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Abstract. The XSAT problem asks for solutions of a set of clauses
where for every clause exactly one literal is satisfied. The present work
investigates a variant of this well-investigated topic where variables can
take a joker-value (which is preserved by negation) and a clause is satis-
fied iff either exactly one literal is true and no literal has a joker value or
exactly one literal has a joker value and no literal is true. While JX2SAT
is in polynomial time, the problem becomes NP-hard when one searches
for a solution with the minimum number of jokers used and the decision
problem X3SAT can be reduced to the decision problem of the JX2SAT
problem with a bound on the number of jokers used. JX3SAT is in both
cases, with or without optimisation of the number of jokers, NP-hard and
X3SAT can be reduced to it without increasing the number of variables.
Furthermore, the general JXSAT problem can be solved in the same
amount of time as variable-weighted XSAT and the obtained solution
has the minimum amount of number of jokers possible.

1 Introduction

Consider a propositional formula ¢ with n variables, say x1,xo, ...,z,. A well-
studied question is which values for z; from {0,1} one can take so that ¢ eval-
uates to 1. This problem is also known as the Boolean satisfiability problem,
SAT, and was shown to be the first NP-complete problem.

Since then, many variants of Boolean satisfiability problem have been intro-
duced. One such variant is the 3SAT problem, where every clause must have
exactly 3 literals. Another variant is the Exact Satisfiability problem, XSAT,
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where we require that exactly 1 literal can take on the value 1 and the other
literals must take on 0. The problems X2SAT and X3SAT are special instances
of XSAT where we restrict the clauses to 2 and 3 literals respectively. It is
known that the decision problem of 2SAT, X2SAT are in the class P. On the
other hand, the decision problems 3SAT [5], XSAT [12] and X3SAT [14] are
known to be NP-complete. Furthermore, one can also deviate from the decision
problems as mentioned above to talk about optimisation problems. If we wish
to maximise the number of satisfied clauses in an 2SAT problem, also known
as Max2SAT, the complexity of this problem increases and is now NP-hard
as compared to its decision counterpart [1,9]. Here Max2SAT asks how many
clauses of (perhaps weighted) 2SAT-formulas can be satisfied in the best case
and this problem has been widely studied [6, 8, 13]. Max2SAT can be generalised
to Max-2-CSP where one has to satisfy as many constraints as possible over a
domain, in this case a binary domain [3]. Chen [2] shows that various natural
classes of CSP-problems have either a complement solvable in logarithmic time or
satisfy one of the conditions LOGSPACE-complete, B LOGSPACE-complete,
NLOGSPACE-complete, P-complete and NP-complete.

The Boolean satisfiability problem with two truth values are indeed well-
studied and instead of asking, how many clauses can be satisfied, one can also
ask how many special third values are needed in order to satisfy all clauses. So in
this paper, we introduce another truth value, “J” for Joker, into our framework.
The value “J” can be treated as an alternative to the truth value 1 with some
slight changes. In this case, our satisfying condition can be either the values 1
or “J”. The goal of this paper is to investigate if having more truth values can
change the structural complexity of known existing problems. If one allows more
truth values in the framework, will some existing NP-hard problem be brought
down to P or vice versa.

We are in fact, not the first to introduce an additional truth value in our
framework and study them. For example, Lardeux, Saubion and Hao, like us,
introduce a new truth value into the system [7] and then study Boolean satis-
fiability from there. Their goal, unlike what we do, is to introduce a new truth
value in order to define a local search procedure and to study the fundamental
mechanisms behind it.

We show the following results. The decision problem JX2SAT is in the class
P while the decision problem JX3SAT is NP-complete; in these problems we
allow the usage of joker-values without making any statement on their number.
The optimisation variant MinJX2SAT is shown to be NP-hard when asked to
find the minimum amount of jokers or NP-complete when asked whether the
number of jokers can be brought below a certain threshold. Finally, we give an
exponential algorithm to solve MinJXSAT in O(1.185™) time.

2 The Underlying Logic and Joker Assignments

Given a set V = {z1,...,2,} of variables, propositional formulas are defined
inductively with the usual connectives like =, V, A, —, <.
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In this paper, we only use formulas in conjunctive normal form, that is,
conjunctions of disjunctions (clauses) of literals. k-CNFs are formulas in CNF
where every clause contains at most k literals. For XSAT-formulas and JXSAT-
formulas, we make however the convention that a clause is satisfied if and only
if exactly one literal in the clause is not 0; thus clauses like x7 V z2 V =23 have
a different meaning in XSAT than in normal SAT, see below for more details.

The semantics of propositional formulas in XSAT problems with Joker values
is defined by assignments 8 : V' — {0, 1, J}. Negation maps 0 to 1, 1 to 0 and .J
to J.

In SAT problems, an assignment 38 : V — {0,1,J} satisfies a k-clause 1 V
-+ VI, iff there is at least one i € {1,...,k} such that 8(l;) € {1, J}.

In XSAT problems, an assignment 5 : V. — {0,1,J} satisfies a k-clause
Iy V- V1 iff there is exactly one i € {1,...,k} such that 5(l;) € {1,J} and
B(l;) = 0 for all other literals.

An assignment 5 : V — {0,1, J} satisfies a CNF ¢ iff it satisfies every clause
in . The problem JSAT is defined as follows:

Instance: CNF ¢.
Question: Is there an assignment  : vars(¢) — {0, 1, J} such that S maps
at least one literal in each clause of ¢ to 1 or J?

The problem JXSAT is defined as follows:

Instance: CNF ¢.

Question: Is there an assignment £ : vars(¢) — {0,1, J} such that S maps
exactly one literal in each clause of ¢ to 1 or J and the other
literals in the clause to 07

For CNF's containing only positive literals, the problems JSAT and JXSAT co-
incide with SAT and XSAT. In our work we mainly concentrate on JXSAT,
JX2SAT and JX3SAT as well as MinJXSAT, MinJX2SAT and MinJX3SAT.

Proposition 1. For every negation-free CNF ¢, ¢ € JXSAT iff ¢ € XSAT.

Proof. We translate each assignment £ : vars(¢) — {0,1,J} to the assignment
B vars(¢) — {0,1} where

v [OifB(z) =0
Va; € vars(p) (i) = {1 if B(x:) € {1, J} }

Then (3’ satisfies o iff 8 satisfies . a

CNF's containing a variable x; only negated can be translated to another CNF
by replacing each negative literal —x; by positive literal 2. Since the translated
formula does not contain x;, the number of variables in the formula does not
increase.

Hence on the set of all CNFs containing each variable only positive or only
negated, the problem JXSAT coincides with XSAT. Note that negation-free SAT
is trivially in P, as one can make all literals true, since no literal comes in two
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opposed forms; thus also here the negation-free JSAT and SAT problems are
equivalent. So the interesting case is negation-free XSAT and that is as hard as
normal XSAT, as one can translate every XSAT instance in polynomial time into
a negation-free XSAT instance where the number of variables and the number of
clauses does not increase. For that reason, JXSAT is at least as hard as XSAT.
A direct proof, not relying on this fact, for the hardness of JXSAT can also be
obtained by the direct transfer of the reduction of Theorem 7 from X3SAT to
JX3SAT into a reduction from XSAT to JXSAT.

3 Encodings of truth Values and Clauses

3.1 Encoding of Truth Values as Pairs of Booleans

In the following, we will use the encoding ey : {0,1,.J} — {0,1}2 of the truth
values x € {0,1,J} as a pair (n,p) € {0,1}? defined by

62(0) = (170)a 62(1) = (07 1)7 eZ(J) = (O’O) (1)

For each variable z; € V', n; and p; denote the first and second element of this
pair, respectively. This encoding is a bijection between the sets {0,1,J} and
{(1,0),(0,1),(0,0)}. The inverse of ey is e; ' : {(1,0),(0,1),(0,0)} — {0,1, J}.

ez 1(1,0) =0, e;'(0,1)=1, e;'(0,0) = (2)

3.2 Encoding of 2CNF's

Every 2-clause [; V1; with variables in {z1, ..., x,} is translated to a conjunction
of two 2-clauses with variables in {nj,...,n,,p1,...,Pn} by
eac(w; VIJ) = (ni Vn ) A (=ng V o),
ezc(x; V _‘fj) = (n \/pj) A (—n _‘pj) (3)
eac(mxy Vaj) = (pi V) A (=pi Vo),
2ol V ;) = (90 V) A (i V ).

To prevent the pair (1,1) that is not an encoding of a truth value from {0, 1, J},
we add a clause —n; V —p; for each variable x; to the resulting 2CNF.
This encoding transforms every 2CNF ¢ = /\ie{1 m}Citoa 2CNF

erclp) = N ealedn N\ (oniVop) (4)
ie{l,...,m} i€{l,...,n}
with 2n variables and 2m + n clauses that will be interpreted as 2SAT instance.

Proposition 2. For every set C of 2-clauses with variables from {z1,...,z,},
there is an assignment

B:{x1,...,xn} —{0,1,J}
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such that for each clause ¢ = (I; V1;) in C exactly one of 5(1;), B(l;) is O iff there
18 an assignment

/8/ : {nla"'annapla"'vpn} - {071}

such that for each clause ¢ = (I; V' I;) in C, at least one of B'(l;), B'(l;) is 1 in
each clause of esc(c) as well as (—n; V —p;) for every variable x; occurring in c.

Proof. (=) Given an assignment 8 : V' — {0,1,J}, we define the assignment
" Any, .o N1yt — {0,1} for ew(c) by the encoding of the truth
values in {0,1, J} given in Equation 1, i.e., for each i € {1,...,n}, 8 (n;) and

B'(p;) are defined by
(ﬁ/(ni>7ﬁl(pi)> = eQ(ﬁ(l'i)).

Let 8 be a satisfying assignment for C which satisfies exactly one literal in each
clause in C. By definition of es (Equation 1), we have —n; V —p; for every variable
x; occurring in c.

We show that 3’ satisfies at least one literal in each clause in es.(c), for all
ceC.

For every type ¢ = [; V I; of clauses we show that if 3 satisfies exactly one
literal in ¢ then B’ satisfies ea.(c) defined in Equation 3.

— In clause ¢ = (z;Vz;), exactly one of z;, z; is satisfied in each of the following
. Irr case {f(z;) (if )} {0, 1},
We have {(8'(n:), 8 (p:)), (B'(n;),
o In case {5(x:), B(x )} = {0, J}
We have {(8'(n:), 8 (p:)), (8" (n;)

)

8'(p;))} = {(1,0), (0, )}
}ﬁ£ i)} = {(1,0),(0,0)}.
) =

In both cases, we have {5 (ni), B ( i) {0,1} and therefore B’ satisfies at
least one literal in each clause of egc( (n; Vng) A (—n; V —ny ).

— In clause ¢ = x; V —z;, exactly one of x;, ~x; is satisfied in each of the
following cases:

e In case B(z;) = ﬂ(x]) € {0,1},

We have (ﬂ’(nz) "(pi)) = (8'(ny), 8'(ps)) € {(1,0), (0, 1)},
o In case f(z;) =0 and B(x;) = J,

We have (8’ (nz) "(pi)) = (1,0) and (8'(n;), 5 (p;)) = (0,0).
o In case f(z;) = J and S(z;) =1,

We have (8'(n:), 8'(pi)) = (0 0) and (8'(n;), 5'(p;)) = (0,1).

In all cases, we have {§’'(n;),5'(p;)} = {0,1} and therefore 3’ satisfies at
least one literal in each clause of es.(c) = (n; V p;) A (—n; V —p;)

— The case ¢ = —x; V x; is similar to the previous case.

— In clause ¢ = —x; V —z;, exactly one of —x;, ~z; is satisfied in each of the

following cases:
e In case {S(z ,,6’(30 )} ={0,1},

i)
We have {(8'(n:), 8'(p:)), (8'(n;), 8'(p;))} = {(1,0),(0,1)}.
e In case {B(x; )( (zj)} =A{1,J},

g
We have {(8'(ni), 8(p:)), (B'(n), '(p;))} = 1(0, 1), (0,0)}.
In both cases, we have {8'(p;), 5’ (pj)} = {0,1} and therefore [ satisfies at
(pi

least one literal in each clause of egc(c) Vp;) A (—pi V —pj).

)
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(<) Let 8/ : {n1,...,nn,P1,-..,0n} — {0,1} be an assignment such that at
least one of 8'(l;), 8'(l;) is 1 in each clause of es.(c) and in —n; V —p; for every
variable x; occurring in ¢, for each ¢ € C.

We define 8 : {z1,...,2,} — {0,1,J} by the inverse encoding defined in
Equation 2:

Blai) = ez, (8'(ni), B'(p2)).

For each clause ¢ = (I; V I;) € C, we show that exactly one of 3(l;), 8(l;) is 0.

— In case c = x; V 25,
B’ satisfies eac(c) = (n; Vn ) A(—n; V—n;), that is, {3 (n;), 5'(n;)} = {0,1}.
o In case f'(n;) =0,8(n;) =1,
(ns,pi) € {(0,1),(0,0)} and (nj,p;) = (1,0) and hence B(x;) € {1,J}
and f(z;) = 0.
e In case #'(n;) =1, (n;) = 0 (similar to the above case),
we have (n;, p;) = (1,0) and (nj,p,) € {(0,1),(0,0)} and hence 5(z;) =0
and f(z;) € {1, J}.
In each case, 8 maps exactly one of the literals z;,z; to 0.
— In case c = x; V —wj,
' satisfies eac(x; V —x;) = (n; Vp;) A(—n; V —pj), that is, {8'(n:), B'(pj)} =
{0,1}.
e In case f'(n;) = 0,5 (p;) =1,
We have (n;,p;) € {(0,0),(0,1)} and (n;,p;) = (0,1) and hence 8(z;) €
{1,J} and B(x;) = 1, that is* (—z;) = 0.
o In case f'(n;) =1, 8 (p;) =0,
We have (n;,p;) = (1,0) and (n;,p;) € {(1,0),(0,0)} and hence f(z;) =
0 and S(z;) € {0, J}, that is, f(—z;) € {1, J}.
In each case, 8 maps exactly one of the literals z;, =x; to 0.
— The case ¢ = —x; V x; is similar to the previous case.
— In case ¢ = —z; V —xj,
B’ satisfies eae (i V or;) = (pi V ps) A (2pi V —py), that is, {8(pi), 6'(ps) }
={0,1}.
o If B,(pl) =0,08 p]) 1,
Then (8'(n:), 8'(pi)) € {(0,0),(1,0)}, that is, S(x;) € {0, J} and B(—x;)
€ {1,J}, and (B’ (n;), ' (p )) (0,1), that is, B(x;) = 1 and B(—z;) = 0.
o If 3'(p;) =1, (p;) = 0 (similar to the above case),
Then (8'(n;), 8 (p;)) = (0,1), that is, B(z;) = 1, and S(—z;) = 0, and
gﬂ (}l}g) ,B'(pj)) € {(1,0), (0,0)}, that is, B(x;) € {0,J} and B(-z;) €
1

In each case, 8 maps exactly one of the literals —z;, —z; to 0.

This completes the proof. a
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3.3 Encoding of Truth Values as Triples of Booleans

In the following, we will use the encoding e3 : {0,1,J} — {0,1}3 of the truth
values z € {0,1,J} as a triple (n,p,0) € {0,1}3 defined as by

e3(0) = (1,0,0), e3(1)=(0,1,0), es(J)=(0,0,1). (5)
For each variable xz; € V', n;, p; and o; denote the first, second and third element
of this triple, respectively. This encoding is a bijection between the sets {0, 1, J}
and {(1,0,0), (0,1,0), (0,0,1)}. The inverse of e3 is egl : {(1,0,0), (0,1,0),
(0,0,1)} = {0,1,J}:

e31(1,0,0) =0, e3'(0,1,0)=1, e3'(0,0,1)=J. (6)

3.4 Encoding of 3CNF's

Every 3-clause [; VV I; V I}, with variables in {z1,...,z,} is translated to a clause
with variables in {n1,...,%,,Dp1,...,Pn,01,.-.,0n}. Because the semantic inter-
pretation of V is symmetric, it suffices to define es. in the following cases:

esc(z; Vxj V) = (—my; \/—|nj \/—\nk),

636(—' iV Vag) = (-p Vong Vong), ™)
ese(—xi V -r; Vo) = (-pi Vopy Vomng),

€3c(_' A _‘fk) (_‘p' Py _‘pk)

For every variable z;, we add the 3-clause p; V n; V o; to guarantee that every
satisfying assignment maps each variable z; to a unique truth value in {0, 1, J}.
This encoding transforms every 3CNF ¢ = /\ie{1 m) Ci to a 3CNF

.....

ese(@) =\ escle)A N\ (niVpiVvo) (8)

ie{l,...,m} ie{l,...,n}

with 3n variables and m +n clauses that will be interpreted as X3SAT instance.

Proposition 3. For every set of clauses C, with variables from {x1,...,2n},
there is an assignment B : {x1,...,x,} — {0,1,J} such that exactly one of
B(L), B(;), B(lg) is in {1, J} for every clause (I; V1; V1) in C

iff there is an assignment 5" : {ny1,...,Np, D1y, Pn,01,---,0n} — {0,1} such

that exactly one of B'(l;), B'(1;), 5 (Ix) is 1 in each clause (I; V 1; V l;;) of esc(c)
for each ¢ € C as well as for each (n; V p; V 0;) for each variable z; occurring in
clauses of C.

Proof. Note that 8(z;) € {1, J}iff f/(—n;) = 1, and B(—z;) € {1, J} iff 8/ (—p;) =
1. The Proposition now follows from the definition of es.. a
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4 The Decision Problem JX2SAT

Instance: 2CNF ¢.

Question: Is there an assignment £ : vars(¢) — {0,1, J} such that S maps
exactly one literal in each clause of ¢ to 1 or J and the other
literal to 07

The encoding defined in Section 3.2, Equations 3 and 4, maps JX2SAT instances
¢ to 2SAT instances ea.(y).

Lemma 4. For every 2CNF ¢ we have
© € JX2SAT iff eac(p) € 2SAT.

Proof. Suppose ¢ is in JX2SAT as witnessed by assignment [ to the variables.
From the proof of Proposition 2, we know how to transform (3 to an assignment
B i {ni,...,nn,p1,-- ., Pn} — {0,1} that satisfies the corresponding 2SAT for-
mula ey (c), for each clause ¢ in ¢, as well as —m; V —p; for every variable x;
occurring in c¢. Hence 3’ satisfies the 2SAT instance ea.(y).

Suppose 8’ witnesses that es.(p) € 2SAT. Then, from the proof of Proposi-
tion 2, we know how to transform (3’ to an assignment [ such that 3 satisfies
exactly one literal in each clause of . Thus, ¢ € JX2SAT. O

Theorem 5. The decision problem JX2SAT is in P.

Proof. By Lemma 4, the encoding in Equation 3 is a reduction from JX2SAT
to 2SAT. Since 2SAT is in P and the reduction is linear, JX2SAT is also in the
class P. 0

5 The Optimisation Problem MinJX2SAT

MinJX2SAT is the problem to decide if 2CNF has a satisfying assignment with
a given number of jokers.

Instance: (¢, h), where ¢ is a 2CNF and h € N.

Question: Is there an assignment S : vars(p) — {0,1,J} such that
8-1(J)] < h and
B maps exactly one literal in each clause of ¢ to 1 or J and the
other literals in the clause to 0?7

The minimum of jokers required to satisfy a 2CNF ¢ can be found by iteratively
increasing h in (¢, h), beginning with A = 0. We note that the problem, as stated
above, is even in NP; however, if one wants to determine the h by iterated solving
of the problem, then the problem to get the optimal A from an JX2SAT instance
is NP-hard, but there is no known method to reduce this numerical problem to
a decision problem in NP with one query only.

Theorem 6. MinJX2SAT is NP-hard.
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Proof. We will show this via a reduction of X3SAT to MinJX2SAT. Then we
have NP-completeness of MinJX2SAT by NP-completeness of X3SAT [14].
First, we translate 3CNFs ¢ = A\;c; 3 ¢ with vars(p) = {z1,...,2n}, to
MinJX2SAT instances (¢’,m) where m is the number of clauses in ¢. Then we
show that ¢ € X3SAT iff (¢',m) € MinJX2SAT.
¢ = ezac(p) is defined by encoding each clause ¢; = {l;1 V l;2 V l;3} in ¢ by
a conjunction of six clauses

esac(ci) = (lin Vyir) (ci1)
/\(Zig V ﬁyﬂ) (Cﬂ)
A(li2 V yi2) (ci3) )
A(liz V —yi2) (cia)
A(liz V yi3) (cis)
A(li1 V —yi3) (ci6)
es2¢((p) contains n+ 3m variables vars(esac(¢)) = {21, ..., 2n}UU,eqn, .y {Wit,

Yi2, iz} The auxiliary variables y,;; guarantee that in every assignment that
satisfies esa.(p), exactly one literal is true in each clause of .

For every variable z;, we add the clause x;V—z; to avoid assignments mapping
x; to J.

We get the transformation of X3SAT instances ¢ = /\ie{l}wm} c; to a
MinJX2SAT instance (es2.(¢), m) where

ese(0) =\ esaclc) A N\ (@i Vo). (10)

ie{l,...,m} ie{l,...,n}

We show that an assignment [ satisfies exactly one literal in each clause of ¢
iff there is an assignment 3’ with |3'~1(J)| < m mapping exactly one literal in
each clause of e32.(¢) to 1 or J and the others to 0.

(=) Let 5 : {z1,...,2,} — {0,1} be an assignment that satisfies exactly one
literal in each clause ;1 V 15 V [;3 in .
We extend the assignment [ to an assignment

B Az, xn Uy i€ {1,...,m},j € {1,2,3}} = {0,1,J}

with |3/71(J)| = m and show that 3’ satisfies the encoded 2CNF defined in
Equation 9.
For every clause ¢; in ¢, we define the undirected graph G(c¢;) = (V, E) where

V' = {li1, lig, liz, i1, Yiz, Vi3, i1, ~Yiz, ~¥iz} and
E = {{yij, i} 17 €{1,2,3}}
U{{li;,1} | (li; V1) is a clause in ega.(c;)};
In this graph we have that two neighbouring nodes are either in a JX2SAT-clause

or a pair of negated literals. Now G(¢;) = l;1 — yi1 — ~Wi1 — lio — Yi2 — ~Wiz —
lis — Yi3 — i3 — ;1 1s a circle of length nine and thus has no 2-colouring using
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0 and 1. Hence every satisfying assignment /3’ for ¢’ maps at least one literal in
eszc(c) to J. Because (' satisfies /\;c; 4 (@i V —w;), it maps each z; to 0 or 1.
Therefore, §’(y;;) = J for one or more variables among y;1, yi2, ¥is-

The following construction shows that it suffices to map exactly one of the
Yij to J for each clause C; = lil vV lig vV lig in @. Let B’(xi) = ,B(ZCZ)

Without loss of generality, we can assume S(l;1) = 1 and S8(l;2) = B(l;3) = 0,
because the semantic interpretation of V is symmetric.

Since f'(l;1) = B(li1) = 1, we have '(y;1) = 0 and B'(yi3) = 1 to satisfy
clauses ¢;; and ¢;6 in Equation 9. Since §'(l;2) = 8'(l;3) = 0, clauses ¢;2 and ¢;5
are satisfied by 8’ as well.

The remaining clauses ¢;3 and c;4 contain the variable 1,5 as positive and
negative literal, respectively. Because S(l;2) = B(l;3) = 0, neither y;2 nor —y;o
can be mapped to 0 by a satisfying assignment. To satisfy both clauses, 3’ maps
Yi2 to J.

Applied to each clause in the original formula ¢, this proves that 3’ satisfies
es2.(p) using exactly one joker for each clause of the original formula ¢.

We have defined a construction of an exact satisfying assignment 3’ for
es2c(p), given an exact satisfying assignment § for ¢. Hence we have shown
that exact satisfiability of ¢ implies exact satisfiability of ega.(p).

(<) Let 5 : {zq,... 71'7L}UUie{17"',m}{yi1,yig,yig} — {0,1, J} be an assignment
that satisfies exactly one literal of each clause in esa.(¢).
We show that the restriction of 8’ to the domain {z1,...,z,} is an assignment
B :{x1,...,z,} — {0,1} that maps exactly one literal of each clause l;; Vi;2 Vi3
in ¢ to 1.

Because esa.(p) contains a clause z; V —a; for each original variable z; €
{x1,...,2,}, there is no z; € {z1,...,2,} such that 8(z;) = '(x;) = J.

For each clause ¢; = l;1 VI3 V l;3 in ¢ we know that 8’ satisfies the encoding
es2.(c;) defined in Equation 9.

We show that 5 maps exactly one of the literals /;; to 1 and the others to 0.

1. We show that 8 maps at least one of the literals [;; to 1.
Assume ﬁ(lll) = ﬁ(llz) = ﬁ(lzg) =0.
Then all clauses ¢;1,...,c¢6 can only be satisfied if 8'(y;1) = 8 (yio
B'(yi3) = J. But in this case, 3’ does not satisfy the condition |3~ (.J)]
since the encoding of each clause requires at least one J.
A contradiction to the assumption; thus 5 maps at least one of the literals
lij to 1.

2. We show that 8 maps at most one of the literals /;; to 1.
Assume there are distinct k£ and k" in {1, 2,3} such that S(l;x) = B(Lix) = 1.
Without loss of generality, we can assume k = 1 and k' = 2, e.g., 8(l;1) =
B(liz) = 1.
Then eso.(c;) contains the pair of clauses (I;1 V y;1) and (l;2 V —y;1). There
is no value f'(y:;1) € {0,1, J} such that exactly one literal in each clause of
¢; 1s satisfied.
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A contradiction to the assumption; thus S maps at most one of the literals
li]‘ to 1.

We have shown that the restriction of 8’ to {xi,...,x,} satisfies exactly one
literal in each clause of ¢ and therefore . Therefore exact satisfiability of e3a.(p)
implies exact satisfiability of ¢, and we have shown both directions of the equi-
valence ¢ € X3SAT < esa.(p) € MinJX2SAT. a

6 The Decision Problem JX3SAT

Instance: 3CNF .

Question: Is there an assignment £ : vars(¢) — {0,1, J} such that 8 maps
exactly one literal in each clause of ¢ to 1 or J and all other
literals to 07

Theorem 7. The decision problem JX3SAT is NP-hard.

Proof. We show this by reduction of X3SAT to JX3SAT. Then JX3SAT is NP-
hard because X3SAT is NP-hard [14].

X3SAT instances ¢ are translated to JX3SAT instances ¢’ by adding clauses
x; V —x; V F for each variable z; occurring in ¢. This translates each 3CNF ¢
with n variables and m clauses to a 3CNF

o =pA /\ (x; V—x; VF)

x;Evars(p)

with n+1 variables and m+n clauses. In above, F' is a new variable which would
always take value 0 in any satisfying assignment. We show that ¢ € X3SAT iff
¢’ € JX3SAT.

(=) Assume B : {z1,...,z,} — {0, 1} satisfies exactly one literal in each clause
of ¢. Take F' to be 0. Because 8 maps every variable z; to 0 or 1, it satisfies
exactly one of the literals in z; V —x; V F, for each variable x;. Therefore it
satisfies exactly one literal in each clause of ¢’.

(<) Assume 8" : {z1,...,2,} — {0,1, J} maps exactly one literal in each clause
of ¢/ to 1 or J. ¢’ contains a clause x; V —x; V F for each variable z; and 3’
satisfies ', e.g. 8’ maps exactly one literal in each clause of ¢ to 1 or J.
Assume f'(z;) = J for a variable z; € vars(y). Then f'(-z;) = J and '
satisfies more than one literal in x; V —z; V F. Therefore 8’ maps every variable
x; to a value in {0, 1} and satisfies exactly one literal in each clause of . O

7 An Exponential Algorithm to solve MinJXSAT

Earlier, we defined the optimisation problem MinJX2SAT and showed that it is
NP-hard. Similarly, we define the NP-hard optimisation problem MinJXSAT.
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Instance: (¢, h), where ¢ is in CNF and h € N.

Question: Is there an assignment S : vars(p) — {0,1,J} such that
|371(J)| < h and B maps exactly one literal in each clause of ¢
to 1 or J and the other literals in the clause to 07

Note that since the MinJXSAT problem is more general than MinJX2SAT, hav-
ing an algorithm to solve it would also mean having an algorithm to solve
MinJX2SAT. Here, we first reduce the MinJXSAT problem to the MinXSAT
problem, which is known to be NP-hard. Before presenting the reduction, we
define the MinXSAT problem.

Instance: (¢, w, h), where ¢ is in CNF and w are weights assigned to vari-
ables when they take on certain values and h € N.

Question: Is there an assignment satisfying ¢ such that exactly one literal
in each clause is true — the rest are false and, in addition, the
sum of weights of variables assigned true in this assignment is
at most h?

Theorem 8. MinJXSAT instances can be reduced to MinXSAT instances, using
at most the same number of variables and clauses.

Proof. Consider a MinJXSAT instance P having variables x1,...,x, with at
most h jokers. h remains the same for all instances constructed. Start with
MinXSAT instance G as follows:

(a) Variables of G are u;, v;, w; fori € {1,2,...,n}, where the intended meaning
is the following: w; =1 iff z; =J; v, =1iff z; =0, w; =1 iff z; = 1.
(b) Clauses of Gg are given by (b.1) and (b.2).
(b.1) Clauses (u; V v; V w;), for ¢ = 1,...,n Note that this ensures exactly
one of u;,v;,w; is one. Thus, we can have our intended interpretation of
u;, v;, w; with respect to the values of x;.
(b.2) For each clause (x;, Vi, V...V, V-, V-oxj, +...V-x,) in P, the
following clause is in Gy:
(ﬁvil Vv, Voo Vo, Vowg Voowg, VeV ﬁ’ij).
(¢) Weights of u; are 1 and weights of v;, w; are 0.

Note that if exactly one of x;,, x4, ..., %, T;,, 7%j,, ..., T;, is non-zero then
using the values for u;, v;, w; as in (a), exactly one of —w;,, ~i,, ..., ~Vi,, "W, ,
—~Wj,, . .., "Wj, is non-zero. Similarly, if exactly one of —v;,, —v;,, ..., ~v;,, "wy,,
—Wj,, . .., 7wy, is non-zero then using the substitution of values as in (a), exactly
one of T, , Tiy, ..., Tiy, T4, Ljy, ..., L, IS NON-zeEro.

Thus, any solution for Gy as a XSAT instance with weight w gives a solution
for P as a JXSAT instance using w jokers (using the interpretation in (a)).
Similarly, any solution for P as an JXSAT instance using w jokers gives a solution
for G using weight w.

Note that G has 3n variables. Below we will progressively construct G, Ga,
..., Gy to reduce the number of variables. The following invariants are main-
tained for Kk =0,1,...,n:
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(I): In Gy, for i = 1,...,k, at most one of u;,v;, w; appears in any clause. If
u; does not appear: then any solution for Gy is a solution for Gx_1 by
fixing uxr = 0 and v; = —w;. Furthermore, the minimal weight solution
for Gx_1 has u; = 0, and any solution for G_1 with u; = 0 is also a
solution for Gy.

(I): For all ¢ with k < i < n: Except for the clauses (u; Vv; Vw;), the variables

vi, w; only appear as —w;, ~w; in the clauses in Gg. In G, u;, —u;, only
appear in the clause (u; V v; V w;).

(III): If & > 0, the number of clauses in Gy, is at most the number of clauses

in Gi_1. The variables used in G}, are a subset of the variables used in
Gr_1.

We now describe how to obtain G from Gy_1 for k=1,...,n:

(1)

Suppose all the clauses which have —vy or —wj in them are —wy V «; for
i€ {l,...,s} and ~wy V §; for j € {1,...,r}, where a;, 5; are disjunctive
formula over variables.

Without loss of generality assume that no clause has both —wv; and —wy, (as
otherwise, for the clause (—wy, V—wg V) along with (ug Vo Vwy) we trivially
have that exactly one v; and wy, is 1 and the other 0; thus u; must be 0 and
all literals in o must be 0; we can thus simplify the clauses in G_1, and
drop the clause (—vg V —wy V @)).

Case 1: s > 0 and r > 0, then form Gy, from Gj_; as follows:

(a) Drop —wg Va; fori € {1,...,s},

(b) Drop —wy V B; for j € {1,...,r},

(¢) Drop (ug V vk V wg),

(d) Add (a; Vug Vv py) fori e {1,...,s},

(e) Add (a1 Vug Vv 3;) for j e {1,...,7}.

Note that the old clauses of type (a), (b) and (¢) imply vy = a1 = ... = ay
and wy, = f1 = ... = B, and that the new clauses of types (d) and (e)
imply a1 =as =...=a, and 1 = f2 = ... = f5,. The above modification

removes the variables v, and wy. Each solution for G_1 is also a solution for
G}, as we must have v, = a3, wy = B; in Gj—1. Furthermore, any solution
for Gy, gives a solution for Gi_1, by taking vy = a1, wip = £ in Gg_1.
Case 2: At most one of s,r is 0:

Then, fix ux, = 0 and let vy, = —wy, and drop the clause (ug V v V wg) from
Gk—l to form Gk.

Note that any solution of Gy, is also a solution for Gy_; by taking ux = 0
and vi = —wy. Also, any solution for G_; with uy = 0 is also a solution for
G.. Note here that in the minimal weight solution of Gj_1, up must be 0.

From the above analysis, it follows that MinXSAT solution for G, gives a
MinJXSAT solution for the P and vice versa. a

Porschen [10] provided an algorithm which solves variable-weighted XSAT in
time O(1.185™). Although Porschen and Pagge [11] provided a faster algorithm

for

the special case of variable-weighted X3SAT, this algorithm cannot be used
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above, as the elimination of variables increases the clause-length and therefore
also JX2SAT and JX3SAT are only translated to weighted XSAT. For Corol-
lary 9 (b), note that one can use the elimination procedure of the previous theo-
rem to eliminate from any XSAT-instance variables occurring both positive and
negative without increasing the number of clauses and then use Proposition 1.

Corollary 9. (a) MinJXSAT can be solved in time O(1.185"™).
(b) JXSAT has the same time complexity as XSAT when measured in depen-
dence of the number of variables and the number of clauses.

8 Conclusion

In this paper, we studied the structural complexity of satisfiability with a specific
joker value besides the usual two Boolean values; the joker value is preserved
by negation and can be used to satisfy an XSAT formula if all other literals
in the clause are 0; however, two joker values or a joker value plus a 1 do not
satisfy the clause. The aim of introducing the joker value was to allow to solve
also instances which would normally be unsatisfiable in the XSAT model: for
example (z V y) A (mz V y) A (—y) can be solved by choosing the values x = J
and y = 0 but cannot be solved using binary values. However, one would still
want that the exception-value J is used as rarely as possible.

For this specific model of satisfiability with a joker value, our results show
that their main structural properties are similar: The decision problem JX2SAT
is shown to be in the class P by reducing it to 2SAT while the decision problem
JX3SAT is NP-complete. However, when trying to minimise the number of
joker values, we can show hardness of the problem. In order to keep it a decision
problem, we formalised MinJXSAT with a bound, that is, the input is an instance
plus a bound and solvable when there is a solution for which the number of jokers
does not exceed the bound. Now this problem MinJX2SAT is NP-complete,
similarly also MinJX3SAT and MinJXSAT are NP-complete.

This contrasts to the binary case where minimum variable weight X2SAT is
in P: Each clause links two variables as * = y or x = —y and after all clauses
are processed, the variables are split into linked groups of variables. If there is
now a solution, that is, if the process of linking did not lead to a contradiction
like (x = y) A (z = —y), then one checks such linked group, which of the two
possible values would give the lower weight and assigns the variables accordingly.
So variable-weighted JX2SAT behaves more like variable-weighted 2SAT than
variable-weighted X2SAT.

Finally, we also gave an exponential time algorithm to solve MinJXSAT in
time O(1.185™) by reducing the problem, with some preprocessing, to an algo-
rithm to solve variable-weighted MinXSAT. Questions left open in our research
are the following ones:

(a) Can the preprocessing of the MINJX2SAT algorithm be improved so that
it produces an MinX3SAT problem rather than a MinXSAT problem? We did
not find any way to do so, but perhaps there is some way on improving the
current algorithm.
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(b) Does randomness help in the algorithm? In other words, if one allows the

usage of randomness, does this help to reduce the exponential time complexity
at least a little bit? Though we expect that also the randomised algorithm will
use exponential time, perhaps it can do it in time O(«a™) for some a < 1.185.

(c) Chen [2] showed that for natural classes in CSP-solving, they are ei-

ther in the complement of NLOGTIME or LOGSPACE-complete or NLOG-
SPACE-complete or PLOGSPA CE-complete or P-complete or NP-complete.
So it would be worth looking into this for classes defined using the present or
other notions of joker values for X2SAT, X3SAT and XSAT.
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