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Freivalds [Fre75 de ned an acceptable programming system [Rog58 Rog67, MY 78] indepen-
dent criterion for learning programs for functions in which the nal programs were required
minimal size, i.e, within a computable function of being
purely minimal size. Kinber [Kin74] announcedthat this parsimony requiremert on nal pro-
grams se\erely limited learning power. Re nements for which nal programs are allowed to
be anomalous[BB75, CS83]appear in [Che81, Che82]. The languagelearning caseis consid-
ered in [CJS89]. More stringent parsimony requiremerts on nal programs have beenstudied
too [Fre75 Kin74, FK77, Kin77b, Kin83] [Fre90, JS91],for example,in which the nal programs
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Abstract

Freivalds de ned an acceptable programming system independen criterion for learn-
ing programs for functions in which the nal programs were required to be both correct
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nearly" minimal size, e.g.,to be within a lim-computable function of actual minimal size.
It is interestingly shown that someparsimory in the nal program is thereby retained, yet
learning power strictly increases. Also consideredare lim-computable functions as above
but for which notations for constructive ordinals are usedto bound the number of mind
changesallowed regarding the output. This is a variant of an idea introduced by Freivalds
and Smith. For this ordinal complexity bounded version of lim-computabilit y, the power
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computable and the lim-computable cases.Many open questionsare also presened.
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arerequired to be strictly minimal size. Theseparsimony restrictions even further limit learning
power in ways which are interestingly dependert on the underlying acceptable programming
system.

In, for example, sciertic inference, parsimony is considered highly desirable; however,
the above mentioned results indicate that even weak parsimony restrictions limit learning or
inferring power. To begin explaining the results of the presert paper: alim-computablefunction
is (by de nition) one computable by a procedure allowed to changeits mind nitely many
times about its output. Investigatedin this paper is the possibility of assuagingsomewhatthe
limitation on learning power resulting from requiring parsimonious nal programs by use of
criteria which require the nal, correct programsto be \not-so-nearly” minimal size,i.e., to be
within a lim-computable function of actual minimal size. It is interestingly showvn (Theorem 4
below) that someparsimony in the nal program is thereby retained, yet learning power strictly
increases.

Proposition 2, implies that, adding another limit to the parsimony bounding functions
results in no parsimony being presened (and no loss of learning power).

In Section6 we considersomere nements of our learning criteria. Especially interesting is a
re nement in Section6.2in which, for the lim-computable functions, notations for constructive
ordinals [Rog67] are usedto bound the number of mind changesallowed regarding the output.
This is a variant of an idea introduced by Freivalds and Smith [FS91. For this ordinal com-
plexity bounded version of lim-computabilit y, the power of the resultant learning criteria form
strict in nite hierarchies intermediate betweenthe computable and the lim-computable cases.
Interesting open questions are also presened regarding just how ne are the learning criteria
hierarchies generatedby these ordinal complexity bounds.

2 Notation

N denotesthe set of natural numbers, f0;1;2;3;:::9. i;j; k;m;n;p;q;s;t; w;Xx;y;z (with or
without subscripts, superscripts, ...) rangeover N. "*' denotesa non-menber of N suc that
(8n 2 N)[n < < 1] (™ represens "unbounded but nite’). a;b;c;d, similarly, range over
N[ fg.x - ydenotesmax(fO;x yq).
; denotesthe empty set. 2;62 ; respectively denote “is a member of', “is not a member
, isasubsetof' and ‘is a proper subsetof'. " denotes’is unde ned'. # denotes’is de ned'.
For S, a subsetof N, card(S) denotesthe cardinality of S. Sothen, “card(S) ' means
that card(S) is nite. max(S) and min(S) denote, respectively, the maximum and minimum
of the set S, where max(;) = 0 and min(;) = 1 . f;g;h with or without decorationsrange
over total functions with argumens and valuesfrom N. Fora2 (N[ fg), if 1 and » are
partial functions, then ; =2 , meansthat card(fx j 1(x) 6 2(x)g) a. domain( ) and
range( ) respectively denotethe domain and range of the partial function . The setof all total
computable functions of one variable is denoted by R. C and S, with or without decorations,
rangesover subsetsof R.

' denotesa xed acceptable programming system for the partial computable functions:
N ! N [Rog58 Rog67 MY78, Ric80, Ric81, Roy87, Mar89]. ' ,, denotesthe partial computable
function computed by program p in the ' -system; W, denotesthe domain of ' ,.  denotesan
arbitrary xed Blum complexity measurefor the ' -system[Blu67]. For a computable function
f, MinProg(f) € min(fpj' , = f g).

The quartier '8! ' meansfor all but nitely many'; "9' ' means ‘there exists in nitely
many' and "9!" means ‘there exists a unique'. rangesover nite initial segmems of total
functions. Any unexplained notation is from [Rog67.
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3  Explanatory Function Identication

A learning machine[Gol67, BB75, CS83]is a computable mapping from the setof all nite initial
segmerts of total functions: N ! N into N [ f?g. Natural number outputs are interpreted as
programsin the ' -system. Initially , a learning machine is allowed to output ?'s to indicate that
it hasnot decidedon its rst program output yet, but onceit outputs someprogram, it is not

1;f(n 1))). Wesay that M (f ) convergesto p (written M (f)#= p)i (9p)(81 n)[M (f [n]) = pl;
M (f ) is unde ned if no such p exists.

Denition 1 ([Gol67 , BB75, CS83]) Supposea;b2 N[ fg .
(@) M ExZfidenties f (written: f 2 Ex2(M)) % [(9ij' i =2f)
(8 n)[M (f[n]) = i] » card(fnj?6 M(f[n))6 M (f[n+ 1])g) Hl.
(b) Exg=fS j(OM)[S Exg(M)]e.
Ex 9 is written sometimesas Ex and Ex 2 is sometimeswritten as Ex 2. Theorem 1 below
givessomeof the results about Ex{ criteria.

Theorem 1 ([CS83]) For all m;n,
(@) Exg*™t Ex"6 ;;
(b) Exfer  Exp 655

[
(c) Exg Ex" 6 :;
n2N

[
(d) Ex° Ex,, 6 ;.
m2N

Blum and Blum [BB75] rst showvedthat Ex EXx .

4 Nearly-Minimal  Identi cation

Freivalds consideredthe learning of minimal-size programs and showved that sud learning is de-
penden on the acceptableprogramming systemfrom which programsfor functions are learned.
He, however, considereda variant of such learning, where the conditions of parsimony on the
sizeof the nal programsarerelaxed. Thea= 0;b= caseof the de nition immediately below
is essetially the way he relaxed the constraints on parsimony. The criteria of this de nition

are acceptableprogramming systemindependert.

De nition 2 ([Fre75, Che82])

def

(@) A learning machine M Mex 2fidenties S (written: S Mex §(M)) , there is a
computable function g sud that, for all f 2 S, M Ex{{identies f and M (f)
g(MinProg (f )).

(b) Mex2=1S j(OM)[S Mex 2(M)]g.



In the de nition above, the g represens a fudge factor by which the parsimony constraint
is loosened.The nal programsare, in a sensenearly-minimal-size.
Theorem 2 below gives someof the results about the Mex { criteria.

Theorem 2 ([Che82]) For all m;n;a;b,
(@ Mex§ Exg;
(b) Ex Mex" 86 ;;

(c) Mex "' Ex1 6 ;;
(d) Mex2,, Ex,6;;
(e) Mex = Ex ;
(f) Ex;, Mex".
Corollary 1 For all m;n;a;b,
(@) Mex" Ex";
(b) Mex2 MexB, (@ b~ (m n).

Kin ber [Fre75 Kin77a] announcedthat Mex  Ex. Jain hasrecertly shovn that Mex J*! 6
Ex".

5 Not-So-Nearly-Minimal-Size Program Inference

Nearly minimal sizeprogram inference,asde ned by Mex , requiresthat the nal program size
be within a computable fudge factor of the actual minimum program. In the presen paper,
we wish to successiely relax the computable fudge factor constraint and investigate whether
the learning power is enhanced. The rst meanswe chooseto relax the constraint imposed
by Mex , is essetially to allow lim4-computablefudge factors. Limg-computability is de ned
below (De nition 4).

De nition 3 | l
lim h(x: t) &y if (8" DIh(x 1) = y];
ti1 otherwise

We write h(x; 1) for tIlilm h(x; t).

Deniton 4 g:N! Niis Iimd—computable(,jef (9 computableh : (N N)! N)(8x)[g(x) =
h(x; 1 )]~ (8x)[card(ft j h(x;t) 8 h(x;t+ 1)g) d].

Intuitiv ely, in De nition 4, h(x;t) is the output at discrete time t of a mind changing
algorithm for g (acting on input x). (8x)[g(x) = h(x; 1 )], for h computable, means,then, that,
for all x, for all but nitely many times t, the output of the mind changing algorithm on input
X is g(x). dis just a bound on how many times the mind changing algorithm for g is allowed
to changeits mind.



We write lim-computable for lim -computable. It is easyto shawv that there is a lim-
computable function g suc that (8 computable f)(8! x)[g(x) > f(x)]. Hence, the lim-
computable functions go way beyond the computable ones;in fact, they have beenknown since
Post [Sha7] to characterize the functions computable with an oracle for the halting problem.

It turns out that, for d 62f0; g, the classof limy-computable functions fail to have some
useful closure properties one easily (and correctly) takesfor granted in the d 2 f0; g cases:it
is easyto show that, for d 62f 0; g, there is a lim;-computable function g sothat for no limy-
computable, monotone non-decreasing function g° do we have g° g. Of course, intuitiv ely,
the fudge factors that make the most senseto use are monotone non-decreasingand many
proofs ostensibly require them too. Hence,in our de nition just below, we employ the device of
considering only monotone non-decreasingfudge factors. This trick enablesone, for example,
to show the criteria sointroduced are acceptableprogramming system independen.

De nition 5
(@) A learning machine M Lim gMex 2{identies S (written: S Lim 4gMex 3(M)) (,jef there

is @ monotone non-decreasinglim g-computable function g suc that, for all f 2 S, M
Ex2{identies f and M (f) g(MinProg (f)).

(b) Lim 4Mex § = fS j(OM)[S Lim gMex (M )]g.
Hence,our de nition requiresthat the machinescornvergeto a program that is not-so-nearly-

minimal-size. We mostly write LimMex § instead of Lim Mex §. The following proposition is
obvious.

Prop osition 1 For all m,a,b,
(@ Mex§ LimMex § Ex§;
(b) Lim mMex § Lim yn+1 Mex §;
(c) Lim oMex § = Mex §.

The following theorem is essetially provedin Chen [Che82 using the classof functions of
nite support (i.e., functions that have value 0 on all but nitely many inputs).

Theorem 3 ([Che82]) Forall n, Ex LimMex "6 ;.

Theorem 4 below showsthat relaxing the parsimony constraint on nal programsfrom being
within a computablefudge factor of minimal sizeto being within a lim-computable fudge factor
of minimal size does result in an increasein learning power. Howewver, by Theorem 3 above,
the requiremert that nal programs be within a lim-computable fudge factor of minimal size
nonethelessretains some parsimory in the nal programs.

Theorem 4 For all n, LimMex Mex "6 ;.

Theorem4 turns out to bea consequencef aresult we prove later (Theorem 14in Section6),
and, hence,we do not prove Theorem 4 here. Theorem 4 originally encouragedus to explore
whether there was a ne hierarchy between Mex and LimMex based on limg-computable
fudge factors. We considerthis next.

Lemma 1 For eah n > 0, every monotone non-decreasingim ,-computable function is domi-
nated by a monotone non-decreasingcomputable function.



Pr oof.

We do the n = 1 caseonly. The other casesare, then, a straightforward lift.

Suppose g is a monotone non-decreasinglim ;-computable function as witnessed by com-
putable h.
Casel: (81 x)(8t)[h(x;t) = h(x; 0)].

Clearly in this case,there exists a g° computable and monotone non-decreasing,suc that

Og.

g
Case?2: (91 x)(9t)[h(x;t) 6 h(x; 0)].

In this case,we de ne g° as follows. g¥0) = g(0). For ead x > 0, g4x) is de ned as
follows. Seard for ay x and at > 0 suc that h(y;0) 6 h(y;t) and h(y;t) gq{x 1); set
gYx) = h(y;t), for the y and t sofound. Clearly, g°is computable, monotone non-decreasing,
and dominates g everywhere.

Clearly by Lemma 1, we have the following
Theorem 5 Foreahn2 N, Lim Mex § = Mex §.

We had originally hoped the immediately previous theorem was not true, that there was a
ne hierarchy betweenMex and LimMex basedon lim4-computable fudge factors. In the next
section we successfullyexplore somedi erent sourcesof restricted parsimony ne structure.

6 Further Generalizations

In Section 6.1 we briey explore the e ect of allowing even looser fudge factors and indicate
many preserily open questions.

We saw in Theorem 5 above that natural number bounds on convergenceof limiting pro-
ceduresfor computing fudge factors do not provide a hierarchy of criteria betweenMex and
LimMex . In Section6.2 we considerconstructive ordinal [Rog67 boundson such limiting pro-
ceduresinstead. This approac was nicely inspired by [FS91]. We present in Section 6.2 some
interesting results providing a ne structure between Mex and LimMex . We also indicate
many questionsopen as of the writing of this preliminary report.

6.1 Looser Fudge Factors

One more way that we can examine how programsinferred can be allowed to be not-so-nearly-
minimal-size is by allowing even looser fudge factors. To this end, considerthe following de -
nitions.

Deniton 6 For h : N"1 1 N;x 2 N;i < n, h(xtyte it 1) =
lim h(x;ty;to; it tivn; 1 50 1).

ti+1!1

Deniton 7f : N ! N is Iimgl;dz;:::;dn-computabléj(Ef (9 computableh @ N"™1 1
NYBX)[f (xX)=h(x;1 ;:::;1)]and (8ij1 1 n)(8x;ty;ty; i)

card(ft jh(x;tq;:::;ti ;150001 )6 h(x;ty; ooty ;t+ 1,1 ;:::;,1)9)  dil.



We write lim"-computablefor lim".... -computable. The above de nitions could be also be
generalizedto nite but unbounded (i.e., ) iterations of limits. In the de nition below, we
use limg .4, ....q -cOmputable functions to measure allowed deviance of programs from being

.....

nearly-minimal-size.
De nition 8

(a) Suppose M is a learning machine. M Lim g ...q Mex f{identies S (written: S

. def . . .
Lim §,....q, Mex §(M)) ' there isalimg, ....4 -computable monotone non-decreasingunc-

tion g such that, for all f 2 S, M Ex&{identies f and M (f) g(MinProg (f)).
(b) Lim g, ..q Mex§=1S j(OM)[S Lim g, ...q Mex §(M)]g.

We mostly write Lim "Mex § instead of Lim ".... Mex §. The following proposition implies

that, for fudge factors computed by two levels of unrestricted iterated limits, there is essetially
no longer any parsimory retained in the resultant nal programs.

Prop osition 2 Lim ?Mex 2 = Ex?2.

Pr oof. () Trivial.

( ) SupposeS Ex?3M). Then, S 2 Lim ?Mex 2 as witnessedby M and lim2-computable

monotone non-decreasingg, sud that, for all x, g(x) def h(x;1 ;1 ), whereh is de ned below.

We rst de ne h®asbelow. It is to be understood, that for valuesof h® ?'s are changedto O's.

SMC LD I @<t (0 t]”
ho(i; ty:ty) = Byjts y t2AM@Bx<y) i(x) tz])
2 M ilta) = M ilyDI
0 otherwise.
We then de ne h as
h(i; t; t2) = max(fhqx; t1;t2) jx  ig).
Clearly, h is monotone non-decreasingand can be seento dominate ho |

Corollary 2 Mex" LimMex " Lim 2Mex " = Lim 3Mex " = ::: = Ex".

There are many mostly uninvestigated questions still open. What happens with the it-
erated limits when we consider criteria that don't necessarilyrequire convergenceto a sin-
gle nal program, such as Bc? [Bar74, CS83]? Which Lim gMex § criteria have \limiting-
standardizability" style characterizations similar to those rst obtained for Mex in [Fre75.
Generally, exceptfor the casesnoted above and their trivial consequenceshow do the learning

6.2 Constructiv e Ordinal Bounds on Limits

We proceedvery informally. Somefamiliarit y with a treatment of constructive ordinals suc
as the onesin [Rog67, Sac90]may be useful to readersof this section. Readersmay also nd
[FS9]] usefulin this regard.

Intuitiv ely ordinals [Sie6g are represertations of well-orderings. O represens the empty
ordering, 1 represerts the ordering of O by itself, 2 the ordering O < 1, 3 the ordering 0 <
1< 2,.... The ordinal ! represerts the standard ordering of all of N. ! + 1 represelts



the ordering of N consisting of the positive integersin standard order followed by 0. ! + !

represerns the ordering of N consisting of the even numbers in standard order followed by
the odd numbers in standard order. The constructive ordinals are just those that have a
program (called a notation) in somesystem which speci es how to build them (lay them out
end to end soto speak). We will informally employ, as our system of notation, the variant of
Kleene's system O preseried in [Rog67. In this system, 20 is (by de nition) the notation for
0. Sucessor ordinals are those with an immediate predecessorfor example, 1;2;3;! + 1;:::

are successordinals with respective immediate predecessor®; 1;2;! ;::: . If u is a notation
for the immediate predecessonf a successowrdinal, then a notation for that successowordinal
is (by de nition) 2Y. All other ordinals are limit ordinals; for example,! , ! + !, ... are limit

ordinals. Kleene [Kle38, Rog67,Sac9Q de ned a natural partial ordering of notations, <., SO
that two notations soorderedrepresen respective ordinals with the secondlarger than the rst.
We omit details. Suppose' (0);"' p(1);"' p(2);::: are ead notations in <, order. Supposethat
the corresponding ordinals are longer and longer initial segmeits of somelimit ordinal which
is their sup. For example, somesuc p generatesthe respective notations for 0;1;2;::: in <,
order, and ! is the sup of this sequence.In general,then, p essetially describeshow to build
the limit ordinal which is the sup of the ordinals with notations ' (0);" p(1);" p(2);::: © A
notation for this limit ordinal is (by de nition) 3 5P. Clearly sud limit ordinals have in nitely
many sudch notations, di erent onesfor di erent generating p's. Nothing elseis a notation. As
in the literature on constructive ordinals, we use x oy for X <gy _X =Yy, X oYy to
mean’y X and X >,y' to mean’y <, x'. We alsorecall the function | |,:O! the setof
ordinals, de ned as follows [Kle55, Rog67, Sac90]

|10 = O
240 = Julo+ 1
3 %lo = lim I p(mlo

The following properties of <, will be useful to recall [Kle55, Rog67, Sac90].
Fact 1 Forall x;y2 N,
(@) xX<oy) (x207y20).
(b) x20) 1 ,x.
(€) x<oy) y6 1
d) x<o2') X oV.
() Xx<03 5°) (9n)[x <o' p(n)].
(f) X 0z"Yy 02)) (X<oYy_X=Yy_X>oY).
The following fact on notations [Rog67, Sac9( is alsoimportant to us.
Fact 2 There exist computable functions h; and h, sud that, for all v 2 O,
(@) Wh,v) = fuju<ovg?2 O;

(b) Wh,) = fhug;uai j us <o Uz <, vgis a well-ordering isomorphic to |V |o.



Everyone knows how to use natural numbers as counters. [FS9]] introduced the use of
constructive ordinals as more generalcounters. In this subsectionwe use constructive ordinals
to count the allowed mind changesof limiting procedures.

Convention 1 If n2 N, then n is the unique notation of n in the O notation system.

So, for example,0 = 1 and|0]o = 0;2 = 22' = 4and|2], = 2.

In the de nition of limgy-computable (De nition 7) d 2 N played the role of a counter for
allowed mind-changesin the limiting process. For ead notation u in O, we will de ne limy-
computable (De nition 9), where, intuitiv ely, u servesas a trans nite counter of allowed mind
changesin the limiting procedure. This de nition will conict slightly with De nition 7, and,
hence, after De nition 9, we no longer use De nition 7. As we will see,though, for d 2 N,
limg4-computable from De nition 9 correspondsto limg-computable from De nition 7.

Intuitiv ely, h in De nition 9 just below plays a similar role to h in De nition 7, and the
function tfcounter in De nition 9 seresas a trans nite counter. As before,t can be thought
of a discrete time paramenrter. Further explanation is given just after De nition 9.

Denition 9 Supposeu 2 O. g: N ! N is Iimu-computable?"af

functionsh: (N N)! N andtfcounter: (N N)! N sucd that
(&) (8y)la(y) = h(y;1)],
(b) (8y;t)[tfcounter(y;t) 2 O],
(c) (8y)[tfcounter(y;0) = u],

there exist computable

(d) (8y;t)[tfcounter(y;t+ 1)  tfcounter(y;t)], and
(e) (8y;t)[h(y;t+ 1) 6 h(y;t)) tfcounter(y;t+ 1) <, tfcounter(y;1)].

Part (b) of De nition 9 restricts the trans nite counter valuesto be notations 2 O. Part (c)
of De nition 9 initializes the trans nite cournter at u. By Fact 2, the notations <, u are
well-ordered; hence,part (d) of De nition 9 implies the counter cannot not descendin nitely .
Part (e) of De nition 9 guaranteesthat, whenh hasa mind change,then the trans nite courter
must decremen. This part does not restrict how much it decremerts. It also allows the
trans nite counter to decremen without an accomparying mind changein h. Theselatter two
properties are conbinatorially conveniert. Note that parts (b) through (e) imply that h(y;1 )
is de ned and part (a) de nes g(y) to be the value h(y;1 ).

For u 2 O, we now (partly re-)de ne the learning criterion Lim yMex 2 to be just like
LimMex 2 except that the fudge factor g is lim,-computable as de ned in De nition 9.
Lim Mex retains it original meaning. Clearly, for d 2 N, Lim gMex & from this de nition
corresponds to Lim 4Mex § from De nition 5. It is easyto show Lim yMex § is acceptable
programming systemindependert.

We are interested in comparing, for various u 2 O, the classed.im Mex §. We should note
that, unfortunately it is open and mostly uninvestigated whether, for all u;u®2 O sud that
lulo = [u9,, Lim yMex & = Lim yoMex 2. Moreover, we do not know whether, for all u;u®2 O
such that |ulo, = |u9,, the classof lim,-computable functions = the classof lim j-computable
functions. We have also not investigatedthe possibleconnectionsbetweenthe lim ,-computable
characteristic functions and the hierarchies of [Ers68. We have further not consideredthe

lWe know a few special cases.



possible dependenciesof the lim,-computable functions or of the classesLim ;Mex & on the
choice of notation system [Kle38, Rog67].

Before we proceedto compare, for various u 2 O, the classesLim ;Mex &, we state the
following six theorems.

Theorem 6 ([CK37 , Kle55, Rog67, Sac90]) There exists a computable function +, suc
that, for all x;y 2 N,

8 X if y=1,
20xtom) jf y = 2M-m > 1;

>3 5 if y=3 5P, (where (8n)[' q(n) = x+o" p(N)]);
7 otherwise

Furthermore, g is a computable, 1{1 function of x and p.

X+toyY =

The 1{1-nessof +, just mentioned is crucial for proving parts of Theorem 7, which in turn
are necessaryfor proving many result that follow.
+, hasthe following useful properties.

Theorem 7 ([CK37 , Kle55, Sac90]) Forall x;yandz2 N,
@ x;y20, x+,y20.

(b) x;y20) Ix+oYlo=IXlo+Iylo.

() (x;y20"ryB 1)) X<gX+gyV.

d) x20"z<oy), (X+02)<o(X+oY)

() x20"y=220), (X+oy)= (X+o2).

(f) X 0z<o(x+oy)) (92)y'<oy" (x+oy9 = 2].

Note that +, (on O) is non-commutativ e like + for ordinals; +, is, howewer, also non-
assaiative (on O) unlike + for ordinals. We adopt the convertion that X +,y +, Z means
(X +oY) +0z. The non-assiativit y of +, leadsto somesubtleties that are otherwise absert
when dealing with ordinals, as opposedto notations.

The next theorem s a slight modi cation of a theoremin [CK37]. The y = 2 caseis treated
di erently from therein and ensuresthat all the parts of Theorem 9 hold.

Theorem 8 ([CK37 ]) There is a computable function , such that, for all x;y 2 N,

g 1 ify=1,;
X if y=2;
X o¥=_(X om)+ox ify=2"m> 1;
23 5 if y=3 5P, (where 8n)[' o(N) = X o' p(N)]);
7 otherwise.

Furthermore, g is a computable, 1{1 function of x and p.
Like+,, o isneither commutativ enor assaiative (on O), and, asfor + o, in unparenthesized

expressionsinvolving o, we assaiate to the left.
Analogousto Theorem 7, we have the following theorem for .
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Theorem 9 Forall x;y andz 2 N.

(@) (y61) [xxy20, x o,y20Q]

(b) x;y20) Ix oYylo=1Ixlo Iylo.

() (x817yB617y62)) [x;y20, X<oX oVl

d) (x61)) [(x20"z<oy), X 0Z<oX oYl

(e) (x6 1) [(x20"ry=220), X oy=X o2z

(f) xO<ox, (BY)[X oYy+oX%<oX o(y+ol)l

@ X 0zZ<o(Xx oY) (M<oy;ix%<ox)[z= (x oY) +oxI.

Another theorem from [CK37] is the following, exceptfor a slight modi cation for they = 2
caseasin Theorem 9.

Theorem 10 ([CK37 ]) There is a computable function exp, sud that, for all x;y 2 N,

g 2 if y=1;
X if y=2;
Xexp,y = _ (xexp,m) ox ify=2"m> 1;
_§ 3 & if y=3 5° (where (8n)[' q(n) = xexp," p(N)]);
7 otherwise.

Furthermore, q is a computable, 1{1 function of x and p.

Again, similar commerts about commutativit y and assaiativit y hold for exp, asfor , and
+ . The following are someof the properties of exp, de ned immediately above.

Theorem 11 Forall x;yandz2 N.
(@ (y61) [xy20, xexpy2O]
(b) x;y20) Ixexp,Ylo= Ixloexp,lylo.
(c) (x61"x62"y61"7y62)) [x;y20, X<gyXxexp,yl
(d) (x81"x62)) [(x20"z2<yYy), Xexp,z<oXexp,yl
(e) (x861"x862)) [(x20ry=220), Xexp,y= Xexp,z]
(f) (x8 1)) [x°<ox, (8y)l(xexpy) oX°<oXexpo(y+o 1)l
(@ X oz<o(xexpy)) (9Y°<oy;x%<ox;2%<o (xexp YN[z = ((xexpy) ox9+o29.
Werecallthat | = lim, -1 |n]e.
Convention 2 w, with or without subscripts rangesover notations for ! .
Similar to Proposition 1, we have
Prop osition 3 For all u;v 2 O suchthatu ovandab2 N[ fg,

(@ Lim yMex§ Lim yMex g,

11



(b) Lim oMex § = Mex §.
Again, similar to Lemma 1, we have

Lemma 2 For all u;v;w 2 O such that v <, u ,w, every monotone, non-decreasinglim-
computable function is dominated by a monotone, non-decreasingim ,-computable function.

Proof. Let u;y;w 2 O besud that y <, u ow. Using Fact 1, there exists k such that
y<oU k. Soit suces to provethe lemmafory <,u Kk, for eath k. The proof proceeds
similarly to that of Lemma 1.

We will do only the k = 2 case. The other casescan be proved on similar lines.

Supposeg is a monotone, non-decreasinglim, 2-computable function as witnessedby h
and tfcounter.
Casel: (8! y)[tfcounter(y;1 ) >, ul.

Let C = fyj tfcounter(y;1 ) o, ug. SinceC is nite, the set C°de ned as C°= fhy;ni |
y2 C” h(y;1) = ngisalso nite and hencerecursive.

For all y 62C, u+,u ,tfcounter(y;1 ) >, u. So,by Theorem 9, part (g), for all v 62C;t,
there exists a unique u; such that 0 <q Uy o U and u +, u; = tfcounter(v;t). We note that
theseu;'s can be found e ectiv ely. De ne computable functions h® and tfcounter®thus.

N if hv;ni 2 CC
iD= Ly if y e,
u ify2c;

tfcountery; 1) = ug if y 62C ~ tfcounter(y;t) = u+4 uy.

De ne g4y) = hYy;1 ). Then, clearly, g°is a monotone non-decreasinglim ,-computable func-
tion aswitnessedby h®and tfcounter® and g° dominates g.
Case2: Not Casel.

So, (91 y)[tfcounter(y;1 ) o u]. Let C = fy j tfcounter(y;1 ) o ug. Note that C is an
in nite, recursively enumerable set. Hence, there exists C° C, sud that CCis recursive. Let
CO= fyg < y1 < :::gbesud anin nite recursively enrumerablesubsetof C. De ne computable
functions h®and tfcounter®thus.

0 if tfcounter(yz;t) >¢ u;

hiz;1) = h(y;;t) otherwise

u if tfcounter(yz;t) >¢ u;
tfcounter(y,;t) otherwise

Dene gdy) = hQy;1). Then, clearly, g°is a monotone non-decreasinglim,-computable
function aswitnessedby h®and tfcounter® and g° dominates g. |

tfcounterYz;t) =

The above lemma immediately givesus
Theorem 12 For all a;b, for all u;v;w 2 O suchthat v<,u ow, Lim  Mex § = Lim ;Mex §.

The immediately above theorem shows that no gain in learning power results by using lim -
computable fudge factors instead of lim-computable fudge factors, if u and v are related as
above (i.e., there existsw 2 O such that v<,u ow). Our next theorem, Theorem 13, shows
that, for suitable u 2 O, when|ulo < !', learning power strictly increasesif we uselimy w-
computable fudge factors instead of lim -computable fudge factors. It is useful rst to have the
immediately following proposition, our inspiration for which camefrom Cantor's Normal Form
Theorem for ordinals [Sie65 Page 323].

We recall, by Convertion 2, that wy;ws;::: (as well asw) are all notations for ! .

12



Prop osition 4 For all m, for all wq;wy;:::;Wmn+1, forall X, X <q (W1 oW2 o oWm+1),

(OIng;nz;iiiiNmer)[X = (W1 oWz o0:if oWm oN1)+o(W1 oW2 o:ii oWm 1 oN2)+o
+o(Wi oNm) *oNm+1] L .
Furthermore, for the left to right direction, the valuesfor ni;n»;:::;nn+1 can be algorith-

mically found.
The above proposition can be proved by induction on m.

Convention 3 Foreveryu?2 O;n2 N, u" = uexp,n.

le W1 oW2 o0:i oWm+l MeX le W1 oW2 ol W MeX n 6 -

Pr oof.

For typographical convenience,we will prove the theorem for the casewhen w; = wy =
111 = Wm+1 = W. The other caseseasily follow. Also, we do only the n = 0 casehere. The
n 6 0 casesthen, can be proved easily by modifying steps2.3 and 4 in the secondhalf of this
proof. We rst introduce somede nitions that will help usin turn to de ne classesto prove
this theorem.

For all f, p, n, let
S(f;p;n) = ff (hp;xi) j f (hp;xi) 6 0~ card(fy x| f(p;y) & 0g) ng.

Intuitiv ely, S(f ; p;n) is the set of all non-zerovaluesin the p" cylinder of the computable
function f , provided there are lessthan n sud values;otherwise, it isthe rst n non-zerovalues
in the p" cylinder. Supposewithout lossof generality that h0; 0i = 0.

Forall f andk > O, let

LY ff fho; 0i)g
Lisr = S(f; p;n)
hp;ni2 LL

Intuitiv ely, if Lf1 = fhp;nig, then sz is just S(f;p;n). For k > 0, LL+1 is the union of sets
of numbers, eat of whosecardinality and content are determined by one or more elemens of
LL. In the proof immediately below, we de ne and usea computable function f for which, for
k > 0, Lfk+1 is a disjoint union of sets of numbers, ead of whosecardinality and content are
determined by a distinct elemen of Lfk. Such an f helpsin clarity of presenation, though it is
not necessaryfor proving this theorem.

Forallm,let Sym = ff jtllilm f(hti)#=p"r'p=1f"p max(Lf,)g:

We will now construct an inductiv e inference machine M and lim,,m+1 computable g sud
that S;m« 2 Lim ,m+1 Mex as witnessedby M and g. (We note that the same class can
be usedfor dierent w's that are notations for ! .) For all n, de ne M (f [n]) as follows. Let
in=max(fj jhl;ji < ng). Let M (f[n]) = f (hL;ini).

Firstly, we de ne total, computable functions ' Jt for eadh j and t asfollows.

vty = I 8y X)Lyt
J 0 otherwise

Next, for all j, t, p, n, let

T(H; ti;pn) = S( fipim;):

13



Forall k> 0,andi, t, let

Py M = fr(0i)jj i~ (0)  tg
Pot = T(H; ti;p;n)
I Trpniz pff
. hiti S Y
So, for all k > 0, tIlllm Py i inor L
Also, let '
card] "' = card>$th it
sum " = n:
hp;ni2 th i

We now de ne h; tfcounter as follows. For all i, let h(i; 0) = 0; tfcounter (i; 0) = w™*!;

For t > 0, we de ne h(i; t) and tfcounter(i; t) asfollows.
h(i; t) = max(P 5

letny=i+1 card; "' Forl k mletng = sumkh cardEJ“
ticounter(i; t) = W™ oni+oW™ 1 ono+oiiit oW oNm +oNme+1.

Finally, we de ne g asfollows. For all y, g(y) = h(y;1).

It canbe veried that g is lim,m+ computable, as withessedby h and tfcounter, and that
forevery' i 2 Sym«, M("j) g(MinProg (' i)).

We next show that Sy m+1 62Lim wm Mex . We will shaw this only for m > O case.m = 0
casecan be proved in a similar but much simpler manner.

Let } 1;} 2;::: be the increasing sequenceof prime numbers.
For all notations v of the form w™ 1 oni+owW™ 2 onao+o:ii+oW oNm 1+oNm, for all
k,sudhthat 1 k m,let

iiti

numy = ng:

Fork m, let
prodf = 1+ }lM:
i=1

We note that, for all v, prod} = 2. Supposev = w™ 1 ,nj +,wm 2 oNa+o:iii+o

W oNm 1+oNm andvP=wm 1t nf+,w™ 2 ond+5:::40w on% | +onY. Then,
prodY = prod!’ if and only if, for 1 i k, nj = n®

Supposeby way of cortradiction that Sy m+« 2 Lim wm Mex aswitnessedby M and lim ym -
computable g. Let h;tfcounter witnessthat g is lim,m-computable. For u such that |u|, & O,
any limy-computable function g is dominated by somelim-computable function g° such that
g makesat least one mind changeon every input; this can be proved on the lines of Lemma 1.

By the Operator Recursion Theorem, there exists a recursive 1{1, increasing e suc that,
for all x, the functions ' ¢y may be de ned as follows.
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Let t be the least number such that h(e(0);t) 6 h(e(0); 0).

Let curbnd = h(e(0);t); curbot = current = 1; curtop = curbot + curbnd + 1.
Let v = tfcounter(e(0);t);

Let ' ¢ (h0;0i) = hprodg; 1+ numi.

for k=0to m 2do
' o) (hprody; 0i) = hprody,; ; 1+ numy,,i;
endfor

Let ' ¢q)(hprody, 1:0i) = e(curtop);

For x  max(fh0; 0i; hprodp; i;:::; hprody, ;0ig), sudh that * ¢ (x), hasnot beende ned till
now let ' ¢ (x) = 0. Let Xs denotethe leastx sudh that ' ¢ (X) hasnot beende ned before
stages.

Let Cancel= ;.

Let lastmindch = t.

Go to stageO.

Begin Stages

1.
2.

For x < Xs, let " gcurrent)(X) = " &) (X)-
Lety = Xs

rep eat

2.1. If yis of the form hi; zi, then let

" eccurrent)(Y) = e(current).
Otherwise let * ¢ current)(y) = O.
2.2. If h(e(0); lastmindch) 6 h(e(0);y + lastmindch), then goto step 3.
2.3. If there existsai curbnd, i 62Cancel and xs < h0;Xi <y, sud that ' ;(h0;xi)# in
y steps,then goto step 4.
24. If M(" ¢currentyly + 1]) > curbnd, then goto step 5.
25 Lety=y+ 1.

forev er
Let v = tfcounter(e(0); lastmindch);
Let v = tfcounter(e(0); lastmindch + y);
Let curbnd = h(e(0); lastmindch + vy).
Let curbot = curtop + 1.
Let curtop = curtop + 1+ curbnd.
Let lastmindch = lastmindch + y
Let i bethe least value such that num! 6 numy (So, prod/ ; = prod) ;. Also, fori k
m 1, e(o)(r‘prod‘lﬁ; ;i) hasno non-zerovalueswherewer it is de ned till now.)
Let x be the least value suc that e(O)(horodi" 1;X1) has not beende ned till now. Let
" o) (hprod{’ 1;xi) = hprod!; 1+ numy,;i.
for k=ito m 2do
Let x be the least value such that ' ¢ (hprody; xi) has not beende ned till now.
" e0) (Mprody; xi) = hprody,; ; 1+ numy,,i;
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endfor
Let x be the least value such that ' ¢)(hprody, ;xi) hasnot beende ned till now.

Let ' o) (hprody, 1:xi) = e(curtop);
For xs  z < max(fhprod} |;xi;hprodyi;:::;hprody, ,ig) such that ' ¢g)(z) has not been
de ned till now, let ' ¢q)(z) = 0.
Go to stages + 1.
4. Let current = current + 1. For i; h0; xi asfound in step 2.3, let ' ¢y (M0;xi) = ' j(h0; xi) + 1.
For xs y < hO;xi, let ' ¢q)(y) = 0.
Let Cancel= Cancel[ fig.
Go to stages + 1.
5. Forxs X vy, let’ ¢q(X)=" gcurrent)(X)-
Go to stages + 1.

End stages

Case l. Each stageis entered and terminates.

Since<, is well{ffounded, step 2.2 can succeedonly a nite number of times. The value of
curbnd is changed only when step 2.2 succeeds. Since ead time step 2.3 occurs, a hew i <
curbnd is cancelled,step 2.3 can succeedonly a nite number of times in betweenoccurrences
of step 2.2. Thus, all but nitely often, step 2.4 succeeds. Also, since the values of current
and curtop are changedonly when step 2.2 or step 2.3 succeedsthey eventually stabilize. Let
currents i, and curtops;, be the evertual valuesof these variables.

Furthermore, ' ¢0) = ' gcurrent;,,), and is total. Let f = "' ¢0. We now shawv that
f 2 Symsw. Firstly, limyy  f (L ti) = e(currents ). Next, f (H0;0i) = hprody; 1+ numli, where
v = tfcounter(e(0);t), for t asfound before stage0. The only causefor f (hprod{; xi) to take a
non-zerovalue is either beforestage0 or whenthe step just beforethe for loopin step 3 occurs
with i = 1. This can happen, in all, only 1+ num} times, which is 2(f (h0; 0i). Similarly, it
canbeshown that for eadr0< k  m, for ead hp; ni 2 Llf(, card(fx j f (hp;xi) 6 0g) n. Also,
current is always curtop sincestep 4 can occur at most curbnd + 1 times betweenoccurrences
of step 3. Finally, e(curtop) 2 Lfn,,l at all stages,and sincee is 1{1 increasing, e(currents i, )
e(curtop¢;,). Hence,f 2 S;m+1. However, M (f))" or M (f) 6 curbnd = tI'ilm h(p(0);1).

So,f 62im wm Mex aswitnessedby M and g.
Case2: Somestages starts, but doesnot terminate.
Let currents iy ; curbndsi, and curtops;, be the nal values of current;curbnd and curtop

(i.e., those before stage s starts). Let f = ", cyrrent,,,)- It can be argued on lines similar
to thosein Caselthat f 2 S, m+1. M, on all but nitely many initial segmens of f outputs
a program  curbnd;i, (otherwise step 2.4. would succeed). However, for all i  curbnds i, ,

eitheri 2 Cancel,andthus' ; 6 f, or' ; divergeson in nitely many inputs (otherwise step 2.3.
would succeed).It followsthat M doesnot Ex -identify f.
From the above casesit followsthat S, m+1 62Lim ,m Mex aswitnessedby M andg. |

The immediately previous theorem leaves unanswered the comparisonsof Lim yMex with
Lim yMex , when|ul, !' andu ow o V. The next theorem partly resolvessomeof these
comparisons.

Theorem 14 For all notations u, there existsanotation v > 4 u such that, for all n, Lim ,Mex
Lim yMex " 6 ;.
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Pr oof. We assumewithout loss of generality that |ul, ! . Consider the following class of
functions.

C=ff]
f (8, 1i )#=p~'p=1"
f(h2 1 y# p»

(82)[f (h2;zi) 6 f(h2z+ 1i)) f(hL;zi) & f(hl;z+ 1i)]"
(82)[f (M1;zi) 2 O]~

(82)[f (ML;zi) of(ML;z+ 1)~

f(h;0i)=u

It can be shawn, using a variant of the proof of the negative part of Theorem 13, that
C62Lim yMex ". We will show that there existsa v >, u sud that C2 Lim yMex .

Let M be sud that, for every n, M (f [n]) is de ned asfollows. Let i, = max(fj j h3;ji <
ng). Let M (f[n]) = f (M3;i,i). This macdine clearly Ex -identies any f 2 C. We will construct
a Lim y function, g, such that for every f 2 C, g(MinProg(f)) M (f).

Tothis endlet 1(j; t) = ' j(hti), and »(j; t) = ' j(hLti). Let hOand tfcounter® be sudh
that the following 6 conditions are satis ed. (Note that such a h®tfcounter® can be easily
constructed; we omit the details).

. h%and tfcounter® are total, computable functions.

. (8j; 2)["Yj; z) 8 hYj; z+ 1)) tfcounter{j; z) 6 tfcounter{j; z + 1)].
. (8; 2)[tfcounterqj; z) 2 O].

. (8j; 2)[tfcounterYj; z) o tfcounterYj; z + 1)].

. (8 )[tfcounterqj; 0) = u +, 1].

if  1(j; ) and 2(j; ;) are suc that

OUAWNE

(8O 1G: O# ~ 20 )~ _

(82) 1(:2) & 1(:z+ 1)) 2(:2)6 o z+ DI
(82)[ 2(; 2) 2 OI*

(82)[ 20 2) o 20 z+ DI

[ 2G; 0) = u]]

then limyr [ 1(; )] = h9j; 1))

Let gdy) = h(y;1), for every y. Clearly, g°is a lim-computable function. Also,

g{MinProg(f)) M(f), forf 2 C.
. We will next shaw that there existsa v such that somelim,-computable function dominates

g

Let v= 2expy(u ow);

De ne h and tfcounter as follows.

For all j; t, h(j; t) = max(fhqi; t)ji jg).

For all j, tfcounter(j; t) = v, if t = 0.

de ned below.

(To avoid unnecessarycomplexity, we allow match to take a variable number of argumerts.)
Let 2i be the notation for 2i. We now de ne match.
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Forl i j,letul=(u o2i)+ou andv; = 2exp,u’.
Let sump = vg; for i < j, let sumj+1 = Vij+1 +oSUmM.
(Note that sumy is just the summation of vi's in a right asseiative manner.)

End match

We now de ne g asfollows. For all y, g(y) = h(y;1 ). Clearly g dominatesg® We will next
show that g is indeed lim,-computable as witnessedby h and tfcounter.

Note that (in the de nition of match), sincefor all i, 1 i j, ujis o, u+,1, wehave
that u®<, ul,,, for 0 i< j. The following claim is helpful.

Claim 1 Supposej 2 N, and ug;:::;u; 2 O, fori |, are given. Assume further that
uj u+,1, fori j. Fori j, let sum, uio and v; be as de ned in the procedure for
match(u;;:::;up). Then, for k < j, vk+1 >0 Sum.

Pr oof. By induction on k.

Base Case: k = 1.

Since u§ <, U}, sumy = 2exp,ul <, 2exp,ud = vy (using properties of +, and exp, from
Theorems7 and 11). Hence,v1 > Sum.

Inductive Case: Supposethe claim is true for k = r 1, wherer < j 1. We will shov
that it holds for k = r. sum; = v, +osum 1 <q V; +, Vv, (by the inductive hypothesis)
= (2 €XPo uro) *o (2 €XPo u?) = ZeXpo(UP *o 1) (o] 2 €XPo U9+1 = Vr+1.

This provesthe inductiv e hypothesis. 2

We continue with the proof of Theorem 14.

Let j be an arbitrary, xed value. We note that h(j; t) 6 h(j; t + 1) implies that for
somei j; tficounterqi; t) 6 tfcounterqi;t + 1). To show that g is limy-computable, it is
then su cien t to shaw that, given, for i j, U ouU+glandug <q ug, for somek |,
[match(uj;::: Uk, i1 Ug) <o match(uj;:::;ug;:::;Uog)]

Now, in the de nition of match, for 0 i j, let sumi;ui0 and v;j be as de ned in the

sum >, SUMy, it suces to show v >, sumg. But by Claim 1, we have vi >, sum 1 and
thus, SOMk <o Vk 02 = 2eXp(UY +01) o 2exp,ud = vi. Hencesum >, sum. |

As a corollary to Theorem 14, we have
Corollary 3 For all u2 O, LimMex Lim (Mex " 6 ;.

Theorem 4 of Section 5 is a consequencef the immediately above result.

We conjecture that, for all constructive ordinals , for suitable u 2 O sud that |ul, =
Theorem 13 can be extendedto: Lim , ,wMex Lim yMex , 6 ;. Wearea bit more con dent
of this conjecture for < small constructive epsilon numbers [Sie65 CK37].

Just as we iterated limits in Section 6.1, we can do the same with our new de nition
of Lim yMex { and study the learning classesLim |, ..., Mex §. Generally, except for the

casesnoted above and their trivial consequenceswe do not know how the learning classes
Lim {, ..., Mex § compareto one another.

.....
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