachineis essentiallyan algorithmicdevice. Elementsof a text aresequentially
fed to a learningmachineoneelementat a time. The learningmachine,asit receiveselementsof the
text, outputsanin�nite sequenceof grammars.Severalcriteriafor thelearningmachineto besuccessful
on a text have beenproposed.In thepresentpaperwe will concernourselveswith Gold's [11] criterion
of identi�cation in the limit (referredto as TxtEx -identi�cation). A sequenceof grammars,G =
g0; g1; : : :, is said to converge to g just in case,for all but �nitely many n, gn = g. We saythat the
sequenceof grammars,G = g0; g1; : : :, convergesjust in casethereexistsa g suchthatG convergesto
g; if nosuchg exists,thenwesaythatthesequenceG diverges.WesaythatM convergesonT (to g), if
thesequenceof grammarsemittedby M onT converges(to g). If thesequenceof grammarsemittedby
thelearningmachineconvergesto a correctgrammarfor thelanguagewhosetext is fed to themachine,
thenthemachineis saidto TxtEx -identify the text. A machineis saidto TxtEx -identifya language
just in caseit TxtEx -identi�es eachtext for thelanguage.

It is alsousefulto call anin�nite sequenceof grammars,g0; g1; g2; : : :, TxtEx -admissiblefor a text
T just in casethesequenceof grammarsconvergesto a singlecorrectgrammarfor thelanguagewhose
text is T.

Our reductionsarebasedon the ideathat for a collectionof languagesL to be reducibleto L 0, we
shouldbeableto transformtextsT for languagesin L to textsT 0for languagesin L 0andfurthertransform
TxtEx -admissiblesequencesfor T 0 into TxtEx -admissiblesequencesfor T. This is achieved with
thehelpof two enumerationoperators.Informally, enumerationoperatorsarealgorithmicdevicesthat
mapin�nite sequencesof objects(for example,texts andin�nite sequencesof grammars)into in�nite
sequencesof objects.The�rst operator, � , transformstexts for languagesin L into texts for languages
in L 0. The secondoperator, 	 , behavesasfollows: if � transformsa text T for somelanguagein L
into text T0 (for somelanguagein L 0), then 	 transformsTxtEx -admissiblesequencesfor T 0 into
TxtEx -admissiblesequencesfor T.

To seethat the above satis�es the intuitive notion of reductionconsidercollectionsL andL 0 such
thatL is reducibleto L 0. Wenow arguethatif L 0 is identi�able thensois L .

Let M 0 TxtEx -identify L 0. Let enumerationoperators� and	 witnessthe reductionof L to L 0.
Wenow describeamachineM thatTxtEx -identi�es L . M , uponbeingfedatext T for somelanguage
L 2 L , uses� to constructa text T 0 for a languagein L 0. It thensimulatesmachineM 0 on text T0

andfeedsconjecturesof M 0 to the operator	 to produceits conjectures.It is easyto verify that the
propertiesof � ; 	 , andM 0guaranteethesuccessof M oneachtext for eachlanguagein L .

We alsoconsidera strongernotion of reductionthanthe onediscussedabove. The readershould
notethat in theabove reduction,differenttexts for thesamelanguagemaybetransformedinto texts for
differentlanguagesby � . If we furtherrequirethat� is suchthatit transformsevery text for a language
into texts for someuniquelanguagethen we have a strongernotion of reduction. In the context of
functionlearningthesetwo notionsof reductionarethesame[10]. However, in thecontext of language
identi�cation, from texts, this strongernotion of reductionturns out to be different from its weaker
counterpart.
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In this paperwe will survey several resultsfrom the literatureon intrinsic complexity of learning,
mainly concentratingon structuralresults,completeclasses,andsomecharacterizations.We will only
begiving a few simplesampleproofs.Wedirectthereaderto respectivepaperscitedfor theproofs.

We now proceedformally.

2. Notation and Preliminaries

Any unexplainedrecursion-theoreticnotationis from [28]. The symbolN denotesthe setof natural
numbers,f 0; 1; 2; 3; : : :g. Symbols; , � , � , � , and� denoteemptyset,subset,propersubset,superset,
andpropersuperset,respectively. D 0; D1; : : : ; denotesa canonicalrecursive indexing of all the �nite
sets[28, Page70]. We assumethat if D i � D j theni � j (thecanonicalindexing de�ned by Rogers
[28] satis�esthis property).Cardinalityof a setS is denotedby card(S). Themaximumandminimum
of asetaredenotedby max(�); min(�), respectively, wheremax(; ) = 0 andmin(; ) = 1 .

We let h�; �i standfor an arbitrary, computable,bijective mappingfrom N � N onto N [28]. We
assumewithout lossof generalitythat h�; �i is monotonicallyincreasingin both of its arguments.We
de�ne � 1(hx; yi ) = x and� 2(hx; yi ) = y. h�; �i canbeextendedto n-tuplesin a naturalway (including
n = 1, wherehxi maybetakento bex). Projectionfunctions� 1; : : : ; � n correspondingto n-tuplescan
bede�ned similarly (wherethetuplesizewould beclearfrom context). Dueto theabove isomorphism
betweenN k andN , weoftenidentify thetuple(x1; � � � ; xn ) with hx1; � � � ; xn i .

By ' we denotea �x edacceptableprogrammingsystemfor thepartialcomputablefunctionsmap-
ping N to N [28, 25]. By ' i we denotethepartialcomputablefunctioncomputedby theprogramwith
numberi in the ' -system.SymbolR denotesthesetof all recursive functions,that is total computable
functions.By � wedenoteanarbitrary�x edBlum complexity measure[3, 12] for the' -system.By Wi

we denotedomain(' i ). Wi is, then,ther.e. set/language(� N ) accepted(or equivalently, generated)
by the' -programi . We alsosaythati is a grammarfor Wi . SymbolE will denotethesetof all r.e.lan-
guages.SymbolL , with or without decorations,rangesover E. By L , we denotethecomplementof L ,
thatis N � L . SymbolL , with or without decorations,rangesover subsetsof E. We denoteby Wi;s the
setf x � s j � i (x) < sg.

A classL � E is saidto berecursively enumerable(r.e.) [28], if f L = ; or thereexistsa recursive
functionf suchthatL = f Wf ( i ) j i 2 N g. In this lattercasewesaythatWf (0) ; Wf (1) ; : : : is a recursive
enumerationof L . L is saidto be1–1enumerableiff (i) L is �nite or (ii) thereexistsarecursivefunction
f suchthat L = f Wf ( i ) j i 2 N g and Wf ( i ) 6= Wf ( j ) , if i 6= j . In this latter casewe say that
Wf (0) ; Wf (1) ; : : : is a1–1recursiveenumerationof L .

A partial function F from N to N is said to be partial limit recursive, if f thereexists a recursive
functionf from N � N to N suchthat for all x, F (x) = lim y!1 f (x; y). Hereif F (x) is not de�ned
thenlim y!1 f (x; y), mustalsobeunde�ned.A partial limit recursive functionF is called(total) limit
recursive function,if F is total. # denotesde�ned or converges." denotesunde�nedor diverges.

3. LanguageIdenti�cation

Wenow presentconceptsfrom languagelearningtheory. Thenext de�nition introducestheconceptof a
sequenceof data.
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De�nition 3.1. (a)A sequence� is amappingfrom aninitial segmentof N into (N [ f # g). Theempty
sequenceis denotedby � .

(b) Thecontentof asequence� , denotedcontent(� ), is thesetof naturalnumbersin therangeof � .
(c) Thelengthof � , denotedby j� j, is thenumberof elementsin � . So,j� j = 0.
(d) For n � j� j, theinitial sequenceof � of lengthn is denotedby � [n]. So,� [0] is � .

Intuitively, # 's representpausesin the presentationof data. We let � , � , and 
 , with or without
decorations,rangeover �nite sequences.We denotethesequenceformedby theconcatenationof � at
theendof � by � � � . Sometimeswe abusethenotationanduse� � x to denotetheconcatenationof
sequence� andthesequenceof length1 which containstheelementx. SEQdenotesthesetof all �nite
sequences.

De�nition 3.2. [11] (a) A text T for a languageL is a mappingfrom N into (N [ f # g) suchthatL is
thesetof naturalnumbersin therangeof T.

(b) Thecontentof a text T, denotedby content(T), is thesetof naturalnumbersin therangeof T;
thatis, thelanguagewhichT is a text for.

(c) T[n] denotesthe�nite initial sequenceof T with lengthn.

We let T, with or withoutdecorations,rangeover texts. We let T rangeoversetsof texts.
A classT of texts is saidto ber.e. if thereexistsarecursivefunctionf , andasequenceT0; T1; : : : of

textssuchthatT = f Ti j i 2 N g, and,for all i; x, Ti (x) = f (i; x).

De�nition 3.3. [11] A language learningmachineis analgorithmicdevice which computesa mapping
from SEQinto N .

We let M , with or without decorations,rangeover learningmachines.M (T[n]) is interpretedasthe
grammar(index for anacceptingprogram)conjecturedby thelearningmachineM ontheinitial sequence

T[n]. WesaythatM convergesonT to i , (writtenM (T)# = i ) if (
1
8 n)[M (T[n]) = i ].

Thereareseveral criteria for a learningmachineto be successfulon a language.Below we de�ne
identi�cation in thelimit introducedby Gold [11].

De�nition 3.4. [11]

(a)M TxtEx -identi�es a text T just in case(9i j Wi = content(T)) (
1
8 n)[M (T[n]) = i ].

(b) M TxtEx -identi�es an r.e. languageL (written: L 2 TxtEx (M )) just in caseM TxtEx -
identi�es eachtext for L .

(c) M TxtEx -identi�es a classL of r.e. languages(written: L � TxtEx (M )) just in caseM
TxtEx -identi�es eachlanguagefrom L.

(d) TxtEx = fL � E j (9M )[L � TxtEx (M )]g.

Othercriteria of successare�nite identi�cation [11], behaviorally correctidenti�cation [8, 27, 5],
and vacillatory identi�cation [27, 4]. In the presentsurvey, we only discussresultsaboutTxtEx -
identi�cation (sometimeswith anomalies;seeSection12).
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4. Weakand StrongReductions

We�rst presentsometechnicalmachinery.
We write � � � if � is an initial segmentof � , and� � � if � is a properinitial segmentof � .

Likewise,wewrite � � T if � is aninitial �nite sequenceof text T. Let �nite sequences� 0; � 1; � 2; : : :
begivensuchthat� 0 � � 1 � � 2 � � � � andlim i !1 j� i j = 1 . Thenthereis a uniquetext T suchthat
for all n 2 N , � n = T[j� n j]. This text is denotedby

S
n � n . Let T denotethesetof all texts, thatis, the

setof all in�nite sequencesoverN [ f # g.
We de�ne anenumeration operator (or just operator),� , to bean algorithmicmappingfrom SEQ

into SEQsuchthat for all � ; � 2 SEQ,if � � � , then�( � ) � �( � ). We further assumethat for all
texts T, limn!1 j�( T [n])j = 1 . By extension,we think of � asalsode�ning a mappingfrom T into
T suchthat�( T) =

S
n �( T [n]).

A �nal notationaboutthe operator� . �( L ) = f content(�( T)) j T is a text for Lg. The reader
shouldnotethe overloadingof notationbecausethe type of the argumentto � could be a sequence,a
text, or a language;it will beclearfrom thecontext whichusageis intended.

We let �( T ) = f �( T) j T 2 T g, and�( L ) =
S

L 2L �( L ).
We alsoneedthenotionof anin�nite sequenceof grammars.We let � , with or withoutdecorations,

rangeover in�nite sequencesof grammars.From the discussionin the previoussectionit is clearthat
in�nite sequencesof grammarsareessentiallyin�nite sequencesoverN . Hence,weadoptthemachinery
de�ned for sequencesandtextsoverto �nite sequencesof grammarsandin�nite sequencesof grammars.
So,if � = i 0; i 1; i 2; i 3; : : :, then� [3] denotesthesequencei 0; i 1; i 2, and� (3) is i 3. Furthermore,wesay
that� convergesto i if thereexistsann suchthat,for all n0 � n, i n0 = i .

Let I beany criterionfor languageidenti�cation from texts, for exampleI = TxtEx . We saythat
anin�nite sequence� of grammarsis I -admissiblefor text T just in case� witnessesI -identi�cation of
text T. So,if � = i 0; i 1; i 2; : : : is aTxtEx -admissiblesequencefor T, then� convergesto somei such
thatWi = content(T); thatis, thelimit i of thesequence� is agrammarfor thelanguagecontent(T).

We now formally introduceour reductions.

De�nition 4.1. [17] Let L 1 � E andL 2 � E begiven.Let identi�cation criteriaI 1 andI 2 begiven.Let
T1 = f T j T is a text for L 2 L 1g. Let T2 = f T j T is a text for L 2 L 2g. We saythatL 1 � I 1 ;I 2

weak L 2

just in casethereexist operators� and	 suchthat for all T 2 T1 andfor all in�nite sequences� of
grammarsthefollowing hold:

(a) �( T) 2 T2 and
(b) if � is anI 2-admissiblesequencefor �( T), then	( � ) is anI 1-admissiblesequencefor T.
We say that L 1 � I

weak L 2 if f L 1 � I ;I
weak L 2. We say that L 1 � I

weak L 2 if f L 1 � I
weak L 2 and

L 2 � I
weak L 1.

Intuitively, L 1 � I
weak L 2 just in casethereexistsanoperator� thattransformstexts for languagesin L 1

into textsfor languagesin L 2 andthereexistsanotheroperator	 thatbehavesasfollows: if � transforms
text T (for a languagein L 1) to text T0(for a languagein L 2), then	 transformsI -admissiblesequences
for T0 into I -admissiblesequencesfor T. Thus, informally, the operator	 has“to work” only on I -
admissiblesequencesfor suchtexts T 0. In otherwords, if � is a sequenceof grammarswhich is not
I -admissiblefor any text T 0 in f �( T) j content(T) 2 L 1g, then	( � ) canbede�ned arbitrarily.

Intuitively, for many commonlystudiedcriteriaof inference,suchasI = TxtEx , if L 1 � I
weak L 2

thentheproblemof identifyingL 2 in thesenseof I is at leastashardastheproblemof identifyingL 1 in
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thesenseof I , sincethesolvability of theformerproblemimpliesthesolvability of thelatterone.That
is, givenany machineM 2 which I -identi�es L 2, it is easyto constructamachineM 1 which I -identi�es
L 1. To seethis for I = TxtEx , suppose� and 	 witnessL 1 � I

weak L 2. M 1(T), for a text T, is
de�ned asfollows. Let pn = M 2(�( T)[n]), and� = p0; p1; : : :. Let � 0 = 	( � ) = p0

0; p0
1; : : :. Thenlet

M 1(T) = limn!1 p0
n . Consequently, L 2 maybeconsideredasa “hardest”problemfor I -identi�cation

if for all classesL 1 2 I , L 1 � I
weak L 2 holds.If L 2 itself belongsto I , thenL 2 is saidto becomplete. We

now formally de�ne thesenotionsof hardnessandcompletenessfor theabove reduction.

De�nition 4.2. [17] Let I beanidenti�cation criterion.Let L � E begiven.
(a) If for all L 0 2 I , L 0 � I

weak L , thenL is � I
weak-hard.

(b) If L is � I
weak-hardandL 2 I , thenL is � I

weak-complete.

It shouldbenotedthatif L 1 � I
weak L 2 is witnessedby � and	 , thenthereis no requirementthat�

mapsall texts for eachlanguagein L 1 into texts for a uniquelanguagein L 2. If we furtherplacesucha
constrainton � , we getthefollowing strongernotion.

De�nition 4.3. [17] Let L 1 � E andL 2 � E be given. We saythat L 1 � I 1 ;I 2
strong L 2 just in casethere

exist operators� ; 	 witnessingthatL 1 � I 1 ;I 2
weak L 2, andfor all L 1 2 L 1, thereexistsanL 2 2 L 2, such

that(8 textsT for L 1)[�( T) is a text for L 2].

We saythat L 1 � I
strong L 2 if f L 1 � I ;I

strong L 2. We saythat L 1 � I
strong L 2 if f L 1 � I

strong L 2 and
L 2 � I

strong L 1.

We cansimilarly de�ne � I
strong -hardnessand� I

strong -completeness.

Proposition4.1. ([17]) � TxtEx
weak , � TxtEx

strong arere�exiveandtransitive.

Theabovepropositionholdsfor mostnaturallearningcriteria.It isalsoeasytoverify thenext proposition
statingthatstrongreducibility impliesweakreducibility.

Proposition4.2. [17] Let L � E and L 0 � E be given. Let I be an identi�cation criterion. Then
L � I

strong L 0 ) L � I
weak L 0.

5. SomePropertiesof Reductions

In this sectionwe will presentsomelemmaswhich illustratesomeof theimportantpropertiesof reduc-
tions. Thesepropertiesaremainly constraintswhich have to be satis�ed by � witnessinga reduction
from someclassto another. Thesepropertiesareoftenusefulin showing nonreducibilityresults.

Lemma 5.1. [19] SupposeL � E, L 0 � E andL � TxtEx
weak L 0aswitnessedby � and	 . Then

(a) (8L 2 L)[�( L ) � L 0];

(b) (8L; L 0 2 L)[L 6= L 0 ) �( L ) \ �( L 0) = ; ].

Part (b) of theabove lemmaessentiallysaysthat � (witnessinga � TxtEx
weak=strong reductionfrom L to

L 0) cannotmap(texts for) two distinctlanguagesin L to (texts for) thesamelanguagein L 0.
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Lemma 5.2. [19] Suppose� is anenumerationoperator.

(a) SupposeL 1 � L 2 � N , andL 0
1 2 �( L 1). Thenfor every �nite subsetS of L 0

1, thereexistsan
L 0

2 2 �( L 2) suchthatS � L 0
2.

(b) SupposeL 1 � L 2 � N . Supposefurther that �( L 1) consistsonly of �nite languages.Thenfor
all L 0

1 2 �( L 1), thereexistsanL 0
2 2 �( L 2) suchthatL 0

1 � L 0
2.

Part (a)of thefollowing Corollaryessentiallysaysthat“subset”relationis preservedin strongreduc-
tion. Thatis, if � (alongwith 	 ) witnessesthatL � TxtEx

strong L 0, thenL 1 � L 2 implies�( L 1) � �( L 2),
for all L 1; L 2 2 L .

A weakerversionof above holdsfor weakreductions(part(b) of thefollowing corollary).

Corollary 5.1. [19] Let L � E; L 0 � E.

(a) SupposeL � TxtEx
strong L 0 aswitnessedby � and	 . SupposeL 1; L 2 2 L andL 1 � L 2. Let S1; S2

besuchthat�( L 1) = f S1g and�( L 2) = f S2g. ThenS1 � S2.

(b) SupposeL � TxtEx
weak L 0 aswitnessedby � and	 . SupposeL 1; L 2 2 L andL 1 � L 2. Further

supposethat L 0 consistsonly of �nite languages.Then,for every S1 2 �( L 1), thereexists an
S2 2 �( L 2) suchthatS1 � S2.

Theabove resultcanessentiallybeusedto show thatseveralstructuralpropertiesarepreservedby
reductions.We illustratethis usingexampleof chainsin Lemma5.3below.

We �rst de�ne chainsasfollows.

De�nition 5.1. [19] A chain is asequenceof languagesL 1; L 2; : : : ; L j , suchthatL 1 � L 2 � � � � � L j .
If L 1; L 2; : : : ; L j form achain,thenwe alsoreferto themasa j -chain.
We saythat two chainsL 1; L 2; : : : ; L j andL 0

1; L 0
2; : : : ; L 0

k areindependentif f they do not contain
any languagein common.

We say that L containsa j -chain, if f it containslanguagesL 1; L 2; : : : ; L j which form a j -chain.
Similarly, we saythat L containsk-independentj -chainsiff, for 1 � r � k, 1 � i � j , L contains
languagesL r

i , suchthat,for 1 � r � k, L r
1; L r

2; : : : ; L r
j form pairwise-independentchains.

Thenext lemmagivessuf�cient conditionfor nonreducibilityin thestrongsense.It saysfor L � TxtEx
strong

L 0, L 0mustcontainat leastasmany pairwise-independentj -chains,asL .

Lemma 5.3. [19] Let j > 0. SupposeL containsk pairwise-independentj -chainsandL � TxtEx
strong L 0.

ThenL 0alsohask pairwise-independentj -chains.

A slightly weakerversionof theabove lemmaholdsfor weakreduction.

Lemma 5.4. [19] SupposeL ; L 0 � E. SupposeL � TxtEx
weak L 0. Supposefurther that L containsk

pairwise-independentj -chains,andL 0 consistsonly of �nite languages.Then,L 0 containsk pairwise-
independentj -chains.

Onecangeneralizeabove lemmasto show thatseveralstructuralconstraintsmustbesatis�edin any
reduction.Thisoftenallowsusto claimnonreduciblityresultsjustbasedonstructure.
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6. Intrinsic Complexity of Natural Classes

In this sectionwe will presentsomeresultsaboutthe intrinsic complexity relationshipamongseveral
naturalclasses.

Let us�rst de�ne somenaturalclasses.

De�nition 6.1. SINGLE = f L j card(L ) = 1g.
COSINGLE= f L j card(N � L ) = 1g.
INIT = f L j (9i 2 N )[L = f x j x � ig]g.
COINIT = f L j (9i 2 N )[L = f x j x � ig]g.
FIN = f L j card(L ) < 1g .

The following theoremshows thatSINGLE is strictly simplerlearningproblemthanCOINIT with
respectto both� TxtEx

strong and� TxtEx
weak reductions.

Theorem6.1. [17] SINGLE � TxtEx
strong COINIT ^ COINIT 6�TxtEx

weak SINGLE.

Thefollowing resultjusti�es theearlierdiscussionthatCOINIT is a simplerlearningproblemthan
FIN.

Theorem6.2. [17] COINIT � TxtEx
weak FIN ^ FIN 6�TxtEx

weak COINIT.

Proof:
COINIT � TxtEx

weak FIN follows from Theorem7.1 presentedlater. FIN 6�TxtEx
weak COINIT follows from

Theorem9.6presentedlater. ut

In contrastto above resultthefollowing theoremshows thatCOINIT 6�TxtEx
strong FIN.

Theorem6.3. [17] COINIT 6�TxtEx
strong FIN.

Proof:
Supposeby way of contradictionthatCOINIT � TxtEx

strong FIN, aswitnessedby � and	 . Thenby Corol-
lary 5.1 it follows that (8L 2 COINIT)[�( L ) � �( N )]. SinceCOINIT is an in�nite collectionof
languages,it follows thateither�( N ) is in�nite or thereexist distinctL 1 andL 2 in COINIT suchthat
�( L 1) = �( L 2). It follows thatCOINIT 6�TxtEx

strong FIN. ut

Ournext resultshows thatINIT andFIN areequivalentin thestrongsense.

Theorem6.4. [17] INIT � TxtEx
strong FIN.

Next threeresultsestablishthepositionof COSINGLEamongtheclassesSINGLE, INIT, COINIT,
FIN.

Theorem6.5. [17] SINGLE � TxtEx
strong COSINGLE. COSINGLE6�TxtEx

weak SINGLE.
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Theorem6.6. [17] COINIT 6�TxtEx
strong COSINGLE.

COINIT � TxtEx
weak COSINGLE.

COSINGLE6�TxtEx
weak COINIT.

Theorem6.7. [17] COSINGLE� TxtEx
strong INIT.

INIT 6�TxtEx
strong COSINGLE.

INIT � TxtEx
weak COSINGLE.

Earlierresultsaboutidenti�cation in thelimit from positivedataturnedout to bepessimisticbecause
Gold [11] establishedthatany collectionof languagesthatcontainsanin�nite languageandall its �nite
subsetscannotbeTxtEx -identi�ed. As aconsequenceof this resultno classin theChomsky hierarchy
canbeidenti�ed in thelimit from texts. However, later, two interestingclasseswereproposedthatcould
beidenti�ed in thelimit from texts. In thissection,wedescribetheseclassesandlocatetheir statuswith
respectto thereductionsintroducedin thispaper.

The �rst of theseclasseswasintroducedby Wiehagen[29]. We de�ne, WIEHAGEN = f L j L 2
E ^ L = Wmin( L )g.

WIEHAGEN is aninterestingclassbecauseit canbeshown that it containsa �nite variantof every
recursively enumerablelanguage.It is easyto verify thatWIEHAGEN 2 TxtEx . It is alsoeasyto see
thatthereexistsa machinewhich TxtEx -identi�es WIEHAGEN andthatthis machine,while process-
ing a text for any languagein WIEHAGEN, canprovide an upperboundon the numberof additional
mindchangesrequiredbeforeconvergence.In thisconnectionthisclassappearsto posea learningprob-
lem similar in natureto COINIT above. This intuition is indeedjusti�ed by the following theoremas
thesetwo classesturnout to beequivalentin thestrongsense.

Theorem6.8. [17] COINIT � TxtEx
strong WIEHAGEN.

We next considertheclass,PATTERN, of patternlanguagesintroducedby Angluin [1].
SupposeV is a countablyin�nite setof variablesandC is a nonempty�nite setof constants,such

thatV \ C = ; . Notation: For asetX overvariablesandconstants,X � denotesthesetof stringsoverX ,
andX + denotesthesetof nonemptystringsoverX . Any w 2 (V [ C)+ is calledapattern. Supposef
is amappingfrom (V [ C)+ to C+ , suchthat,for all a 2 C, f (a) = a and,for eachw1; w2 2 (V [ C)+ ,
f (w1 � w2) = f (w1) � f (w2), where� denotesconcatenationof strings.Let PatMap denotethecollection
of all suchmappingsf .

Let codedenotea1-1ontomappingfrom stringsin C � to N .
Thelanguageassociatedwith thepatternw is de�nedasLang (w) = f code(f (w)) j f 2 PatMapg.

Then,PATTERN = f Lang (w) j w is a patterng.
The following theoremshows that learningPATTERN hasthe samecomplexity as COINIT and

WIEHAGEN.

Theorem6.9. [17] COINIT � TxtEx
strong PATTERN.

Proof:
We �rst show thatCOINIT � TxtEx

strong PATTERN. Let Si = Lang (ai x), wherea 2 C andx 2 V . Let
� besuchthat �( L ) = Smin (L ) = f code(al w) j w 2 C+ ^ l = min(L )g. Notethatsucha � canbe
easilyconstructed.Notethatcode(al+1 ) 2 content(�( L )) , l � min(L ).
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Let f (i ) denoteanindex of agrammar(obtainedeffectively from i ) for f x j x � ig. Let 	 bede�ned
asfollows. SupposeG = g0; g1; : : :. Then	( G) = g0

0; g0
1; : : :, suchthat,for n 2 N , g0

n = f (min(f l j
code(al+1 ) 2 Wgn ;n g)) . It is easyto verify that� and	 witnessthatCOINIT � TxtEx

strong PATTERN.
Wenow show thatPATTERN � TxtEx

strong COINIT. NotethatthereexistsarecursiveindexingL 0; L 1; : : :
of patternlanguagessuchthat

(1) L i = L j , i = j .
(2) L i � L j ) i > j .
(Onesuchindexingcanbeobtainedasfollows. Firstnotethatfor patternsw1 andw2, if Lang (w1) �

Lang (w2) thenlengthof w1 is at leastaslargeasthat of w2. Also for patternsof the samelength�
relationis decidable,asshown by Angluin [1]. Thuswe canform the indexing asrequiredusingthe
following method.We consideronly canonicalpatterns[1]. For w1 6= w2, we placew1 beforew2 if (a)
lengthof w1 is smallerthanthatof w2 or (b) lengthof w1 andw2 aresame,but Lang (w1) � Lang (w2)
or (c) lengthof w1 andw2 aresame,Lang (w1) 6� Lang (w2) andw1 is lexicographicallysmallerthan
w2.)

Moreover, thereexistsa machine,M , suchthat
(a)For all � � � , suchthatcontent(� ) 6= ; , M (� ) � M (� ).
(b) For all textsT for patternlanguages,M (T)# = i , suchthatL i = content(T).
(Angluin'smethodof identi�cation of patternlanguagesessentiallyachievesthisproperty).
Let � m;n bethe lexicographicallyleastsequenceof lengthn, suchthatcontent(� m;n ) = f x j m �

x � ng. Let prev(�) = � ; for w 2 f N g [ f # g and� = � 0� w, let prev(� ) denote� 0.
If content(� ) = ; , then�( � ) = � , else�( � ) = �( prev(� )) � � M (� );j� j . Notethat for a text T for

L i , �( T) wouldbef x j x � M (T)g.
Let f (i ) denotea grammareffectively obtainedfrom i for L i . Let 	 bede�ned asfollows. Suppose

G = g0; g1; : : :. Then	( G) = g0
0; g0

1; : : :, suchthat,for n 2 N , g0
n = f (min(f ng [ Wgn ;n )) . It is easy

to verify thatif G convergesto agrammarfor f x j x � ig, then	 convergesto agrammarfor L i . Thus,
� and	 witnessthatPATTERN � TxtEx

strong COINIT. ut

Therehave beenseveralother“natural” classesstudiedin theliterature,for exampleCONTONn =
f L j card(N � L ) = ng. Wehoweverwill notconsiderthemin thissurvey. Jain,KinberandWiehagen
[14] consideredgeneralizationof the above naturalclassesto multidimensionallanguageswhereeach
individualdimensionis learnableby usingoneof abovestrategies(suchasINIT; COINIT; COSINGLE).
RecentlyJainandKinber [13] havealsoconsideredintrinsiccomplexity of learningseveralnaturalgeo-
metricalclassessuchassemi-hullsandopen-hulls.

7. CompleteClasses

Completeclasseshave often beenusedto identify the hardestproblemin a classof problems.In this
sectionwe will studysomeproblemswhich areknown to becompletefor weakandstrongreductions
for TxtEx identi�cation.

Theorem7.1. [17] COSINGLE, INIT andFIN are� TxtEx
weak -complete.

Proof:
We only show FIN is � TxtEx

weak -complete.INIT andCOSINGLEcanbeshown to be � TxtEx
weak -complete

in asimilar fashion.
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Considerany L 2 TxtEx . SupposeL � TxtEx (M ). We construct� and	 which witnessthat
L � TxtEx

weak FIN. Without lossof generalityweassumethatM (T[0]) =?. De�ne �( T[n]) asfollows.
�( T[0]) = sequencecontainingjust# .

�( T[n + 1]) =

(
�( T[n]) � # ; if M (T[n]) = M (T[n + 1]);

�( T[n]) � hM (T[n + 1]); n + 1i ; otherwise:

If M TxtEx -identi�es T, then content(�( T)) is a nonempty�nite set. Let j T = max(f n j
(9i )[hi; ni 2 content(�( T)])g). Onecannow easilyverify that,if M TxtEx -identi�es T, thenM (T)
is theuniquei suchthathi; j T i 2 content(�( T)) .

Suppose� = g0g1g2 : : : is anin�nite sequenceof grammars.De�ne 	( � ) = g0
0; g0

1; g0
2; : : :, where

g0
m is de�ned asfollows. Let j m = max(f n j (9i )[hi; ni 2 Wgm ;m ]g). Let g0

m = min(f i j hi; j m i 2
Wgm ;m g).

It is easyto verify that,if M TxtEx -identi�es T, and� convergesto agrammarfor content(�( T)) ,
then	( � ) convergesto M (T), agrammarfor content(T). It follows thatL � TxtEx

weak FIN. ut

However, usingTheorem6.3,wehave

Corollary 7.1. FIN, COSINGLE, INIT arenot � TxtEx
strong -complete.

We next consideranaturalclasswhich is � TxtEx
strong -complete.

Let Q denotethesetof all rationalnumbers� 0. For s; r 2 Q, let Qs;r = f x 2 Q j s � x � r g. For
allowing usto considerr.e. setsof rationalnumbers,let coderat(�) denoteaneffectivebijectivemapping
from Q to N .

De�nition 7.1. Supposer 2 Q0;1.
Let X r = f coderat(x) j x 2 Q and0 � x � r g.

De�nition 7.2. Supposes; r 2 Q0;1 ands < r .
Let RINITs;r = f X w j w 2 Qs;r g.

Theorem7.2. [14] RINIT0;1 is � TxtEx
strong -complete.

8. Characterizations

Characterizationsareoftenusefulin theoreticalstudiesandspeciallyin inductive inference(for example
seethesurvey by ZeugmannandLange[32]). In this sectionwe will beconsideringsomecharacteriza-
tions.

We �rst considercharacterizationof completeclasses.For this we introducethenotionof limiting-
standardizable.

De�nition 8.1. [20, 9, 16] A classL of recursively enumerablesetsis calledlimiting standardizableiff
thereexistsapartiallimiting recursive functionF suchthat

(a) For all i suchthatWi = L for someL 2 L , F (i ) is de�ned.
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(b) For all L; L 0 2 L , for all i; j suchthatWi = L andWj = L 0,

F (i ) = F (j ) , L = L 0:

Thus,informally, aclassL of r.e. languagesis limiting standardizableif all thein�nitely many grammers
i 2 N of eachlanguageL 2 L canbemapped(“standardized”)in the limit to someuniquegrammar
(naturalnumber).Notice that it is not requiredthat this “standardgrammar”mustbe a grammarof L
again. However, standardgrammarsfor differentlanguagesfrom L have to bepairwisedifferent.

Thefollowing theoremcharacterizesthe� TxtEx
strong -completeclasses.

Theorem8.1. [14] SupposeL 2 TxtEx . Then,thefollowing threestatementsareequivalent.
(1) L is � TxtEx

strong -complete.
(2) RINIT0;1 � TxtEx

strong L .
(3) Thereexistsa recursive functionH from Q0;1 to N suchthat:

(a) f WH (r ) j r 2 Q0;1g � L .
(b) If 0 � r < r 0 � 1, thenWH (r ) � WH (r 0) .
(c) f WH (r ) j r 2 Q0;1g is limiting standardizable.

Intuitively H in part (c) in theabove characterizationgivesa subclassof L , which is in somesense
effectively isomorphicto RINIT0;1.

Wenext giveacharacterizationof � TxtEx
weak -completeclasses.

De�nition 8.2. [14] A nonemptyclassL of languagesis calledquasi-denseiff
(a)L is 1–1recursively enumerable.
(b) For any L 2 L andany �nite S � L , thereexistsanL 0 2 L , suchthatS � L 0, but L 6= L 0.

Note: (b) canbeequivalentlyreplacedby
(b') For any �nite setS, eitherthereexists no languagein L extendingS, or thereexist in�nitely

many distinctlanguagesin L extendingS.

Theorem8.2. [14] L is � TxtEx
weak -completeiff L 2 TxtEx andthereexistsa quasi-densesubclassof L

which is limiting standardizable.

Jain,Kinber andWiehagen[14] alsogive several othercharacterizationsof classeswhich are re-
ducibleto naturalclassessuchasINIT, andclassesto which naturalclassesarereducible.For example,
strong-degreesbelow andabove INIT canbecharacterizedasfollows:

De�nition 8.3. [14] F , apartialrecursivemappingfrom FIN � N to N , is calledanup-mappingiff for
all �nite setsS;S0, for all j; j 0 2 N :

If S � S0andj � j 0, thenF (S; j )# ) [F (S0; j 0)# � F (S; j )].

For anup-mappingF andL � N , weabusenotationslightly andlet F (L ) denotelim S! L;j !1 F (S; j )
(whereby S ! L we mean: take any sequenceof �nite setsS1; S2; : : :, suchthat Si � Si +1 andS

Si = L, andthentake thelimit over theseSi 's).
NotethatF (L ) maybeunde�nedin two ways:
(1) F (S; j ) maytakearbitrarily largevaluesfor S � L , andj 2 N , or
(2) F (S; j ) maybeunde�nedfor all S � L , j 2 N .
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Theorem8.3. [14] L � TxtEx
strong INIT iff thereexist F , a partial recursive up-mapping,andG, a partial

limit recursivemappingfrom N to N , suchthat
(a) For any languageL 2 L , F (L )# < 1 .
(b) For all L 2 L , G(F (L )) convergesto agrammarfor L .

Theorem8.4. [14] INIT � TxtEx
strong L iff thereexistsa recursive functionH suchthat

(a) f WH (i ) j i 2 N g � L ,
(b) WH (i ) � WH (i+1) , and
(c) f WH (i ) j i 2 N g is limiting standardizable.

Severalsimilarcharacterizationfor naturalclassessuchasCOINIT andCOSINGLEwerealsogiven
by Jain,Kinber andWiehagen[14]. The above paperalsoconsidersa generalizationof classessuch
asINIT andCOINIT, by consideringcombinationsof INIT andCOINIT-like strategies. They give a
hierarchy basedonsuchcombinations,andcharacterizethelearningclassessoformed.

9. Somestructural Results

We now considersomestructuralresultsregardingreductions.Thenext theoremshows thatthereexists
anin�nite hierarchy of moreandmorecomplex classes.

Let FINi = f L j card(L ) � ig.

Theorem9.1. [19] For eachi � 1, FINi � TxtEx
strong FINi +1 andFINi +1 6�TxtEx

weak FINi .

Onecanview thereducibility structureasa directedgraph,wherenodesrepresentlanguageclasses,
andanedgefrom L to L 0denotesthefactthatL is (weak,strong)reducibleto L 0.

Theorem9.2showsthatthestructureof intrinsiccomplexity is veryrich asany �nite acyclic directed
graphcanbeembeddedin thisstructure.

Theorem9.2. [19] Every �nite directedacyclic graphH canbeembeddedin thereducibility structure.

Ambainis(privatecommunication)hasshown thatany recursively enumerableDAG (even in�nite)
canbeembededin thereducibility structure.

Although the above theoremshows that the intrinsic complexity of languageidenti�cation is rich,
thenext two resultsestablishthat this structureis not dense, that is, thereexist two languageclasses,L
andL 0, thatsatisfythefollowing properties:

(a) L is strong-reducibleto L 0but L 0 is notevenweak-reducibleto L .

(b) Thereis no languageclassbetweenL andL 0with respectto eitherstrongor weakreduction.

Theorem9.3. [19] For i > 0, let L i = f ig. Let L 0 = f 1; 0g. Let L = f L i j i > 0g. Let L 0 = f L 0g[ L .
(NotethatL � TxtEx

strong L 0, but L 0 6�TxtEx
weak L). Thenfor all S suchthatL � TxtEx

strong S � TxtEx
strong L 0, either

S � TxtEx
strong L or S � TxtEx

strong L 0.

Theorem9.4. [19] For i > 0, let L i = f ig. Let L 0 = f 1; 0g. Let L = f L i j i > 0g. Let L 0 = f L 0g[ L .
(NotethatL � TxtEx

strong L 0, but L 0 6�TxtEx
weak L). Thenfor all S suchthatL � TxtEx

weak S � TxtEx
weak L 0, either

S � TxtEx
weak L or S � TxtEx

weak L 0.
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We have seenearlierthatFIN is completewith respectto � TxtEx
weak reduction.This meansthatFIN

capturestheessenceof themostdif�cult learningproblemwith respectto weak-reduction.It wasalso
shown thatFIN is notcompletewith respectto strong-reduction.Below wegiveaninterestingcollection
of languagesthatis trivially identi�able (with 0 mindchanges)but is not strongreducibleto FIN.

Theorem9.5. [19] Let L = f L j L 6= ; ^ (8x 2 L)[Wx = L]g. ThenL 6�TxtEx
strong FIN.

We now considerconnectionsbetweentopologicalpropertiesof learnableclassesandtheir intrinsic
complexity. Thefollowing notionwasintroducedby Angluin [1].

De�nition 9.1. [1] L has�nite thicknessjust in casefor eachn 2 N , card(f L 2 L j n 2 Lg) is �nite.

PATTERNhas�nite thickness.Angluin [1] showedthatif L is anindexedfamily of recursive languages
andL has�nite thicknessthenL 2 TxtEx .

We now presenta theoremthat turnsout to be very useful in showing that certainclassesarenot
completewith respectto � TxtEx

weak reduction. The theoremstatesthat if a collectionof languagesL is
suchthateachnaturalnumberx appearsin only �nitely many languagesin L , thenFIN is not � TxtEx

weak
reducibleto L . SinceFIN 2 TxtEx , this theoremimmediatelyimplies that classessuchasCOINIT,
PATTERN, WIEHAGENarenot � TxtEx

weak -complete.

Theorem9.6. [17] SupposeL has�nite thickness.ThenFIN 6�TxtEx
weak L .

A moreinterestingtopologicalnotionwasintroducedby Wright [31] describedbelow (seealsopaper
by Motoki, Shinohara,andWright [26]).

De�nition 9.2. [31, 26] L hasin�nite elasticityjust in casethereexistsanin�nite sequenceof pairwise
distinctnumbers,f wi 2 N j i 2 N g, andanin�nite sequenceof pairwisedistinctlanguages,f A i 2 L j
i 2 N g, suchthat for eachk 2 N , f wi j i < kg � Ak , but wk 62Ak . L is saidto have �nite elasticity
just in caseL doesnothave in�nite elasticity.

Wright [31] showedthatif aclassL has�nite thicknessthenit has�nite elasticity. Hefurthershowed
thatif aclassL is anindexedfamily of recursive languagesandL has�nite elasticity, thenL 2 TxtEx .

Now, languageclassesthat are � TxtEx
weak -completeare, in somesense,the most dif�cult learning

problems.Interestingly, it hasbeenestablishedthat � TxtEx
weak -completenessis alsoa suf�cient condition

for in�nite elasticity.

Theorem9.7. [18] SupposeL is � TxtEx
weak -complete.ThenL hasin�nite elasticity.

Classesthathave in�nite elasticityarenot necessarilyidenti�able. However, it is interestingto ask:
Are all identi�able classesthat have in�nite elasticity also � TxtEx

weak -complete? The following result
answersthis questionnegatively.

Theorem9.8. [18] Thereexist aclassL suchthatL 2 TxtEx andL hasin�nite elasticity, but L is not
� TxtEx

weak -complete.
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10. Inf ormants

In this sectionwe brie�y considerintrinsic complexity of learningfrom informants. The conceptsof
weakandstrongreductioncanbeadoptedto languageidenti�cation from informants.Informally, infor-
mants,�rst introducedby Gold [11], aretexts which containbothpositiveandnegative data.Thusif I L

is an informantfor L , thencontent(I L ) = fhx; 0i j x 62Lg [ fhx; 1i j x 2 Lg.1 Identi�cation in the
limit from informantsis referredto asInfEx -identi�cation (we referthereaderto [11] for details).The
de�nition of weakandstrongreductioncanbeadoptedto languageidenti�cation from informantsin a
straightforwardwayby replacingtexts by informantsin De�nitions 4.1and4.3.

For any languageL , an informantof specialinterestis the canonicalinformant. I is a canonical
informantfor L just in casefor n 2 N , I (n) = hn; � L (n)i , where� L denotesthecharacteristicfunction
of L .

Sinceacanonicalinformantcanalwaysbeproducedfrom any informant,we have thefollowing:

Proposition10.1. L 1 � InfEx
weak L 2 ( ) L 1 � InfEx

strong L 2.

Theorem10.1. [17] FIN is � InfEx
strong complete.

However,

Theorem10.2. [17] TheclassesSINGLE, INIT, COSINGLE, COINIT, WIEHAGEN, andPATTERN
areequivalentwith respectto � InfEx

strong reduction.2

11. Function Learning

In thissectionwebrie�y considerintrinsiccomplexity of functionlearning.Freivalds,KinberandSmith
[10] werethe�rst to considerintrinsiccomplexity of functionlearning.In this survey we mostlyfollow
Kinber, Papazian,Smith,andWiehagen[22].

We �rst considersomenotationandde�nitions for functionidenti�cation.
For a function � suchthat � (x)#, for x < n, we let � [n] = f (x; � (x)) j x < ng. We let SEG =

f f [n] j f 2 Rg. A functionlearningmachineis analgorithmicmappingfrom SEGinto N .

De�nition 11.1. [11, 6]

(a)M Ex -identi�es afunctionf (writtenf 2 Ex (M )) justin case(9i j ' i = f ) (
1
8 n)[M (f [n]) = i ].

(b) M Ex -identi�es a classC of recursive functions(written: C � Ex (M )) just in caseM Ex -
identi�es eachfunctionfrom C.

(d) Ex = fC � R j (9M )[C � Ex (M )]g.

In consideringintrinsic complexity of functionlearningit is easierto consider� asmappingpartial
functionsto partialfunctions.

1Alternatively, an informantfor a languageL maybethoughtof asa “tagged”text for N suchthatn appearsin thetext with
tag1 if n 2 L ; otherwisen appearsin thetext with tag0.
2Actually, it canbeshown thatany collectionof languagesthatcanbe�nitely identi�ed (i.e., identi�ed with 0 mind changes)
from informantsis � InfEx

strong SINGLE.
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De�nition 11.2. [28] A recursive operatoris aneffective total mapping� from (possiblypartial) func-
tionsto (possiblypartial)functions,whichsatis�esthefollowing properties:

(a)Monotonicity:For all functions� and� 0, if � � � 0, then�( � ) � �( � 0).
(b) Compactness:For all � , if (x; y) 2 �( � ), thenthereexists a �nite function � � � suchthat

(x; y) 2 �( � ).
(c) Recursiveness:For all �nite functions� , onecaneffectively enumerate(in � ) all (x; y) 2 �( � ).

Admissiblesequencesfor functionlearningcriteriacanbede�ned similarly to thelanguagelearning
case.

De�nition 11.3. [10, 22]. SupposeC1 � R , C2 � R , andidenti�cation criteriaI 1 andI 2 aregiven.
WesaythatC1 � I 1 ;I 2 C2 if f thereexist recursiveoperators� and	 suchthatfor any functionf 2 C1,
1. �( f ) 2 C2,
2. for any I 2 admissiblesequence� for �( f ), 	( � ) is anI 1 admissiblesequencefor f .

WesaythatC1 � I C2, if f C1 � I ;I C2. � I -hardnessand� I -completenesscanbede�ned similarly.
Notice thatunlike in the languagelearningcasewe haven't de�ned weakandstrongreductionsfor

function learning.Reasonis that for mostnaturalidenti�cation criteria for function learning,thesetwo
reductionsaresame. (Sinceonecaneffectively convert an arbitraryorderingof a total function into
canonicalorder).Thusweonly concentrateonstrongreductions.

Wenext consideracompleteclassfor Ex -identi�cation.
Let FINSUP= f f 2 R j card(f x j f (x) 6= 0g) < 1g .

Theorem11.1. [10, 22] FINSUPis � Ex -complete.

Wenow givecharacterizationsfor � Ex -completeclasses.

De�nition 11.4. [28] A nonemptyclassC � R is saidto be recursivelyenumerable iff thereexists a
recursive functionf suchthatC = f ' f ( i ) j i 2 N g.

De�nition 11.5. A functionf is saidto beanaccumulationpoint of C, if f for all n, thereexistsa g 2 C
suchthatf (x) = g(x), for x � n, but f 6= g.

De�nition 11.6. [22] Cis calleddenseiff Cis nonemptyandevery f 2 Cis anaccumulationpointof C.

Theorem11.2. [22] Cis � Ex -completeiff C 2 Ex andCcontainsanr.e. densesubclass.

Kinber, Papazian,Smith,andWiehagen[22] alsogiveseveralresultsregardingidenti�cation criteria
involving mind changes.Freivalds,Kinber andSmith [10] alsoconsidervariousotherformulationsof
reductions(suchasspaceboundedreduction).Wereferthereaderto abovetwo papersfor furtherresults
on intrinsiccomplexity of functionidenti�cation.
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12. Learning with Anomalies

In this sectionwe brie�y discusssomeof theresultsin intrinsic complexity in presenceof anomaliesin
the�nal programconjecturedby thelearner.

Let us �rst considersomenotation.L 1� L 2 denotesthesymmetricdifferenceof L 1 andL 2, that is
L 1� L 2 = (L 1 � L 2) [ (L 2 � L 1). For anaturalnumbera, wesaythatL 1 = a L 2, if f card(L 1� L 2) � a.
WesaythatL 1 = � L 2, if f card(L 1� L 2) < 1 . Thus,we taken < � < 1 , for all n 2 N . If L 1 = a L 2,
thenwesaythatL 1 is ana-variantof L 2.

We now de�ne identi�cation with anomalies.

De�nition 12.1. [11, 6, 5] Supposea 2 N [ f�g .

(a) M TxtEx a-identi�es a text T just in case(9i j Wi = a content(T)) (
1
8 n)[M (T[n]) = i ].

(b) M TxtEx a-identi�es anr.e.languageL (written: L 2 TxtEx a(M )) just in caseM TxtEx a-
identi�es eachtext for L .

(c) M TxtEx a-identi�es a classL of r.e. languages(written: L � TxtEx a(M )) just in caseM
TxtEx a-identi�es eachlanguagefrom L.

(d) TxtEx a = fL � E j (9M )[L � TxtEx a(M )]g.

Note thatTxtEx 0 = TxtEx . Note thatDe�nition of reductionandcompletenesswe usedin De�ni-
tion 4.1,De�nition 4.3,andDe�nition 4.2 aregeneralandthuscanbeusedfor TxtEx a-identi�cation
too.

We next considercompleteclassesfor TxtEx a-identi�cation, andtheir characterization.

De�nition 12.2. Supposer 2 Q0;1.

Let X cyl
r = f coderat(2w + x) j x 2 Q, w 2 N and0 � x � r g.

De�nition 12.3. Supposes; r 2 Q0;1 ands < r .

Let RINITcyl
s;r = f X cyl

w j w 2 Qs;r g.

Theorem12.1. [14] For all a 2 N , RINITcyl
0;1 is � TxtEx a

strong -complete.

Thefollowing de�nition is a generalizationof thede�nition of limiting standardizabilityconsidered
by Kinber [20], Freivalds[9] andJainandSharma[16].

De�nition 12.4. [14] Let a 2 N [ f�g . A classL of recursively enumerablesetsis calleda-limiting
standardizableiff thereexistsapartiallimiting recursive functionF suchthat

(a) For all i suchthatWi = a L for someL 2 L , F (i ) is de�ned.
(b) For all L; L 0 2 L , for all i; j suchthatWi = a L andWj = a L 0,

F (i ) = F (j ) , L = L 0:

Thefollowing theoremcharacterizesthe� TxtEx a

strong -completeclasses,for all a 2 N .
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Theorem12.2. [14] Supposea 2 N . SupposeL 2 TxtEx a. Then,thefollowing threestatementsare
equivalent.

(1) L is � TxtEx a

strong -complete.

(2) RINITcyl
0;1 � TxtEx a

strong L .
(3) Thereexistsa recursive functionH from Q0;1 to N suchthat:

(a) f WH (r ) j r 2 Q0;1g � L .
(b) If 0 � r < r 0 � 1, thenWH (r ) � WH (r 0) .
(c) f WH (r ) j r 2 Q0;1g is a-limiting standardizable.

Thefollowing theoremcharacterizesthe� TxtEx a

weak -completeclasses,for all a 2 N [ f�g .

Theorem12.3. [14] Supposea 2 N [ f�g . L is � TxtEx a

weak -completeiff L 2 TxtEx a andthereexists
aquasi-densesubclassof L which is a-limiting standardizable.

For functionlearning,identi�cation with anomaliescanbede�ned similarly to languagelearning.
Notation:� 1 = a � 2, if f card(f x j � 1(x) 6= � 2(x)g) � a.

De�nition 12.5. [11, 6] Supposea 2 N [ f�g .

(a)M Ex a-identi�es afunctionf (writtenf 2 Ex a(M ) justin case(9i j ' i = af )(
1
8 n)[M (f [n]) = i ].

(b) M Ex a-identi�es a classCof recursive functions(written: C � Ex a(M )) just in caseM Ex a-
identi�es eachfunctionfrom C.

(d) Ex a = fC � R j (9M )[C � Ex a(M )]g.

FINSUPservesasa completeclassevenfor Ex a, for a 2 N .

Theorem12.4. [10, 22] Let a 2 N . FINSUPis � Ex a
-complete.

For Ex � -identi�cation completeclassestakeaslightly differentform.
Kinber, Papazian,Smith,andWiehagen[22] de�ned functionswith quasi-�nite supportasfollows.

f hasquasi-�nite-supportif
(1) For all x 2 N , if x is 0, 1 or notapowerof prime,thenf (x) = 0.
(2) For all but �nitely many primenumbersp, for all k 2 N , f (pk ) = 0.
(3) For everyprimenumberp, therearey andn 2 N suchthateither
f (pk ) = y, for all k � 1, OR

f (pk ) =

(
y; if 1 � k � n;

0; otherwise:

Let QUASIFINSUP= f f j f hasquasi-�nite-supportg.

Theorem12.5. [22] QUASIFINSUPis � Ex �
-complete.

Following two theoremsgiveacharacterizationfor � Ex a
-completeclasses.

Theorem12.6. [22] Supposea 2 N . ThenCis � Ex a
-completeiff C 2 Ex a andCcontainsa r.e.dense

subclass.
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Theorem12.7. [22] C is � Ex �
-completeiff C 2 Ex � andC containsa r.e. densesubclassS suchthat

for any two distinctf ; g 2 S, f 6= � g.
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